THE POHOZAEV IDENTITY FOR THE FRACTIONAL
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ABSTRACT. In this paper we prove the Pohozaev identity for the semilinear Dirich-
let problem (—A)*u = f(u) in Q, v = 0 in R™"\Q. Here, s € (0,1), (—A)* is the
fractional Laplacian in R™, and 2 is a bounded C1+!' domain.

To establish the identity we use, among other things, that if u is a bounded
solution then u/d%|q is C* up to the boundary 092, where §(z) = dist(z,0€2). In
the fractional Pohozaev identity, the function u/d%|sq plays the role that du/Ov
plays in the classical one. Surprisingly, from a nonlocal problem we obtain an
identity with a boundary term (an integral over 9€2) which is completely local.

As an application of our identity, we deduce the nonexistence of nontrivial
solutions in star-shaped domains for supercritical nonlinearities.

1. INTRODUCTION AND RESULTS

Let s € (0,1) and consider the fractional elliptic problem

{(—A)Su = f(u) inQ
u = 0 in R™\Q

in a bounded domain €2 C R", where

is the fractional Laplacian. Here, ¢, s is a normalization constant given by

When s = 1, a celebrated result of S. I. Pohozaev states that any solution of (1.1
satisfies an identity, which is known as the Pohozaev identity [16]. This classical
result has many consequences, the most immediate one being the nonexistence of

(—A)u(x) = cnvsPV/ Mdy

ge |7 — Y[

nontrivial bounded solutions to (|1.1)) for supercritical nonlinearities f.

The aim of this paper is to give the fractional version of this identity, that is,
to prove the Pohozaev identity for problem (1.1)) with s € (0,1). This is the main
result of the paper, and it reads as follows. Here, since the solution u is bounded,

the notions of weak and viscosity solutions agree (see Remark |1.5]).
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Theorem 1.1. Let Q be a bounded and CY' domain, f be a locally Lipschitz func-
tion, u be a bounded solution of , and
d(z) = dist(x, 0Q).

Then, _

u/6%|q € C*(QY) for some « € (0,1),
meaning that u/8%|q has a continuous extension to Q which is C*(Q), and the fol-
lowing identity holds

2
(2s —n) / uf(u)dr + 2n/ F(u)de =T(1+ 8)2/ <£> (x - v)do,
Q o0 \0°
where F(t fo f, v is the unit outward normal to 02 at x, and I" is the Gamma

functzon

Note that in the fractional case the function u/d%|sq plays the role that du/dv
plays in the classical Pohozaev identity. Moreover, if one sets s = 1 in the above
identity one recovers the classical one, since u/d|sq = Ou/Jv and I'(2) = 1.

It is quite surprising that from a nonlocal problem (|1.1)) we obtain a completely
local boundary term in the Pohozaev identity. That is, although the function u
has to be defined in all R™ in order to compute its fractional Laplacian at a given
point, knowing u only in a neighborhood of the boundary we can already compute
Jog (53) - v)do.

Recall that problem (|I.1)) has an equivalent formulation given by the Caffarelli-
Silvestre [9] associated extensmn problem —a local PDE in R7*!. For such extension,
some Pohozaev type identities are proved in [4, [5], [6]. However, these identities
contain boundary terms on the cylinder 9Q x R* or in a half-sphere 9B} N R,
which have no clear interpretation in terms of the original problem in R™. The proofs
of these identities are similar to the one of the classical Pohozaev identity and use
PDE tools (differential calculus identities and integration by parts).

Sometimes it may be useful to write the Pohozaev identity as

u

2s[u]ifs(Rn) —2n&u] = (1 + 5)? /m <E>2 (x - v)do,

where £ is the energy functional

1
(1.3) Elu) = 5[“]?18(11@) - /Q F(u)dz,
= f, and
(14)  [wms@y = & Flulll@n) = s |x_ |n+25| drdy.

We have used that if v and v are H S(R” ) functions and u = v =0 in R™ \ €2, then

(1.5) /Qv(—A)Sud:c = /n(—A)S/2u(—A)S/2v dx,
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which yields
Justds = [ 1=a7"PuPds = e
(9] n

As a consequence of our Pohozaev identity we obtain nonexistence results for
problem (|1.1)) with supercritical nonlinearities f in star-shaped domains €2. In Sec-
tion [2] we will give, however, a short proof of this result using our method to establish
the Pohozaev identity. This shorter proof will not require the full strength of the
identity.

Corollary 1.2. Let Q be a bounded, C*', and star-shaped domain, and let f be a
locally Lipschitz function. If

n—2s

(1.6) —

wf(u) > /0“ f@)ydt  forall ueR,

then problem (1.1) admits no positive bounded solution. Moreover, if the inequality
in (1.6 is strict, then (1.1) admits no nontrivial bounded solution.

For the pure power nonlinearity, the result reads as follows.

Corollary 1.3. Let Q be a bounded, CY', and star-shaped domain. If p > Zir_ng
then problem

(=AYu = |[uflu inQ
(1.7) { u = 0 in R™\Q

admits no positive bounded solution. Moreover, if p > Zi’—gi then (1.7) admits no
nontrivial bounded solution.

The nonexistence of changing-sign solutions to problem (|1.7)) for the critical power
n+2s

p = ;5. remains open.

Recently, M. M. Fall and T. Weth [12] have also proved a nonexistence result for
problem with the method of moving spheres. In their result no regularity of
the domain is required, but they need to assume the solutions to be positive. Our
nonexistence result is the first one allowing changing-sign solutions. In addition,
their condition on f for the nonexistence —(L.16) in our Remark is more
restrictive than ours, i.e., and, when f = f(z,u), condition (I.15).

The existence of weak solutions u € H*(R") to problem for subcritical f has
been recently proved by R. Servadei and E. Valdinoci [19)].

The Pohozaev identity will be a consequence of the following two results. The
first one establishes C*(R") regularity for u, C®(Q) regularity for u/§%|q, and higher
order interior Holder estimates for u and u/0*. It is proved in our paper [I8].

Throughout the article, and when no confusion is possible, we will use the notation
CA(U) with 8 > 0 to refer to the space C*# (U), where k is the is greatest integer

such that £ < 8, and 8/ = 8 — k. This notation is specially appropriate when we
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work with (—A)?® in order to avoid the splitting of different cases in the statements
of regularity results. According to this, [-]cs(y denotes the C*#'(U) seminorm

|D*u(x) — D*u(y)|
[Weswy = [ulors @y = sup 7
) chIU) z,y€eU, z#y ’SL’ - y’ﬁ

Here, by f € C’loo’i (1 x R) we mean that f is Lipschitz in every compact subset of
Q xR,

Theorem 1.4 ([I8]). Let Q be a bounded and C' domain, f € CoH(Q x R), u be
a bounded solution of

—A)Yu = f(x,u) in
(1.8) {< )u = O( ) in R™\Q,

and §(z) = dist(x,0Q). Then,
(a) u € C*(R") and, for every 3 € [s,1+ 2s), u is of class C*(Q) and

[U]cs (weq:s@)=p)) < Cp*™ for all pe(0,1).

(b) The function u/6*|q can be continuously extended to Q. Moreover, there

exists o € (0,1) such that u/6® € C*(Q). In addition, for all f € [a, s + o,
it holds the estimate

[u/6%] 0o (feen: s(a)2p)) < Cp>F for all pe(0,1).
The constants o and C' depend only on Q, s, f, ||u||peomny, and .

Remark 1.5. For bounded solutions of (1.8]), the notions of energy and viscosity
solutions coincide (see more details in Remark 2.9 in [I§]). Recall that u is an
energy (or weak) solution of problem (1.8)) if u € H*(R"), u =0 in R\, and

[ carPu-ayiuge = [ fwwods

for all v € H*(R"™) such that v =0 in R™ \ Q.

By Theorem (a), any bounded weak solution is continuous up to the boundary
and solve equation in the classical sense, i.e., in the pointwise sense of .
Therefore, it follows from the definition of viscosity solution (see [§]) that bounded
weak solutions are also viscosity solutions.

Reciprocally, by uniqueness of viscosity solutions [8] and existence of weak solution
for the linear problem (—A)*v = f(z,u(x)), any viscosity solution u belongs to
H*(R™) and it is also a weak solution. See [I§] for more details.

The second result towards Theorem is the new Pohozaev identity for the
fractional Laplacian. The hypotheses of the following proposition are satisfied for
any bounded solution u of whenever f € CH(Q x R), by our results in [IS]
(see Theorem [1.4] above).
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Proposition 1.6. Let Q) be a bounded and C*' domain. Assume that u is a H*(R™)
function which vanishes in R™\ Q, and satisfies

(a) u € C*(R") and, for every 8 € [s,1+ 25), u is of class C*() and
[Wles (wea:o@=oy < Cp* " forall pe(0,1).

(b) The function u/6%|q can be continuously extended to Q. Moreover, there

exists o € (0,1) such that u/6* € C*(Q). In addition, for all § € [a, s + o,
it holds the estimate

/6] 0o ((ren-s@yzppn < Cp* " forall pe(0,1).
(¢) (—A)%u is pointwise bounded in Q.
Then, the following identity holds

/Q(x -Vu)(—A)’u dr = 282_ " /Qu(—A)Su dr — % /em (%)2 (z-v)do,

where v is the unit outward normal to 0 at x, and ' is the Gamma function.

Remark 1.7. Note that hypothesis (a) ensures that (—A)®u is defined pointwise in
). Note also that hypotheses (a) and (c) ensure that the integrals appearing in the
above identity are finite.

Remark 1.8. By Propositions 1.1 and 1.4 in [I8], hypothesis (c¢) guarantees that

u € C*(R") and u/6® € C*(Q), but not the interior estimates in (a) and (b).

However, under the stronger assumption (—A)*u € C*(2) the whole hypothesis (b)
is satisfied; see Theorem 1.5 in [18].

As a consequence of Proposition , we will obtain the Pohozaev identity (The-
orem and also a new integration by parts formula related to the fractional
Laplacian. This integration by parts formula follows from using Proposition [1.6
with two different origins.

Theorem 1.9. Let Q be a bounded and C*' domain, and u and v be functions
satisfying the hypotheses in Proposition[1.0. Then, the following identity holds

/(—A)Su Vg, dx = — / Ug, (—A)*vdr +T(1 + 5)? -z v; do
Q ' o o0 0° 0°

foriv=1,...,n, where v is the unit outward normal to OS2 at x, and I" is the Gamma
function.

To prove Proposition [1.6| we first assume the domain 2 to be star-shaped with
respect to the origin. The result for general domains will follow from the star-shaped
case, as seen in Section []] When the domain is star-shaped, the idea of the proof is
the following. First, one writes the left hand side of the identity as

/($ -Vu)(—A)u dx = 4 / ux(—A)*u dx,
Q d)\ A=1+ JQ
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where

ux(z) = u(Ax).
Note that uy, = 0 in R™\Q, since 2 is star-shaped and we take A > 1 in the above
derivative. As a consequence, we may use (1.5)) with v = u, and make the change
of variables y = v/Az, to obtain

25s—n

/u,\(—A)su dx :/ (=A)*uy(=A)Pu de = N3 / W Wy gy 4y,
0 n Rn

where

w(z) = (=A)*u(z).

Thus,
d 2s—n
/(x -Vu)(—A)’u de = — A2 / W w5 Ay
Q dA A=1+ R
25 —n d
1. = 2o + — I
(1.9) 2 /n“’ D]
25 —n 1 d
= —A)?® - — 1
2 (/n“< Jude 5 o5 ™
where

I,\:/ wxwy/zdy.

Therefore, Proposition [1.6|is equivalent to the following equality

d 2
/ wywy )/ dy =T(1+ 8)2/ (%) (x - v)do.
A=1+ n o0N

(1.10) ™

The quantity & |s_1+ [5. wiwi/y vanishes for any C'(R") function w, as can be
seen by differentiating under the integral sign. Instead, we will prove that the
function w = (—A)*?u has a singularity along 02, and that holds.

Next we give an easy argument to give a direct proof of the nonexistence result for
supercritical nonlinearities without using neither equality nor the behavior of
(—A)*?u; the detailed proof is given in Section [2|

Indeed, in contrast with the delicate equality ((1.10)), the inequality

(1.11) 1,<0

A |y

follows easily from Cauchy-Schwarz. Namely,

Iy < [Jwall 2@y llwiyall 2 @ey = Nl 2 gey = 1,

and hence ([1.11)) follows.
With this simple argument, ((1.9) leads to

— /Q(x -Vu)(—A)u dx >

n — 2s

/Q w(—A)u da,
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which is exactly the inequality used to prove the nonexistence result of Corollary
for supercritical nonlinearities. Here, one also uses that, when u is a solution of

(L.1)), then
/Q(x V) (—A)u dr = /Q@; V) f(u)d = /Qx VF(u)dz = —n/ Flu)ds.

Q
This argument can be also used to obtain nonexistence results (under some decay
assumptions) for weak solutions of in the whole R"; see Remark [2.2]
The identity is the difficult part of the proof of Proposition To prove
it, it will be crucial to know the precise behavior of (—A)*/?u near Q2 —from both
inside and outside ). This is given by the following result.

Proposition 1.10. Let Q be a bounded and C*' domain, and u be a function such
that w=0 in R™\Q and that u satisfies (b) in Proposition[1.6l Then, there ezists a
C*(R™) extension v of u/d*|q such that

(1.12) (=A)*u(z) = ¢ {log™ 6(z) + caxa(z)} v(z) + h(z) in R,
where h is a C*(R™) function, log™ t = min{logt,0},
(1.13) L
T tan (%S)
Moreover, if u also satisfies (a) in Proposition[1.6, then for all § € (0,1 + s)
(1.14) [(—A)** U] oo ((wern:b)zpp < Cp ™ forall pe(0,1),

for some constant C' which does not depend on p.

The values of the constants ¢; and ¢, in arise in the expression for the
5/2 fractional Laplacian, (—A)*/2, of the 1D function (z;7)*, and they are computed
in the Appendix.

Writing the first integral in ([1.10]) using spherical coordinates, equality re-
duces to a computation in dimension 1, stated in the following proposition. This
result will be used with the function ¢ in its statement being essentially the restric-
tion of (—A)*2u to any ray through the origin. The constant v will be chosen to
be any value in (0, s).

Proposition 1.11. Let A and B be real numbers, and
@(t) = Alog™ |t — 1| + Bxjo(t) + h(t),

where log™ t = min{logt,0} and h is a function satisfying, for some constants o
and v in (0,1), and Cy > 0, the following conditions:

(1) lIAllce (0,00 < Co-

(ii) For all B € [y,1+ 7]

1Rllcs01-poaipey < Cop™?  forall pe(0,1).
(iii) |A'(t)| < Cot=277 and |h"(t)| < Cot™>7 for all t > 2.
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Then,
d

o t
- — A\t — ) dt = A’7% + B,
7\ A:ﬁ/o o ( )so(A)

Moreover, the limit defining this derivative is uniform among functions ¢ satisfy-
ing (i)-(ii)-(ii1) with given constants Cy, o, and 7.

From this proposition one obtains that the constant in the right hand side of
(L.10), T(1 + s)?, is given by c?(7* 4+ ¢3). The constant ¢, comes from an involved
expression and it is nontrivial to compute (see Proposition in Section 5 and the
Appendix). It was a surprise to us that its final value is so simple and, at the same
time, that the Pohozaev constant c¢?(72 + ¢3) also simplifies and becomes T'(1 + s)?.

Instead of computing explicitly the constants ¢; and cp, an alternative way to
obtain the constant in the Pohozaev identity consists of using an explicit nonlinearity
and solution to problem in a ball. The one which is known [I3] 3] is the solution

to problem
(—=A)*u = 1 in B,(xo)
v = 0 in R"\B,(zo).
It is given by
272 (n/2)

u(z) = T (%23) Tt ) (7‘2 — |z —x0|2)s

From this, it is straightforward to find the constant T'(1 + s)? in the Pohozaev
identity; see Remark in the Appendix.

Using Theorem and Proposition [1.6, we can also deduce a Pohozaev identity
for problem , that is, allowing the nonlinearity f to depend also on z. In this
case, the Pohozaev identity reads as follows.

Proposition 1.12. Let Q be a bounded and C' domain, f € COLH(Q x R), u be a
bounded solution of (L.8]), and d(x) = dist(x,d2). Then

u/6%|q € C*(9) for some « € (0,1),
and the following identity holds

(25 — n) /Q wf (@, u)dz + 2n /Q Fla, u)dz =

=T(1+s)? /8Q (%)2 (x-v)do — Q/Qx - Fy(x,u)dr,

where F(z,t) fo x,7)dT, v is the unit outward normal to 0X) at z, and I' is the
Gamma functzon

in B,.(zo).

From this, we deduce nonexistence results for problem (|1.8)) with supercritical
nonlinearities f depending also on z. This has been done also in [12] for positive
solutions. Our result allows changing sign solutions as well as a slightly larger class

of nonlinearities (see Remark [1.14)).
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Corollary 1.13. Let Q be a bounded, C', and star-shaped domain, f € Cpl(2xR),
and F(x,t) fo flx,m)dr. If

n—2s

(1.15) uf(x,t) >nF(x,t)+a- Fy(x,t) forall x€Q and t€R,

then problem (1.8)) admits no positive bounded solution. Moreover, if the inequality
in (1.15)) is strict, then (L.8)) admits no nontrivial bounded solution.

Remark 1.14. For locally Lipschitz nonlinearities f, condition ({1.15]) is more general
than the one required in [I2] for their nonexistence result. Namely, [I2] assumes
that for each z € Q2 and ¢t € R, the map

(1.16) A= )fzfgif(/\*ﬁx, At) is nondecreasing for A € (0, 1].

Such nonlinearities automatically satisfy ([1.15]).
However, in [12] they do not need to assume any regularity on f with respect to .

The paper is organized as follows. In Section [2, using Propositions [I.10] and
(to be established later), we prove Proposition (the Pohozaev identity)
for strictly star-shaped domains with respect to the origin. We also establish the
nonexistence results for supercritical nonlinearities, and this does not require any
result from the rest of the paper. In Section [3| we establish Proposition [1.10} while
in Section ] we prove Proposition [I.11] Section [5] establishes Proposition for
non-star-shaped domains and all its consequences, which include Theorems and
and the nonexistence results. Finally, in the Appendix we compute the constants
c1 and ¢y appearing in Proposition (1.10]

2. STAR-SHAPED DOMAINS: POHOZAEV IDENTITY AND NONEXISTENCE

In this section we prove Proposition for strictly star-shaped domains. We say
that € is strictly star-shaped if, for some z5 € R”,

(2.1) (x —29) - v>0 for all = € 0.

The result for general C*! domains will be a consequence of this strictly star-shaped
case and will be proved in Section [5]
The proof in this section uses two of our results: Proposition|1.10jon the behavior
of (—A)*?u near 99 and the one dimensional computation of Proposition .
The idea of the proof for the fractional Pohozaev identity is to use the integration
by parts formula ([1.5)) with v = uy, where

ur(z) =u(Ax), A>1,

and then differentiate the obtained identity (which depends on \) with respect to A
and evaluate at A = 1. However, this apparently simple formal procedure requires
a quite involved analysis when it is put into practice. The hypothesis that 2 is
star-shaped is crucially used in order that uy, A > 1, vanishes outside {2 so that

(1.5) holds.
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Proof of Proposition for strictly star-shaped domains. Let us assume first that
Q) is strictly star-shaped with respect to the origin, that is, zy = 0.
Let us prove that

d
(2.2) /(;E -Vu)(—A)udr = — /u,\(—A)Su dx,
Q dA =11t JQ
where | | is the derivative from the right side at A = 1. Indeed, let g = (—A)*u.
By assumption (a) g is defined pointwise in €2, and by assumption (c) g € L*>®(Q).
Then, making the change of variables y = Az and using that suppu, = %Q C Q
since A > 1, we obtain
d u(Azx) — u(x)
— dr =1 —————2g(x)d
5wt =t [ g
o [uly) —uly/A)
=limA™" [ ———"—g(y/N)d
im /A - 9(y/N)dy
[ uly) —uly/N) —u(y/)
=1 ———=g(y/N)dy +1 ——g(y/N)d
i | = =1 9Ww/Ady+1m ona A1 9(y/N)dy

By the dominated convergence theorem,

i [ M= 0 dy ~ [ (v Vgt d

A1 A—1

since g € L>®(Q), |Vu(é)| < C§(&)*1 < CA'7*4(y)*~! for all £ in the segment
joining y and y/\, and 6°~! is integrable. The gradient bound |Vu(&)| < C§(€)*~?
follows from assumption (a) used with 8 = 1. Hence, to prove (2.2) it remains only

to show that (/)
. —u(y/A
lim ——g(y/N)dy =
P e e UTE)

Indeed, |(AQ)\Q] < C(A—1) and —by (a)— u € C*(R™) and u = 0 outside €.
Hence, ||ul|z(xono) — 0as A | 1 and (2.2) follows.
Now, using the integration by parts formula (1.5)) with v = wuy,

/qu(—A)Sudx = /Rnu,\(—A)suc&
= / A)*Puy(=A)*Pude

(-
_ / A)2u) (Ax) (— A) () dx

]R'n
= / wyw dz,
n

w(z) = (—A)*u(z) and  wy(x) = w(Az).

=

where
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With the change of variables y = v/ Az this integral becomes
2s—n
)\s/ wywdr =\ 2 /R w 5wy 5 Y,
and thus

/u,\(—A)Su dr = )\252n/ W 5wy 5 dY-
0 Rr

Furthermore, this leads to

d s—n
/(Vu-a:)(—A)sudx = — {)\22 / wﬁwl/ﬁdy}
Q dA A=1+ R™
2s —n d
= —A)*Putde + — / w 5wy, 5 dy
5 Rnl( )*"ul Dy S VALV
2s —n 1 d
2. = —A)ud - — dy.
(2.3) 5 /Qu( )*u Y50 A:H/nw,\wu,\ y

Hence, it remains to prove that

d U 2
2.4 - — I, =T(1 2 — d
(2.4 & h=raesr [ (5) @ o
where we have denoted
(25) [,\:/ w,\wl/,\dy.

Now, for each § € S"! there exists a unique 7y > 0 such that ry0 € 9. Write
the integral (2.5]) in spherical coordinates and use the change of variables t = r/ry:

d

d r
— I, = do wArf)w (<0 ) d
x|, dMﬁ/Snl / : (A) "
d _ Tgt
= — do " Lw(Areth ) dt
D /S"—l To /0 (rot)" “w(Argth)w ( 3 )

_ % . /a (@ v)do(a) /0 T l(Mr)w (%”) dt,

where we have used that

1
rotdf = (ﬁu) do = —(z-v)do
T

Tg

with the change of variables S"~1 — 0 that maps every point in S"! to its radial
projection on 02, which is unique because of the strictly star-shapedness of (2.

Fix 2y € 02 and define
p(t) = 7T w (twg) = 7 (—A)2u(tay).
By Proposition [I.10]
@(t) = c1{log™ 6(two) + caxoayv(tao) + ho(t)
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in [0, 00), where v is a C*(R") extension of u/§°|q and hg is a C*(]0, 00)) function.
Next we will modify this expression in order to apply Proposition [1.11

Using that  is C! and strictly star-shaped, it is not difficult to see that = Tg;‘
is a Lipschitz function of 7 in [0, 00) and bounded below by a positive constant
[t—1| and min{|t—1[,1}
d(tzo) min{é(tzo),1}

(independently of xy). Similarly, are positive and Lipschitz

functions of ¢ in [0, 00). Therefore,
log™ |t — 1| — log™ 6(tzo)
is Lipschitz in [0, 00) as a function of ¢.
Hence, for t € [0, 00),
@(t) = ci{log™ |t — 1| + caxjo fv(teo) + ha(2),

where h; is a C® function in the same interval.
Moreover, note that the difference

v(tzg) — v(xg)
is C'“ and vanishes at t = 1. Thus,

p(t) = erflog™ |t — 1] + eaxqo () yo(zo) + h(?)
holds in all [0, 00), where h is C* in [0, 00) if we slightly decrease a in order to kill

the logarithmic singularity. This is condition (i) of Proposition m
From the expression

h(t) = t"T_l(—A)S/Qu (txo) — ci{log™ [t — 1] + caxjo,1)(t) bv (o)
and from (1.14) in Proposition [1.10, we obtain that h satisfies condition (ii) of
Proposition with v = s/2.
Moreover, condition (iii) of Proposition is also satisfied. Indeed, for = €
R™\ (2€2) we have
(=82l = 6 [ 0
and hence

|8¢(—A)S/2u(x)’ < C‘xrnfs*l and lﬁij(—A)s/Qu(x” < C’xrn—sfz.

This yields |¢/(t)] < Ct"z "1 < Ct277 and |¢"(t)] < Ct"z "2 < O3
for t > 2.
Therefore we can apply Proposition to obtain

d

A /0 T o) G) dt = (v(zo))* 3(x* + ),

and thus
d

> t
— / t" tw(Mtao)w 0 gt = (v(0))? (7% + 2)
A yrs Jo X

for each xg € 0f).
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Furthermore, by uniform convergence on zy of the limit defining this derivative
(see Proposition in Section [4]), this leads to

d U 2
Y I, = c(n* 4+ c3) /m(:co V) <§(QJO)) dxg.

A=1+
Here we have used that, for zo € 09, v(zg) is uniquely defined by continuity as

<%> (o) = lim u(z) :

r—z0, €EQ 05 (l‘)

Hence, it only remains to prove that
A+ =T(1+s)2

But

I'(1 in (22
o = (1+ s)sin (%) and sz%,
™ tan(—)

and therefore

[(1+ s)?sin® (% 2
G(m*+c3) = (%) ™+ 3 (1Y )

= (%
— T(1+s)?sin? (%) (H%>
= T(1+s)>

Assume now that € is strictly star-shaped with respect to a point zg # 0. Then,
) is strictly star-shaped with respect to all points z in a neighborhood of zy. Then,
making a translation and using the formula for strictly star-shaped domains with
respect to the origin, we deduce

/ {(z — 2) - Vu} (=A)’udr =
(2.6) 7

2s—n

/Qu(—A)Su dx+

—@/ﬁg(%)%m—z)-yda

for each z in a neighborhood of zy. This yields

I'(1 2 2
(2.7) / Uy, (—A)’ude = _(——l—s)/ (£> v; do
Q 2 o0 \0°
for i =1, ...,n. Thus, by adding to (2.6) a linear combination of ({2.7]), we obtain

/Q(x.Vu)(—A)sudx_ QS;H/QU(—A)Sudx—W/m <%>2x.yda'
O




14 XAVIER ROS-OTON AND JOAQUIM SERRA

Next we prove the nonexistence results of Corollaries [1.2] and for su-
percritical nonlinearities in star-shaped domains. Recall that star-shaped means
x-v >0 for all z € 0Q2. Although these corollaries follow immediately from Propo-
sition [1.12] —as we will see in Section [5}—, we give here a short proof of their second
part, i.e., nonexistence when the inequality (1.6]) or is strict. That is, we
establish the nonexistence of nontrivial solutions for supercritical nonlinearities (not
including the critical case).

Our proof follows the method above towards the Pohozaev identity but does not
require the full strength of the identity. In addition, in terms of regularity results
for the equation, the proof only needs an easy gradient estimate for solutions wu.
Namely,

Vu| < C&* in Q,

which follows from part (a) of Theorem [1.4] proved in [18].

Proof of Corollaries and[1.13 for supercritical nonlinearities. We only have
to prove Corollary [1.13] since Corollaries [I.2] and [L.3] follow immediately from it by
setting f(z,u) = f(u) and f(x,u) = |u[P"'u respectively.

Let us prove that if 2 is star-shaped and u is a bounded solution of , then

(2.8) 282_n/guf(:p,u)dx+n/F(x,u)dm—/x-Fx(x,u)dx20.

Q Q

For this, we follow the beginning of the proof of Proposition (given above) to
obtain ([2.3), i.e., until the identity

/Q(Vu cx)(—A)udr =

2s —n

1 d
“AVudr 4+ - —
/Qu( )ux+2d)\

[)\7
A=1+

where
I\ = / wywy )y dx, w(z) = (=A)*u(z), and  wy(x) = w(A\z).

This step of the proof only need the star-shapedness of ) (and not the strictly
star-shapedness) and the regularity result |Vu| < C§%7! in Q, which follows from
Theorem proved in [I§].

Now, since (—A)*u = f(z,u) in 2 and

(Vu-z)(=AYu =z -VF(r,u) — - F.(x,u),
by integrating by parts we deduce
25 — 1 d
—n/ F(x,u)dm—/x-Fz(I,u)dx i n/uf(x,u)dx—i— - — I.
Q Q 2 Ja 2 dA [+

Therefore, we only need to show that

(2.9) £
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But applying Hélder’s inequality, for each A > 1 we have

I < llwall ey lwyall ey = lwllZ2@n = 4,
and ([2.9) follows. 0

Remark 2.1. For this nonexistence result the regularity of the domain 2 is only used
for the estimate |Vu| < C§*~!. This estimate only requires € to be Lipschitz and
satisfy an exterior ball condition; see [I8]. In particular, our nonexistence result
for supercritical nonlinearities applies to any convex domain, such as a square for
instance.

Remark 2.2. When €2 = R"” or when () is a star-shaped domain with respect to infin-
ity, there are two recent nonexistence results for subcritical nonlinearities. They use
the method of moving spheres to prove nonexistence of bounded positive solutions
in these domains. The first result is due to A. de Pablo and U. Sénchez [15], and
they obtain nonexistence of bounded positive solutions to (—A)*u = u? in all of
R"™ whenever s > 1/2 and 1 < p < Zf—gz The second result, by M. Fall and T.
Weth [12], gives nonexistence of bounded positive solutions of in star-shaped
domains with respect to infinity for subcritical nonlinearities.

Our method in the previous proof can also be used to prove nonexistence results
for problem in star-shaped domains with respect to infinity or in the whole
R™. However, to ensure that the integrals appearing in the proof are well defined,
one must assume some decay on v and Vu. For instance, in the supercritical case
p > f:—gz we obtain that the only solution to (—A)%u = u? in all of R™ decaying as

C
V| < ——
ol + |- V| < 1

Withﬁ>#,isu50.
In the case of the whole R", there is an alternative proof of the nonexistence of
solutions which decay fast enough at infinity. It consists of using a Pohozaev identity

in all of R”, that is easily deduced from the pointwise equality
(—A)(z - Vu) =2s(=A)Y’u+x - V(—=A)’u.

The classification of solutions in the whole R™ for the critical exponent p =
was obtained by W. Chen, C. Li, and B. Ou in [10]. They are of the form

n+2s
n—2s

n—2s

/’L 2
uz)=c| ——7——= ,
(@) (M2+|37—1’0|2>

where g is any positive parameter and c is a constant depending on n and s.

3. BEHAVIOR OF (—A)*2y NEAR Of)

The aim of this section is to prove Proposition [1.10, We will split this proof
into two propositions. The first one is the following, and compares the behavior of
(—A)*2u near O with the one of (—A)%/283, where &(z) = dist(x, 9Q)xa(z).
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Proposition 3.1. Let Q be a bounded and C%' domain, u be a function satisfying
(b) in Proposition[1.6. Then, there exists a C*(R") extension v of u/d%|q such that

(—A)"Pu(z) = (=A)"?5(z)o(x) + h(z) in R",
where h € C*(R™).

Once we know that the behavior of (—A)*/2u is comparable to the one of (—A)*/253,
Proposition reduces to the following result, which gives the behavior of (—A)%0§
near 0f).

Proposition 3.2. Let Q be a bounded and C*' domain, 6(x) = dist(z,Q), and
0o = Oxq. Then,

(~A)7263(2) = c1 {log™ 8(x) + eaxa(w)} + h(z) in R",

where ¢y and co are constants, h is a C*(R™) function, and log”~ t = min{logt,0}.
The constants ¢, and co are given by

B i B o0 1—2° 1+ 2° d
Y T AT R TR ) A

where ¢, s is the constant appearing in the singular integral expression (1.2|) for
(—A)® in dimension n.

The fact that the constants ¢; and ¢y given by Proposition coincide with the
ones from Proposition [1.10]is proved in the Appendix.

In the proof of Propositionwe need to compute (—A)*2 of the product u = §jv.
For it, we will use the following elementary identity, which can be derived from :

(—A)* (wiwz) = wi (=A) wy + wa(=A)*wy — Iy (wy, wy),

where
e / : e w|1:c(y_))y(|fi§f )~ )

Next lemma will lead to a Holder bound for I5(d§, v).

Lemma 3.3. Let 2 be a bounded domain and &y = dist(x,R™\ Q). Then, for each
a € (0,1) the following a priori bound holds

(3.2) 1L5/2(05, w) | carzgny < Clw]oegn),
where the constant C' depends only on n, s, and «.
Proof. Let x1, x5 € R™. Then,
L5205, w)(@1) — Lsj2(65, w) (w2)| < cns (J1 + J2),

dy.

where

- / jw(z1) — w(zy + 2) — w(zs) |42—|i(5x2 + 2)|[65(21) — 63 (21 + 2)] ;

z
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and

7y — / |w(x2) —w(xg + Z)Hég(xl) —05(x1 + 2) — 05 (wq) + 05 (z2 + z)’

|Z|n+s

dz.

Let r = |21 — x5|. Using that ||d5|

lw(z1) — w(zy + 2) — w(w2) + w(22 + 2)| Minf{|2]*, (diam Q2)*}
Jl S |z|n+s dz

cs@ny < 1 and supp o5 = Q,

dz

- C’/ [w] o @nyr®/?|2|*/? min{|z|*, 1}
- " |Z|n+s
S CTQ/Q [UJ]C&(Rn) .
Analogously,
J2 S CTOC/2[U)]Ca(Rn) .
The bound for ||I;/2(05, w)|| L ®n) is obtained with a similar argument, and hence

(13-2) follows. O

Before stating the next result, we need to introduce the following weighted Holder
norms; see Definition 1.3 in [18].

Definition 3.4. Let § > 0 and 0 > —f. Let f = k + [/, with k integer and
B € (0,1]. For w € C%(Q) = C*#(Q), define the seminorm

W@ — sun (minds(x g0 Dw(x) — Dru(y)|
= sup (minoa). o) 2 =2,

For 0 > —1, we also define the norm || - ||(;S)) as follows: in case that o > 0,

k
fulh = 3= sup (3™ Dwlo)] ) + [ul2,
=0 *

while for —1 < o < 0,

k
= Nollo-o + 3 sup (8607 Do) ) + Ful
=1

— . €

The following lemma, proved in [18], will be used in the proof of Proposition
below —with w replaced by v— and also at the end of this section in the proof of
Proposition [1.10| —with w replaced by w.

Lemma 3.5 ([I8, Lemma 4.3]). Let Q be a bounded domain and o and [ be such
that o < s < 8 and B — s is not an integer. Let k be an integer such that = k+ '
with 5 € (0,1]. Then,

(3.3) (=8)2wl5=50 < O(llwllcan + lwl5s”)

for all w with finite right hand side. The constant C' depends only on n, s, a, and
B.
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Before proving Proposition we give an extension lemma —see [11, Theorem 1,
Section 3.1] where the case a = 1 is proven in full detail.

Lemma 3.6. Let a € (0,1] and V' C R" a bounded domain. There ezists a (non-
linear) map E : CO*(V) — C%*(R") satisfying

Ew)=w inV, [EW)eee < Wleoam), and [EW)|re@e) < [lwll=w,)
for all w € C%*(V).

Proof. 1t is immediate to check that

B)(o) = win {aiy {u(:) + ooz = o} ol

satisfies the conditions since, for all x,y, z in R",
|z — x| < |z —yl* + |y — [
O

Now we can give the

Proof of Proposition[3.1. Since u/d*|q is C*(£2) —by hypothesis (b)— then by Lemma
there exists a C“(R") extension v of u/d%|q.
Then, we have that

(=A)Pu(x) = v(@)(=A)725(x) + 8o(2)* (= A)Pv(w) = Lyj2(v, 65),

where

dy,

N |w

v(z) — v d(z) — 6§
Iy/2(v,65) = cn /n (@) fg)z(yr”(“) i(v)
as defined in . This equality is valid in all of R™ because §5 = 0 in R™\Q and
v € C*** in ) —by hypothesis (b). Thus, we only have to see that §3(—A)*/?v and
I 5(v,05) are C*(R™) functions.

For the first one we combine assumption (b) with # = s+ a < 1 and Lemma 3.5
We obtain

(3.4) I(=8)"llie” < C,
and this yields §5(—A)*?v € C*(R"). Indeed, let w = (—A)*?v. Then, for all
z,y € Q such that y € Bg(z), with R = 6(z)/2, we have

10°(x)w(x) — 6*(y)w(y)| Sw(x) —w(y)|
|z —yl|* |z —yl|*

18°() = )]

< d(x
<@ lz —y|*

+ |w(z)

Now, since
0°(z) = 6°(y)| < CR |z —y|* < Cmin{d(z), 6(y)}""|x — y[*,
using and recalling Definition we obtain
|0°(z)w(z) — 0°(y)w(y)|

| | < C whenever y € Br(x), R=0(z)/2.
T —y°
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This bound can be extended to all z,y € €2, since the domain is regular, by using a
dyadic chain of balls; see for instance the proof of Proposition 1.1 in [1§].
The second bound, that is,

1s/2(0, 86) low@ny < C,
follows from assumption (b) and Lemma [3.3| (taking a smaller « if necessary). [

To prove Proposition we need some preliminaries.
Fixed py > 0, define ¢ € C*(R) by

(3.5) O(x) = 2°X(0,00) (%) + PiX(p0,+00) ().
This function ¢ is a truncation of the s-harmonic function 3. We need to introduce
¢ because the growth at infinity of x5 prevents us from computing its (—A)%/2.

Lemma 3.7. Let py > 0, and let ¢ : R — R be given by (3.5)). Then, we have

(—8)2¢(x) = er{log |z] + cax(0,00) () } + ()
for x € (—po/2,p0/2), where h € C*([—po/2,p0/2]). The constants c; and cy are

given by
& 1—2% 1428
=1 d = d
€1 = Ci3 an Co /0 {\1—z|1+8+]1+z|1+5} 2,

where ¢, 5 is the constant appearing in the singular integral expression (1.2|) for
(—A)® in dimension n.

Proof. It x < py,

PO S _ys 00 8 _ps
A 2p(x :CS(/ gdy%_/ +—0dy).
( ) () 1,3 o=y o |z — |1+

We need to study the first integral:

po/x 1— 28
Jl(x):/ ST g ife >0

PO xS yS —0o0 |1 Z|1 s
3.6 J xTr) = I ——— =

- ( ) p()/‘l'| _Zj_
JQx:/ ———dz ifz <0,
\ — o |]‘+Z’1+S

since

(3.7) (—A)26(z) — e (z) = o1 / T

o |l’ - y|1+8

belongs to C*([—po/2, po/2]) as a function of z.
Using L’Hopital’s rule we find that

lim Ji(2) = lim Jo(x) =
20 log|z| =10 log ||
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Moreover,

i~ ()~ 1) =g (- S )

240 T 20 22 ((po/z) —1)H*s
o B 1_ys (1_y)1+s )
— shm 1—s o
Po oY (y(l —y)tts oyl —y)tts
-y —(1—y™

— s 13 — _ s
Po ;fg s Po
and
- - 1 . —s( P —(=po/z)*® 1
1 o 1-s J/ = — 1 N\ 1=s( FY o
g}g( 2 ( 2(7) x) 3%1( z) (x2 (14 (=po/x))t*ts —x
o 3 -1 (1 +y)1+s
— sl 1—s +
Po oY (y(l +y)te T y(L4y) e
] (1 + y)lJrs -1
= %] =0.
Po yngl y®
Therefore,
(Ji(x) —log|z]) < Cla[*™ in (0, po/2]
and

(J2(z) —log|z])" < Cla"™ in [=po/2,0),
and these gradient bounds yield
(J1 —log|-]) € C*([0,0/2]) and (Jo—log]-|) € C*([=po/2,0]).
However, these two Holder functions do not have the same value at 0. Indeed,
lgg)l{(tfl(iﬁ) —log|z|) — (Jo(—2) — log | — 33’)} = lgrol{Jl(a:) — Jao(—2)}

> 1 -2 2l
— d
/oo { 1 — 2[tts " |1+Z\1+5} :

/°° 1—2° n 14 2° p

0 11—z |1+ 2|1+ 2

Hence, the function J(z) — log|z| — caX(0,00)(%), Where J is defined by (3.6)), is
C*([—po/2, po/2]). Recalling (3.7)), we obtain the result. O

Next lemma will be used to prove Proposition [3.2] Before stating it, we need the
following

Remark 3.8. From now on in this section, py > 0 is a small constant depending only
on ), which we assume to be a bounded C'! domain. Namely, we assume that that
every point on €2 can be touched from both inside and outside €2 by balls of radius
po- In other words, given xy € 052, there are balls of radius py, B,, (1) C Q and
B, (x2) C R™\Q, such that B, (x1)NB,,(r2) = {zo}. A useful observation is that all
points y in the segment that joins z; and xe —through xy— satisfy 6(y) = |y — x|
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Lemma 3.9. Let Q be a bounded C*' domain, §(z) = dist(x,00Q), d = dxa, and
po be given by Remark (3.8 Fix xo € 052, and define
Ouo(x) = ¢ (—v(20) - (2 — 20))
and
(3.5) Suy = {0+ tw(20), 1€ (—po/2, po/2)}.
where ¢ is given by (3.5) and v(xg) is the unit outward normal to O at xy. Define
also Wy, = 05 — Guy -
Then, for all v € S,
[(=A) 1wy, (2) = (=A)Pwyy (x0)| < Ol — xol*?,
where C' depends only on Q and py (and not on xy).
Proof. We denote w = w,,. Note that, along S,,, the distance to 02 agrees with
the distance to the tangent plane to 0f) at xy; see Remark That is, denoting
0+ = (Xo — xem)0 and d(z) = —v(xg) - (x — z9), we have d.(x) = d(x) for all
x € S,,. Moreover, the gradients of these two functions also coincide on S, i.e.,
Vii(z) = —v(zg) = Vd(z) for all z € S,,.
Therefore, for all x € S;, and y € B, /2(0), we have
[0+ ( +y) — d(z +y)| < Cly|*

for some C' depending only on po. Thus, for all z € S, and y € B,,/2(0),
(3.9) w(z +y)| = 0=z +y))5 — (dlz +y)i] < Clyl*,

where C' is a constant depending on €2 and s.
On the other hand, since w € C*(R"), then

(3.10) lw(z +y) —w(zo +y)| < Clz — xol°.
Finally, let < py/2 to be chosen later. For each = € S, we have

lw(z +y) — w(zo + y)|

(=) 2w(@) — (=A)Pw(x)| < C s

RTL

cof Ieti il o f ety s,
. |y|+s R\ B, |yt

2s _ s
B lyl"te re\B, |y["t*

=C(r*+ |z —zor™),
where we have used (3.9)) and (3.10). Taking r = |2 —x0|"/? the lemma is proved. O
The following is the last ingredient needed to prove Proposition [3.2]

Claim 3.10. Let Q be a bounded C*' domain, and py be given by Remark . Let
w be a function satisfying, for some K > 0,

dy
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(1) w is locally Lipschitz in {x € R™ : 0 < d(x) < po} and
Vw(z)| < Ké(x)™ in {x € R" : 0<8(z) < po}
for some M > 0.
(ii) There exists a > 0 such that
lw(z) —w(x®)| < Ko(z)* in {x € R" : 0<d(z) < po},
where x* is the unique point on 0X) satisfying é(x) = |z — x*|.
(iii) For the same «, it holds
lwliceszpn < K-
Then, there exists v > 0, depending only on « and M, such that
(3.11) s e < COK,
where C' depends only on Q.

Proof. First note that from (ii) and (iii) we deduce that |w||pem®r) < CK. Let
p1 < po be a small positive constant to be chosen later. Let x,y € {§ < po}, and
r=|r—uyl.
If r > py, then
w(z) —w(y)| _ 2[wlrege

< T®) < CK.
|z —y| P1

If r < py, consider
v =2+ poru(a®) and g =y + poruly’),

where 8 € (0,1) is to be determined later. Choose p; small enough so that the
segment joining 2’ and y' contained in the set {§ > por?/2}. Then, by (i),

(3.12) w(z') = w(y')| < CK(por?/2) M2’ —yf/| < Cr=PM.
Thus, using (ii) and (3.12),
w(z) = w(y)| < Jw(z) —w@)] + Jw(z’) —w(a’)+
+ |w(y) —w(y)| +wy”) — wy)] + w(z) —wy)]
< Ko(z)™ + K§(y)* + 2K (por®)® + CKr' ="M,
Taking f < 1/M and v = min{af,1 — M}, we find
jw(z) —w(y)| < CKr" = CK|z —y|".

This proves
[wer(ts<py) < OK.

To obtain the bound (3.11)) we combine the previous seminorm estimate with (iii).
O

Finally, we give the proof of Proposition |3.2]
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Proof of Proposition[3.9. Let
h(z) = (=A)*255(z) — ¢, {log™ d(z) + coxa(z)} .
We want to prove that h € C*(R"™) by using Claim

On one hand, by Lemma [3.7], for all o € 0Q and for all © € S,,, where Sy, is
defined by (3.8)), we have
h(z) = (=A)255(x) = (=A)* 2y () + h(v(0) - (z — 29)),
where & is the C*([—po/2, po/2]) function from Lemma Hence, using Lemma
3.9 we find
\h(x) — h(xo)| < Cla — x0|*? for all z € S,
for some constant independent of x;.

Recall that for all z € S,, we have z* = xy, where z* is the unique point on 0f2
satisfying d(z) = |z — x*|. Hence,

(3.13) \h(x) — h(z")| < Clz — 2|/ forall x € {§ < po/2}.
Moreover,
(3.14) 1Plloe(o2p0/2y) < C

for all « € (0,1 — s), where C is a constant depending only on «a, € and pg. This
last bound is found using that || ||co.1(5>p0/2y) < C, which yields

1(=2)283 [l o ((52p01) < C

fora<1-—s.
On the other hand, we claim now that if x ¢ 02 and §(x) < po/2, then

(3.15) Vh(z)] < [V(=2)"25(2)| + e1|o(2)| 7" < Clo(z)| 7.

Indeed, observe that §5 = 0 in R™\Q, |[V§5] < Co57! in Q, and |D?63| < C652 in
Q. Then, r =6(z)/2,

[Vos(x) — Vis(x +y)|
|y|+s

|(=A)2Vd5(2)| < C
R”L

s—2 s s
cof iy, [ (N Vi) ,
- R7\ B,

n+s n+s n+s
Y| |y r

c C C C
T B g
_T+T+T"+S/Rn0 = prts’

dy

as claimed.

To conclude the proof, we use bounds (3.13)), (3.14)), and (3.15) and Claim [3.10}
Il

To end this section, we give the

Proof of Proposition[1.10. The first part follows from Propositions 3.1 and 3.2l The
second part follows from Lemma [3.5| with o = s and f € (s,1 + 2s). 0
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d
4. THE OPERATOR — | . [Lwywi)y

The aim of this section is to prove Proposition In other words, we want to
evaluate the operator
o0 t
/ w (At) w (X) dt
A=1tJ0

w(t) = Alog™ [t — 1| + Bxjo,(t) + h(t),
where log™ ¢ = min{logt,0}, A and B are real numbers, and h is a function satisfy-
ing, for some constants a € (0,1), v € (0, 1), and Cp, the following conditions:

1) 1Pllce(o,00)) < Co-
(ii) For all g € [y,1+ ],

(4.1) J(w) = — %

on

7]l 501 -puaipay < Cop™®  forall pe (0,1).
(iii) |A' ()| < Ct=277 and |W"(t)| < Ct=377 for all ¢ > 2.

We will split the proof of Proposition [1.11] into three parts. The first part is the
following, and evaluates the operator J on the function

(4.2) wo(t) = Alog™ [t — 1| 4+ Bxp(t)-
Lemma 4.1. Let wy and J be given by and , respectively. Then,
J(wy) = A*n* + B2
The second result towards Proposition [1.11]is the following.

Lemma 4.2. Let h be a function satisfying (i), (ii), and (iii) above, and J be given

by (4.1)). Then,
J(h) = 0.

Moreover, there exist constants C' and v > 1, depending only on the constants o, 7,
and Cy appearing in (i)-(ii)-(iil), such that

/0°° {hw) " (%) - hW} dt‘ < CA -1

for each X € (1,3/2).

Finally, the third one states that J(wy + h) = J(wg) whenever J(h) = 0.

Lemma 4.3. Let wy and wy be L*(R) functions. Assume that the derivative at
A =17 in the expression J(wy) exists, and that

Then,
J(wy 4+ wq) = T(wy).
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Let us now give the proofs of Lemmas and [4.3] We start proving Lemma
[4.3] For it, is useful to introduce the bilinear form

1 d ° t t

— — At - — At) o dt
2 A:ﬁ/o {“’1( e (A) o (A) ve )} |

and more generally, the bilinear forms

(4.3)
;Lw?i,WZ)A = —2()\—1_1) /000 {wl (At) we (;) +w (;) wy (At) — 2w1(t)w2(t)} dt,

for A > 1.

It is clear that limy(wy, we)y = (w1, ws) whenever the limit exists, and that
(w,w) = J(w). The following lemma shows that these bilinear forms are positive
definite and, thus, they satisfy the Cauchy-Schwarz inequality.

(w1, ws) =

Lemma 4.4. The following properties hold.

(a) (wq,ws)y is a bilinear map.
(b) (w,w)x >0 for allw € L*(R,).
(c) [(wr,we)r* < (w1, w1)a(wa, wa)y.

Proof. Part (a) is immediate. Part (b) follows from the Hélder inequality

lwxwiyallzr < lwallzellwiallze = [lw]|Z:,

where w) (t) = w(At). Part (c) is a consequence of (a) and (b). O
Now, Lemma is an immediate consequence of this Cauchy-Schwarz inequality.
Proof of Lemmal[{.3 By Lemma (iii) we have
0 < |(wr, wa)a] < (w1, w1)ay/ (wa, wo)y — 0.
Thus, (wy,wy) = limy}; (wy, wa)y = 0 and

J(wy + we) = T(wy) + T(wa) + 2(wy, we) = T(wy).

Next we prove that J(h) = 0. For this, we will need a preliminary lemma.

Lemma 4.5. Let h be a function satisfying (i), (ii), and (iii) in Propostion [1.11]
A€ (1,3/2), and 7 € (0,1) be such that 7/2 > X\ — 1. Let o, 7y, and Cy be the
constants appearing in (i)-(ii)-(iii). Then,

Cmax{|t — A, [t—1/\*} te(l—71+7)
< CA=1D)ME =17t te(0,1-7)U(l+71,2)
CA—1)2"1 t € (2,00),

where the constant C depends only on Cj.

‘h()\t)h (%) ()
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Proof. Let t € (1 — 7,1+ 7). Let us denote h = h — h(1). Then,
t

h(\t)h (X) — h(t)>=h(A\)h G) — h(t)? + h(1) (E (\t) + h (;) - 2%@)) .

Therefore, using that |(t)| < Colt — 1|* and 12| Lo ry < Co, we obtain

h(At)hG)—h(t)2 < C|/\t—1|0‘§—1 + Ot =12+ C|Mt — 1|* +
t (0%
+C’X—1 + Ot —1)"
o 1"
< Cmax{hﬁ—)\\ ,t—x }

Let now t € (0,1 —7) U (1 4 7,2) and recall that A € (1,14 7/2). Define, for
€ LA

000 = ) (1) = e

By the mean value theorem, ¥(\) = (1) + ¢'(p)(A — 1) for some p € (1, ).
Moreover, observing that ¢(1) = ¢'(1) = 0, we deduce

[PV < (A =D () —¢'(D)].

Next we claim that

(4.4) 9 (1) — ' (D] < Clpe = 1Pt =177
This yields the desired bound for t € (0,1 —7) U (1 +7,2).
To prove this claim, note that

o =t ey () = Znu (1)),

u [
Thus, using the bounds from (ii) with § replaced by =, 1, and 1+ ~,

900/ < ')~ w0l ()] oo () = neo ol
% <£> _ h’(t)‘ ‘hi’f” bt 'h(’“) - h(t)' 0!

+t 2

v v

t t
< Clut —tPm™*7 +C '— —t ——t mTT+
I I

C
m =17+ =
ol

C _ _ _
+E|m—t\7m NE—1" + C(p— )|t — 17

< C(/“L - 1)7m_1_77

where m = min {|ut — 1], |t — 1|, |t/p — 1|}
Furthermore, since p—1 < [t—1|/2, we have m > |t —1|, and hence (4.4) follows.
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Finally, if t € (2,00), with a similar argument but using the bound (iii) instead
of (ii), we obtain
P < COA =%,

and we are done. O

Let us now give the

Proof of Lemmal[].3. Let us call

I — /OOO {h()\t) h (;) _ h(t)Q} da.

For each A € (1,3/2), take 7 € (0,1) such that A — 1 < 7/2 to be chosen later.
Then, by Lemma [4.5]

1—7 1
I, < 0@—1%”/ |ﬁaw+ﬂﬁ+0/ [t — N\ dt +
0 1—

1+T
1

+C(\ — 1)2/ t1sdt

2
CA-1D)" 774 C(r+ A1) O - D)7 +

e 2

dt + C(\ — 1)1“/ it —1|7dt +

; 1
)‘ 1471

IN

1 a+1
+C (r+1—x> +C(A—1)%

Choose now
r=(\-1)
with 6 < 1 to be chosen later. Then,

THAN=1<27 and T4+1—— <27,

> =

and hence
11| < O\ = 1) L oA — 1) L o\ —1)%
Finally, choose # such that (a+1)0 > 1 and 1+~ — 0~ > 1, that is, satisfying

<0 <1.

l+a
Then, for v = min{(a+ 1)0,1 +~v — 0} > 1, it holds

/Ooo {h (M) h (%) - h(t)?} dt

as desired. 0O

< CIA-1J,

Next we prove Lemma [4.1]
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Proof of Lemma[{.1 Let

wi(t) =log™ |t — 1| and  wa(t) = xp0,1) (1)
We will compute first J(w).

Define
£ -1
(1) = / loglr —1f .
0 T

It is straightforward to check that, if A > 1, the function

1
Ua(t) = (t - X) log | At — 1] log

A2 —1
A

;—1‘+(A—t)log
2_1 _
2—1‘ A \I/()\()\ t))

t
-1
i

2 —
log(A\* — 1) log 3 ;) S C]

+2t — log |\t — 1]

is a primitive of log [\t — 1|log |+ — 1|. Denoting Iy = [, w; (At) w (%) dt, we have
2 2
L-1 = /Alog|)\t—1|log 3—1‘dt—/ log? [t — 1dt
0 A 0
_ 9, (2>—19A(0)—4
A
A2 —1 A2 A2 —2 2 2
- () =) G -3 ()

(- D)ot (& 1) 05D

where we have used that

2 1 o)
I = / log? [t — 1|dt = 2/ log? t'dt’ = 2/ r?e"dr = 2I'(3) = 4.
0 0 0

Therefore, dividing by A — 1 and letting A | 1,

)\2
L= 2t [ loelt =1l
A AL [a2-0 ¢
A2-1

2 log (& —1) 4
i 2 _ = S V) S
—ngll {210g()\ 1) log <>\2 1) N1 NE

The first term equals to

dt +

. M 2log |t — 1]
lim _

dt,
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while the second, using that log(1 + =) ~ z for x ~ 0, equals to

lim { 2log(A\2 — 1) ERIPANI ek —0+4-4=0
i 22 A—1 [ e

o t+1

0 _ M
= 1im / Mdt + / 2 logtdt

I)\ = lim
M—+oo | _yf t M—+o00

M M
2log|t —1 2log |t

M M —+00
21log ¢ 21log ¢ Alogt
—  lim / o8 dt+/ 98% it :/ 208t
M—+o00 0 1—1¢ 0 t"‘l 0 1—t2

1 +o00 1 1
4logt —4log  dt 4logt
_ /&de/ 1_gt_2:2/ dogt

Furthermore, using that 1 = > ., t*" and that

! bgntt g 1
/t“logt dt:—/ —dt = ————,
0 o n+1t (n+1)2

we obtain
1 2
logt 1 s
dt = — = ——,
/0 1—14¢2 nZZO(Zn—l—l)2 8
and thus
Jwy) = — 1|1 =2
wy) = — — = 7°.
1 |, A

Let us evaluate now J(w2) = J(xp,1]). We have

+oo " % .
/ X[0,1] (At) X0,1] (X) dt = / dt = —.
0 0

Therefore, differentiating with respect to A we obtain J(wq) = 1.
Let us finally prove that (wq,wy) = 0, i.e., that
t
1——|dtp=0.
il

) ;
/ log |1 —)\t|dt+/ log
A=1+ 0 0
(At —1)log |1 — x| — X],

A
/ log |1 — At|dt =
0

>

d

(4.5) i

We have

I
I~ > =

1
A — X) log(\2 — 1) — A,

29
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t 1 1 1
1——|dt=(==X)log(1-=)—=.
o= () (13) =5

and similarly,

1

X
/ log
0

Thus,
A x + 1
/ log|1—)\t]dt+/ logl——‘dt—2/ log |1 — t|dt| =
0 0 A 0
2(\2 —1) (A —1)? 9
=|——FlogA — ———| <4(A—1)".
T log | S4( - 1)
Therefore (4.5 holds, and the proposition is proved. O

Finally, to end this section, we give the:

Proof of Proposition[1.11. Let us write ¢ = wy + h, where wy is given by .
Then, for each A > 1 we have
(0, 0)x = (wo, wo)x + 2(wo, h)x + (h, h)a,
where (-, ), is defined by (4.3). Using Lemma [£.4] (c) and Lemma [1.2] we deduce
|(gp, ©)y — A*n? — BQ‘ < ‘(wo,wo),\ — A’r? — BQ| + CIA = 1)".

The constants C' and v depend only on «, v, and Cj, and by Lemma the right
hand side goes to 0 as A | 1, since (wg, wo)x — T(wp) as A | 1. d

5. PROOF OF THE POHOZAEV IDENTITY IN NON-STAR-SHAPED DOMAINS

In this section we prove Proposition for general C''! domains. The key idea is
that every C*! domain is locally star-shaped, in the sense that its intersection with
any small ball is star-shaped with respect to some point. To exploit this, we use a
partition of unity to split the function u into a set of functions uy, ..., u,,, each one
with support in a small ball. However, note that the Pohozaev identity is quadratic
in u, and hence we must introduce a bilinear version of this identity, namely

(5.1)

2 _
/(m-Vul)(—A)SUQ dx—l—/(:r;-Vug)(—A)sul dz = ‘92 n/ul(—A)SUQ do+
Q Q Q
+ 25— / ug(—A)uyde —T'(1+ 8)2/ ﬂ%(x -v)do.
2 Q aq 0° 0°

The following lemma states that this bilinear identity holds whenever the two
functions u; and wuy have disjoint compact supports. In this case, the last term
in the previous identity equals 0, and since (—A)*u; is evaluated only outside the
support of u;, we only need to require Vu; € L*(R").
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Lemma 5.1. Let uy and uy be WHHR™) functions with disjoint compact supports
Ki and Ky. Then,

/K (o Vu)(=A) upda + / (o V) (A, dr

K>

25 —n 2s—n

= / ul(—A)SUQ dx +
2 K

/ ug(—A)%uy du.
Ko

Proof. We claim that

(5.2) (—A)(z- V) =z V(=A)*u; + 25(=A)y;  in R"\K
Indeed, using u; = 0 in R™ \ K; and the definition of (—A)* in (L.2)), for each
x € ]R”\K we have
s —y - Vui(y)
(A (e Vu)le) = e | R
(z —y) - Vuily) / — - Vui(y)
= Cn,s dy + Cn,s —dy
/m |z =yl K T =yt
c / di ( i )u(y)dy+x (—A)’Vu,(z)
= Cns v i i
K; I\ |z = y[rt
—2s s
Cn,s e, 2 — y’n+28uz(y)dy +x V(—A) UZ({E)

as claimed.
We also note that for all functions w; and wy in L'(R™) with disjoint compact
supports W; and Wa, it holds the integration by parts formula

(5.3) / Vo we = / / —un(@ +2 )d da;—/ wa(—A) wy.
Wi Wi J Wo |n s Wa

Using that (—A)%usy is smooth in K; and integrating by parts,

/Kl(x-Vm)(—A)suQ - —n/K1 ul(_A)SUQ_/Kl we - V(—A)u.

Next we apply the previous claim and also the integration by parts formula (5.3]) to
w; = uy and wy = x - Vuy. We obtain

/K1 - V(=A)uy = /Kl u (=AY (z - Vug) — 25/ iy (= A)uy

Ky

— /Kz(—A)Sul(:c - Vug) — 25/ Uy (—A)*us.

K1
Hence,

/I<1 (r - Vuy)(—A)°uy = — /KZ(_A)SUI(QC - Vus) + (25 — n) /K1 ur(—A) us.
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Finally, again by the integration by parts formula (/5.3|) we find

1 1
/ Ul(—A)SUQ = 5/ ul(—A)SUQ + 5/ uz(—A)Sul,
K K1 K;

and the lemma follows. O

The second lemma states that the bilinear identity (5.1)) holds whenever the two
functions u; and uy have compact supports in a ball B such that 2N B is star-shaped
with respect to some point zg in Q2N B.

Lemma 5.2. Let Q be a bounded C** domain, and let B be a ball in R™. Assume
that there exists zg € Q2N B such that

(x —2) - v(x) >0 for all x € 90N B.

Let u be a function satisfying the hypothesis of Proposition 1.6 and let u; = um
and uy = ung, where n; € CX(B), i = 1,2. Then, the following identity holds

/B(x - Vup)(—A)ug dz + / (x - Vug)(—A)’uy dx = /Bul(—A)Suz dx+

B
26 —
p2on / ug(—A)uyde —T(1+ 8)2/ ﬂﬂ(m -v) do.
2 Jp aonB 0° 0°

Proof. We will show that given n € C°(B) and letting @ = un it holds
(5.4)

/B(x Vi) (-Ayide = 2" /Bﬂ(—A)Sadx ST+ 5)2/8m3 (63)2 (2 - v)do.

From this, the lemma follows by applying with @ replaced by (11 + 12)u and
by (m — m2)u, and subtracting both identities.

We next prove (5.4)). For it, we will apply the result for strictly star-shaped do-
mains, already proven in Section[2 Observe that there is a C' domain € satisfying

{a>0}cQcQNB and (z—z)- -v(z)>0 forallzed.

This is because, by the assumptions, {2 N B is a Lipschitz polar graph about the
point zp € 2N B and supp@ C B’ CC B for some smaller ball B’; see Figure [5.1]
Hence, there is room enough to round the corner that 2 N B has on 02 N 0B.

Hence, it only remains to prove that u satisfies the hypotheses of Proposition [1.6|
Indeed, since u satisfies (a) and 7 is C2°(B’) then @ satisfies

2s—n

[a]Cﬁ({xEQ:S($)>p}) < Cp87ﬁ

for all 5 € [s,1+ 2s), where §(z) = dist(z, 9Q). )
On the other hand, since u satisfies (b) and we have 7¢°/6° is Lipschitz in supp @
—because dist(z,0Q \ 9Q2) > ¢ > 0 for all = € supp u—, then we find

s a-p
[8/0°] oo uetr-iy>pny < CP

for all 8 € [, s + .
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FIGURE 5.1.

Let us see now that @ satisfies (c), i.e., that (—A)*@ is bounded. For it, we use
(=4)%(un) = n(=A)u +u(=2)"n = L;(u,n)
where I, is given by , ie.,
(w(z) — uly)) nx) = n(y) , -

|z —y|+e

I,(u,m) (@) = ens /

The first term is bounded since (—A)®u so is by hypothesis. The second term is
bounded since n € C°(R™). The third term is bounded because u € C*(R"™) and
n € Lip(R™).

Therefore, u satisfies the hypotheses of Proposition with Q replaced by Q, and
. ) follows taking into account that for all zy € 89 N suppu = 02 N supp 4 we
have
m ) g, @)
z—x0, £EQ 5S<1}) T—ra0, L 68(1')

We now give the

Proof of Proposition[1.6. Let By, ..., By, be balls of radius r > 0 covering {2 Q. By
regularity of the domain, if r is small enough, for each i, j such that B; N B; # &
there exists a ball B containing B; U B; and a point zp € 2N B such that

(x — z0) - v(x) >0 for all x € 00 N B.

Let {¢x }r=1..m be a partition of the unity subordinated to By, ..., B,,, that is, a
set of smooth functions 1, ..., 1, such that ¢y +-- -+, = 1 in  and that v has
compact support in By, for each k£ = 1,...,m. Define u, = ui)y.
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Now, for each i,j € {1,...,m}, if B;N B; = @ we use Lemma , while if
B;N B; # @ we use Lemma 5.2, We obtain

Su; dx z - Vu;)(—A)’u, szs—n
[ vuarude+ [ @ Vu)ayud =25

/ wi(—A)*u; de+
Q
/ uj(—A)*u;de — T(1 + s)? %%(:c -v)do
Q oq 0° 0°
foreach 1 <i <mand 1 < j < m. Therefore, adding these identities fori = 1,...,m
and for j = 1,...,m and taking into account that u; + - - - + u,, = u, we find

/Q@; V) (—A)uds = 252_ n /Qu(—A)Su dx — F“T“)Q /m (63)2 (z-v)do,

and the proposition is proved. Il

To end this section we prove Theorem [I.1, Proposition Theorem [1.9] and
Corollaries 1.3 and [L.13]

Proof of Proposition and Theorem[1.1 By Theorem[I.4] any solution u to prob-
lem ((1.8) satisfies the hypothesis of Proposition . Hence, using this proposition
and that (—A)*u = f(z,u), we obtain

/Q(Vu.x)f(x,u)dx: ZS;n/ﬂuf(x,u)dx—k@/{m (%)2(x-y)dcr.

On the other hand, note that (Vu-z)f(z,u) = V (F(x,u))-x —x- F,(x,u). Then,
integrating by parts,

/(Vu cx) f(x,u)dr = —n/ F(x,u)dr — / x - Fy(z,u)dz.

Q ) Q

If f does not depend on z, then the last term do not appear, as in Theorem [I.1} O
Proof of Theorem[1.9 As shown in the final part of the proof of Proposition [1.6] for

strictly star-shaped domains given in Section [2| the freedom for choosing the origin
in the identity from this proposition leads to

1+ 8)2/ w2
Wy, (—A)’w do = ———— — | v; do
R /. (&)

for each i = 1,...,n. Then, the theorem follows by using this identity with w = u+wv
and with w = u — v and subtracting both identities. U

Proof of Corollaries and[1.13 We only have to prove Corollary [I.13] since
Corollaries and follow immediately from it by setting f(x,u) = f(u) and

f(x,u) = |u[P~ u respectively.
By hypothesis ((1.15)), we have

n —2s
5 /Quf(a:’,u)dxzn/QF(az',u)daH—/x~Fx(:c,u)dx.

Q

2s—n
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This, combined with Proposition [1.12] gives

/BQ (%)2 (z-v)do < 0.

If Q is star-shaped and inequality in @ is strict, we obtain a contradiction. On
the other hand, if inequality in @ is not strict but w is a positive solution of
(L.8), then by the Hopf Lemma for the fractional Laplacian (see, for instance, [7] or
Lemma 3.2 in [I8]) the function u/&* is strictly positive in Q, and we also obtain a
contradiction. O

APPENDIX A. CALCULATION OF THE CONSTANTS ¢; AND ¢y

In Proposition [3.2] we have obtained the following expressions for the constants c;

and cs:
& 1— 28 14+ 28
= £ and == d
@ =3, 1 €2 /0 {|1_x|1+s+|1+x|l+s} )

where ¢, s is the constant appearing in the singular integral expression for (—A)® in
dimension n.

Here we prove that the values of these constants coincide with the ones given in
Proposition [I.I0] We start by calculating c¢;.

Proposition A.1. Let ¢, be the normalizing constant of (—A)® in dimension n.
Then,

['(1+ s)sin (%) |

C1,2 =
2 T
Proof. Recall that
928 (n£2s
(A1) - M
’ 7211 — s)
Thus,
2 (452)
C1.s =

Now, using the properties of the Gamma function (see for example [1])

M (s 43) =275VATE)  ad D= 2) -

we obtain

™

sin(7z)’

L TN e 2E) | sl ()
S (e 1 o R T Y B
The result follows by using that 2I'(z) = I'(1 + 2). d

Let us now compute the constant c,.
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Proposition A.2. Let 0 < s < 1. Then,

/OO S + Lo d 7T
xrT = ———.
o UT=—a™ il [ tan (3)

For it, we will need some properties of the hypergeometric function 5F;, which
we prove in the next lemma. Recall that this function is defined as

Aoz = Y @0 2

= (¢)n n!

for |z| <1,

where (a), = a(a+1)---(a +n — 1), and by analytic continuation in the whole
complex plane.

Lemma A.3. Let 2Fi(a,b;c; z) be the ordinary hypergeometric function, and s € R.
Then,

(i) For all z € C,

d Zs—i—l 5
— Fi(1 1 ;2 ; = —
dz{s—i—12 1(1+s,1+s; +s,z)} ST
(ii) If s € (0,1), then
1 1 U
I Fi(l+s1+82+s2)— ——— 6 =— '
ool {s +1° (L4514 524 5;2) s(1— x)s} sin(7s)

(ili) If s € (0,1), then
{(_x)sﬂ 51

2 Fils 148524 57) — S+12F1(1+s,1—|—s;2+3;—:c)} = im,

lim
T—+00

where the limit is taken on the real line.

Proof. (i) Let us prove the equality for |z| < 1. In this case,

d [ 25t d 1 2 ntlts
{—Z 2F1(1+8,1+5;2+S;Z)}— Z( o =

dz | s+1 _Enzo@—l—s)nn!(s—kl)
(1 + S)n n+s s —1-s n s —1-s
:Z—n! z :ZZ . (—2)" =2°(1—2) ,
n>0 n>0

where we have used that (24 s), = %1:5(1 + ), and that (‘:L)!” = (=1)"(5"). Thus,
by analytic continuation the identity holds in C.

(ii) Recall the Euler transformation (see for example [I])
(A.2) oFi(ab;cx) = (1 —2) ", Fi(c—a,c—byc;x),
and the value at z =1
I'(e)l'(c—a—0)

43 aRekel = pEs oo

whenever a+b<e.
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Hence,
1 o F1(1,1;2 + s52) — 2
Fi(1 1 -9 . _ _ s+l S
I (145,14 52+ s;1) NERSE T ’
and we can use I’Hopital’s rule,
AL L2+ s2) - 1 _ Sﬁ%gﬂ(l,l;?—ks;x)
lim — 1
z—1 (]. — 37)5 z—1 —3(1 — x)s_l
. (1—z)t~
= -1 F1(2,2;3 + s;
xl—>rqs(s+1)(s+2)2 12,23+ 57)
1
= —lim oFi(14 5,1+ 534 s;2)

=1 5(s+ 1)(s+2)

oFi(1+s,14534+s;1)

T(3+ s)0(1 — s)
s(s+1)(s+2) I[(2)'(2)

We have used that

d 1
— R (1,1;2+ s;2) =
d:c2 1( 5 —|—8,l‘) S+2

2F1(2,2,3 + 5;33),

the Euler transformation (A.2)), and the properties of the I" function

2l'(z) =T(z + 1), Fa)I'(l—2) = Y-

(iii) In [2] it is proved that

['(a)I'(b
W) F(a,bia+ i) = log

(A4) ['(a+b) 1—x

+ R+ o(1) for z~1,

where
R = —1(a) —(b) —,

¥ is the digamma function, and v is the Euler-Mascheroni constant. Using the Pfaff
transformation [I]

oF1(a,b;cm) = (1 — ) o Fy (G,C— b; c; Ll)
x_



38 XAVIER ROS-OTON AND JOAQUIM SERRA

and (A.4]), we obtain

(1 —z)t*s 1 T
—— k(1 1 ;2 ; = 1 1;2 ;
1+s 2 1( +s5,1+s; —f—S,I) 1+82 1 + s, L; +S’ZE—1
1
= log1 +R+o0(1) for x~ oo.
—x

Thus, it also holds

(_x)1+s 1
Fi(1 1 ;2 ix) =1
].+8 2 1( +87 +57 +S,LU) Ogl—x

+R+o0(1) for xz~ oo,

and therefore the limit to be computed is now
li 1 ! +R 1 ! +R =1
oc—lgli-loo Ogl—x Ogl—f—x -

Next we give the:

Proof of Proposition[A.J Let us compute separately the integrals
1
1—2° 14+ z°
I, = + dx
' /0 {\1—x|1+8 |1+$I”s}

o 1—2a° 14 a2°
I, = dz.
o= [ e
By Lemma (i), we have that

1 — 8 1 s 1 s+1
/{ R v }dx:‘<1—f’f>s—x 2Fi(1+ 5,14 52+ s;2)
S

and

(1—x)*s  (1+x)+s s+1
1 5t
—g(l +a)7° + ] oFi(1+ 5,1+ 5,24 s;—x).
Hence, using |A.3] (i),
I=—" Lol R(4s14s24s-1).

sin(rs) 28 s+ 1
Let us evaluate now Io. As before, by Lemma (1),

1 —xs 1+x8 1 —s s:L’5+1
/{(:v— 1)i+s + (z + 1)1+s}d$ = 5(93—1) +(=1) ] 2Fi (145,145,245 )

s+1

+1

1 T
(1—1—:1;)’3—1—8 oFi(1+ 5,14 524 s;—x).

S
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Hence, using |A.3| (ii) and (iii),

s 1 1
— ——Fi(1 1 ;2 ;—1
sin(7s) T s+1° il4s 145245 -1)

IQ = —Z7T+(—1)8

i+ cos(ms) < + isin(rs)
= —im+ cos(ms)——— + isin(rs)———~
in(ms) sin(ms)
1 1
— (1 1 ;2 ;—1
5 sx1’ 1(T+s, 1+ 5245 1)
1 1
= T4 - oF1(1 48,1452+ s;,—1).

tan(rs)  s2° s+ 1

Finally, adding up the expressions for I; and I, we obtain

/°° 1—x° N 1+a° d T 1 + cos(7s)
X = = 7nm s —
o L=z |14 x|i*s sin(rs)  tan(ms) sin(7s)

B 2 cos? (%s) B T
-7 2sin (%) cos (%)  tan (%)’

as desired. 0

Remark A.4. Tt follows from Proposition that the constant appearing in ((1.10))
(and thus in the Pohozaev identity), T'(1 + s)?, is given by

ey = i (m° + ).

We have obtained the value of c3 by computing explicitly ¢; and ¢;. However,
an alternative way to obtain cs is to exhibit an explicit solution of for some
nonlinearity f and apply the Pohozaev identity to this solution. For example, when
2 = B1(0), the solution of

{(—A)Su = 1 in By(0)
v = 0 inR™"\B;(0)

can be computed explicitly [13], 3]:
272 (n/2)

I (2£2)T(1+ s)

(A.5) u(z) = (1—1|z*)°.

Thus, from the identity

u

2
(A.6) (2s — n)/ u dr + Zn/ udr = 03/ (—) (x-v)do
Bi(0) Bi(0) oB1(0) \0°

we can obtain the constant cs, as follows.
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On the one hand,

2 2T(n)2) ey
/31(0)de - F(n+2s) F<1+S)/ (1 | | )
272 (n/2) gn-1

F(””s) 1—|—s| ]/ Y1 —r?)%dr

2725 (n/2 ! /91 s
F(n+25)(1—w</1j_s)| ST ’ /O r 4 (1 —1”) dr

2721 (n/2) 5 1|1F(n/2) (1+5)
T(=E)T(1+s)  2T(m/2+1+s)

where we have used the definition of the Beta function

1
B(a,b) = / 11— t)tdt
0

and the identity

On the other hand,

w2 25T (n/2) 2 N
/aBl <5s> (z-v)do = (F(%)F(la—s)) S22,

Thus, (A.6]) is equivalent to

22T(n/2) 1T(/A0(+s) ([ 2T(n/2) i )
[ (=2)T(1+s)20(n/2+1+s)  °\T(=2)0(1+s) '

(n + 2s)

Hence, after some simplifications,

L(1+s)? n—i—2sF n+2s
I(n/2+14s) 2 2 ’

and using that
20(2) =T(1+ 2)
one finally obtains
=T(1+s)%

as before.
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