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Abstract. Generally, meshing a finite model is often a significant portion of the time for 
obtaining results from finite element solution. The meshing quality of the discrete model for 
simulating geological problems influences the accuracy, convergence and efficiency of the 
solution. This paper focuses on mesh generation in numerical simulation of fractured network 
system in geological problems. Usually initial cracks exist in such system, and new cracks 
will generate during deformation of geological media. In this paper, a meshing approach that 
takes mesh self-adaptation with crack extension into account is proposed, which includes: 
geometric data cleaning of cracks, construction of cracks, fast node inserting and triangulation, 
mesh deformation, local re-meshing, and mesh quality improvement. The proposed approach 
is successfully applied to modeling of two and three-dimensional discrete fractured network 
(DFN) in geological problems. 

 
 
1 INTRODUCTION 

Modeling and simulation of geological problems are usually tedious and time-consuming. 
DFNs have a rather complex geometry, especially in 3D case. Usually initial cracks exist in 
such fractured network system, and new cracks will generate during deformation of 
geological media. The existence of cracks, especially the extension of the cracks, brings lots 
of troubles for mesh self-adaptation. The meshing quality of the discrete model influences the 
accuracy, convergence and efficiency of the solution. As a result a high quality of finite 
element mesh is desired especially in the neighborhood of fractures. Another problem must be 
faced is the efficiency of meshing algorithm. Usually a geological media in practical 
engineering problems includes a lot of cracks. If more than 100 cracks are considered in a 
practical three dimensional engineering problem, a hundred millions of mesh may be needed 
to work on. This could  cause that the scale of the problem will be massive and have to use a 
high performance parallel computer.  

Many methods are developed to discretize complex fractured media; however, due to the 
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complexity of the problem, most of them have been used for simple fractured configurations 
[1]. For example, Blessent et al. [2] have developed a new method to discretize non-planar 
fractures. Their approach generates fine tetrahedrons close to fractures and identifies certain 
tetrahedron faces as fracture faces. That method efficiently approximates single-fracture 
configuration. However, the method becomes computationally costly and difficult to 
implement for complex fractured media [1]. 

This paper proposes a meshing approach that takes mesh self-adaptation with crack 
extension into account, which includes: geometric data cleaning of cracks, construction of 
cracks, fast node inserting and triangulation, mesh deformation, local re-meshing, and mesh 
quality improvement. The initial cracks are constructed by inserting pre-defined nodes and 
clearing up the mesh around the cracks. For new created cracks or crack extension, mesh 
deformation and local re-meshing technique are applicable. Mesh quality optimization 
techniques includes smoothing and topological optimization are performed to raise the mesh 
quality around cracks. The proposed approach is successfully applied to modeling of two and 
three-dimensional fractured network system in geological problems. So far we still could not 
find these functions in commercial software packages. 

2 CONSTRUCTION OF CRACKS  

2.1 Initial construction of cracks 
First, the geometric data of cracks must be analyzed and modified if necessary to ensure 

the applicability for mesh generation and the FE simulation [3]. Some tiny cracks are removed 
or merged into big ones. Then nodes along cracks are inserted in pairs in advance according to 
pre-defined element size. Thus the cracks are confined by these pre-setting nodes and 
described or constructed in some sense (see Figure 1 for 2D illustration). 

 
Figure 1: Inserting nodes in pairs along crack 

With the retained pre-defined nodes around the cracks, next step is to generate mesh in the 
whole area using fast node-by-node Delaunay inserting techniques (at this moment do not 
consider the recovery of the boundary to maintain cracks, see Figure 2). 

 

 
 

crack 
Pre-defined nodes  
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Figure 2: Triangulation by fast node-by-node Delaunay inserting 

By clearing up and merging the mesh around cracks, cracks can be exactly constructed, 
and the whole mesh is completed (see Figure 3). This approach can also be used to generate 
inner-boundaries inside the region.  

 

 
 

Figure 3: Mesh clearing up for crack construction 

2.2 Re-meshing for crack extension 
The above approach can be used to construct initial cracks. For new created cracks or crack 

extension, local re-meshing technique is applicable. A local region is first taken out, and then 
re-generate local mesh of this region with new cracks constructed by the proposed pre-defined 
nodes method (Figure 4).  

 

 
Figure 4: Local re-meshing for new created cracks or crack extension 

3 LOCAL CORRECTION OF CRACKS 
Generally, the above approach works well in construction of cracks for 2D case; however, 
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it is not always to ensure the topological geometry for each boundary or intersection. Such 
undesired configurations may happen quite often in random 3D DFNs. It is mandatory to 
apply a geometrical local correction, which modifies slightly the surface of the crack. In this 
paper, mesh deformation algorithm described in the following is applied to local correction of 
cracks.  

3.1 Mesh deformation algorithm 
Dynamic grid algorithm is one of the key techniques in numerical simulation of fluid-

structure interaction problems, where the mesh has to dynamically change to cover the 
changed solution domain. Due to the efficiency, the mesh deformation approach is one of the 
most desirable categories of the dynamic grid method.  

The widely used mesh deformation methods include spring analogy [4,5] and elastic solid 
based methods [6,7]. Liu and Qin et al. [8] proposed a simple and efficient method for 
dynamic grid deformation. This method is based on Delaunay graph mapping of the original 
mesh. A Delaunay graph of the solution domain is first generated. The geometric movement 
is carried out using the Delaunay graph with ease and efficiency. The original grid is then 
mapped back onto the deformed Delaunay graph to provide the new mesh. The main steps of 
the method are summarized in the following:  

1) Generate the Delaunay graph of the original mesh;  
2) Locate the mesh points in the graph;  
3) Move the Delaunay graph according to the specified geometric change;  
4) Relocate/map the mesh points in the new graph. 
In the whole procedure, most calculations concentrate in step 2) and 4).  
Facing to the most time consuming parts of the Liu’s approach (mesh points locating and 

mapping/relocating), Sun et al. [9] presented a high efficient algorithm and implementation 
scheme to speed up the method. Two main improvements were proposed. First, a fast locating 
technique is developed to locate the background element for the mesh points. Second, an 
efficient scheme is proposed that avoids most of repeated calculations in relocating the mesh 
points in the graph. Both time complexity analysis and testing results indicate that the 
proposed algorithm and implementation scheme has gained substantial speedup compared 
with the Liu’s original approach, while the memory requirement is even decreased. 

To preserve the quality of mesh, Sun et al. [10,11] presented a high quality mesh 
deformation approach with the aid of barycentric coordinates. The deformation procedure is 
divided into the following steps:  

1) Search for points on each boundary and re-order them anticlockwise;  
2) For each grid point in computational domain, evaluate its barycentric coordinates for 

each boundary;  
3) Interpolate displacement of each grid point according to the motion of boundary points;  
4) Calculate new location for each grid point;  
5) Check illegality of the deformed grid. If found, reduce the motion of boundary points 

and return to step 3).  
This non-iterative algebraic approach is efficient, easy to implement, and works for any 

type of mesh. Since the interpolation of barycentric coordinates is global, the transition of 
deformation for the grid is relatively smooth. Thus maintaining the primary qualities of the 
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grid is expected. Testing results show that the proposed approach can preserve grid quality in 
original grid even for relatively large deformation cases.  

3.2 Local correction of cracks 
In this paper, a practical moving grid or mesh deformation procedure which combines the 

algebraic moving grid approach based on the barycentric coordinate interpolation and 
background graph mapping is applied to local correction of cracks. 

The main steps of the proposed procedure are summarized in the following:  
1) Insert the points inside of the deformation area based on the feature of the mesh;  
2) Find the points near the crack that will be corrected, and insert these points to set of 

boundary points;  
3) Generate the background mesh using boundary points and the inserted points;  
4) Locate the mesh points and calculate the related location parameters;  
5) Compute the deformation of the inserted points by using the algebraic method based on 

the interpolation of barycentric coordinates;  
6) Move the background mesh based on the displacements of boundary points and the 

inserted points;  
7) Relocate the mesh points: calculate the new location of the mesh points based on the 

relative location of the mesh points in old background mesh and deformed background mesh. 
This local correction procedure can also be used to deal with crack extension. 

4 MESH QUALITY IMPROVEMENT 
After the corrections, the modified fracture boundary is well defined; however, the quality 

of mesh in particular local region is probably unsatisfactory. Performing extra mesh quality 
improvement is a good choice. Mesh quality smoothing technique is performed to raise the 
mesh quality around cracks. 

Sun et al. [12] proposed a high efficient node repositioning procedure based on chaos 
search algorithm. The node-by-node manner is employed due to the consideration of 
computational cost. The process begins with searching the free vertex which needs to be 
relocated or updated. First, the worst element according to a specified shape criterion is found. 
Then for each vertex of this element, calculate the mean value of the quality for all elements 
connected to this vertex. If the calculated mean value of the quality for a vertex is the smallest 
one, then choose this vertex as the free vertex. Next, find the optimal position of the free 
vertex by maximizing the minimum quality of the elements connected to this vertex with size 
and boundary constraints: 
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where n is the total number of elements connected to the free vertex, fi represents a given 
element shape measure for element i, the design variables x, y, z are coordinates of the free 
vertex, xL, xH, yL, yH, zL, zH are size constraints of design variables which can be easily 
obtained by positions of other vertices of these elements, b is boundary restraint function and 
v is the volume (for 3D) or area (for 2D) of the element i. After obtaining the optimal position 
of the free vertex by solving Eq. (1), upgrade the mesh and set the current free vertex 
immovable. Then find the next free vertex, and repeat the local optimization process defined 
in Eq. (1). Please note that the free vertex is only selected among movable nodes.  

Based on above algorithm, a revised smoothing procedure that simultaneously updates all 
vertices of the worst element in each optimization step is proposed in this paper to raise the 
mesh quality around cracks. First, locate the worst element according to a specified shape 
criterion. Next, find all elements that connected to the vertices of this worst element. Then, 
formulate and solve the following local optimization problem to find the optimal position of 
the vertices of the worst element (assuming each element has four vertices): 
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                 (2) 

The mutative scale chaos optimization algorithm [13] is employed to solve Eq. (2). The 
definition of the non-differentiable objective function in Eq. (2) has an advantage to speed up 
the optimal searching process: if an element with quality value lower than the existing worst 
element is detected, then we can immediately discard the current position of the vertices and 
skip the current search step.   

5 TESTING EXAMPLES AND SUMMARY 
Two examples are given to demonstrate the effectiveness of the proposed approach. The 

meshes in examples are generated by fast node-by-node Delaunay inserting techniques. The 
first example is a 2D discrete fractured network system with individual and intersected cracks 
(red lines in Figure 5). By the proposed techniques of inserting pre-defined nodes and clearing 
up, the cracks are constructed precisely.  
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Figure 5: Mesh of 2D fractured network system 

The second example is a 3D discrete fractured network system in a cubic box with 36 
circular disk fractures (Figure 6~8). The mesh includes 114,605 vertexes and 733,798 
tetrahedrons. Inserting pre-defined nodes and mesh deformation techniques are used to 
construct the fractures. 

 

  
Figure 6: Circular disks (left) and tetrahedral elements around circular disks (right) 
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Figure 7: Mesh of 3D fractured network system 

 

 
 

Figure 8: Mesh of 3D fractured network system 
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This paper proposes a feasible meshing approach for discrete fractured network (DFN). 
The initial cracks are constructed by inserting pre-defined nodes and clearing up the mesh 
around the cracks. For new created cracks or crack extension, mesh deformation and local re-
meshing technique are applicable. In order to improve the mesh quality around cracks 
smoothing techniques are performed. The proposed approach is successfully applied to 
modeling of two and three-dimensional fractured network system in geological problems and 
good results is obtained. 

ACKNOWLEDGEMENTS 
The authors would like to thank the supports of National Basic Research Program of China 

(2010CB731503), the National Natural Science Foundation of China (11172004, 10772004) 
and Beijing Municipal Natural Science Foundation (1102020).  
 

REFERENCES 
[1] Mustapha H, Dimitrakopoulos R, Graf T and Firoozabadi A. An efficient method for 

discretizing 3D fractured media for subsurface flow and transport simulations. Int. J. 
Numer. Meth. Fluids (2011) 67:651-670. 

[2] Blessent D, Therrien R, Macquarrie K. Coupling geological and numerical models to 
simulate groundwater flow and contaminant transport in fractured media. Computers and 
Geosciences (2009) 35:1897-1906. 

[3] Kalbacher T et al. Geometric modelling and object-oriented software concepts applied to 
a heterogeneous fractured network from the Grimsel rock laboratory. Comput. 
Geosci.( 2007) 11:9-26. 

[4] Batina J T. Unsteady Euler algorithm with unstructured dynamic mesh for complex-
aircraft aerodynamic analysis. AIAA J. (1991) 29:327-333. 

[5] Farhat C, Degand C, Koobus B, Lesoinne M. Torsional springs for two-dimensional 
dynamic unstructured fluid meshes. Comput. Methods Appl. Mech. Engrg. (1998) 
163:231-245. 

[6] Johnson A, Tezduyar T. Simulation of multiple spheres falling in a liquid-filled tube. 
Comp. Meth. Appl. Mech. Eng. (1996) 134:351-373. 

[7] Baker T. Mesh deformation and reconstruction for time evolving domains. AIAA Paper 
2001-2535 (2001). 

[8] Liu X, Qin N and Xia H. Fast dynamic grid deformation based on Delaunay graph 
mapping. Journal of Computational Physics (2006) 211:405-423. 

[9] Sun S L, Chen B, Liu J F, Yuan M W. An efficient implementation scheme for the 
moving grid method based on Delaunay graph mapping, Proceedings of ISCM II & 
EPMESC XII (2009) 1046-1051. 

[10] Sun S L, Chen B. An algebraic deformation approach for moving grid based on 
barycentric coordinates. The 2010 International Conference on Computational 
Intelligence and Software Engineering, 2010, Wuhan, China. 

[11] Sun S L, Yuan M W. High quality mesh deformation method for large scale unstructured 
hybrid grid. IACM Expressions (2011) 29:9-12. 

[12] Sun S L and Liu J F. An efficient optimization procedure for tetrahedral meshes by chaos 

771



Shuli Sun, Jie Sui and Mingwu Yuan. 

 10 

search algorithm. J. Comput. Sci. & Technol. (2003) 18:796-803. 
[13] Xu H P, Zhu Y, Zhang T and Wang Z C. Application of mutative scale chaos 

optimization algorithm in power plant units economic dispatch. Journal of Harbin 
Institute of Technology  (2000) 32:55-58. (in Chinese) 

 

772




