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Abstract. In this article we consider the generalised-a methods, make an analysis of the
methods and apply them to a coupled model problem. A new adaptive timestep control
is presented.

1 INTRODUCTION

Coupled problems appear in different research areas. One common example is the
interaction of structure and fluid [DRO0S], e.g. the numerical simulation of offshore wind
turbines, see [MMO4], or of biomechanical processes. Coupled problems consist of two
or more different physical problems which are in general space and time dependent. The
discretisation in space leads to a high dimensional system of ordinary differential equations
(ODEs) or differential algebraic equations (DAEs). The computation of the numerical
solution needs the simultaneous solution of the strong coupled equations of each problem.
But often for each subproblem different discretisation schemes are used. In the case
of fluid-structure interaction the fluid is often discretised with Finite Volumes, and the
structure with Finite Elements. To build a monolithic solver [RB00] it is often difficult to
find a cost free available software system which processes different discretisation methods
for different problem classes.

This is one reason to use a modular approach and partitioned methods [RB00, FP80,
MWO01, PFL95, MS02, MNS06], i.e. the subproblems are solved by different codes which
communicate with each other. The communication between the solvers can be realised
with the help of the Component Template Library (CTL), i.e. the solvers are transformed
into software components and are controlled with an independent central unit. In [RSM09]
the CTL is used to solve FSI problems.

In this paper we consider the generalised-a methods, which are introduced for first order
ODEs in [JWHO00], and for second order ODEs in [CH93]. The generalised-a methods
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are in general of second order and allow the damping of high frequencies, which can
be controlled by certain parameters. An analysis for first order problems can be found
in [DP03]. In the case of second order ODEs many papers can be found, which analyse
the generalised-a method, for example [EBBO02]. It is well known that the generalised-«
method for first order problems can be formulated as onestep and as multistep method.
In the case of second order methods this statement is only true, if the ODE is linear in
the first derivative (see [EBBO02]). For both classes of multistep methods second order
can be achieved if a further condition is satisfied. Together with the stability conditions
(see [EBB02]) a robust and effective class of methods is obtained. If these parameter
sets are used for onestep methods theoretically only first order can be reached. But the
error constant is very small so that the observed numerical order of convergence is two.
Moreover, in our experience the onestep versions obtain better results than the multistep
versions.

In this paper we apply the generalised-a methods for first and seond order ODEs on a
damped mass system (see [JDP10]). In this paper we show that it is possible to couple the
multistep versions of the generalised-a method. The numerical results are a little better
than those of onestep versions. But the coupling of onestep methods has the advantage
that it allows to easily compute adaptive timestep sizes, which is introduced in this paper,
too.

This paper is structured as follows: First we introduce the generalised-a methods for
first and second order ODEs. A short analysis about convergency and stability is given.
Then we apply both generalised-o methods on the damped mass spring system of [JDP10]
and analyse the linear systems.

2 THE GENERALISED-a« METHOD FOR 1ST ORDER ODES
In the following we consider the ODE

u=f(tu), u(0)=nu,. (1)

The numerical solution of (1) is determined by the generalised-ov method, which is given
by the formulas (see [JWH00, DP03])

Upia, = f(tn+af7 un+af)a (2)

U1 = Wy, + 70, + 77(0pp1 — ), (3)
Wta,, = Up + Qp(Wpg1 — W), (4)
Upio, = Uy + p(Upg1 — Uy). (5)

It is well known that the generalised-a method can be formulated as onestep and as
twostep methods.
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2.1 The formulation as onestep method and its analysis

First we manipulate the formulas (2)—(5) to obtain a non-linear system consisting of
two decoupled equations. To abbreviate we define f,,,, = f (thta 5 Unia f). A simple
calculation gives us

. T
un+1:un+7(1—l)un+—7fn+af (6)
O, O,
1
.n = n - Unp — 1_ .n7 7
G0 = (= w, = 7(1 =), @

if a,,, # 0. We call the scheme (6), (7) the onestep generalised-a method. The starting
value value 11y can be computed from the ODE (1). Next we want to determine the order
of consistency. For this the numerical solution u,,; can be expanded in a Taylor series
as follows
2
Qg ..
U,y = u, + 70, + T fun+(’)(73).

m

« 1 .
For consistency of order 2 we get the condition 4y _ 2 Since u,; depends on 1, (see
Ay

equation (6)) we use equation (7) for expanding 1,1 in a Taylor series and get
. . TOy .,
U, =0, + i, + O(1%),

m

i. e. 0,y is of order 1 if 4, Summarising our results we have consistency of order
2if ayy, =y and y =1/ Q.Q%he generalised-a method is zero-stable if «,, > 1/2. In other
words our method is convergent if o, > 1/2.
2.2 Formulation as multistep method and its analysis
The generalised-a method can be formulated as a two-step method as follows
20, — 1 ay — 1 7(1—7)f

7Y
Upy1 = a—un - a u, 1+ o n—1l+ay + a_fn—l-af- (8>
m m m m

For v, = 3/2, ay = 1, and v = 1 we obtain the backward difference formula (BDF) from
Gear (see [HWO96]). Next we expand u,1 in a Taylor expansion and compare it with the
exact solution. Then we have

220 — o + 2y — 1.,

U, =4, + 70, + — i, + O(7%).
2 o'

Comparing the Taylor expansions for u(¢,1) and u,1 leads to the condition for accuracy

of order 2 .
Vzé_af"i_ama (9>
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which is already known from [JWHO00, EBB02, CH93]). The generalised-a method in
form (8) is convergent of order 2 if «,, > 1/2 and condition (9) holds. For stability
reasons often the setting

1 3 — Poo
p— = —-— m = — . 10
GEVE T T YT ) (10)

is used (see [JWHO00, DP03]). Note that the condition (9) is automatically satisfied. For
Poo = 0 we get the BDF-2 method.

3 THE GENERALISED-o METHOD FOR SECOND ORDER ODES
3.1 Formulation as onestep method

In the following we consider the second order ODE
i=f(t,u,0), u(0)=ugyu(0)=y,. (11)

The generalised-a method can be written as

un—‘roaf = OfUpyq + (1 - af)una (12)

ﬁn+o¢f = O5]”1.171—&-1 + (1 - af)ﬁna (13)

ﬁn—i—am - amﬁn—i-l + (]- - am)ﬁna (14)
. 1 .. ..

U1 = U, + 70, + 7 [(5 —5) un+ﬁun+1:| (15)

Uy =0, +7 [(1 - V)ﬁn + '7ﬁn+1] (16)

ﬁn—l-am - f(tm-af’ Qflpiy + (1 - O‘f)um afﬁ”+1 + (1 - af>ﬁn)7 (17>

where ¢, 4 ;s =tatTay To abbreviate we write
fn+af = f(tn+af7 Arlp41 + (1 - ch)un, afﬁn+1 + (1 - af>i1n)'

First we determine the order of consistency and use equations (14) and (17) for manipu-
lating (15). We obtain

1
Up4+1 = Uy + Tﬁn + 7—2 |:<_ — ﬁ) ﬁn + ﬁfn+af:| 9 (18>
2 o o
g = G 47 Kl - l) i+ } , (19)
am am
. 1 .. . 1 .
U, = -~ [Unia, — (1 —ap)iy,] = -~ [fnmf - (1- am)un] ) (20)
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Next we expand these three expression into Taylor expansions and get

1
U,y = u, + 70, + 57'2{'1” +O(1%),

(8]
Uit = 0, + Tily + ’ya—f7'2iin +O(),

ar ...
{ing = i, + 7L, + O(7).

It follows that the method is of order 2 if

1
U and ’yﬂ = —.
U, U,

This is the same result as in the previous section.

3.2 Formulation as multistep method

As in the previous section the generalised-a method can be written as a multistep
method if the ODE (11) is linear in . Therefore we consider the problem as in [EBB02]

Mi+ Ca+ S(u) =F(¢). (21)
Then equation (17) reads as

Mﬁn+am = F(tn+af) — S(ozfunﬂ + (1 — Oéf)lln) - O(()éffln+1 + (1 — Oéf)l.ln). (22)

The generalised-o method can be formulated as a multistep method with the help of (15),
(16), and (22). These formulas are evaluated at time t,, t,41, and t,,o (see for exam-
ple [EBB02]). Then we get

3 2
Z[M%‘ + 70 + 77 Z 0;[Sn+jtra; — Fltntjtra,)] =0, (23)

§=0 j=0
where
ag=1—a,,, aq=3a,—2, a=1-3a,, a3=aq,,
Yo=1—ay)(y=1), n=1-2a;=2y+3yap,v=0a;+7 =30 73=0as,

1 1
50:§+5—% 5125—25‘1‘% 0y = 3,

and

Frija; =Flagtnyjn + (1 —ap)tngg) = Ftay +ay7)
Sn+j+af = afs(un+j+1) + (1 - Oéf)s(unﬂ)-
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1
The method has consistency order 2 if v = = + a,,, — ay. It is zero-stable and convergent
if a, > 1/2, af < 1/2 and v < 1/2 (see [EBBO02]). For stability reasons often the setting

14+ oy — ay)? 1 2 — Doo
52( + « Oéf) Loy = ay, = P
1+ poo 1+ poo

4

is used (see [CH93, EBB02, JDP10]).

4 Coupling of generalised-a methods

In the following we consider the model problem
i+ 26wl + w?u =0, u(0) = ug, 4(0) = vy,
where ¢ is a given damping factor and w a given frequency.

4.1 The onestep methods

As in [JDP10] we introduce a partitioning of the problem as follows
(1 — a)i® + w*u® = —aii! — 28wi?, (24)

where the left-hand side of (24) is integrated with the generalised-a@ for second order
problems and the the right-hand side of (24) is integrated with the generalised-« for first
order problems. In the case of onestep formulation we have

s 2 s _ .. f . i
(1 —a)iy 4 +w Unay = —QU §wun+a;
LT T T N Y Y |
Up g = Upyq = Upyy, Uy = U, = Uy,.

Quantities @/, | and @/ represent the interface velocities at time ¢, and ¢, (see [JDP10]).

il

We insert the formulas for 42
n—i—oefn’

i
Ptas, and w o and get

f

(1 —a) [oniin .y + (1= ap)in] +w? [ejuy 1y + (1= af)uy]

-« [ag;uyflﬂ +(1— ag;)ug] 2w [ogu{lﬂ +(1—afyal].
Moreover we have
) 1 s s
quJrl = qu + Tqu + 7-2 |:<§ - 58) 2 + Bsun+1:| )

ufz—i—l = Ufz +7 [Vfuq];rl +(1— Vf)uﬂ )

Uy = gy + 7 [Vl + (1 —°)i5] -
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Since the left- and right-hand side of (24) are taken at different times we set

S o X 2 s
Fn-i—a (1 - Oé>un+o¢fn tw un-l—a;?
oo = —aid  —2ewi!

n+af n+aom, n+o

where F)7, o = = ajFn + (1-— af)F and Ff val = a?FnH +(1- af)Fn. It then follows

aj”FTH-l + (1 - Cch)Fn = (1 - Oé) n+o¢s + w un—i—a )
Oz;FnH +(1— a?)Fn = —aii’ Wi 2£wui

Then our problem reads as

(1 —a) [abi .y + (1 — o))
+w? [afup .+ (1 —af)ul] = afFu + (1 —a3)F,
a}anH%—(l—a}c)Fn: [ al n+1 + (1 —ad)ii }

— 28w [&funﬂ +(1— ) }

Uy = Uy —|—7'u + 72 l( >u + Bt nﬂ],

qu—I—l - un+T |:7 unJrl + (1 -7 )u£i| )

u{z—l—l = Ui +T hsufwrl + (1 - 78)11781] .

Finally we arrive at the problem

Vpi1 = A1_1A2Vn (25)
with
Wy 0 Umyen o 2
o
0 2%f 0 e Y
Ai=1 1 0 -0 0 |
0 1 0o -2 0
0 1 - 0 0
2 s (1-o)(1—af, 1—as
—W (1 - O{f) 0 T2 0 T2 ;
0 —28(1 - af) 0 _oll-am) 1%
T 1 s T T
A 1 1 18 0 0 )
0 L 0 — 0
0 % = 0 0
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Using a computer algebra package we can compute u,,1 and expand it into a Taylor series.
Then the local error reads d, = O(72). We test the implementation on two different
settings, which are considered in [JDP10], too. In setting 1 we set w = 1, £ = 0.001, and
a = 0.5, in setting 2 we have w = 1, { = 0.01, and o = 0.8. The parameters p; and p, are
taken as variables and we test the above method with each combination of py and p,. The
numerical results are presented in Figure 1. We see that the coupled method produces

Figure 1: Numerical errors of the coupled method: setting 1 (left) and setting 2 (right)

accurate results. It can be observed that the monolythic approach does not always give
the best results. The best result is obtained with setting py = ps = 1.

4.2 The multistep methods
In the next step we couple the multistep versions. First we have

200, — 1 O, — 1 T(1 —7 T
Upy1 = ——Up — u, 1+ ( )fn—l—l-af + _fn—l-af-
m Am A A,

for the first order problem and

3 2
Z[Maj + 7Oy + T2 Z 0j[Sntjra; — Fltnijra,)] = 0.
j=0 Jj=0

for the second order problem. For coupling u,; and 1,1 we use the difference quotient

1y 3 — 18uUpyo + Yupi1 — 2w, = 670Uy, 3.
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Finally we have a coupled system of three equations

3 2
(1-a) Z ajug; + 77 Z 0j[w i jia; — Fltntjra,)] =0
=0 =0

O‘Zmﬁz+3 - (QOJn - ]‘)ﬁ{L-F? + (047]; - 1>i1£+1

+7(1 - ’Yf)(25¢d"1£+1+af +frita,) + T’Y(QSWﬁ£+2+af +foi21a,) =0

670,13 — 11upes + 18upi0 — Yupyy + 2u, = 0.

Using a computer algebra package we can compute u,.; and expand it into a Taylor
series. Then the local error reads §, = O(7?). As for the onestep methods the coupled
method is applied on two different settings. Again, in setting 1 we set w = 1, £ = 0.001,
and a = 0.5, and in setting 2 we have w = 1, £ = 0.01, and o = 0.8. Parameters py
and ps are taken as variables and we test the above method with each combination of
ps and ps. The numerical results are presented in Figure 2. We see that the coupled

Figure 2: Numerical errors of the coupled method: setting 1 (left) and setting 2 (right)

multistep methods produce more accurate results than the previous approach with the
onestep methods. It can be observed that the monolythic approach does not always give
the best results. The best result is obtained with setting py = ps = 1.

5 Adaptivity

In [Ran13] an adaptive timestep control for the generalised-ae method is introduced for
onestep and for multistep versions. In this article only adaptivity for onestep methods
is considered. With the help of the backward Euler method a second solution can be
computed. Then the next timestep size 7,1 is proposed to be

2 (TOL-r, e
o = o (T0) (26)

n—1 Tn+1
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where p € (0, 1] is a safety factor, TOL > 0 is a given tolerance, and r, 41 := ||[u,11—41]|-
For details about the numerical error and the implementation of automatic steplength
control, we refer to [HW96, Lan01]. For our coupled problem (25) the algorithm reads as
follows:

e First compute the solution of (25). Then we have u, and @},
e Compute 1,1 by evaluating the model problem.

e Compute a second solution with the backward Euler method, i. e. uf,, = ui+7al
and 4! = @l + T4

e Compute the numerical error r,,; and approximate the new timestep length 7,,,4
with (26).

e [f the numerical error is smaller than the given tolerance the timestep is accepted
otherwise it is rejected and has to recomputed with the new timestep length 7,41 .

As before we test our numerical method on the problem with settings 1 and 2. We choose
different tolerances and compute the numerical errors with respect to the computing time
(see Figure 3). It can be observed that our approach produces stable numerical results.

Figure 3: Numerical errors of the adaptive method
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6 Summary and Outlook

In this article we introduced a new coupling scheme of generalised-a methods, which
use multistep formulation. As in the case of onestep methods order 2 is theoretically not
reached. In the second part of the paper we developed an adaptive timestep control for
the partitioned approach, which gives good numerical results.

In a future work this approach should be applied on other problems like, for example,
FSI problems.
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