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Abstract. This paper proposes a multiobjective optimization approach for designing selected
coupled-field models. The optimization method is based on evolutionary algorithm (EA).
Proposed technique overtakes one of the most popular multiobjective evolutionary algorithm
NSGAII [5,6] on several benchmark and engineering problems. Coupling between electrical,
thermal and mechanical fields is considered. Finite element method (FEM) is used to simulate
direct coupled problems numerically. The software packages based on FEM are adapted to
create the optimization system. Suitable interfaces between optimization algorithm and the
FEM software are created. They use internal script languages embedded in preprocesors of
the FEM systems. Different types of functionals are formulated on the basis of the results
obtained from coupled-field analysis. Functionals depending on the volume of the structure
are also proposed. Parametric NURBS curves are used to model some optimized structures.
Numerical examples for bi-objective and three-objective optimization problems are presented.
1

INTRODUCTION

Modern techniques of multiobjective optimization [4,20,21] have great importance in
designing process and structures. In order to perform optimization task, proper functionals
have to be defined. For coupled field problems, functionals based on the different quantities,
deriving from different multiphysics fields are often contradictory. Moreover for such
problems objectives may be strongly multimodal. Efficient optimization requires the usage of
techniques, which are resistant for stuck in local optima and allows to obtain solutions useful
for designers. Application of bio-inspired optimization techniques such as Evolutionary
Algorithms (EAs), Artificial Immune Systems (AISs), Particle Swarm Optimizers (PSOs)
increases probability of finding global solution [14]. In comparison with to the other
techniques Bio-inspired algorithms give a proper balance between two conflicting aspects
needed in successful optimization: exploitation near the likely optimum and the exploration of
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the search space. In many practical cases this attitude is the only choice. EAs are ideal
candidates for finding the Pareto optimal solutions in multiobjective optimization, because
they work on the population of potential solutions in each generation. Comparing to single
objective optimization, in the multiobjective optimization the result is not one, but set of
solutions. In order to obtain set of Pareto-optimal solutions with the use of scalarization
techniques (weighting sum method, -constrained method, etc.) optimization task have to be
performed many times. It could be inadequate and inefficient comparing to method which
uses Pareto classifications of solutions.
The paper is devoted to the multiobjective optimization of different types of actuators.
Such devices produce movement and force by transformation different types of energy.
Numerical simulation requires solving appropriate type of type multiphysics problem.
2 FORMULATION OF THE MULTIOBJECTIVE OPTIMIZATION PROBLEM
The process of finding a vector of decision variables that satisfies some restrictions and
optimizes the vector of functionals is called multiobjective optimization (MOO).
A MOO problem is formulated as follows:
find the vector x  [ x1 , x2 , ... xn ]T which satisfies the m inequality constrains:
i
1, 2,..., m

(2.1)

h
0
i 1, 2,..., p
i (x)

(2.2)

gi (x)  0

and the p equality constrains
which minimizes the vector of k objective functions:
f (x)   f1 (x), f 2 (x), ... , f k (x)

T

(2.3)

where n is the number of design variables, k is the number of objective functions.
On each design variable box constraints are imposed
xiL  xi  xiR

(2.4)

where xiL and xiR are minimum and maximum acceptable values for the variable xi
respectively. Multiobjective optimization deals with multiple conflicting objectives and
usually the optimal solution for one of the objectives is not necessarily the optimum for any of
the other objectives. For such a case, instead of one optimal solution like in single-objective
optimization problem, many solutions are incomparable and simultaneously optimal. These
solutions are called Pareto-optimal ones.
3

OPTIMIZATION METHOD

3.1 MOOPTIM algorithm
In-house implementation of the MultiObjective OPTIMization tool based on evolutionary
algorithm (MOOPTIM) is used for optimization [3,7,8,9]. Pseudo code of the algorithm is
presented in Fig.3.1. In the initialization step, besides determining all settings of the
algorithm, populations Qi and Pi (of the same size) are generated and the fitness functions are
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evaluated for population Qi. In the main loop, after evaluation fitness of functions for Pi,
populations Qi and Pi are combined into set Ri. Next selection is performed on the set Ri. The
individuals from the population Ri are selected to Pi+1 on the basis of the nondomination level
and the crowding coefficient. Individuals from Pi+1 are copied to Qi+1 and then evolutionary
operators change the population Pi+1.
MOOPTIM algorithm
begin
1 i0
2 randomly generate population Qi
3 evaluate objective functions for Qi
4 randomly generate population Pi
5 while (not termination condition) do
begin
6
evaluate objective functions for Pi
7
join population Qi and Pi (Ri= Qi + Pi)
8
use selection (choose Pi+1 from Ri)
9
copy Pi+1 to Qi
10 apply evolutionary operators for Pi+1
11 ii+1
end
end
Figure 3.1: Pseudo code of the MOOPTIM

The proposed algorithm is similar to NSGAII. It uses nondominated sorting procedure for
classification of the individuals in population and a crowding coefficient to preserve diversity
in the population [6]. The main difference between MOOPTIM and NSGA II is based on
changes in selection mechanism and the application of different evolutionary operators.
The proposed implementation has more evolutionary operators comparing to the NSGAII.
Two types of mutation (uniform and Gaussian once) and two types of crossover operators
(simple and arithmetical) are used.
It should be emphasized that Gaussian mutation has significant influence on the effectives
of searching by the algorithm. This operator requires an extra parameter (besides mutation
probability) in the form of the mutation range (from 0 to 1).It was observed that higher values
of the probability and range of this operator improved the convergence of the algorithm,
especially for more difficult tasks.
The other difference between these algorithms is related to the formation of population
Pi+1. There is no binary tournament selection operator in MOOPTIM, but individuals are
selected on the basis of nondomination level and crowding coefficient.
MOOPTIM was tested on several benchmarks (SCH, ZDT1, ZDT2, ZDT3, ZDT4, ZDT6,
CONSTR, SRN, TNK) and also on some engineering problems. The results obtained using
MOOPTIM in most cases are better in comparison with the results obtained by means of
NSGA-II. Detailed comparison between MOOPTIM and NSGA-II can be found in [7].
Functionals defining for engineering coupled problems, which is solved by using FEM, are
usually strongly multimodal. Ability of finding global solutions by optimization algorithm for
such problems is essential.
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3.2 Fitness functions evaluation
In the initialization part of the algorithm and in the main loop for each individual, fitness
functions have to be calculated. Chromosomes genes represent the design variables in
optimization tasks. The box constraints are imposed on each gene. The design variables are
used for preparation of the geometry of the structure. That can be specific dimensions of some
parts of the model (eq. length, width, distances) or control points of the parametric curves.
There exist a lot of methods for geometry modelling. In the proposed approach NURBS
(Non-Uniform Rational B-Spline) curves are used to model the geometry of some structures
[18]. By using this curves in the preparation of the model it is possible to reduce the total
number of design variables and to obtain regular smooth shapes of the structures.
Functionals are formulated on the basis of results obtained from coupled field analysis. As
mentioned before boundary-value problems are solved by means of FEM [2,13,19]. To solve
considered coupled problems FEM Ansys Multiphysics and MSC.Mentat/Marc software
packages are used [1,17]. FEM software packages has been joined with the algorithm
MOOPTIM. In order to combine optimization algorithm and FEM packages proper interface
codes are created. Majority of FEM software packages consist of pre- and post-processors
(usually used for preparation of the geometry, generation of the finite element mesh,
introducing boundary conditions, etc.), as well as solvers used for numerical simulation of a
particular physical phenomena. Preprocessors and solvers MSC.Mentat/Marc and Ansys
Muliphysics are used to create the optimization system. In-house C++ and script languages
codes implemented in preprocessors of the FEM packages. APDL (Ansys Parametric Design
Language) is used for Ansys Multiphysics, while Python is used for MSC.Mentat software.
Fig.3.2 shows procedure of fitness functions evaluation. Communication between
MOOPTIM algorithm, preprocesors, own procedures and FEM solvers is performed via files.,
the geometry of the optimized structure is generated on the basis of chromosome genes. In the
next steps the finite element mesh is generated, the boundary conditions are applied and
others settings of the analysis are defined. All these steps are performed with the use of an
own in-house software and codes written in script languages (Python and APDL). After
solving coupled analysis, the values of functionals are calculated on the basis of output files
generated by MSC.Marc and Ansys. It should be underlined that efficient calculation in this
step is critical taking into account the time of the optimization. Such approach allows
avoiding external meshing procedure. Preprocesors are run in the batch mode, so the time
necessary for fitness functions calcualtion is relatively short.

Figure 3.1: Procedure of fitness functions evaluation
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4

CONSIDERED COUPLED PROBLEMS

Three types of boundary value problems are considered in the paper: piezoelectricity,
electrostatic-mechanical analysis and electrical-thermal-mechanical analysis [2,12,15,16].
These problems are described by the appropriate electrical, heat conduction and elastostatic
partial differential equations:
,ii    0 
0

(4.1)

 pT,ii  Q 
0

(4.2)

 ui , jj       u j , ji  bi 
0

(4.3)

where:  electric potential,  is electric charge density,  0 is permittivity of free space
(electric constant),  p is thermal conductivity, T is temperature, Q is internal heat source,
u is displacement, b is body force per unit volume,  ,  are Lamé constants.
The equations with arbitrary geometries have to be fulfilled with appropriate boundary
conditions. Fig.4.1 shows general form of the considered elastic body under electrical,
thermal and mechanical loads.

Figure 4.1: Elastic body under electrical, thermal and mechanical loads

The electrical, thermal and mechanical boundary conditions for the equations (4.1) (4.2)
and (4.3) take the form:
_

_

 : i i ;  : i  i
_

_

T : Ti Ti ;  q : qi  qi ;  c : qi  (Ti  T  )
_

(4.4)

_

t : ti  ti ; u : ui  u i
_

_

_

_

_

_

where i , i , ui , ti , Ti , qi ,  , T  is known electric potential, electric charge, displacements,
tractions, temperatures, heat fluxes, heat conduction coefficient and ambient temperature
respectively.
Separate parts of the boundaries must fulfill the following relations:
      t  u  T   q  c
    ,

t  u  ,
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Electrostatic-mechanical and electrical-thermal-mechanical analysis are weakly coupled,
so it requires solving electrical, thermal and mechanical analysis separately. Coupling is
carried out by transferring loads between the considered analysis using staggered procedures.
Piezoelectricity couples electrical and mechanical fields. This problem is strongly coupled
and requires solving following system of partial differential equations:
Cijkl uk ,li  elij,li  b j 
0
eikl uk ,li   il,li 
0

(4.6)

The tensors Cijkl , elij ,  il denote elastic moduli, piezoelectric constants and dielectric
constants respectively.
FEM is used to solve boundary-value problems in all cases. For the electrostatic-structural
analysis following system of linear equation are solved:
KEV = I
K M u = F + FE

(4.7)

where: K E is electrical conductivity matrix, K M is stiffness matrix, V, I, u, F, FE denotes
nodal vector of voltage, current, displacements, mechanical and electrostatic forces
respectively.
For the electrostatic-mechanical analysis first electrical problem is solved. On the basis of
nodal results from the electrical analysis, electrostatic forces vector FE is calculated. This
vector is treated as additional forces in mechanical analysis. For the electrical-thermalmechanical analysis following system of linear equation are solved:
KEV = I
K T T = Q + QE

(4.8)

K M u = F + FT

where: K T is thermal conductivity matrix, T, Q, QE , FT are nodal vector of temperatures,
heat fluxes, heat fluxes due to current flow, force due to thermal strain vector respectively.
For this problem three analyses (electrical, thermal and mechanical) are solved separately.
The thermal and mechanical problems are coupled through thermal strain loads FT . Coupling
between the electrical and thermal problems is done by heat generation due to the electrical
flow Q E .
Matrix equations of static piezoelectricity can be expressed as follows:
 K uu
K
 u

K u   u   Fu 
=
K  Φ  ρ 

(4.9)

where K uu is mechanical stiffness matrix, K u , K u are piezoelectric stiffness matrices,
K  is dielectric stiffness matrix, Fu is force vector and ρ is charge flux vector.
Piezoelectric and electrostatic-mechanical analysis are solved with the use of Ansys
Multiphysics, whereas electrical-thermal-mechanical analysis with the use of
MSC.Mentat/Marc software.
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5

FORMULATION OF THE FUNCTIONALS

Algorithm MOOPTIM is applied to the shape optimization of different structures by the
minimization or maximization of appropriate functionals. Different functionals based on the
results derived from coupled field analyses are formulated. For the considered problems
functionals can be calculated on the basis of nodal results of electrical, thermal and
mechanical quantities. Four different functionals are proposed:
• The minimization of the volume of the structure
def

f
1

min
x

 d

(5.1)



• The minimization of the maximal value of the equivalent stress
def

f 2  max  eq 

min
x

(5.2)

• The maximization of the average of electrostatic force
max
x

def

f3  Fel

(5.3)

• The maximization of the maximal value of vertical deflection of the structure at node i
max
x

6

def

f 4  max  ui 

(5.4)

NUMERICAL EXAMPLES

MOOPTIM and NSGA II algorithms are used to solve considered optimization tasks. In all
examples parameters of MOOPTIM are as follows: probabilities of arithmetic crossover,
simple crossover and uniform mutation are set to 0.1, The probability of Gaussian mutation is
0.7 and range of Gaussian mutation is 0.5. For NSGAII the crossover probability is set to 0.9
and mutation probability is equal to 0.1 as suggested in the papers [5, 6]. All tests are run with
the same size and number of generations for both algorithms
6.1 Example 1 – electrostatic-mechanical coupling
A part of a comb drive actuator is considered. Electrostatic comb drives are frequently
used for actuation in MEMS [10,11]. A pair one finger and stator of the actuator is modeled
(Fig.6.1). Stator is fixed, whereas rotor is attached to the spring (spring constant k=2.83e4N/m) and allowed to move. The actuator is fabricated from polycrystalline silicon. Potential
difference between rotor and stator is 4V. Electrostatic force generated by the actuator
(besides potential difference) depends on shape of the finger, distance between rotor and
stator and its bilateral overlapping x0. Functional (5.4) is calculated for the selected 4 points of
the distance x0 equal to 20 m, 40 m, 60 m, 80 m respectively (Fig.6.2a). Shape of the
finger is modeled with the use of NURBS curve consist of 4 control points (Fig.6.2b).
Geometry of the model is symmetrical along the horizontal axis. Vertical coordinates of this
points are design variables. Box constraints imposed on each design variable are between 4m and -2m (assuming that value 0m gives finger thickness equal to 10.0 m - see Fig.6.1).
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Figure 6.1: Model of the finger in the combrive electrostatic actuator

Figure 6.2: a) Relation between electrostatic force and overlaping distance between rotor and stator for the
straight shape of the finger, b)parametrization of the finger

Figure 6.3: Set of Pareto optimal solution for functionals a) (5.1) and (5.2), b) (5.1) and (5.3)
Table 6.1: Shape of the rotor, stress distribution, values of design variables and functionals for 3 points

functionals
f2 and f1

f3 and f2

Point A

Point B

Point C

Z1=1.48m; Z2=-4.0m;
Z3=-1.91m; Z4=-3.01m
f2=1.05e-5MPa; f1=826.3m2

Z1=-4.0m; Z2=-4.0m;
Z3=-3.06m; Z4=-3.03m
f2=1.16e-5MPa; f1=622.7m2

Z1=-4.0m; Z2=-4.0m;
Z3=-4.0m; Z4=-3.49m
f2=1.47e-5MPa; f1=517.2m2

Z1=0.08m; Z2=2.0m;
Z3=1.95m; Z4=0.95m
f3=4.34e-5N; f1=1627.5m2

Z1=-3.06m; Z2=0.94m;
Z3=0.44m; Z4=1.4m
f3=2.92e-5N; f1=964.8m2

Z1=-3.06m; Z2=0.94m;
Z3=-3.74m; Z4=1.40m
f3=1.61e-5N; f1=559.3m2

8
394

T. Burczyński and A. Długosz

The multiobjective optimiaztion problem is solved for pairs of the functionals (5.1), (5.2)
and (5.2), (5.4). Problems have been solved with the use of MOOPTIM and NSGA II
algorithm. Fig. 6.3 shows set of obtained Pareto-optimal solution, whereas Table 6.1 contains
optimal shapes and values of design variables for three selected points on the fronts.
6.2 Example 2 – electric-thermal-mechanical coupling
The model of microelectrothermal actuator is considered (Fig. 6.4). The actuator is
fabricated from polycrystalline silicon. The deflection of the actuator occurs when the
electrical potential difference is applied across two electrical pads (EP1 and EP2). It is
possible due to material properties - high electrical resistivity and different thermal expansion
between thin and wide arms.

Figure 6.4: Geometry and parametrization of the thermal actuator

Pads are fixed in all all degrees of freedom, potential difference between pads are 5V. The
length of the actuator is equal to 260 microns, while electrical pads are 20x20 microns wide.
The multiobjective problem concerns determining the specified dimensions of the actuator
shape, which minimize or maximize 3 functionals simultanously (5.1), (5.2) and (5.4). For the
functional (5.4) node at the right upper corner is considered. Six design variables are assumed
(Fig.6.4).

Figure 6.5: Set of Pareto optimal solution for functionals (5.1), (5.2) and (5.4)

9
395

T. Burczyński and A. Długosz

Box constraints imposed on design variables Z1, Z2, Z3 are between 1m and 3m, for Z4
between 12m and 18m, for Z5 between 30m and 100m and for Z6 between 2m and
8m. As in previous example problem has been solved with the use of algorithm MOOPTIM
and NSGA II. Fig.6.5 presents a set of Pareto optimal solutions, whereas Table 6.2 contains
final shapes and values of design variables for extreme points on the front.
Table 6.2: Shapes of the actuator and values of design variables for extreme points on the Pareto-front.

functionals
f 1 ; f2 ; f 4

minimum of f 1

minimum of f 2

maximum of f 4

Z1=1.0m; Z2=1.05m;
Z3=1.0m; Z4=12.0m
Z3=100.0m; Z4=2.0m

Z1=1.24m; Z2=1.91m;
Z3=1.01m; Z4=14.3m
Z3=98.4m; Z4=5.14m

Z1=1.0m; Z2=1.0m;
Z3=1.08m; Z4=18.0m
Z3=30.0m; Z4=2.0m

6.3 Example 3 - piezoelectricity
The piezoelectric actuator presented in Fig.6.1 is considered. Actuator is made of
piezoelectric ceramic material PZT-5H. Left side (segment AF) is fixed in all degrees in
freedom. On the segments AF and BC electric potential -1000V and 1000V are applied
respectively.

Figure 6.6: Model of the piezoelectric actuator

The aim of the multiobjective optimization is to find optimal shape of the actuator by
minimizing or maximizing functionals (5.1), (5.2) and (5.4). Four design variables have been
distinguished: Z1 (vertical coordinate of point A) with limitation -6.0  0mm, Z2 (horizontal
coordinate of point B) with limitation 1.0  5.0mm, Z3 (vertical coordinate of point B) with
limitation -6.0  0mm and Z4 (horizontal coordinate of point C) with limitation -5.0  9.0mm.

Figure 6.3: Set of Pareto optimal solution for functionals a) (5.1) and (5.2), b) (5.1) and (5.3)
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Optimization tasks are performed with the use of both algorithms (MOOPTIM and
NSGA II) for the pairs of the functionals: (5.1), (5.2) and (5.2), (5.4). Fig. 6.7 shows set of
obtained Pareto-optimal solution, whereas Table 6.3 contains optimal shapes and values of
design variables for three selected points on the fronts.
Table 6.3: Shape of the actuator, stress distribution, values of design variables and functionals for the points

functionals
f2 and f1

f2 and f4

6

Point A

Point B

Point C

Z1=-0.47m; Z2=4.83m;
Z3=-2.06m; Z4=7.46m
f2=5.3MPa; f1=24.99mm2

Z1=0m; Z2=3.02m;
Z3=-1.0m; Z4=5.0m
f2=9.23MPa; f1=16.51mm2

Z1=-0.02m; Z2=1.06m;
Z3=-1.0m; Z4=5.0m
f2=30.69MPa; f1=15.54mm2

Z1=-0.27m; Z2=4.34m;
Z3=-1.76m; Z4=6.89m
f2=5.85MPa; f4=-1.8mm

Z1=-0.09m; Z2=1.96m;
Z3=-1.25m; Z4=5.18m
f2=13.16MPa; f4=-2.51mm

Z1=-0.01m; Z2=1.0m;
Z3=-1.0m; Z4=5.0m
f2=32.64MPa; f4=-3.1mm

CONCLUSIONS

The designing of the real structures, especially for multiphysics problems, when different
criteria are taken into account, belongs to difficult optimization tasks. Intuitive solutions can
be found only for some cases (simple geometry, simple boundary conditions, low number of
design variables, etc.). The application of classical methods based on gradient algorithms may
be also unsuccessful due to the multimodality of functionals for real problems.
The direct problems concern coupling between mechanical, thermal and electrical fields.
For solving direct coupled problems MSC.Mentat/Marc and Ansys Multiphysics are applied.
Interfaces between MOOPTIM and FEM software’s are prepared with the use of in-house
software and codes written in C++ and script languages.
MOOPTIM algorithm has been proposed for multiobjective shape optimization of different
structures in the paper. The algorithm is in-house implementation based on evolutionary
algorithms. It belongs to global optimization methods. The efficiency of proposed
optimization method was tested on several benchmark problems. In most cases MOOPTIM
gives better results comparing to the NSGA-II algorithm [7,9]. For problems considered in the
paper MOOPTIM gives better results also. Set of Pareto-optimal solutions are: more
converged, more uniformly distributed and wider comparing to NSGA II.
Different functionals based on the results derived from coupled field analyses are
formulated. The application of the FEM software requires evaluation in several steps for each
single solution (the modification of the geometry, creating finite element mesh, etc.). It can be
very-time consuming task, especially for more complicated geometries. Moreover the solution
of the coupled problems is more time-consuming in comparison to the single-field problems.
In order to reduce the time of the computation application of approximate surrogate model
or/and parallelization of the fitness function evaluations are needed.
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