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Abstract. The numerical simulation of a consolidation process undergoing large strains
is a challenging task that requires the formulation and the solution of the coupled solid-
deformation/fluid-diffusion problem within a changing geometry. Deformations can be
rigorously taken into account with the classical Finite Element Method (FEM) based on
continuum mechanics of porous media at finite strains. Alternatively, several innovative
methods (SPH, MPM, PFEM, MLPG, etc.), which have been specifically developed to
simulate large deformations, can be used. Among them, the Material Point Method
(MPM) has been recently grown in popularity. With the MPM, large deformations are
simulated with material points (MP) moving through a fixed mesh. The MP trace all
the properties of the continuum (mass, velocity, stress, strain as well as external loads),
while the mesh is used to solve the governing equations, but does not store any permanent
information thus it can be redefined at the end of each time step, preventing problems
of element distortions. The aim of this work is to investigate the analogies and the
differences in terms of theoretical formulation and numerical results between FEM and
MPM in consolidation processes undergoing large deformations. In fact, the simulations of
the one-dimensional consolidation process in case of small deformations demonstrate that
the two methods give identical results, which are also in agreement with the analytical
solution demonstrated by Terzaghi. On the contrary, differences are observed in the case
of large deformations. The results obtained with the two formulations are compared and
discussed, enlightening the most probable source of differences.

1 INTRODUCTION

The numerical simulation of consolidation processes is a fundamental task, which can
have important implications in the design of geotechnical structures. The simulation
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of these phenomena, which involve the coupled interaction between the solid and the
fluid phases, becomes particularly challenging when the solid phase is subjected to large
strains, introducing a source of geometric non linearity in the formulation. There are many
classical geotechnical applications where the finite deformations effects on a consolidation
process could critically influence the results of a numerical analysis. For example, the
consolidation in highly compressible clays, or the consolidation under a tower, due to the
P − δ effect [1].

The consolidation process can be accurately simulated using the classical coupled finite
element formulation, based on continuum theory of mixtures, considering the soil-water
mixture as a two-phase continuum. Finite strains can be rigorously taken into account
as an extension of the infinitesimal framework [1, 2], adopting an adequate formulation
for the constitutive model. However, Updated Lagrangian Finite Element Methods (UL-
FEM) encounter numerical problems for severe element distortions, with the consequent
lack of convergence of the algorithm.

The problem of severe mesh distortion in UL-FEM may be circumvented by remeshing
the domain or refining the regions where the elements are most deformed [3, 4]. Alter-
natively, some stabilization techniques have been proposed to prevent excessive element
distortion [5, 6]. These strategies have the disadvantage to increase considerably the
computational cost; moreover, numerical stability is still not ensured in case of extreme
distortions.

To overcome the distortion problems encountered by FEM undergoing large deforma-
tions, in the last decades several innovative methods have been proposed in the literature,
such as SPH [7], MPM [8], PFEM [9], MLPG [10]. In particular, the Material Point
Method (MPM) has been recently grown in popularity.

The MPM belongs to the family of particle-based methods. It derives from the Particle-
in-cell method (PIC) used for fluid mechanics [11]. Schreyer, Sulsky and co-workers,
extended it for problems of solid mechanics [8]. Since then, the method has been widely
applied to many fields of engineering and science and extended with advanced features.
The application of MPM to multiphase problems is recent [12–17] and the research is in
progress.

Although the MPM has been successfully applied to study coupled large deformation
problems [18–20], not much work has been done to compare the numerical results obtained
with the FEM based on finite strain theory and the MPM, in particular to simulate large
deformation phenomena.

This work investigates the analogies and the differences in terms of theoretical for-
mulation and numerical results between the FEM and MPM, in consolidation process
undergoing large deformation. These methods give identical results in case of small de-
formation, coincident with the classical Terzaghi’s solution. On the contrary, differences
are observed in case of large deformations. The goal of this study is to identify the pos-
sible sources of differences, suggesting a discussion on the topic likely leading to future
improvements of the methods.
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The article is organized as follow. Section two and three briefly introduce respectively
the FEM and MPM formulation. Section four presents the numerical results obtained by
the two methods. One-dimensional consolidation with elastic and elasto-plastic material
is solved, in case of small and large deformations. Section five draws the conclusion,
discussing the differences among the two methods.

2 FINITE ELEMENT FORMULATION

This section recalls the complete set of governing equations, which allow for the solu-
tion of quasi-static deformation-diffusion boundary-value problems, such as consolidation,
based on the classical mixture theory [21,22].

Let x = ϕ(X, t) denote the position of the solid material point X and F = ∂x/∂X
the associated deformation gradient of the solid matrix, with the Jacobian J such that
J = det(F ) = dv/dV . We denote the volume fraction φα of the constituent α as the
ratio between its volume dV α divided by the total volume of the mixture dV , that is,
φs = dV s/dV and φw = n = dV w/dV , with n denotes the porosity. Therefore,

φs + φw = 1 (1)

The partial mass density of constituent α is given by ρα = φαρα, where ρα is the intrinsic
mass density of constituent α. This gives

(1− n)ρs + nρw = ρs + ρw = ρ (2)

where ρ is the total mass density of the mixture.
With these preliminaries, the conservation of mass equation for the solid and water

phases are respectively

ρ̇s + ρs∇x · v = 0; (3)

ρ̇w + ρw∇x · v = −∇x · q, (4)

where ∇x · (·) is the divergence operator with respect to the current configuration, v is
the velocity of the solid phase, w is the velocity of the water phase, q ≡ ρf ṽ = ρw(w−v)
is the Eulerian relative flow vector of the water phase with respect to the solid matrix.
Adding Eqs. (3) and (4), we get the basic conservation of mass equation for the system,
i.e.

ρ̇0 = −J∇x · q, (5)

where ρ0 ≡ Jρ is the pull-back mass density of the mixture in the reference configuration.
Ignoring inertial forces, the balance of linear momentum in Lagrangian form can be

written as

∇X(P ) + ρ0g = 0. (6)
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where g is the gravity vector. The first Piola-Kirchhoff stress tensor P reads

P = τ · F−T = τ ′ · F−T − θwF
−T (7)

where τ = Jσ is the symmetric total Kirchhoff stress tensor, τ ′ = Jσ′ is the effective
Kirchhoff stress tensor and θw = Jpw is the Kirchhoff pore pressure, in accordance with
the principle of effective stress.

The links between the state of stress and the deformations and between the flow vector
and the water pressure in the porous media are provided by constitutive relationships. The
stresses are assumed to be a nonlinear function of the deformations via an elastoplastic
constitutive response. On the other hand, the relative flow vector is related to the fluid
pressure using Darcy’s law, assuming constant permeability. The constitutive law for
the solid phase is cast within the framework of nonlinear kinematics where the total
deformation gradient is assumed to allow the multiplicative decomposition into elastic
and plastic parts, F = F e · F p, where F e and F p are defined as the elastic and plastic
deformation gradient, respectively. The constitutive law is given in terms of the Kirchhoff
effective stress tensor τ ′ and the left elastic Cauchy-Green deformation tensor be = F e ·
F eT through the relation

τ ′ = 2
∂Ψ

∂be
· be. (8)

where Ψ is the strain-energy function.
The balance laws (5) and (6), together with constitutive relations, provide a com-

plete set of governing equations, which allow for the solution of quasi-static deformation-
diffusion boundary-value problems. The discretized equations are obtained following stan-
dard Galerkin procedure, approximating the nodal displacements u and pore pressure pw
by means of shape functions (N , N p), and integrating implicitly over time. Hence, the
two balance equations can be written as

Hext −H int(u, pw) = 0 (9)

F ext − F int(u, pw) = 0 (10)

whereH int =
∫
V0
[N pT∆ρ0−∆t(JΓTq)]dV0 and F int =

∫
V0
[BT (τ ′−JpwI)−ρ0N

Tg]dV0.
For more details the reader should refer to [1, 2].

3 THE MATERIAL POINT METHOD

In the MPM, arbitrary large deformations of a body are simulated by a set of material
points (MP) which move through a computational finite element mesh. The MP carries
all the information of the continuum such as velocity, acceleration, stress, strain, material
parameters as well as external loads. It can be regarded as an extension of the FEM,
because the underlying finite element grid is used, as with the FEM, to solve the system
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Figure 1: (left) configuration at the beginning of a time step in which the red dots are the
MP; (center) incrementally deformed mesh; (right) reset mesh at the end of a time step

of equilibrium equations. However, information is mapped from nodes to MP at the end
of each time step and the mesh is usually reset into its original state (Fig. 1). The mesh
does not follow the deformations of the body as in the FEM, thus preventing problems of
element distortion.

An available dynamic MPM code is used in this study. The primary unknown variables
of the implemented two-phase formulation are the solid velocity v and fluid velocity w.
This formulation follows [23] and has been preferred for the adopted MPM because it
is able to properly capture the dynamic response for general loading [24]. The (v −w)
formulation is derived from the momentum equations of the water phase and the soil-water
mixture as follows. The momentum equation of the water phase is

ρwẇ + ((nγw)/k)(v −w) = ∇pw + ρwg (11)

where γw is the unit weight of the water and k is the Darcy’s permeability; the latter
is assumed constant. The second term on the left hand side represents the interaction
between solid and fluid.

The momentum equation for the mixture is

(1− n)ρsv̇ + nρwẇ = ∇ · (σ′ + Ipw) + ρg (12)

where σ′ is the effective stress and I = [1, 1, 1, 0, 0, 0].
The excess pore pressure increment can be calculated from the mass balance equation

for the water phase
ṗw = Kw/n[(1− n)∇ · v + n∇ ·w] (13)

The effective stress increment is calculated with the soil constitutive model as

σ̇′ = Dε̇ (14)

where D is the constitutive tensor and σ̇′ is the Jaumann stress rate tensor defined as

σ̇′ = σ′ −W · σ̇′ + σ̇′ ·W T (15)
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in which σ̇ is the Cauchy stress and W is the spin tensor.
Again, the discretized equations are obtained by deriving the weak form of the mo-

mentum conservation, using the Galerkin procedure, and approximating the velocity field
by means of shape functions (N ) [16]. They can be written as

Mwẇ = F ext
w − F int

w − F drag
w (16)

Msv̇ + M̄wẇ = F ext − F int (17)

where the subscripts s and w indicate the soil and water phase respectively; no subscript
indicates that the quantity belongs to the mixture.

F drag
w =

∫
V
nγwk

−1NTNdV (v −w) denotes a drag force computed from the relative
water velocity (w − v) which takes into account the solid-fluid interaction. The mass
matrices for the fluid and the soil skeleton are defined as: Mw =

∫
V
ρwN

TNdV and
Ms =

∫
V
(1− n)ρsN

TNdV . Matrix M̄w is formed using the density nρw in place of ρw.
For numerical implementation, the lumped mass matrices are used. The internal forces
are calculated as F int

w =
∫
V
BT IpwdV and F int =

∫
V
BTσdV where σ is the total stress.

For more details the reader should refer to [16].
In the present study the explicit Euler-Cromer scheme is used. This means that the

acceleration is calculated explicitly and the velocity is updated from it implicitly.
The MPM solution procedure follows [25]. The acceleration of the fluid is calculated

by solving Eq. (16). It is subsequently used to obtain the acceleration of the solid from
Eq. (17). The velocities and the momentum of the MP are updated from the nodal
accelerations of each phase. The nodal velocities are then calculated from the nodal
momentum and used to compute the strain rate (ε̇) at the material point location. The
excess pore pressure increment can be calculated from Eq. (13). The effective stress
increment is calculated with the soil constitutive model (Eq. 14). The displacement and
position of each MP is updated according to the velocity of the solid phase.

4 NUMERICAL RESULTS

The consolidation problem is studied considering a 1m-long column. The head of the
column is permeable and the bottom is impermeable, therefore the water can flow out
of the column from the top surface and the drainage length h is 1m. Firstly, the case of
small deformations is studied and the numerical solution is compared to the Terzaghi’s
analytical solution. Secondly, large deformations are taken into account. Thirdly, the
plastic behavior of soil is considered using the Modified Cam Clay model [26].

In case of small strain, a linear elastic material with Young’s modulus E = 10000kPa,
and Poisson’s ratio ν = 0 is used. The permeability is k = 10−3m/s. A load of 10kPa
is applied at the head of the column. In the FEM model the column is discretized with
40 quadrilateral elements, with 9 nodes for the displacements unknowns and 4 nodes for
the pressure unknowns, integrated over 9 Gauss Point. On the other hand, in the MPM
model the column is discretized with 40 rows of 6 tetrahedral elements containing 4 MP
each.
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Figure 2: Normalized pore pressure along depth, comparison between numerical and
analytical solution.

A non-dimensional time factor can be defined as:

T =
cvt

h2
(18)

Figure 2 plots the normalized pore pressure pw/pw0 (pw0 = 10kPa) against the normal-
ized depth y/h as function of the non-dimensional time. The numerical solutions obtained
with FEM and MPM are in perfect agreement with the Terzaghi’s analytical solution.

The case of large deformations is considered assuming E = 100kPa and applying a load
of σy = 50kPa. Figure 3a shows the normalized pore pressure distribution at different
normalized time TL, which calculated with Eq. 18 where h is the initial length of the
column. Regarding the pore pressure evolution with time, the MPM predicts higher pore
pressures than the FEM, especially for time factors between 0.05 and 0.5. The maximum
difference is about 20% at the bottom of the column. Some differences are also observed
in the decrease of column height during time (Fig. 3b). In particular, the final column
high obtained with the MPM is 0.674m and with the FEM is 0.704m.

The plastic behavior of soil is considered using the modified Cam Clay model with
the input parameter summarized in Table 1. The adopted FEM implements the modified
Cam Clay model proposed in [27]; the reader should refer to this work for a correct
interpretation of the input parameters of the model.

The material is assumed normally consolidated; the initial vertical and horizontal effec-
tive stresses are 50kPa. A vertical load of 150kPa is applied. In this case, the consolidation
coefficient used to compute the time factor is calculated as:

cv =
k(1 + e0)σ

′
v0

λγw
(19)
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(a) Normalized pore pressure along
depth.

(b) Column height as function of the time factor TL.

Figure 3: Large strain consolidation with linear elastic material; comparison between
MPM and FEM solutions.

(a) Normalized pore pressure along
depth.

(b) Column height as function of the time factor TL.

Figure 4: Large strain consolidation with elastoplastic material; comparison between
MPM and FEM solutions.
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Material property Symbol Value

Virgin compression index [-] λ 0.3
Recompression index [-] κ 0.04
Effective poisson ratio [-] ν ′ 0.25
Slope of CSL in p-q plane [-] M 0.92
Initial void ratio [-] e0 1.0
Darcy’s permeability [m/s] k 3 · 10−3

Table 1: Material properties used in CPT analyses with MCC material model

where σ′
v0 is the initial vertical effective stress.

Figure 4 compares the results obtained with FEM and MPM in terms of pore pressure
distribution and column height. With regard to the pore pressure, better agreement is
obtained compared to the elastic case. A difference of about 20% is observed for TL = 0.10
and TL = 0.2, while the pore pressure distribution for the other time factors are almost
coincident. This peculiar result will be deeply investigated in the near future. The
small differences in terms of pressure do not affect significantly the evolution of vertical
displacements with time. Both method predict a final settlement of 0.142m.

5 DISCUSSION AND CONCLUSIONS

This paper compares the fully coupled FEM and the MPM in the simulation of one
dimensional consolidation undergoing large strains.

Both method, even though adopting different primary unknowns (namely u− pw and
v − w), can describe efficiently the solid-displacement/fluid-diffusion process, typical of
consolidation problem. Identical results are obtained with the two methods for small
deformations. This observation is in agreement with the comparison made in [28] (for
harmonic loading and small strain) of the two different ways of coupling solid and fluid
interaction. Furthermore, the choice of different primary unknowns involves also the
adoption of different time integration algorithms. In fact, the quasi-static FEM adopts
an implicit time integration scheme; on the contrary, the dynamic MPM uses an explicit
scheme. However, the adopted time increments ensure a sufficiently accurate solution for
both methods.

In case of large deformations, the displacements predicted by the two method are in
good agreement. However, discrepancies are observed in the evolution of pore pressure
distribution.

Probably, the major source of differences between the MPM and the adopted FEM lies
in the way large deformations are treated, in particular with respect to the constitutive
equations. In MPM the hypothesis of small strain is assumed within the time increment,
thus allowing the use of the Jaumann objective stress rate. This formulation restricts
the validity of the rate constitutive equation to small elastic strains [29]. As regard the
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FEM, the formulation of the constitutive law is based on hyperelasticity combined with
the multiplicative decomposition of the deformation gradient. This formulation is more
accurate for the development of large elastic strains, and also circumvents the so-called
rate issue in finite deformation analysis [27]. The introduction of plasticity reduces the
differences between the two methods, because if the elastic strains remain small the results
based on the Jaumann rate should be close to results of formulations that are based on
the multiplicative decomposition [29].

These considerations do not probably fully explain the differences observed in the
pore pressure distributions. Further investigations, focusing on the diffusion problem
combined with large deformations, should be carried out, possibly comparing the results
with experimental data and also with available analytical solution such as [30].

This paper doesn’t accomplish all the aspects in the comparison of the two numerical
methods. Since considerable effort has been devoted in the last years to large strain
coupled formulation in the MPM, with promising outcomes, a deeper investigation in
the results should be carried out. The research should consider bidimensional and three
dimensional problems, transient boundary conditions, cyclic loads, etc. In particular,
simulations leading to a significant element distortions should be investigated, comparing
FEM (enhanced with remeshing techniques) and MPM.
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