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Abstract. This contribution deals with mathematical modelling and numerical simula-
tion of the human phonation process. This phenomena is described as a coupled problem
composed of the three mutually coupled physical fields: the deformation of elastic body,
the fluid flow and the acoustics. For the sake of simplicity only a two-dimensional model
problems is considered in this paper. The fluid-structure interaction problem is described
by the incompressible Navier-Stokes equations, by the linear elasticity theory and by the
interface conditions. In order to capture the motion of the fluid domain the arbitrary
Lagrangian-Eulerian method is used. The strongly coupled partitioned scheme is used
for solution of the coupled fluid-structure problem. For solution of acoustics the acoustic
analogies are used. Two analogies are compared - the Lighthill analogy and convected
perturbation wave equation. The influence of acoustic field back to fluid as well as to
structure is neglected. The numerical approximation of all three physical domains is per-
foremd with the aid of the finite element method. The numerical results present sound
propagation through the model of the vocal tract.

1 INTRODUCTION

The human phonation is very interesting phenomenon and a complex topic of ongoing
research, see e.g. [7]. A better understanding of the human phonation process can help
physicians and therapists to improve treatment of people with voice disorders, where the
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Jan Valášek, Manfred Kaltenbacher and Petr Sváček

economic losses due to voice malfunction just in USA is estimated up to $160 billion per
year, [9]. Recently due to practical inaccessibility of human organs numerical simulations
have become to be an important tool used in the research.

The human phonation is a multi-physical problem consisting of three coupled phys-
ical fields – the deformation of the vocal folds (elastic body), the fluid flow and the
acoustics together with all relevant coupling terms. It is sometimes summarized under
fluid-structure-acoustic interaction (FSAI) problem. The mutual coupling between the
fluid and the structure is usually strong, i.e. each physical field influences the other one.
On the other hand the acoustic field in the considered problem depends on both the fluid
and structure fields, but the influence of the acoustic back to the flow field as well as to
the elastic body motion can be neglected. Thus it is possible to use only the so-called
forward coupling from the fluid flow to the acoustic field, see [11].

There are a lot of papers covering the subject of human phonation ranging from studies
of purely flow simulation in 2D or 3D domains like [10] or reports with prescribed motion of
vocal folds, see for example [8], up to even 3D simulation of aeroacoustic problem, see e.g.
[11]. The critical part for acoustic simulation is reliable solution of fluid flow. In general
the maximal velocity lies noticeably under 0.3 Mach number (stated as incompressible
limit), the flow passing the glottis is characterized by quite complex turbulent structure.
This results in high computation demand namely in 3D, see [10].

This contribution presents the 2D aeroacoustic computation based on fluid-structure
interaction (FSI) simulations, where the comparison of results acquired by the Lighthill
analogy and the perturbed convective wave equation (PCWE) is shown. Similar hybrid
approach has been already adopted in e.g. [11]. Furthermore, to include the effects
of time-dependent computational domain for the fluid flow the Arbitrary Lagrangian-
Eulerian (ALE) method was used. The linear elasticity theory was used for description
of the elastic structure motion. Finally, the acoustics was modelled by Lighthill acoustic
analogy and PCWE, [4]. The perfectly matched layer (PML) technique with inverse
mapping was applied to solve the open-domain problem, see [5].

The numerical model is based on the finite element method (FEM), which is used
for all three physical domains. For stabilization of the fluid flow simulation, the modified
Streamline-Upwind/Petrov-Galerkin stabilization is utilized, [3]. In the end the numerical
results of flow induced vibration and sound propagation through vocal tract are presented.
The pressure spectra obtained by the Lighthill analogy and by PCWE are compared.

2 MATHEMATICAL MODEL

For the sake of simplicity a two-dimensional FSAI problem is considered. The FSI
domain, schematically shown in Figure 1, is a subset of a substantially larger domain of
sound propagation, see Figure 2. The FSI domain consists of the domain Ωs

ref , represent-
ing the elastic structure (the vocal folds), and the domain Ωf

ref occupied by fluid. The
deformation of the elastic structure is described in the Lagrange coordinates. The domain
Ωf

ref denotes the reference fluid domain, e.g. the domain at the time instant t = 0 with
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the common interface ΓWref
= ΓW0 between the fluid and the structure domain. The time

evolution of the reference domain Ωf
ref to the deformed domain Ωf

t as well as the reference
interface ΓWref

to the interface ΓWt at any time instant t is described by the ALE method.

Figure 1: Schematic figure of vocal folds model and fluid domain with boundaries marked before (left)
and after (right) a deformation.

2.1 Elastic body

The unknown deformation vector u(X, t) = (u1, u2) of the elastic body Ωs is sought as
a solution of the partial differential equation

ρs
∂2ui

∂t2
−

∂τ sij(u)

∂Xj

= fi
s in Ωs × (0,T). (1)

This equation expresses the dynamic equilibrium between the inertia force and applied
volume and surface forces. The structure density is denoted as ρs, the tensor τ sij is the
Cauchy stress tensor, the vector f s = (f s

1 , f
s
2 ) is the volume density of an acting force and

X = (X1, X2) are the reference coordinates. Under the assumption of the linear relation
between the displacement and the stress the generalized Hook law can be used, which for
the isotropic case reads

τ sij = λs(div u) δij + 2µsesij, (2)

where λs, µs are Lamé coefficients depending on the Young modulus of elasticity Es and
the Poisson ratio σs, see e.g. [12]. The tensor I = (δij) is the Kronecker’s delta and the
tensor es = (esjk) is the strain tensor. For small displacements it has the form

esjk =
1

2

(
∂uj

∂Xk

+
∂uk

∂Xj

)
. (3)

Equation (1) is supplied by the initial and boundary conditions

a) u(X, 0) = u0(X),
∂u

∂t
(X, 0) = u1(X) for X ∈ Ωs,

b) u(X, t) = uDir(X, t) for X ∈ Γs
Dir, t ∈ (0,T), (4)

c) τ sij(X, t)ns
j(X) = qsi (X, t), for X ∈ Γs

Wt
, t ∈ (0,T),

where the ΓWref
,Γs

Dir are mutually disjoint parts of the boundary ∂Ωs = ΓWref
∪ Γs

Dir (see
Figure 1) and ns

j(X) are components of the unit outer normal to ΓWref
.
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2.2 ALE method

One of the standard methods, which enable to solve the fluid flow in a time-dependent
domain, is the ALE method. The basis of this method is the construction of a diffeomor-
phism At which maps the reference (undistorted) domain Ωf

ref on to the domain Ωf
t at any

instant time t ∈ (0,T). The ALE domain velocity wD under assumption of continuity of

derivatives ∂At

∂t
∈ C(Ωf

ref) is defined as

wD(At(X), t) =
∂

∂t
At(X), t ∈ (0,T), X ∈ Ωf

ref . (5)

The ALE derivative is then introduced as the time derivative with respect to a fixed point
X ∈ Ωf

ref . It satisfies the following relation

DA

Dt
f(x, t) =

∂f

∂t
(x, t) +wD(x, t) · ∇f(x, t). (6)

More details and practical construction of ALE mapping is described e.g. in [2] or [14].

2.3 Fluid flow

The motion of the viscous incompressible fluid in time-dependent domain Ωf
t is de-

scribed by the fluid velocity v(x, t) and the kinematic pressure p. This pair of unknowns
obey the Navier-Stokes equations in the ALE form, see [2]

DAv

Dt
+ ((v −wD) · ∇)v − νf∆v +∇p = 0, div v = 0 in Ωf

t , (7)

where νf is the kinematic fluid viscosity.
The formulation of Navier-Stokes equations (fluid part of FSI problem) (7) is completed

by zero initial and the following boundary conditions

a) v(x, t) = wD(x, t) for x ∈ Γf
Dir ∪ ΓWt , t ∈ (0,T), (8)

b) p(x, t)nf − νf ∂v

∂nf
(x, t) = −1

2
v(v · nf )− + prefn

f for x ∈ Γf
In ∪ Γf

Out, t ∈ (0,T),

where nf is unit outer normal to boundary ∂Ωf
t and pref is a reference pressure (possibly

different on the inlet Γf
In and the outlet Γf

Out). The condition (8 b) is the modified do-
nothing boundary condition, see e.g. [1].

2.4 Aeroacoustics

The acoustic domain Ωa, where the acoustic problem is solved, is depicted in Figure
2. It is composed of three parts Ωa

src,Ω
a
air and Ωa

pml, where Ωa = Ωa
src ∪ Ωa

air ∪ Ωa
pml. The

acoustic sources are calculated from the computed flow field in the domain Ωa
src, which is

4
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the same as reference fluid domain, i.e. Ωa
src = Ωf

ref . The change of domain Ωa
src in time is

neglected, the sources obtained on Ωf
t are transformed back to the domain Ωf

ref with the
help of the ALE mapping. The domain Ωa

air represents a part of the vocal tract behind the
glottis up to mouth including a far field region, i.e. the outer space. The PML domain
Ωa

pml closes both the aforementioned domains in order to damp the outgoing sound waves.

Figure 2: Scheme of acoustic domain. The propagation domain has tree parts – the sound source region,
the vocal tract and the far field. Propagation region is enclosed by the PML region.

2.4.1 Lighthill analogy

The Lighthill analogy is inhomogenous wave equation

1

c20

∂2p′

∂t2
− ∂2p′

∂x2
i

=
∂2Tij

∂xi∂xj

, (9)

for unknown pressure fluctuation p′ with known values of the Lighthill tensor Tij and a
given speed of sound c0. This equation was derived by Lighthill in 1952 from compressible
Navier-Stokes equations under supposition that acoustic waves with origin in a small
source region propagate through a voluminous medium in rest state characterized by
v0 = 0, p0 and rest fluid density ρf0 . The formation of sound is here imaginary caused
by acting force in the form of Lighthill tensor divergence, see [6]. The components of the
Lighthill tensor Tij are given by

Tij = ρfvivj + ((p− p0)− c20(ρ
f − ρf0))δij − τ fij, (10)

where τ fij is the fluid viscous stress tensor. In next the Lighthill tensor is approximated

by Tij ≈ ρfvivj, where the viscous stress τ fij and the stresses connected with the heat
conduction (p′ − c2ρ′)δij are neglected, see [6].

2.4.2 Perturbed convective wave equation

Another suitable choice of acoustic analogy is the PCWE. It is based on splitting of
physical quantities into mean and fluctuating parts. The fluctuating variables consists of
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acoustic parts and non-acoustic components, i.e. incompressible parts

p = p+ pic + pa, v = v + vic + va. (11)

With the presumption of incompressible homoentropic flow the splitting leads to the
following partial differential equation for va and pa

∂pa

∂t
+ v · ∇pa + ρf0c

2
0∇ · va = −Dpic

Dt
,

∂va

∂t
+∇(v · va) +

1

ρf0
∇pa = 0, (12)

where the substantial derivative D
Dt

equals D
Dt

= ∂
∂t
+ v · ∇. For derivation and discussion

see [4]. These equations can be rewritten into one with the help of acoustic potential ψa

related to the acoustic particle velocity va = −∇ψa (acoustic velocity field is irrotational)

1

c20

D2ψa

Dt2
−∆ψa = − 1

ρf0c
2
0

Dpic
Dt

, (13)

For further details see [4]. Moreover for low velocities we can disregard convection v = 0
and the PCWE formulation (13) simplifies further to

1

c20

∂2ψa

∂t2
−∆ψa = − 1

ρf0c
2
0

∂pic
∂t

. (14)

Eq. (14) is very similar to Eq. (9), but with a quite big advantage of only first time
derivative of right hand source term.

The wave equation (9) or (13), (14) is equipped with the zero initial condition and the
boundary of acoustic domain ∂Ωa with the outer normal na is considered as sound hard

∂p′

∂na
(x, t) = 0 or

∂ψa

∂na
(x, t) = 0 for x ∈ ∂Ωa, t ∈ (0,T). (15)

2.4.3 PML

To tackle the open-boundary problem in bounded domains the PML technique was
used. A few additional layers of elements were added along the normal direction of
boundaries, which represents interface with open space. Inside these layers the sound
waves are effectively damped to zero without any reflection at the interface between
propagation region and PML. We further refer to [5].

2.5 Coupling conditions

The FSAI problem is coupled problem of three physical fields. The FSI coupling as
well as acoustics-structure has the form of boundary conditions on the common interface,
where on the contrary the fluid-acoustics coupling has volumetric character. Only the
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forward coupling between FSI and acoustics is used, e.g. the forward acoustic coupling
has the form of the flow field postprocessing.

The elastic deformation in FSI problem has prescribed Neumann boundary condition
representing the impact of the aerodynamic forces on the elastic body

qsi (X, t) = −
2∑

j=1

σf
ij(x)n

f
j (x), x = X + u(X, t), X ∈ ΓWref

, (16)

where σf
ij = ρf

(
−pδij + νf ( ∂vi

∂xj
+

∂vj
∂xi

)
)
, i, j ∈ {1, 2} are the components of the fluid

stress tensor.
The fluid flow problem is completed with the Dirichlet boundary condition postulated
by equation (8 a), which represents the continuity between the fluid and the structure
velocity across the boundary ΓWt .
Moreover also the location of the interface ΓWt at time t is also variable and it depends on
the solution of FSI problem. Its location corresponding to the force equilibrium between
aerodynamic and elastic forces at time instant t and it is implicitly given by structure
deformation u(t) as ΓWt = {x ∈ R2| x = X + u(X, t), X ∈ ΓWref

}.

3 NUMERICAL MODEL

All three subproblems given by partial differential equations (1), (7) and (9) or (14)
are solved by the FEM based on the weak formulation in space. Obtained semi-discrete
system is subsequently discretized in time by the finite difference scheme with the same
constant time step ∆t = T

N
, N >> 1.

3.1 Acoustics

Equations (9) are reformulated in the weak sense with the aid of a test function η from
the Sobolev space W 1,2(Ωa), see [4]. The application of the Green theorem together with
the definition of boundary condition (15) gives us the final form∫

Ωa

1

c20

∂2p′

∂t2
η dx+

∫

Ωa

∇p′ · ∇η dx = −
∫

Ωa

(divT) · ∇η dx. (17)

Using the restriction of test functions to a finite element space and seeking the solution
as a linear combination of the basis functions ηj with unknown time dependent coefficients
γ = γ(t) leads to

Maγ̈ +Kaγ = ba(t), (18)

where the components of the vector ba(t) = (bai ) and of the matrices Ma = (ma
ij),

Ka = (ka
ij) are given as

bai = −
∫

Ωa

(∇ ·T) · ∇ηi dx, ma
ij =

∫

Ωa

1

c20
ηjηi dx, ka

ij =

∫

Ωa

∇ηj · ∇ηi dx. (19)

7
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The derivation of the weak formulation of Eq. (13) or (14) is similar. System (18) is
numerically discretized in time by the Newmark method.

3.2 Elastic body

The standard finite element discretization of problem (1) leads to the matrix system
for the unknown time-dependent vector of coefficients α(t), see e.g. [14], i.e.

Mα̈+ Cα̇+Kα = b(t), (20)

where matrices M = (mij),K = (kij) has elements

mij =

∫

Ωs

ρsφi · φj dX, kij =

∫

Ωs

(λs(div φi) δrl + 2µsesrl(φi)) e
s
rl(φj) dX, (21)

and the vector b(t) has components bi(t) =
∫
Ωs f

s · φi dX +
∫
Γs
Neu

qs · φi dS. The matrix

C = ε1M + ε2K was added as the proportional damping with suitable parameters ε1, ε2.
System (21) is numerically discretized in time by the Newmark method, see e.g. [2].

3.3 Fluid flow

The equation (7) is firstly discretized at arbitrary time step t = tn+1 in time. The ALE
derivative is approximated by the backward difference formula of second order

DAv

Dt
(x, tn+1) ≈

3vn+1(xn+1)− 4vn(xn) + vn−1(xn−1)

2∆t
, xi = Ati(A

−1
tn+1

(x)). (22)

For the sake of simplicity in the next section the time index n+1 will be omitted. By mul-
tiplication of equations (7) by a test function ϕ ∈ W1,2(Ωf ) and q ∈ L2(Ωf ), integration
over Ωf and by using Green theorem the standard weak spatial formulation is obtained,
see e.g. [2]. One extra application of Green theorem used partially for the convective term
delivers the formulation based on the analysis in [1] or described in [14]. The substitution
of test spaces with finite element spaces Xh ⊂ W1,2(Ωf ),Mh ⊂ L2(Ωf ) let us to write the
approximative solution vh, ph as linear combinations

vh(x, t) =

2Nv
h∑

j=1

βv
j (t)ϕj(x), ph(x, t) =

Np
h∑

j=1

βp
j (t) qj(x), (23)

where ϕj, qj are finite element base functions of the spaces Xh,Mh. This approach yields
the matrix system

(
A(vh) B
BT 0

) (
βv

βp

)
=

(
g
0

)
, (24)

8
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where A(vh) =
1
∆t
M + C(vh) + D. The elements of the matrices M = (mij),C = (cij),

D = (dij),B = (bij) and the vector components g = (gi) are given by

mij =
3

2

∫

Ωf

ϕj ·ϕi dx, dij =

∫

Ωf

νf ∇ϕj · ∇ϕi dx, bij =

∫

Ωf

−qj div ϕi dx, (25)

2 · cij =
∫

Ωf

((vh − 2wn+1
D ) · ∇)ϕj ·ϕi − (vh · ∇)ϕi ·ϕj dx+

∫

Γf
Out∪Γ

f
In

(vh · nf )+ϕj ·ϕi dS,

gi =

∫

Ωf

4vn − vn−1

2∆t
·ϕi dx−

∫

Γf
Out∪Γ

f
In

pref ϕi · nf dS.

The system of equations (24) is non-linear. For its solution the linearization vh =
vn is used together with the linear algebra solver from the library UMFPACK. The
fluid FEM solver is stabilized by the streamline-upwind/Petrov-Galerkin, the pressure-
stabilization/Petrov-Galerkin and ’div-div’ stabilization method. It keeps the method
stable, consistent and still accurate, see e.g. [3] or for the implementation details [2].

3.4 Algorithm

The advantage of chosen hybrid approach is that sound sources acting on right hand
side of acoustic analogies can be computed anytime later from the solution of FSI problem.
The partitioned FSI scheme was implemented with the strong coupling, for details see [2].

4 Numerical results

During the whole computation the time step was kept constant ∆t = 2.5 · 10−5 s.

4.1 FSI problem

The vocal fold (VF) model shape consisting of four layers and their material parameters
were adopted from the article [15] together with initial gap between VFs 2.0mm. The
damping parameters were chosen as ε1 = 5 s−1, ε2 = 2.0 · 10−5 s and the densities ρs =
1000 kg/m3, ρf = 1.185 kg/m3 and kinematic viscosity νf = 1.47 · 10−5 m/s2 was set.

The FSI problem was solved with the prescribed pressure difference between inlet and
outlet with value pref = 2000Pa ·m3/kg. The full FSI interaction was enabled at 0.01 s
and after a short transition behaviour the typical evolution of the flow induced vibration of
VF appeared, see Figure 3. The excitation of first two eigenmodes of VF can be identified
with the help of the Fourier transform. These results are in good correspondence with
results of paper [15].

4.2 Aeroacoustics

The shape of vocal tract model for vowel \u\ are taken from MRI measurement – [13],
where the length is modified due to the smooth connection between the end of the fluid
computational domain and the start of sharply narrowing vocal tract domain.

9
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Figure 3: On the left - time behaviour of y-displacement of chosen point from the top of bottom VF.
The displacement stored from t = 0.1 s. On the right - (normalized) Fourier transform of time signal
from the left.

Since the acoustic problem does not require so fine grid, the sound source terms of Eq.
(9) and (14) were interpolated onto coarser acoustic mesh during their calculation. The
computed sound sources were further investigated by Fourier transform. The Figure 4
shows a comparison of the contributions with frequencies 235 and 1371Hz obtained by
different analogies. The sound source density with frequency 235Hz corresponds to the
VF excitation frequency and it is mainly located inside the glottis. The second density
with nonharmonic frequency 1371Hz is distributed in turbulent region behind glottis. It is
associated with vorticity of the glottal jet and it has smaller magnitude. Similar character
of results was obtained in [11]. The sources of Lighthill analogy is quite sensitive to the
high velocity gradients due to the need of second space derivatives, which can lead to
numerical artifacts.

Figure 4: The computed sound source densities for Lighthill analogy on the left and for PCWE on the
right for frequencies of 235 (up) and 1371Hz (down).

Finally, the acoustic simulation was performed in the whole domain Ωa. The acoustic
pressure was monitored outside the mouth at the microphone position (x = 0.24m, y =
0m). The Fourier transform of acoustic pressure is depicted in Figure 5. The obtained
frequencies for the PCWE case do not coincide with the frequencies of first formants of
measured natural pronunciation of vowel \u\ in [13] (black lines in Figure 5). But the
frequency peaks quite well answer the peaks of transfer function for vocal tract domain
Ωa

air at least for frequencies higher than 1500Hz, see Figure 5. The differencies can be

10
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caused by the aforementioned prolongation. The frequencies acquired for the Lighthill
case do not demostrate agreetment with PCWE results. The effect of vocal tract filtering
is clearly visible for higher frequencies.

Figure 5: On the left - normalised Fourier transform of acoustic pressure measured at microphone
position computed from 0.9 s signal length. The black vertical lines mark the frequencies 389Hz, 987Hz
and 2299Hz taken from article [13]. On the right - transfer function of chosen shape of vocal tract.

5 CONCLUSIONS

In this contribution the mathematical description of the FSAI is presented, where the
hybrid partitioned approach was applied. The Lighthill acoustic analogy and PCWE
approach were utilized for the calculation of the acoustic sources and simulation of their
propagation through vocal tract model. The all three physical problems are numerically
solved by the FEM. The fluid solver was stabilized by SUPG, PSPG and ’div-div’ method.
The results of flow induced vibration of vocal folds were computed and postprocessed
by in-house developed program to determine the sound sources. They were analysed
in frequency domain and then their propagation through vocal tract was simulated by
CFS++ solver. The obtained results by PCWE and by Lighthill analogy do not show
high correspondence.
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Jan Valášek, Manfred Kaltenbacher and Petr Sváček
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