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Abstract In this paper we consider the Lord-Shulman thermoelastic theory
with porosity and microtemperatures. The new aspect we propose here is to
introduce a relaxation parameter in the microtemperatures. Then we obtain
an existence theorem for the solutions. In the case that a certain symmetry is
satisfied by the constitutive tensors, we prove that the semigroup is dissipative.
In fact, an exponential decay of solutions can be shown for the one-dimensional
case. In the last section, we restrict our attention to the case where we have
an isotropic and homogeneous material without porosity effects and assuming
that two of the constitutive parameters have the same sign. We see that the
semigroup is dissipative.
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Escola de Enxeñeŕıa de Telecomunicación
Campus As Lagoas Marcosende s/n, 36310 Vigo, Spain
E-mail: noabaza@hotmail.com

J. R. Fernández (Corresponding Author)
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1 Introduction

The Fourier law is the most known constitutive equation to model the heat
conduction. However, this law proposes a relevant drawback. That is, when
one adjoins it with the usual heat equation

cθ̇ = qi,i

the thermal waves propagate instantaneously. Here θ is the temperature and
qi is the heat flux vector. This fact contradicts the causality principle. For this
reason many scientists have been interested in the formulation of alternative
constitutive relations in order to overcome this paradox. Perhaps the most
known and studied choice is the one proposed by Cattaneo and Maxwell [5],
where a relaxation parameter is introduced in the Fourier law to obtain the
constitutive equation:

τ q̇i + qi = kθ,i,

where τ is assumed small, but strictly positive. Such proposition has be ex-
tended among other considerations to the thermoelasticity to obtain the Lord-
Shulman theory [27]. This theory recovers the proposition of Maxwell and
Cattaneo and combines it with the system describing the elastic vibrations of
a material. Lord-Shulman thermoelasticity has received much attention over
the years and the quantity of contributions to understand this theory is huge.
It proposes the study of a system of four hyperbolic equations with thermal
dissipation. In this case, the heat equation is also hyperbolic in contrast with
the one obtained for the Fourier law which is parabolic.

On the other hand an increasing interest has been developed to consider
materials with microstructure along the last and current centuries [1, 16–18,
41, 42, 47]. In particular a class of materials is considered in the case that the
microstructure [11] is determined by microtemperatures [14]. Because of the
wide applicability of this kind of structures they are currently in fashion and
many people are interested in the study of elastic materials with microtem-
peratures [2,3,6–8,20,21,31,32,38–40,43]. When one looks at the constitutive
equations proposed for the classical version of these materials one finds a
system of parabolic equations and therefore one obtains again the drawback
pointed out previously. That is, the microthermal waves also propagate in-
stantaneously. Hence, it is also natural to introduce a relaxation parameter in
the constitutive equations proposing the microtemperatures to overcome the
new paradox.

On the other side, the study of elastic materials with voids was proposed
by Cowin and Nunziato [9,10,35]. These materials has deserved big attention
in the last forty years [4,12,13,24,25,28,29,33,34,36,37]. There are interesting
physical applications of the thermoelasticity with voids, so we can recall the
study of solids with small distributed porous, in particular we mention, for
instance, rocks, soils, woods, ceramics or even biological materials as bones.
In fact, in recent years multiporosity structure has been considered [19,22,23,
44–46].
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Our paper is addressed in these two directions. We want to consider a
thermoelastic theory of porous materials with microtemperatures based on the
Cattaneo-Maxwell law. That is, we propose the same relaxation parameter
for the temperature and the microtemperatures. Existence of solutions can be
obtained. The stability of the solutions is provided assuming a certain symme-
try among the constitutive tensors. Later we study the exponential decay for
some one-dimensional problems. In the last section, we consider the case when
the porosity is not present and the material is isotropic and homogeneous. A
stability result is obtained in the case that two of the constitutive parameters
have the same sign.

As it is usual, we use the bold notation for vector and/or tensors. A sub-
index after a colon denotes partial derivative with respect to this component.
Also the summation over repeated indices is assumed.

2 Basic equations

We consider a three-dimensional solid determined by a bounded domain B
with boundary so smooth to apply the divergence theorem.

In order to clarify the meaning of the microtemperatures, we recall that,
in the case of materials with microstructure, it is assumed the existence of
microelements which can be considered as a solid with deformations and tem-
peratures. In the case that we assume the existence of microtemperatures, we
have that, when x is the center of mass of a microelement in the reference
configuration and θ̃ is the absolute temperature, we can consider the approx-
imation

θ̃(x′, t) = θ̃(x, t) + Tj(x
′
j − xj) +O(d2),

where O(d2) represents a term of order two in a diameter of the microele-
ment. These functions Tj are called the microtemperatures and represent the
variation of the temperature inside the microelement.

The basic equations for the thermo-porous-elasticity with microtempera-
tures in the case of centrosymmetric1 materials can be obtained from [15] in
the case that we do not take into account the microrotation effects by means
of the evolution equations:

ρüi = tij,j + ρfi, (1)

Jφ̈ = hk,k + g + ρl, (2)

ρT0η̇ = qj,j + ρs, (3)

ρǫ̇i = qji,j + qi −Qi + ρGi, (4)

1 In the general case the materials responses depend on the loading directions. In the case
that the response is invariant under inversion we say that the material is centrosymmetic.
It implies that the constitutive tensors of odd order vanish.
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and the constitutive equations:

tij = Aijrsers +Dijφ− aijθ, (5)

hi = Aijφ,j −NijTj, (6)

g = −Dijeij − ξφ+ Fθ, (7)

ρη = aijeij + Fφ+ aθ, (8)

ρǫi = −Njiφ,i −BijTj , (9)

qi = kijθ,j +HijTj, (10)

qij = −PijrsTr,s, (11)

Qi = (kij −Kij)θ,j + (Hij − Λij)Tj , (12)

where the constitutive tensors satisfy the dissipation inequality:

kijθ,iθ,j + (Hji + T0Kij)Tiθ,j + T0ΛijTiTj + T0PijrsTi,jTr,s ≥ 0.

In this system of equations we have that ρ is the mass density, ui is the
displacement vector, tij is the stress tensor, hi is the equilibrated stress tensor,
g is the equilibrated body force, η is the entropy,qi is the heat flux vector, J
is the equilibrated inertia, T0 is the reference temperature at the equilibrium
state (assumed uniform), ǫi is the first moment of energy vector, Qi is the
microheat flux average, qij is the first moment heat flux tensor, eij is the
strain tensor which is related to the displacement by the relation

eij =
1

2
(ui,j + uj,i),

φ is the volume fraction, θ is the temperature, Ti are the microtemperatures,
fi, l, s and Gi are supply terms and Aijrs, Dij , aij , Aij , Nij , ξ, F, a, βij ,
kij , Hij , Pijrs, Kij , Bij and Λij are tensors of different order.

As usual, Aijrs, Aij , Bij , Dij , aij , kij , Λij and Pijrs are assumed symmetric.
That is,

Aijrs = Arsij , Aij = Aji, Bij = Bji, Dij = Dji, aij = aji, kij = kji,
Λij = Λji, Pijrs = Prsij .

Moreover, in the case that we impose the Onsager Postulate, where it is
assumed the existence of a C2 function which is the potential for the dissipation
(see also the book of Eringen [11], section 2.4), we have that Kij = T−1

0 Hji.
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It is worth recalling that in the isotropic and homogeneous case we have
the constitutive equations:

tij = λerrδij + 2µeij + µ0φδij − β0θδij , (13)

hi = aφ,i − µ2Ti, (14)

g = −µ0eii − ξφ+ β1θ, (15)

ρη = β0eii + β1φ+ aθ, (16)

ρǫi = −µ2φ,i − bTi, (17)

qi = kθ,i + k1Ti, (18)

qij = −k4Tr,rδij − k5Tj,i − k6Ti,j, (19)

Qi = (k − k3)θ,i + (k1 − k2)Ti. (20)

Here, λ and µ are the usual Lamé parameters, β0 determines the coupling
between the displacement and the temperature, µ0 is the coupling between
the displacement and the porosity, k is the thermal conductivity and a the
thermal capacity. The remaining parameters are usual in the study of the
present theory.

In this case the dissipation inequality implies that

k ≥ 0, 3k4 + k5 + k6 ≥ 0, k6 + k5 ≥ 0, k6 − k5 ≥ 0, (k1 + T0k3)
2 ≤ 4T0kk2.

Moreover, in the case that the Onsager Postulate is assumed we have that
k3 = T−1

0 k1.
In this paper we consider the natural counterpart for the microtemper-

atures of the Lord-Shulman theory. In this situation we need to change the
constitutive equations for the tensors qi, qij , and Qi in the following form2

τ q̇i + qi = kijθ,j +HijTj , (21)

τ q̇ij + qij = −PijrsTr,s, (22)

τQ̇i +Qi = (kij −Kij)θ,j + (Hij − Λij)Tj , (23)

where τ > 0 is the relaxation parameter. In the isotropic and homogeneous
case our equations become

τ q̇i + qi = kθ,i + k1Ti, (24)

τ q̇ij + qij = −k4Tr,rδij − k5Tj,i − k6Ti,j , (25)

τQ̇i +Qi = (k − k3)θ,i + (k1 − k2)Ti. (26)

Therefore, the system of equations that we will study are as follows,

ρüi = (Aijrsers +Dijφ− aijθ),j + ρfi,

Jφ̈ = (Aijφ,j −NijTj),i −Dijeij − ξφ+ Fθ + ρl,

τaθ̈ + aθ̇ = −τaij üi,j − aij u̇i,j − τF φ̈ − Fφ̇+ (kijθ,j +HijTj),i + ρ(τ ṡ+ s),

τBij T̈j +Bij Ṫj = −τNjiφ̈,j −Njiφ̇,j −Kijθ,j − ΛijTj + (PijrsTr,s),j − ρ(τĠi +Gi),

2 It is clear that we could consider a general case when the relaxation parameter for the
microstructure is different from the one for the macrostructure. But in this paper we want
to restrict our attention to the easier case where both parameters agree.



6 Noelia Bazarra et al.

where, to simplify the calculations, we have assumed that T0 = 1. It is worth
noting that the first four equations in this system came from a direct sub-
stitution of the first two evolution equations and the first three constitutive
equations. To obtain the last four equations is a little more complicated. What
we have to do is to consider the relations:

ρT0(η̇ + τ η̈) = qj,j + τ q̇j,j + ρ(s+ τ ṡ), (27)

ρ(ǫ̇i + τ ǫ̈i) = (qji,j + τ q̇ji,j) + qi −Qi + τ(q̇i − Q̇i) + ρ(Gi + τĠi), (28)

and make use of the constitutive equations for the entropy, the first heat flux
moment tensor and the new constitutive equations for the heat flux vector,
microheat flux average and the first heat flux moment tensor newly proposed
to be compatible with the Cattaneo-Maxwell theory.

For isotropic and homogeneous materials the system becomes

ρüi = µui,jj + (λ+ µ)uj,ji + µ0φ,i − β0θ,i + ρfi,

Jφ̈ = a0φ,jj − µ2Ti,i − µ0ui,i − ξφ+ β1θ + ρl,

τaθ̈ + aθ̇ = −τβ0üi,i − β0u̇i,i − τβ1φ̈− β1φ̇+ kθ,jj + k1Ti,i + ρ(τ ṡ + s),

τbT̈i + bṪi = −τµ2φ̈,i − µ2φ̇,i + k6Ti,jj + (k4 + k5)Tj,ji − k2Ti − k3θ,i − ρ(τĠi +Gi).

If we consider the notation f̂ = f + τ ḟ our system of equations takes the form

ρ¨̂ui = (Aijrsêrs +Dij φ̂− τaij θ̇ − aijθ),j + ρf̂i,

J
¨̂
φ = (Aij φ̂,j − τNij Ṫj −NijTj),i −Dij êij − ξφ̂+ τF θ̇ + Fθ + ρl̂,

τaθ̈ + aθ̇ = −aij ˙̂ui,j − F
˙̂
φ+ (kijθ,j +HijTj),i + ρŝ,

τBij T̈j +Bij Ṫj = −Nji
˙̂
φ,j −Kijθ,j − ΛijTj + (PijrsTr,s),j − ρĜi.

It is clear that from the solutions to this system we obtain the solutions to
the primitive system. Therefore, for the sake of simplicity in the notation, we
drop the hat. For instance, in the isotropic and homogeneous case we obtain:

ρüi = µui,jj + (λ + µ)uj,ji + µ0φ,i − β0(τ θ̇,i + θ,i) + ρfi,

Jφ̈ = a0φ,jj − µ2(τṪi,i + Ti,i)− µ0ui,i − ξφ+ β1(τ θ̇ + θ) + ρl,

τaθ̈ + aθ̇ = −β0u̇i,i − β1φ̇+ kθ,jj + k1Ti,i + ρs,

τbT̈i + bṪi = −µ2φ̇,i + k6Ti,jj + (k4 + k5)Tj,ji − k2Ti − k3θ,i − ρGi.

To study a well posed problem we should impose initial and boundary
conditions. That is, we assume that

ui(x, 0) = u0
i (x), u̇i(x, 0) = v0i (x), φ(x, 0) = φ0(x), φ̇(x, 0) = ϕ0(x),

θ(x, 0) = θ0(x), θ̇(x, 0) = ϑ0(x), Ti(x, 0) = T 0
i (x), Ṫi(x, 0) = S0

i (x).

In case we assume homogeneous Dirichlet boundary conditions we impose

ui(x, t) = φ(x, t) = θ(x, t) = Ti(x, t) = 0, x ∈ ∂B.
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3 Well posedness

The aim of this section is to obtain an existence and uniqueness result for
the solutions to the general problem with the initial and boundary conditions
proposed previously.

We first impose the conditions to satisfy our constitutive tensors. First we
assume that all the constitutive tensors are bounded above.

(i) There exist three positive constants ρ0, J0, a0 and such that

ρ(x) ≥ ρ0, J(x) ≥ J0, a(x) ≥ a0.

(ii) There exists a positive constant B0 such that

Bijξiξj ≥ B0ξiξi,

for every vector ξi.
(iii) There exists a positive constant C∗ such that

kijξiξj + (Hji +Kij)ηiξj + Λijηiηj + Pijrsξijξij ≥ C∗(ξiξi + ηiηi + ξijξij).

for every vector ξi, ηi and tensor ξij .
(iv) There exists a positive constant A∗ such that

∫

B

(Aijklui,juk,l + 2Dijui,jφ+ ξφ2)dv ≥ A∗

∫

B

(ui,jui,j + φ2)dv,

for every vector (ui) and functions φ vanishing at the boundary of the
domain.

(v) There exists a positive constant A0 such that

Aijξiξj ≥ A0ξiξi,

for every vector ξi.

The meaning of conditions (i) and (ii) is clear. Condition (iii) is a con-
sequence of the second law in the case of thermoelastic materials with mi-
crotemperatures. In particular, this condition implies that kij , Λij and Pijrs

are positive definite. Conditions (iv) and (v) can be understood by means of
the elastic stability.

We now transform our initial boundary value problem into a Cauchy prob-
lem in a suitable Hilbert space defined as follows,

H = H1
0(B)× L2(B)×H1

0 (B)× L2(B)×H1
0 (B)× L2(B)×H1

0(B)× L2(B).

If U = (u,v, φ, ϕ, θ, ϑ,T,S) and U∗ = (u∗,v∗, φ∗, ϕ∗, θ∗, ϑ∗,T∗,S∗) we
define the inner product

〈U,U∗〉 =
1

2

∫

B

(

ρviv̄
∗
i + Jϕϕ̄∗ +Aijklui,jū

∗
k,l +Dij(ui,j φ̄

∗ + ū∗
i,jφ)

+ξφφ̄∗ +Aijφ,iφ̄
∗
,j

)

dv

+
1

2

∫

B

(

a(θ + τϑ)(θ∗ + τϑ∗) +Bij(Ti + τSi)(T ∗
j + τS∗

j )
)

dv

+
τ

2

∫

B

(

kijθ,iθ̄
∗
,j + ΛijTiT̄

∗
j + PijrsTi,j T̄

∗
r,s

)

dv
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As usual, the bar over a variable represents the conjugated complex. In view
of the assumption (iii) we conclude that kij and Λij are positive definite and
therefore our product is positive. It is worth noting that under the assumptions
proposed previously the norm defined by this inner product is equivalent to
the usual one in H.

We define the following operators:

Ai(u) = ρ−1(Aijkluk,l),j , A = (Ai), Bi(φ) = ρ−1(Dijφ),j , B = (Bi),
Ci(θ) = −ρ−1(aijθ),j , C = (Ci), Di(ϑ) = −ρ−1(τaijϑ),j , D = (Di),
E(u) = −J−1(Dijui,j), F ∗(φ) = J−1((Aijφ,j),i − ξφ), G(θ) = J−1Fθ, H(ϑ) = J−1τFϑ,
J∗(T) = −J−1(NijTj),i, K(S) = −τJ−1(NijSj),i L(v) = −(τa)−1aijvi,j ,
M(ϕ) = −(τa)−1Fϕ, N(θ) = (τa)−1(kijθ,j),i, P (ϑ) = −τ−1ϑ,
Q(T) = (τa)−1(HijTj),i, Rk(ϕ) = −τ−1CkiNjiϕ,j , R = (Rk),
S∗
k(θ) = −τ−1CkiKjiθ,j , S∗ = (S∗

k), Uk(T) = τ−1Cki(ΛijTj + (PijrsTr,s),j),
U = (Uk), Vi(S) = −τ−1Si, V = (Vi),

where, Cij is the inverse of Bij , and the matrix operator

A =

























0 I 0 0 0 0 0 0
A 0 B 0 C D 0 0
0 0 0 I 0 0 0 0
E 0 F ∗ 0 G H J∗ K
0 0 0 0 0 I 0 0
0 L 0 M N P Q 0
0 0 0 0 0 0 0 I
0 0 0 R S∗ 0 U V

























. (29)

Our initial boundary value problem can be written as

dU

dt
= AU + F(t), U(0) = U0, F(t) = (f ,

ρ

J
l,

ρ

τa
s,

ρ

τ
CkiGi), (30)

where
U0 = (u0,v0, φ0, ϕ0, θ0, ϑ0,T0,S0).

The domain of the operator D(A) is given by

H2 ∩H1
0 ×H1

0 ×H2 ∩H1
0 ×H1

0 ×H2 ∩H1
0 ×H1

0 ×H2 ∩H1
0 ×H1

0.

It is clear that D(A) is a dense subspace on the Hilbert space H.

Lemma 1 There exists a positive constant K∗ such that, for every U ∈ D(A),

Re 〈AU,U〉H ≤ K∗||U ||2H.

Proof We note that

〈AU,U〉H =
τ

4

∫

B

((HijTj),iϑ̄+ (Hij T̄j),iϑ−Kijθ,jS̄i −Kij θ̄,jSi)dv

−
1

2

∫

B

(kijθ,iθ̄,j +
1

2
(Hji +Kij)(Tiθ̄,j + T̄iθ,j) + ΛijTiT̄j + PijrsTi,j T̄r,s)dv.
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Using the arithmetic-geometric mean inequality we find that

Re〈AU,U〉H ≤ ǫ(||T||2
H1 + ||θ||2H1 ) + C(||S||2

L2 + ||ϑ||2L2)

−
1

2

∫

B

(kijθ,iθ̄,j +
1

2
(Hji +Kij)(Tiθ̄,j + T̄iθ,j) + ΛijTiT̄j + PijrsTi,j T̄r,s)dv,

where ǫ is a positive constant as small as we want and C is a calculable positive
constant. In view of the assumptions imposed previously the lemma is proved.

Lemma 2 Zero belongs to the resolvent of A.

Proof Let (F1,F2, F3, F4, F5, F6, .F7,F8) ∈ H. We need to solve the system

v = F1,

Au+Bφ+Cθ +Dϑ = F2,

ϕ = F3,

Eu+ F ∗φ+Gθ +Hϑ+ J∗T+KS = F4,

ϑ = F5,

Lv+Mϕ+Nθ + Pϑ+QT = F6,

S = F7,

Rϕ+ S∗θ +UT+VS = F8.

After substitution we obtain

Au+Bφ+Cθ = F2 −DF5,

Eu+ F ∗φ+Gθ + J∗T = F4 −HF5 −KF7,

Nθ +QT = F6 − LF1 −MF3 − PF5,

S∗θ +UT = F8 −RF3 −VF7.

In view of the condition (iii) we can find the solutions to the last two
equations (θ,T) ∈ H2∩H1

0 ×H2∩H1
0. Therefore, we can substitute them into

the two firsts equations to obtain the solution (u, φ) ∈ H2 ∩H1
0 × H2 ∩ H1

0 .
Moreover, we have that the norm of the solution can be controlled by the norm
of the vector (F1,F2, F3, F4, F5, F6,F7,F8). We can conclude that the lemma
is proved.

As the operator is closed the use of these two lemmata and the Lummer-
Phillips corollary to the Hille-Yosida theorem lead to the next theorem.

Theorem 1 The operator A generates a quasi-contractive semigroup in H.

Thus, we conclude the following existence and uniqueness result.

Theorem 2 Assume that U(0) ∈ D(A) and F ∈ C1([0,∞);H)∩C0([0,∞);D(A)).
Then, there exists a unique solution U ∈ C1([0,∞);H) ∩ C0([0,∞);D(A)) to
problem (30).
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Remark 1 Since A is the generator of a quasi-contractive semigroup, the fol-
lowing estimate for the solution

||U(t)|| ≤ K1 exp(K2t)

(

||U(0)||+

∫ t

0

||F(s)||

)

ds.

is satisfied where K1 and K2 are calculable positive constants. As we have seen
the existence, uniqueness and continuous dependence of the solutions on the
initial data and the supply terms, we can conclude that our problem is well
posed in the sense of Hadamard.

Remark 2 The case when Kij = Hji, which is satisfied assuming the Onsager
Postulate, deserves a particular attention. In this case, we can define the inner
product

〈U,U∗〉 =
1

2

∫

B

(

ρviv̄
∗
i + Jϕϕ̄∗ +Aijklui,j ū

∗
k,l +Dij(ui,j φ̄

∗ + ū∗
i,jφ)

+ξφφ̄∗ +Aijφ,iφ̄
∗
,j

)

dv

+
1

2

∫

B

(

a(θ + τϑ)(θ∗ + τϑ∗) +Bij(Ti + τSi)(T ∗
j + τS∗

j )
)

dv

+
τ

2

∫

B

(

kijθ,iθ̄
∗
,j +Kij(θ,iT̄

∗
j + θ̄∗,iTj) + ΛijTiT̄

∗
j + PijrsTi,j T̄

∗
r,s

)

dv.

In this situation we have that

Re 〈AU,U〉H = −
1

2

∫

B

(kijθ,iθ̄,j+Kij(Tiθ̄,j+T̄iθ,j)+ΛijTiT̄j+PijrsTi,j T̄r,s)dv,

and therefore,
Re 〈AU,U〉H ≤ 0.

Thus, in this case our semigroup is dissipative and we can conclude the stability
of the solutions.

4 One-dimensional isotropic and homogeneous case

In this section we restrict our attention to the one-dimensional isotropic and
homogeneous case when k1 = k3 in the absence of supply terms. We note that
this equality holds at least in the case that we assume Onsager’s Postulate.

Our system can be written as

ρü = µ∗uxx + µ0φx − β0(τ θ̇x + θx),

Jφ̈ = a0φxx − µ2(τṪx + Tx)− µ0ux − ξφ+ β1(τ θ̇ + θ),

τaθ̈ + aθ̇ = −β0u̇x − β1φ̇+ kθxx + k1Tx,

τbT̈ + bṪ = −µ2φ̇x + k∗6Txx − k2T − k1θx.

Here, µ∗ = λ+ 2µ and k∗6 = k4 + k5 + k6.
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To make the analysis easier in this section we propose a small change in
the boundary conditions; however, we point out that a similar result could be
obtained in the case of Dirichlet boundary conditions for each variable. We
assume that

u(0, t) = u(l, t) = φx(0, t) = φx(l, t) = θx(0, t) = θx(l, t) = T (0, t) = T (l, t) = 0,

where l is a strict positive constant. We assume the same initial conditions
proposed before, but restricted to the one-dimensional case. In this section,
we also assume that

ρ > 0, J > 0, a > 0, b > 0, τ > 0, µ∗ > 0, µ∗ξ > µ2
0,

a0 > 0, k∗6 > 0, k > 0, kk2 > k21 .

We also assume that β0 and µ2 are different from zero. Our conditions are the
natural counterpart of the conditions proposed in the previous section in the
case of isotropic and homogeneous materials. We also note that the condition
kk2 > k21 is the natural consequence of the condition (k1 + k3)

2 < 4kk2 in the
case that k1 = k3.

We want to study the time decay of the solutions of the problem proposed.
To avoid undamped solutions we need to assume that the initial conditions
satisfy

∫ l

0

φ0dx =

∫ l

0

ϕ0dx =

∫ l

0

θ0dx =

∫ l

0

ϑ0dx = 0.

Our problem can be studied in the Hilbert space

H = H1
0 × L2 ×H1

∗ × L2
∗ ×H1

∗ × L2
∗ ×H1

0 × L2
∗,

where

L2
∗ = {f ∈ L2,

∫ l

0

fdx = 0} and H1
∗ = H1 ∩ L2.

So it can be written as

dU

dt
= AU, U(0) = U0 = (u0, v0, φ0, ϕ0, θ0, ϑ0, T 0, S0), (31)

where U0 is given as in the previous section but in dimension one and A is
the following matrix



























0 I 0 0 0 0 0 0
µ∗D2

ρ
0 µ0D

ρ
0 −β0D

ρ
− τβ0D

ρ
0 0

0 0 0 I 0 0 0 0

−µ0D
J

0 a0D
2−ξ
J

0 β1

J
τβ1

J
−µ2D

J
− τµ2D

J

0 0 0 0 0 I 0 0

0 −β0D
τa

0 − β1

τa
kD2

τa
−τ−1 k1D

τa
0

0 0 0 0 0 0 0 I

0 0 0 −µ2D
τb

−k1D
τb

0
k∗
6
D2−k2

τb
−τ−1



























. (32)
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and D = d/dx.
We can define the inner product

〈U,U∗〉 =
1

2

∫ l

0

(

ρvv̄∗ + Jϕϕ̄∗ + µ∗uxū
∗
x + µ0(uxφ̄

∗ + ū∗
xφ) + ξφφ̄∗ + a0φxφ̄

∗
x

)

dx

+
1

2

∫ l

0

(

a(θ + τϑ)(θ∗ + τϑ∗) + b(T + τS)(T ∗ + τS∗) + τkθxθ̄
∗
x + τk1(θxT̄

∗ + θ̄xT )
)

dx,

+
1

2

∫ l

0

(τk2T T̄
∗ + τk∗6TxT̄

∗
x )dx

where U = (u, v, φ, ϕ, θ, ϑ, T, S) and U∗ = (u∗, v∗, φ∗, ϕ∗, θ∗, ϑ∗, T ∗, S∗). Clearly,
it is equivalent to the usual one in the Hilbert space.

It is worth recalling that in this case the domain of the operator is

H1
0 ∩H2 ×H1

0 ×H1
∗ ∩H2 ×H1

∗ ×H1
∗ ∩H2 ×H1

∗ ×H1
0 ∩H2 ×H1

0 .

Hence, we find that the domain of the operator is dense.

Lemma 3 The operator A satisfies that for every U ∈ D(A),

Re 〈AU,U〉H ≤ 0.

Proof In this case we have that

Re 〈AU,U〉H = −
1

2

∫

B

(k|θx|
2 + k1(T θ̄x + T̄ θx) + k2T

2 + k∗6 |Tx|
2)dx,

and therefore the lemma is proved in view of the assumptions.

At the same time, we point out that similar arguments to those used in
the previous section allow us to conclude that zero belongs to the resolvent of
the operator A.

In view of these facts and recalling that the domain of the operator is
dense, we can use the Lumer-Phillips corollary to the Hille-Yosida theorem to
obtain the following result.

Theorem 3 The operator given by matrix A generates a contractive C0-
semigroup S(t) = {eAt}t≥0 in H.

Now, we will show the exponential decay of the solutions for our problem.
To prove the exponential decay, we recall the characterization stated in the

book of Liu and Zheng [26].

Theorem 4 Let S(t) = {eAt}t≥0 be a C0-semigroup of contractions on a
Hilbert space. Then S(t) is exponentially stable if and only if the following two
conditions are satisfied:

(i) iR ⊂ ρ(A),
(ii) lim

|λ|→∞
‖(iλI − A)−1‖L(H) < ∞.

First, we have the following.
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Lemma 4 The operator A defined in (32) satisfies iR ⊂ ρ(A).

Proof We here follow the arguments given in the book of Liu and Zheng ( [26],
page 25). In the case that the intersection of the imaginary axis and the spec-
trum is non-empty, there exist a sequence of real numbers λn with λn → ̟ 6=
0, |λn| < |̟| and a sequence of unit norm vectors Un = (un, vn, φn, ϕn, θn, ϑn, Tn, Sn)
in the domain of the operator A, such that

‖(iλnI − A)Un‖ → 0. (33)

In our case, writing this condition term by term we get

iλnun − vn → 0 in H1, (34)

iρλnvn − µ∗D2un − µ0Dφn + β0Dθn + τβ0Dϑn → 0 in L2, (35)

iλnφn − ϕn → 0 in H1, (36)

iJλnϕn + µ0Dun − (a0D
2 − ξ)φn − β1θn − τβ1ϑn

+µ2DTn + τµ2DSn → 0 in L2, (37)

iλnθn − ϑn → 0 in H1, (38)

iτaλnϑn + β0Dvn + β1ϕn − kD2θn + aϑn − k1DTn → 0 in L2, (39)

iλnTn − Sn → 0 in H1, (40)

iτbλnSn + µ2Dϕn − k∗6D
2Tn + k2Tn + k1Dθn + bSn → 0 in L2. (41)

In view of the dissipative term for the operator, we see that

Dθn, DTn → 0 in L2, and then θn, Tn → 0 in L2.

From (38) and (40) we also see that Dϑn, DSn → 0 in L2. and ϑn, Sn →
0 in L2. Now, we multiply (41) by λ−1

n Dφn and in view 36 we obtain that

iµ2||Dφn||
2 + k∗6〈DTn,

D2φn

λn

〉 → 0.

From (37) we see that D2φn

λn

is bounded. As DTn tends to zero we have that
Dφn tends to zero. In a similar way, we can also obtain that Dun tends to

zero.To be precise from 35 we see that D2un

λn

is bounded. If we multiply 39 by

λ−1
n Dun we see

iβ0||Dun||
2 + k〈Dθn,

D2un

λn

〉 → 0.

Therefore we conclude that Dun → 0 in L2. We also conclude that ϕn and vn
converge to zero. This contradicts the fact that the sequence has unit norm
and the lemma is proved.

Secondly, we have the following property for operator A.

Lemma 5 The operator A satisfies

lim
|λ|→∞

‖(iλI − A)−1‖L(H) < ∞.
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Proof The proof also follows a contradiction argument; however, the analysis
is a little more complex. Assume that the thesis is not true. Then, there exists
a sequence of real numbers λn such that |λn| → ∞ and a sequence of unit
vectors in D(A) in such a way that (33) holds. Therefore, conditions (34)–
(41) still hold. The same argument as in the previous lemma proves that
Dθn, DTn → 0 in L2. Therefore, λ−1

n Dϑn and λ−1
n DSn also tend to zero.

Proceeding also as in the previous lemma we can conclude that Dun, Dφn

tend to zero. After multiplication of (35) by un we see that vn tends to zero in
L2. A similar argument with (37) shows that ϕn converges to zero in L2. The
convergence of Sn and ϑn can be obtained by a similar argument. Again, this
is not possible because the sequence has unit norm and the lemma is proved.

The two previous lemmata give rise to the following result.

Theorem 5 The C0-semigroup S(t) = {eAt}t≥0 is exponentially stable. That
is, there exist two positive constants M and α such that ‖S(t)U‖ ≤ M‖U‖e−αt.

Proof The proof is a direct consequence of the two previous lemmata and
Theorem 4.

We can ask ourselves for the regularity of the solutions to the problem.
We point out that we cannot expect analyticity of the solutions in view that
the dissipation is determined by linear hyperbolic equations and the coupling
terms are weak.

5 Case without porosity

The aim of this final section is to point out that, in the case that we do not
assume porosity effects, it is possible to obtain the stability of the solutions
for the isotropic and homogeneous case whenever we assume that the signs of
k1 and k3 agree. We note that in this case we do not have micromechanical
deformations and then, the variables and tensors corresponding to φ, ϕ, hi and
g are not present.

We recall that, in this case, the system of equations is

ρüi = µui,jj + (λ+ µ)uj,ji − β0(τ θ̇,i + θ,i),

τaθ̈ + aθ̇ = −β0u̇i,i + kθ,jj + k1Ti,i,

τbT̈i + bṪi = k6Ti,jj + (k4 + k5)Tj,ji − k2Ti − k3θ,i.

In what follows, we will consider the case where k1 and k3 are positive but
different from zero. The other case could be done in a similar way. Moreover,
we note that in the case that k1 = k3 = 0 the analysis is even easier. We note
that this is a technical requirement that we assume to guarantee the stability
of the solutions. Of course, Onsager’s Postulate implies this fact, but our aim
is trying to weak this assumption, having stability yet. That is, we will see
that we can obtain the stability of the solutions (and exponential stability for
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the one dimensional case) even in case that k1 and k3 are different, but they
have the same sign.

Moreover, in this case we assume that

k > 0, 3k4 + k5 + k6 > 0, k6 + k5 > 0, k6 − k5 > 0, (k1 + k3)
2 < 4kk2.

To make the analysis easier we consider again the Dirichlet boundary con-
ditions:

ui(x, t) = θ(x, t) = Ti(x, t) = 0, x ∈ ∂B,

and the initial conditions:

ui(x, 0) = u0
i (x), u̇i(x, 0) = v0i (x),

θ(x, 0) = θ0(x), θ̇(x, 0) = ϑ0(x), Ti(x, 0) = T 0
i (x), Ṫi(x, 0) = S0

i (x).

We consider the following Hilbert space:

H = H1
0(B) × L2(B) ×H1

0 (B)× L2(B) ×H1
0(B)× L2(B),

and we define the corresponding inner product:

〈U,U∗〉 =
1

2

∫

B

k3
(

ρviv̄
∗
i + µui,jū

∗
i,j + (λ+ µ)ui,iū

∗
j,j

)

dv

+
1

2

∫

B

(

k3a(θ + τϑ)(θ∗ + τϑ∗) + k1b(Ti + τSi)(T ∗
i + τS∗

i )
)

dv

+
τ

2

∫

B

(

kk3θ,iθ̄
∗
,i + k6k1T̄

∗
i,jTi,j + k4k1Ti,iT̄

∗
j,j + k5k1Ti,jT̄

∗
j,i + k2k1TiT̄

∗
i

+k1k3(θ,iT̄
∗
i + θ̄∗Ti)

)

dv,

where U = (ui, vi, θ, ϑ, Ti, Si) and U∗ = (u∗
i , v

∗
i , θ

∗, ϑ∗, T ∗
i , S

∗
i ). To guarantee

that this is a inner product, we need to impose that kk2 > k1k3, but this
condition is guaranteed whenever we assume that 4kk2 > (k1 + k3)

2. In view
of the required assumptions, this product defines a norm which is equivalent
to the usual one in the Hilbert space H.

It is worth noting that we have introduced several weights in the definition
of the inner product and the norm. We have multiplied the mechanical com-
ponent of the energy by k3 as well as the thermal component of the energy;
however, we have multiplied the microtermal component of the energy by k1.
The introduction of these weights allow us to work with an inner product
equivalent to the usual one, but in such a way that the dissipation cannot be
negative.

Our problem can be written as

dU

dt
= AU, U(0) = U0, (42)
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where U0 = (u0,v0, θ0, ϑ0,T0,S0) is given as in Section 3 and A is the fol-
lowing matrix:

A =

















0 I 0 0 0 0
A 0 C D 0 0
0 0 0 I 0 0
0 L N P Q 0
0 0 0 0 0 I
0 0 S∗ 0 U V

















, (43)

where

Ai(u) = ρ−1(µui,jj + (λ+ µ)uj,ji), A = (Ai), Ci(θ) = −ρ−1β0θ,i, C = (Ci),
Di(ϑ) = −ρ−1τβ0ϑ,i, D = (Di), L(v) = −(τa)−1β0vi,i, N(θ) = (τa)−1kθ,jj ,
P (ϑ) = −τ−1ϑ, Q(T) = (τa)−1k1Ti,i, S∗

i (θ) = −τ−1b−1k3θ,i, S∗ = (S∗
k),

Ui(T) = τ−1b−1(−k2Ti + (k4 + k5)Tj,ji + k6Ti,jj), U = (Uk), Vi(S) = −τ−1Si, V = (Vi).

The domain of the operator D(A) is given by

H2 ∩H1
0 ×H1

0 ×H2 ∩H1
0 ×H1

0 ×H2 ∩H1
0 ×H1

0.

Therefore, it is clear that D(A) is a dense subspace on the Hilbert space H.
In this situation we have

Re 〈AU,U〉H = −
1

2

∫

B

(kk3θ,iθ̄,i + k1k3(Tiθ̄,i + T̄iθ,i)

+k2k1TiT̄i + k5k1Ti,jT̄j,i + k6k1T̄i,jTi,j + k4k1Ti,iT̄j,j)dv.

In view of the assumptions we see that

Re 〈AU,U〉H ≤ 0.

At the same time, we point out that the analysis proposed in Section 3 can
be adapted here to prove that zero belongs to the resolvent of the operator.
Therefore, in this case our semigroup is dissipative and we can conclude the
stability of the solutions.

We point out that the exponential stability for the one-dimensional problem
can be also obtained, but we do not want to repeat the arguments proposed
previously.

Theorem 6 Assume that U(0) ∈ D(A) Then, there exists a unique solution
U ∈ C1([0,∞);H) ∩ C0([0,∞);D(A)) to problem (42).

Remark 3 Since A is the generator of a contractive semigroup, the following
stability result for the solutions

||U(t)|| ≤ ||U(0)||

is satisfied.
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20. D. Ieşan, R. Quintanilla, Qualitative properties in strain gradient thermoelasticity with
microtemperatures, Math. Mech. Solids 23 (2018) 240–258.

21. G. Jaiani, L. Bitsadze, On basic problems for elastic prismatic shells with microtemper-
atures, ZAMM Z. Angew. Math. Mech. 96 (2016) 1082–1088.

22. R. Kumar, R. Vohra, Effect of hall current in thermoelastic materials with double poros-
ity structure, Int. J. Appl. Mech. Engrg. 22 (2017) 303–319.

23. R. Kumar, R. Vohra, Forced vibrations of a thermoelastic double porous microbeam
subjected to a moving load, J. Theor. Appl. Mech. 57 (2019) 155–166.

24. R. Kumar, R. Vohra, M. Gorla, Reflection of plane waves in thermoelastic medium with
double porosity, Multidiscipline Modeling Mat. Struc. 12 (2016) 748–778.

25. M. C. Leseduarte, A. Magaña, R. Quintanilla, On the time decay of solutions in porous-
thermo-elasticity of type II, Discrete Cont. Dyn. Systems - B 13 (2010) 375–391.

26. Z. Liu, S. Zheng, Semigroups associated with dissipative systems, Chapman &
Hall/CRC Research Notes in Mathematics, vol. 398, Chapman & Hall/CRC, Boca Ra-
ton, FL, 1999.

27. H. W. Lord, Y. Shulman, A generalized dynamical theory of thermoelasticity, J. Mech.
Phys. Solids 15 (1967) 299–309.

28. A. Magaña, R. Quintanilla, On the spatial behavior of solutions for porous elastic solids
with quasi-static microvoids, Math. Comp. Modelling 44 (2006) 710–716.

29. A. Magaña, R. Quintanilla, On the exponential decay of solutions in one-dimensional
generalized porous-thermo-elasticity, Asymptotic Anal. 49 (2006) 173–187.

30. A. Magaña, R. Quintanilla, On the time decay of solutions in porous-elasticity with
quasi-static microvoids, J. Math. Anal. Appl. 331 (2007) 617–630.

31. A. Magaña, R. Quintanilla, Exponential stability in type III thermoelasticity with mi-
crotemperatures, ZAMP Z. Angew. Math. Phys. 69(5)(2018) 129(1)–129(8).

32. A. Magaña, R. Quintanilla, Exponential stability in three-dimensional type III thermo-
porous-elasticity with microtemperatures, J. Elasticity DOI:10.1007/s10659-019-09748-
6 (2019).

33. A. Miranville, R. Quintanilla, Exponential decay in one-dimensional type III thermoe-
lasticity with voids, Appl. Math. Lett. 94 (2019) 30–37.

34. A. Miranville, R. Quintanilla, Exponential decay in one-dimensional type II thermovis-
coelasticity with voids, J. Comput. Appl. Math. 368 (2020) 112573.

35. J. W. Nunziato, S. C. Cowin, A nonlinear theory of elastic materials with voids, Arch.
Rational Mech. Anal. 72 (1979) 175–201.
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