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Abstract. In the present contribution structure-preserving numerical methods for fi-
nite strain thermoelastodynamics are proposed. The underlying variational formulation
is based on the GENERIC formalism and makes possible the free choice of the ther-
modynamic state variable. The notion ‘GENERIC consistent space discretization’ is
introduced which facilitates the design of Energy-Momentum-Entropy (EME) consistent
schemes. In particular, three alternative EME schemes result from the present approach.
These schemes are directly linked to the respective choice of the thermodynamic variable.
A numerical example confirms the structure-preserving properties of the newly developed
EME schemes, which exhibit superior numerical stability.

Since the pioneering work in [1], Energy-Momentum (EM) schemes established them-
selves in the field of nonlinear elastic solids and structures. Elastic solids and structures
such as geometrically exact beams and shells fall into the framework of Hamiltonian sys-
tems with symmetry. EM schemes preserve main structural properties of the underlying
reversible systems. In particular, by design, they correctly reproduce the balance laws
for angular momentum and energy in the discrete setting. This way EM schemes often
yield superior numerical stability and robustness. For more details on EM schemes, we
refer the interested reader to [2, 3].
In the present work we aim at the extension of EM schemes to mechanical systems with
dissipation. In particular, we focus on large-strain thermoelasticity. For that purpose,
GENERIC (General Equation for Non-Equilibrium Reversible-Irreversible Coupling) pro-
vides an appealing framework since it recovers the Hamiltonian description in the absence
of dissipative processes. In other words, GENERIC provides a natural extension of Hamil-
tonian mechanics to dissipative mechanical systems.
GENERIC was originally developed in the context of complex fluids (see [4] for a com-
prehensive account of the GENERIC framework) and later applied to solid mechanics,
see [5, 6] and [7]. The GENERIC framework was first applied to computational solid me-
chanics in [8, 9] who coined the notion ‘thermodynamically consistent (TC) integrator’.
Alternatively, [10] recently introduced ‘GENERIC integrators’ which can be regarded as
extension of symplectic integrators for Hamiltonian systems to the realm of dissipative
systems.
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Another advantageous feature of the GENERIC framework is that it facilitates the use
of different sets of independent state variables (see [4] and [7]). The entropy was initially
preferred as thermodynamic state variable in GENERIC-based integrators (see [8, 9] and
[11, 12]). The work by [7] has laid the theoretical foundation for the development of
GENERIC-based integrators relying on the temperature as thermodynamic state vari-
able, see [13], [14] and [15]. In particular, in [7] a special form of GENERIC is devised
which makes possible the free choice of the thermodynamic state variable. Mielke’s
procedure inspired further work on GENERIC-based integrators for finite-dimensional
mechanical systems in [16] and finite-strain thermoelasticity in [17]. In particular, in
[17] a GENERIC-based weak form is derived which makes possible the free choice of the
thermodynamic state variable.
The GENERIC-based weak form in [17] provides the starting point for the development of
Energy-Momentum-Entropy (EME) schemes (see [18] for more details). It was shown in
[17] that the application of the standard mid-point rule already yields structure-preserving
schemes. For example, choosing the internal energy density as thermodynamic state vari-
able leads to an Energy-Momentum scheme. On the other hand, choosing the entropy
density as thermodynamic state variable yields a Momentum-Entropy scheme. However,
despite of their structure-preserving properties, all of the mid-point type schemes con-
sidered in [17] turned out to be prone to numerical instabilities. These observations led
to the conjecture that only EME schemes will exhibit superior numerical stability for
dissipative systems in the same way as do EM schemes for Hamiltonian systems.
Of course, the GENERIC framework is not a prerequisite for the development of structure-
preserving numerical methods for non-isothermal solid mechanics. In the context of
coupled thermomechanical problems alternative procedures have been proposed in [19],
[20], [21] and [22].
As has been outlined above, the main goal of the present work is the development of EME
schemes for large-strain thermoelasticity, starting from the GENERIC-based weak form
developed in [17]. Correspondingly, Section 1 deals with large-strain thermoelasticity
which includes the GENERIC-based weak form. In Section 2 the GENERIC-based weak
form is discretized in space, resulting in a GENERIC-consistent space discretization.
In Section 3, the semi-discrete system is further discretized in time leading to three
alternative EME schemes. Section 4 contains a respresentative numerical example which
confirms both the structure-preserving features and the enhanced numerical stability
of the newly developed EME schemes when compared to the mid-point type schemes
developed in [17]. Eventually, conclusions are drawn in Section 5.

1 Large-strain thermoelasticty

In this section we summarize the variational formulation of large-strain thermoelasticty
with heat conduction which lies at the heart of the proposed discretization in space and
time. This variational formulation has originally been developed in the context of the
GENERIC framework (see [17] for more details).

1.1 Underlying variational formulation

We consider a continuum body with material points X = Xiei in the reference configu-
ration B ⊂ R3, see Fig. 1. Here and in the sequel the summation convention applies to
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repeated indices. Moreover, ei denote the canonical base vectors in R3.
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Figure 1: Reference configuration B with boundary ∂B and current configuration ϕ(B, t)
at time t. External tractions t = PN act on the boundary of the current configuration.
In addition to that, the heat flux across the current boundary is denoted by q = Q ⋅N.
Here, the vector N denotes the unit outward normal field on the boundary ∂B of the
reference configuration.

Within the Lagrangian description of continuum mechanics the deformed configuration
of the body at time t is characterised by the deformation map ϕ ∶ B × I ↦ R3, where
I = [0,T ] is the time interal of interest. The velocity of the material point X ∈ B located
at x = ϕ(X, t) is given by v = ϕ̇, where a superposed dotes denotes the material time
derivate. The deformation gradient is given by F = ∂ϕ�∂X. In what follows the partial
derivative with respect to the material coordinates will often be denoted by the nabla
operator. Accordingly, the deformation gradient assumes the form

F = ∇ϕ (1)

Main ingredients of the GENERIC framework are the internal energy and the entropy.
In addition to that, the choice of the thermodynamic variable plays an important role.
Similar to [7], we allow for the free choice of the thermodynamic variable τ ∶ B × I ↦ R

from among three options τ ∈ {θ,η,u}. These options are (i) the absolute temperature
θ, (ii) the entropy density η, and (iii) the internal energy density u. Depending on the
choice of the thermodynamic variable, the absolute temperature can be written in the
form (see also [4] and [7])

θ = θ′(C, τ) = ∂τu′(C, τ)
∂τη′(C, τ) (2)

Here, the internal energy density and the entropy density, respectively, are given by

u = u′(C, τ), η = η′(C, τ) (3)

In this connection, a frame-indifferent constitutive formulation for thermoelastic materials
is based on the right Cauchy-Green tensor C = FTF. The GENERIC-based weak form
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pertaining to large-strain thermoelasticity can be written in the form (see [17])

0 =�
B

wϕ ⋅ �ϕ̇ − ρ
−1p� dV

0 =�
B

(wp ⋅ (ṗ − b) +FS ∶ ∇wp) dV − �
∂σB

wp ⋅ tdA

0 =�
B

�wτ τ̇ +∇(ρ
−1p) ∶ �

wτ

∂τη′
2F∂Cη

′� −∇�
wτ

∂τu′
� ⋅Q� dV +�

∂qB

wτ

∂τu′
q dA

(4)

where ρ ∶ B ↦ R+ is the mass density in the reference configuration. Moreover, p ∶ B×I ↦
R3 is the linear momentum density and b ∶ B ↦ R3 represent prescribed body forces
which, for simplicity, are assumed to be dead loads. The second Piola-Kirchhoff stress
tensor is given by

S = S′(C, τ) = 2�∂Cu
′
−
∂τu

′

∂τη′
∂Cη

′� (5)

Furthermore, the material heat flux vector assumes the form

Q =Q′(C, τ) = (θ′)2K′∇�
∂τη′

∂τu′
� (6)

where K =K′(C, τ) is the positive semi-definite material conductivity tensor. The weak
form needs be supplemented with initial and boundary conditions, respectively. For that
purpose, the boundary ∂B of the continuum body is decomposed into a displacement
boundary ∂ϕB, on which ϕ = ϕ is prescribed, and a traction boundary ∂σB, on which
the external traction t is prescribed such that PN = t (Fig. 2). In this connection, the
standard relations ∂ϕB∪∂σB = ∂B and ∂ϕB∩∂σB = ∅ hold. Similarly, for the thermal part
we consider the subsets ∂τB and ∂qB, with the properties ∂τB∪∂qB = ∂B and ∂τB∩∂qB = ∅
(Fig. 3). The thermodynamic variable is prescribed on ∂τB, i.e. τ = τ , whereas the heat
flux is prescribed on ∂qB, i.e. Q ⋅N = q.
The unknown fields are subject to initial conditions of the form ϕ(⋅, 0) =X, p(⋅, 0) = ρv0,
and τ(⋅, 0) = τ0 in B. Here, v0 is a prescribed velocity field and τ0 is a prescribed field of
the thermodynamic variable τ ∈ {θ,η,u}.
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Figure 2: Mechanical part of the IBVP. Note that t = PN denotes prescribed external
Piola tractions acting on the current boundary expressed per unit area of the reference
boundary ∂σB.
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Figure 3: Thermal part of the IBVP. Note that q =Q ⋅N is the prescribed rate of heat
transfer across the current boundary expressed per unit area of the reference boundary
∂qB.

2 Discretization in space

We next perform the discretization in space of the GENERIC-based weak form (4). To
this end we apply the isoparametric finite element approach (see, for example, [23]), based
on finite-dimensional approximations of the following quantities

ϕh(X, t) = Na(X)qa(t) , vh(X, t) = Na(X)va(t) (7)

and
τh(X, t) = Na(X) τa(t) (8)

Here, the summation convention applies, where a = 1, . . . ,N, and N denotes the total
number of nodes in the finite element mesh. Moreover, Na ∶ B → R are the nodal shape
functions and qa(t),va(t) ∈ R3, τa(t) ∈ R are the respective nodal values at time t.
Analogous approximations are used for the test functions wϕ,wp and wτ , denoted by
wh

ϕ,w
h
p and wh

τ . Then weak form (4) leads to the following semi-discrete equations:

0 =�
B

wh
ϕ ⋅ �ϕ̇

h
− vh� dV

0 =�
B

�wh
p ⋅ �ρv̇

h
−b� +∇wh

p ∶ F
hSh� dV −�

∂σB
wh

p ⋅ tdA

0 =�
B

wh
τ �τ̇

h
+∇vh

∶ �
2

Πh(∂τηh)
Fh∂Cη

h�� dV

−�
B

∇�
wh

τ

Πh(∂τuh)
� ⋅Qh dV + �

∂qB

wh
τ

Πh(∂τuh)
q dA

(9)

where
Sh = 2 �∂Cu

h
−Θh∂Cη

h�

Qh = (Θh)2Kh
∇�

1

Θh
�

Θh =
Πh(∂τuh)

Πh(∂τηh)

(10)
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In this connection, uh = u′(Ch, τh), ηh = η′(Ch, τh), and Kh =K′(Ch, τh). The interpola-
tion formulas in (7) give rise to

Fh = qa ⊗∇N
a and Ch = qa ⋅ qb∇N

a
⊗∇N b (11)

Moreover, Πh(∂τuh) denotes the L2 projection of function ∂τuh into the finite-dimensional
space spanned by the shape functions Na, a = 1, . . . ,N. That is,

Πh(∂τuh) = Na(∂τu)a (12)

where the nodal values (∂τu)a are determined by

�
B

Na �∂τuh
−Πh(∂τuh)� dV = 0 (13)

for a = 1, . . . ,N. In particular, (13) together with (12) constitute a linear system of
algebraic equations given by

Hab(∂τu)b = �
B

Na∂τu
h dV (14)

where Hab denote the components of the positive definite Gram matrix [Hab] defined by

Hab = �
B

NaN b dV (15)

Analogous relationships hold for the projection of function ∂τηh, Πh(∂τηh). It is worth
mentioning that the projections Πh(∂τuh) and Πh(∂τηh) are only required if the func-
tions ∂τuh and ∂τηh do not belong to the finite element space spanned by the shape
functions Na. For example, in the temperature-based formulation (i.e. for τ = θ),
∂θuh = ∂θu(Ch, θh) corresponds to the specific heat at constant deformation. Thus, if
this quantity is prescribed to be constant, the projection Πh(∂θu) need not be performed.
However, in general the temperature-based formulation requires both projections (i.e.
Πh(∂θu) and Πh(∂θη)).
In contrast to that, the two alternative formulations based on the choice τ ∈ {η,u}
in general require only one projection. In particular, the formulation in terms of the
internal energy density relies on Πh(∂uη̂), whereas the entropy-based formulation relies
on Πh(∂ηũ). Originally, the projection has been introduced in the framework of the
entropy-based formulation in [9] (see also [12]).
The introduction of the above projections is essential for retaining consistency of the semi-
discrete formulation and is therefore termed GENERIC-consistent space discretization,
see [18] for more details.

3 Discretization in time

We aim at a second-order accurate, implicit time-stepping scheme which is capable of cor-
rectly reproducing the main balance laws outlined above. Due to its structure-preserving
properties this type of integrator is called Energy-Momentum-Entropy (EME) scheme.
To devise such a scheme, we essentially apply the mid-point rule in which the deriva-
tives of the internal energy density and the entropy density, respectively, are replaced by
appropriate discrete derivatives.
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We focus on a representative time interval [tn, tn+1] with corresponding time-step size
∆t = tn+1 − tn. The discrete approximations at times tn and tn+1 of a function f(t) will
be denoted by fn and fn+1, respectively. Assume that the nodal state variables at time
tn, qan

, van , and τan are given. The associated fields result from the nodal interpolation
formulas (7) and are denoted by ϕh

n,v
h
n ∶ B ↦ R3 and τhn ∶ B ↦ R, τ ∈ {θ,η,u}. We aim

at the determination of the corresponding quantities at time tn+1 through the mid-point
type discretization of the semi-discrete formulation (9) given by

0 =�
B

wh
ϕ ⋅ �ϕh

n+1 −ϕ
h
n

∆t
− vh

n+ 1
2

� dV
0 =�

B

�wh
p ⋅ �ρvh

n+1 − v
h
n

∆t
− b� +∇wh

p ∶ F
h
n+ 1

2
Sh
alg� dV − �

∂σB
wh

p ⋅ tdA

0 =�
B

wh
τ �τhn+1 − τhn∆t

+∇vh
n+ 1

2

∶ � 2

Πh(Dτηh)F
h
n+ 1

2
DCη

h�� dV
− �

B

∇� wh
τ

Πh(Dτuh)� ⋅Qh
alg dV + �

∂qB

wh
τ

Πh(Dτuh)q dA

(16)

where
Sh
alg = 2 �DCu

h
−Θh

algDCη
h�

Qh
alg = (Θh

alg)2K′(Ch
n+ 1

2
, τh

n+ 1
2

)∇� 1

Θh
alg

�
Θh

alg =
Πh(Dτuh)
Πh(Dτηh)

(17)

The above discretization in time relies on the use of discrete derivatives in the sense of
Gonzalez [24]. In particular, the discrete derivatives are applied to the internal energy
density and the entropy density, respectively. For example, in the case of the internal
energy density, the discrete derivatives are denoted by Dτu

h and DCu
h, respectively. In

particular, Dτuh is defined by

Dτu
h =

1

2
�du

C
h
n
(τhn , τhn+1) + duC

h
n+1
(τhn , τhn+1)� (18)

where

duC(τn, τn+1) = ∂τu′(C, τn+ 1
2
) + u′(C, τn+1) − u′(C, τn) − ∂τu′(C, τn+ 1

2
)∆τ

(∆τ)2 ∆τ

and ∆τ = τn+1 − τn. Furthermore, DCuh is defined by

DCu
h =

1

2
�du

τhn
(Ch

n,C
h
n+1) + duτhn+1

(Ch
n,C

h
n+1)� (19)

where

duτ(Cn,Cn+1) = ∂Cu′(Cn+ 1
2
, τ) + u′(Cn+1, τ) − u′(Cn, τ) − ∂Cu′(Cn+ 1

2
, τ) ∶ ∆C

∆C ∶ ∆C
∆C
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and ∆C =Cn+1 −Cn. It can be verified by a straightforward calculation that the discrete
derivatives (18) and (19) satisfy the directionality condition

DCu
h ∶ �Ch

n+1 −C
h
n� +Dτu

h �τhn+1 − τhn � = u′(Ch
n+1, τ

h
n+1) − u′(Ch

n, τ
h
n ) (20)

Analogous considerations apply to the discrete derivatives of the internal entropy density,
Dτηh and DCηh, respectively. Moreover, the time-average of any quantity (●) is given by
1
2�(●)n + (●)n+1�. In particular, this implies

Cn+ 1
2
=
1

2
(Cn +Cn+1) (21)

Note that in general Cn+ 1
2
≠ FT

n+ 1
2
Fn+ 1

2
.

4 Numerical example

The numerical example deals with a rotating disc subjected to a prescribed heat flow
over one quarter of the lateral boundary surface (Fig. 4), where the material model can
be found in [17, 18]. The disc is discretized using 200 tri-linear finite elements leading
to a total of 360 nodes. The prescribed heat flow vector as well as the initial velocity
distribution over the disc, which results from a prescribed constant angular velocity ω0 ∈
R3, are given by

v0(X) = ω0×X, ω0 =
⎛⎜⎝
1
1
1

⎞⎟⎠
1

s
, q = −

2000W

πm2
f(t), f(t) = ⎧⎪⎪⎨⎪⎪⎩

sin(2π
4 t) for 0 ≤ t ≤ 4

0 for t > 4
PSfrag replacements

q

θ0

e1

e2

e3

vtr
0

ω0

0 2 4 6 8 10
0

0.2
0.4
0.6
0.8
1

t [s]

f(t)

Figure 4: Rotating disc: Initial configuration (left), thermal boundary conditions (mid-
dle left), discrete disc (middle right), along with function f(t) for the prescribed heat
flow over part of the boundary surface (right)

The initial temperature of the disc is homogeneously distributed and equal to the reference
temperature θ0. The heat flow is prescribed over one quarter of the lateral boundary
surface (Fig. 4) during an initial period of time, t ∈ [0, 4]s. In Fig. 4 a plot of function
f(t) can be found. The rest of the boundary of the disc is assumed to be thermally
insulated (q = 0). After t = 4s the prescribed heat flow vanishes as well. A summary of
the data used in the simulation of the rotating disc can be found in Table 1.
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Table 1: Rotating disc: Data used in the simulations

Material parameters λ 3000 Pa Geometry of the
µ 750 Pa rotating disc

Specific heat capacity c 150 JK−1m−3

PSfrag replacements
t

e3e2e1
ra

riCoupling coefficient β 1 ⋅ 10−4 JK−1

Thermal conductivity k 20 WK−1m−1

Ref. temperature θ0 300 K
Mass density ρ 8.93 kgm−3

Radius ri 0.8 m
ra 2 m

Thickness t 0.4 m
Newton tolerance ε 10−8 -
Simulation time T 30 s
Time step ∆t 0.1 s

During initial period t ∈ [0, 4]s the total energy of the system is expected to increase due
to the prescribed heat flow into the system. After initial period the system is classified
as closed and therefore the total energy of the system should stay constant. All (EME)τ
integrators are capable to correctly reproduce the first law of thermodynamics (see Fig. 5)
in contrast to the midpoint-based schemes, where only the formulation in the internal
energy density was in accordance with the first law of thermodynamics, see [17].
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(EME)θ-∆t=0.1
(EME)η-∆t=0.1

Figure 5: Rotating disc: Total energy (left) and incremental change of total energy
(right)

The total entropy of the system is expected to increase due to the prescribed heat flow
into the system during the initial period t ∈ [0, 4]s. As the system is closed after the initial
period, the total entropy of the system should be a non-decreasing function, whereby the
irreversibility is caused by heat conduction. All (EME)τ integrators correctly reproduce
the second law of thermodynamics as can be observed from Fig. 6. Again this is in
contrast to the mid-point-based schemes investigated in [17], where only the formulation
in terms of the entropy density was shown to be consistent with the second law.
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Figure 6: Rotating disc: Total entropy (left) and incremental change of total entropy
(right)

Eventually, the motion of the disc is illustrated in Fig. 7 with snapshots at successive
points in time. In addition to that, the distribution of the temperature over the disc is
shown.

275.00

296.67

318.33

340.00

Figure 7: Rotating disc: Snapshots of the motion at successive points in time t ∈
{0, 4, 8, 12, 16, 18, 24, 28}s, and corresponding temperature distribution, calculated with
the (EME)θ scheme and ∆t= 0.1s

5 Conclusions

Starting from the GENERIC-based weak form (4) we have newly developed structure-
preserving numerical methods for finite strain thermoelasticity with heat conduction.
The proposed Energy-Momentum-Entropy (EME) schemes make possible the free choice
of the thermodynamic state variable. In particular, one may choose from among three
options which include the entropy density, the absolute temperature and the internal
energy density. Each choice of the thermodynamic variable (τ ∈ {η, θ,u}) leads to a
corresponding (EME)τ scheme.
The underlying GENERIC-based weak form has proven to be especially well-suited for
the design of structure-preserving schemes. Depending on the choice of the thermody-
namic variable τ , the application of the standard mid-point rule already leads to partially
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structure-preserving schemes. For example, it was shown in [17] that the choice of the
entropy density yields a Momentum-Entropy scheme, whereas the choice of the internal
energy density yields an Energy-Momentum scheme. However, despite of their structure-
preserving properties, all of the mid-point based schemes turned out to be prone to
numerical instabilities (see [17]).
With regard to the discretization in space we have newly introduced the notionGENERIC-

consistent space discretization. We have seen that the present discretization in space re-
lying on standard Lagrangian shape functions necessitates the use of specific projections
to reach a GENERIC-consistent space discretization.
It was shown that the present EME schemes lead to a significant improvement in the
numerical stabilty when compared to mid-point type schemes. It would be of interest to
extend the present approach to more involved coupled thermomechanical problems which
also account for inelastic deformations.
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