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Abstract. In this study, the coupled solid piezoelectric and shell inverse-piezoelectric analysis 
method for a thin piezoelectric bimorph with metal layers is proposed. The piezoelectric 
bimorph is usually thin and includes the metal layers such as the electrode and the shim plate. 
In the proposed method, the solid and shell elements are used for the piezoelectric and 
inverse-piezoelectric analyses, respectively, since the solid elements can describe the various 
types of the distributions of the electric potential along the thickness, and the shell elements 
are suitable for analyzing the thin structure. The block Gauss-Seidel method is used to couple 
the solid piezoelectric and shell inverse-piezoelectric analyses. In the iterative passing of the 
solution variables, the transformation method is used between the solid and shell elements. 
The rules of mixture for the bending rigidity and the mass are used for modeling the single 
shell structure in the inverse-piezoelectric analysis. A pseudo-piezoelectric modeling for the 
conductor is proposed to consider the metal layers in the piezoelectric analysis. This modeling 
allows us to reuse existing programs of the piezoelectric analysis without any modification. 
 
 
1 INTRODUCTION 

Piezoelectric and inverse-piezoelectric effects are coupled with each other via the 
constitutive equations of piezoelectric materials. Thin piezoelectric bimorphs are very popular 
in sensor and actuator applications [1-4]. Furthermore, these bimorphs usually include metal 
layers such as electrode membranes and shim plates. Therefore, the coupled solid 
piezoelectric and shell inverse-piezoelectric analysis method for the thin piezoelectric 
bimorph with the metal layers is required in the design process of these applications. 

The piezoelectric analysis using solid elements (solid piezoelectric analysis) is suitable for 
describing the various types of the electric potential distribution through the thickness, while 
the solid inverse-piezoelectric analysis is not suitable for solving the thin structure 
deformation. On the contrary, the shell inverse-piezoelectric analysis is suitable for solving 
the thin structure deformation, while the shell piezoelectric analysis is not suitable for 
describing the various types of the electric potential distribution through the thickness, since it 
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assumes the linear or quadratic distribution of the potential through the thickness [11]-[15]. 
Therefore, in this study, the solid piezoelectric analysis and the shell inverse-piezoelectric 
analysis are coupled using the block Gauss-Seidel method [5] [6]. 

Let us consider the piezoelectric analysis for the piezoelectric bimorph with the metal 
layers. In a specific problem, the electric potential in the metal layer is prescribed, and metal 
layer can be analyzed as the elastic body separately [7]. In general, however, the electric 
potential in the metal layer is unknown. In this study, therefore, a pseudo-piezoelectric 
modeling for the conductor is proposed to consider the metal layers of which potential is 
unknown. This modeling allows us to reuse existing programs for the piezoelectric analysis 
without any modification. 

2 PARTITONED SOLID PIEZOELECTRIC AND SHELL INVERSE-
PIEZOELECTRIC ANALYSIS METHOD 

The solid piezoelectric analysis and the shell inverse-piezoelectric analysis are coupled 
using a partitioned procedure as shown in Figure 1, where each field is solved separately and 
solution variables (electric force and structural displacement) are passed iteratively from one 
field to the other until convergence is achieved. In this passing, the transformation method is 
used between shell and solid meshes [5][6]. 

2.1 Finite element discretized equations for the piezoelectric material 
The finite element discretized equations for the piezoelectric material are obtained using 

the finite element formulation for the mechanical equilibrium, the electrostatic equilibrium 
from the Maxwell’s equation, and the constitutive equations of piezoelectricity as 

 
uu u  Mu K u K F  ,     (1) 

 
T
u  K u K q ,      (2) 

 
where M is the mass matrix, Kuu is the mechanical stiffness matrix, Kuφ is the piezoelectric 
coupling matrix, Kφφ is the dielectric stiffness matrix, F is the mechanical external force 
vector, q is the external electric charge vector, u is the mechanical displacement vector, and φ 
is the electric potential vector, and the superscript T stands for transpose of matrix. Kuφ and  
Kφφ are given as 
 

T
u u d 
 K B eB ,       (3) 

 
T d  

 K B B ,      (4) 

 
where ρ, C, e, and ε are the mass density, the elastic constitutive tensor, the piezoelectric 
coupling tensor, and the dielectric permittivity tensor, respectively, and Bu and Bφ are the 
gradients of the interpolation functions of the displacement and the electric potential, 
respectively. 
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2.2 Partitioned piezoelectric and inverse-piezoelectric analysis 
In the inverse-piezoelectric analysis, Eq. (1) is reduced to 
 

e
uu  Mu K u F F ,     (5) 

 
where eF is the electric force from the inverse-piezoelectric effect, and is given as 
 

e
uF = K  ,       (6) 

 
where the superscript e stands for the electric quantity. 

In the piezoelectric analysis, Eq. (2) is reduced to 
 

e
  K q q  ,      (7) 

 
where eq is the electric charge from the piezoelectric effect, and is given as 
 

e T
u q K u ,       (8) 

 
The piezoelectric analysis and the inverse piezoelectric analysis are coupled using the block 

Gauss-Seidel method as shown in Figure 1. 
 

 
 

Figure 1: Schematic of the partitioned method for the coupled piezoelectric and inverse-piezoelectric analyses. 
The block Gauss-Seidel method is used as the coupling algorithm. 
 

2.3 Transformation of the solution variables between shell and solid meshes 
Solid elements are used in the piezoelectric analysis to describe the various types of the 

electric potential distribution along the thickness (solid piezoelectric analysis). On the 
contrary, shell elements are used in the inverse-piezoelectric analysis because of the thin 
structure (shell inverse-piezoelectric analysis). The transformation of the solution variables 
between the shell and solid meshes is used to couple these two analyses [5][6]: 

eF given by the solid piezoelectric analysis (6) is transformed to the equivalent force eFs 
and moment eMs acting on the shell mesh such that these forces and moment satisfy the 
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mechanical equilibriums. The superscript s in these vectors stands for the quantity of the shell 
mesh. This transformation is represented using the transformation matrix eT as 
 

e s e s e s e e[ , ] F F M T F .     (9) 
 
Then, the inverse-piezoelectric analysis (5) can be rewritten using Eq. (9) as 
 

s s s s s e s
uu  M u K u F F      (10) 

 
Similarly, us from Eq. (10) should be transformed to u in order to calculate eq (8) and perform 
the solid piezoelectric analysis (7). The transformation from us to u can be written as 
 

u su Tu ,       (11) 
 
where uT is the transformation matrix, and is given using the displacement interpolation 
function of the shell element. 

3 MODELING OF THIN PIEZOELECTRIC BIMORPH WITH METAL LAYERS 

3.1 Rules of mixture in the shell inverse-piezoelectric analysis 
In the shell inverse-piezoelectric analysis, the piezoelectric bimorph with the metal layers 

is modeled as the single shell structure. Therefore, the rule of mixture about the bending 
stiffness is used, since the first bending mode is dominant, and the rule of mixture about the 
mass is used. 

3.2 Pseudo-piezoelectric method in the piezoelectric analysis 
Let us consider the metal layers in the piezoelectric bimorph. The piezoelectric coupling 

tensor e for the conductor is equal to 0. Therefore, Kuφ (3) is given as 
 
   Kuφ = 0,        (12) 
 
Then, Eq. (2) is reduced to 
 

 K q .        (13) 
 
This equation is equivalent to the governing equation of the dielectric material. Furthermore, 
the conductor is considered as the dielectric material with an infinite value of the dielectric 
constant. Therefore, Eq. (13) is considered as the finite element discretized equation for the 
conductor in the static electric field by taking enough large value for each component of the 
dielectric permittivity tensor ε in Kφφ (4). 

It follows from the above formulation that the proposed pseudo-piezoelectric method is 
given as follows: (a) Evaluate the metal layers in the piezoelectric bimorph as the pseudo-
piezoelectric material with e = 0 and ε → ∞. (b) Execute the piezoelectric analysis (7) for the 
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piezoelectric bimorph with the metal layers, where the metal layers are evaluated as the 
pseudo-piezoelectric material. This method allows us to reuse the existing programs of the 
piezoelectric analysis without any modification. 

4 SENSOR MODE ANALYSIS 

4.1 Problem setup 
Figure 2 shows the sensor mode of the piezoelectric bimorph schematically.  The length 

and the width of the piezoelectric bimorph are 250mm and 20mm, respectively, the 
thicknesses of the piezoelectric and shim layers are 5mm and 0.5mm, respectively. The 
materials of the piezoelectric and shim layers are PVDF (Young’s modulus E = 2.0Gpa, 
Poisson’s ratio ν = 0.29, the piezoelectric constant e = 0.046C/m2, the dielectric constant ε = 
1.063×10-10) and brass (E = 110Gpa, ν = 0.35), respectively. Note that e and ε for the shim are 
set as 0 and 0.01, respectively, using the proposed pseudo-piezoelectric modeling in Section 
3.2. As shown in Figure 2, the voltage V = 0V is applied for the upper and lower surfaces, and 
the external mechanical force F = 1mN is applied to the free end. Figure 3 shows the solid 
mesh used in the piezoelectric analysis. Figure 4 shows the shell mesh used in the inverse-
piezoelectric analysis. As shown in these figures, the divisions along the length and the width 
between the solid and shell meshes are equivalent to each other. The solid elements are 20-
node hexahedral elements, while the shell elements are MITC4 elements [8] [10]. 

 

 
 

Figure 2: Problem setup in the sensor mode. The upper and lower grey layers are the piezoelectric plates, and 
the middle white layer is the metal shim plate. The top and bottom surfaces are grounded uniformly. The arrows 
with P refer to polarization direction. The arrow with F refers the external mechanical force. 

 

 
 

 

Figure 3: Solid mesh for the piezoelectric analysis. Figure 4: Shell mesh for the inverse-piezoelectric 
analysis.

F
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Figure 5: Potential distribution along the z-direction and 
the x-direction, where the potential is positive in the 
negative direction of the y-axis, and the magnitude is also 
expressed using the color contour (pink: 0.38V, blue: 0V).

Figure 6: Potential distributions along the 
thickness at the fixed end x = 0 (dotted line and 
white circles) and the free end x = 250mm (solid 
line and the black circles). 

 4.2 Results and discussion 
Figure 5 shows the electric potential distribution along the thickness and the length, where 

the potential is positive in the negative direction of the y-axis, and the magnitude is also 
expressed using the color contour. Note that this distribution is almost equivalent along the y-
direction. Figure 6 shows the electric potential distributions at the fixed and free ends. 

The large bending stress near the fixed end causes the large piezoelectric effect. Therefore, 
the quadratic distribution in each piezoelectric layer can be observed near the fixed end as 
shown in Figures 5 and 6. On the contrary, the small bending stress near the free end causes 
little piezoelectric effect, while the potential is transferred in the shim from the area near the 
fixed end to this area. Therefore, the linear potential distribution between the top or bottom 
surface and the shim in each piezoelectric layer can be observed near the free end. 

Note that the shape of the potential distribution is continuously changed from the quadratic 
function at the fixed end to the linear function at the free end along the x-direction. The shell 
piezoelectric analysis assumes the linear or quadratic function as the potential distribution 
through the thickness [11]-[15]. However, it is not applicable to the present problem. 

The equivalent potential in the shim is simulated using the proposed pseudo-piezoelectric 
method as shown in Figure 6. The numerical solution of this potential is 3.474×10-1V, while 
the theoretical solution is 3.524×10-1V [9]. Their relative error is about 1.4%. Therefore, the 
proposed method can analyze the thin piezoelectric bimorph with the metal layers accurately. 

5 CONCLUSIONS 
The solid piezoelectric and shell inverse-piezoelectric analyses are coupled using the block 

Gauss-Seidel method and the transformation of the solution variables between the shell and 
solid meshes. The rules of mixture are used in the shell inverse-piezoelectric analysis. The 
pseudo-piezoelectric modeling for the conductor in the solid piezoelectric analysis is proposed. 
This modeling allows us to reuse the existing program without any modification. The 
proposed method is applied for the sensor mode of the thin piezoelectric bimorph with the 
metal layer, and can analyze the thin piezoelectric bimorph with the metal layers accurately. 
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