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Abstract
In this paper we present a stabilized FIC-FEM formulation for the multidimensional transient 
advection-diffusion-absorption equation. The starting point is the non-local form of the 
governing equations for the multidimensional transient advection-diffusion-absorption 
problems obtained via the Finite Increment Calculus (FIC) procedure. The FIC governing 
equations have a residual form that introduces a characteristic length vector that depends 
on streamline, absorption and shock capturing stabilization parameters, as well as on a 
characteristic element size that ensures a stabilized numerical solution using a standard 
Galerkin FEM. The value of the stabilization parameters is obtained as an extension of the 
steady-state form. The accuracy of the FIC-FEM formulation is verified in the solution of 
several transient advection-diffusion-absorption problems using regular meshes of 3-noded 
triangles and 4-noded quadrilaterals.
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1. Introduction
The numerical solution of the advection-diffusion-absorption equation by the Galerkin FEM can exhibit oscillations due 
to a number of reasons. For the stationary convection-dominated case global oscillations in the analysis can be found, 
as well as local Gibbs oscillations along the characteristic layers for 2D and 3D problems. Gibbs oscillations near the 
Dirichlet boundaries and in regions where the source term has an irregular distribution can also appear for stationary 
absorption-dominated problems. For transient problems dispersive oscillations can appear when the initial solution 
and/or the distributed source term are non regular [12,68].

A number of numerical procedures has been derived in recent decades aiming to overcome the above limitations of 
Galerkin FEM for solving advection-diffusion-absorption problems. The goal in all cases has been to obtain “stabilized” 
numerical solution that are free of spurious oscillations and have a physical meaning. Among the many procedures we 
can mention the family of streamline-upward Petrov-Galerkin (SUPG) methods. The original SUPG methods for 
advection-diffusion problems [5,25,26,33,35] where enhanced with the addition of non linear shock-capturing terms 
aiming to control the Gibbs oscillations across internal/boundary layers for advection-diffusion problems 
[7,10,13,14,20,32,34,36,51]. Other families of stabilized methods for this type of problems were based on Galerkin 
Least Squares (GLS) [27], Variational Multiscale (VMS) [28] and Characteristic split procedure [66,68]. Many of these 
methods are reviewed in [31].

Control over the dispersive oscillations for transient advection-diffusion problems via SUPG methods and space-time 
FEM were reported in [30] and [65], respectively.

Extensions of the SUPG method for advection-diffusion-reaction problems were reported in [6,29,64]. Other 
stabilization techniques for these problems were based in the GLS method [17,21], the addition of internal bubbles 
[1,2,3,4,18,19] and on variations of VMS procedure [9,22,23,24,63]. A review of some of these methods is presented in 
[8].

Oñate et al. [52,55] derived a non linear stabilization procedure for the steady state advection-diffusion-absorption 
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problem using a single stabilization parameter via a Finite Increment Calculus (FIC) approach. Oñate and Felippa [15] 
used the variational FIC method for obtaining exact nodal solutions for 1D diffusion-reaction problems (including 
Helmholtz problems) using also a single linear stabilization parameter.

The homogeneous steady advection-diffusion-reaction equation has typically two fundamental solutions. This has lead 
the way to the derivation of linear stabilized methods that provide nodally exact solutions in 1D using two stabilization 
parameters via internal bubbles [4], SUPG [21] and VMS [24] procedures.

A particular class of two-parameter stabilized models for 1D and multidimensional steady and transient advection-
diffusion production problems using the FIC approach and the FEM vas presented by Nadukandi, Oñate and García-
Espinosa [37,38].

Starting from a different perspective, but still within the FIC framework, Oñate, Miquel and Nadukandi [61] presented 
a FIC-FEM formulation for the 1D steady-state and transient advection-diffusion-absorption equations using two linear 
stabilization parameters. The FIC-FEM formulation yielded exact nodal solution for 1D steady-state problems using 
regular meshes of 2-noded linear elements. Very accurate results were also obtained in [61] for 1D stationary 
problems solved with irregular meshes, as well as for 1D transient problems. The FIC-FEM formulation presented in 
[61] was extended by the same authors in [62] to multidimensional steady-state advection-diffusion-absorption 
problems. Good results were obtained for the problems analyzed using linear 3-noded triangles and bilinear 4-noded 
quadrilaterals.

In this work we extend to the multidimensional transient case the 1D FIC-FEM formulation presented in [62]. The lay-
out of the paper is the following. In the next section we formulate the FIC form of the equations governing 
multidimensional transient convection-diffusion-absorption problems. The finite element discretization is then 
presented. The stabilization parameters are obtained as an extension of the expression for the stationary case [61]. 
The accuracy of the multidimensional transient FIC-FEM formulation is verified in the solution of a number of 2D 
transient advection-diffusion-absorption problems using uniform meshes of 3-noded triangles and 4-noded 
quadrilateral elements. Accurate solutions are obtained in all cases.

2. The multidimensional transient advection-diffusion-reaction problem

2.1 Governing equations

Transport balance

The transport balance equation in a domain of area/volume Ω can be expressed as

rt = 0 in Ω (1.a)

with

rt := ρc ( ∂ϕ
∂t + vT∇ϕ ) − ∇T D∇ϕ + sϕ − Q

(1.b)

For 3D problems,

v = [v1 ,  v2 ,  v3]T , D = [k1 0 0
0 k2 0
0 0 k3

] , ∇ = [ ∂
∂x1

 ,  ∂
∂x2

 ,  ∂
∂x3 ]T

(2)

In Eqs.(1.a)–(1.b) ϕ  is the transported variable (i.e., the temperature in a heat transfer problem or the concentration in 
a mass transfer problem), vi  is the i th component of the velocity vector v ; ρ , c  and ki  are the density, the specific flux 
parameter and the conductivity of the material along the i th global direction, respectively and s  is the reaction 
parameter. In the following, and unless otherwise specified, we will assume that the velocity field is solenoidal and that 
the problem parameters (ρ , c , k , s ) are constant over the analysis domain Ω.

Boundary conditions

ϕ − ϕp = 0 on Γϕ (3)
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rΓ = 0 on Γq (4)

with

rΓ := − qn + qn
p (5)

where

qn = qT n , q = − D∇ϕ (6)

In Eqs.(3)–6 ϕp  and qp  are the prescribed values of the transported variable and the outgoing diffusive flux at the 
Dirichlet and Neumann boundaries Γϕ  and Γq , respectively, with Γϕ ∪ Γq = Γ, Γ being the total boundary of the domain 
and n is the unit vector normal to the boundary.

The definition of the problem is completed with the initial conditions

ϕ (x , t0) = ϕ0(x ) (7)

where ϕ0(x ) is the value of the transported variable at time t = t0.

In this work we will consider cases for which s ≥ 0 only. This includes the following particular problems:

Advection-diffusion-absorption (|v| ≠ 0, K ≠ 0, s > 0).

Advection-diffusion (|v| ≠ 0, K ≠ 0, s = 0).

Diffusion-absorption (|v| = 0, K ≠ 0, s > 0).

Advection-absorption (|v| ≠ 0, K = 0, s > 0).

In the above K  is the average difussion given by K = [ 1
nd

∑
i =1

nd
(ki )

2]1/2

, where nd  is the number of space dimensions 
(i.e. nd = 2 for 2D problems).

2.2 Finite increment calculus (FIC) expressions

The governing equations 1.a and 1.b and the boundary conditions 3-6 are expressed using the FIC theory as [55].

Transport balance

rt − 1
2 hT∇rt_

1
2 hT∇rt = 0 in Ω

(8)

with h = [h1, h2, h3]T  in 3D.

Boundary conditions

ϕ − ϕp = 0 on Γϕ (9.a)

rΓ + 1
2 hn rt_

1
2 hn rt = 0 on Γq , with hn = hT n (9.b)

Eqs.(8) and (9.b) are obtained by expressing the balance of fluxes in an arbitrary prismatic space domain of size 
h1 × h2 × h3 within the global problem domain and at the Neumann boundary, respectively. The distances hi  are termed 
characteristic lengths of the FIC method. The variations of the transported variable within the balance domain are 
approximated by Taylor series expansions retaining one order higher terms than in the infinitesimal theory [40]. This 
higher order expansions lead to the underlined terms in Eqs.(8) and (2.2). These terms lead naturally to stabilized 
numerical schemes.

Note that as the characteristic length vector h  tends to zero the FIC governing equations gradually recover the 
standard infinitesimal form, giving in the limit (for h = 0) rt = 0 in Ω and rΓ = 0 on Γq .
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The stability and accuracy of the numerical solution depends on the components of the characteristic length vector h . 
At the discretization level the length of h  is usually expressed as a proportion of a typical grid dimension [40].

The FIC equations are the starting point for deriving different stabilized numerical methods. Combining the FIC 
equations with the Galerkin FEM leads to the so-called FIC-FEM procedure that has been successfully applied to the 
solution of many problems in convective transport, fluid and solid mechanics such as advection-diffusion [40,42,43,51], 
diffusion-absorption and Helmholtz [15], advection-diffusion-absorption [52,55], advection-diffusion-reaction [61], 
incompressible fluid flow [53,54,56,58,60], fluid-structure-interaction [45,49,57], particle-laden flows and standard and 
incompressible solid mechanics [47,50,59]. The FIC approach has also been applied to the solution of a variety of 
problems in mechanics using the meshless finite point method [39,41,44,46].

3. Definition of the characteristic length vector

The characteristic length vector h  is designed so that the expression for all the stabilization matrices and vectors 
reduce to those given for the 1D case as reported in [61].

With this objective in mind the following expression for the characteristic length vector has been chosen in this work

h = hv + hr + hsc (10)

The characteristic length vectors in the r.h.s. of Eq.10 are defined as follows.

Streamline characteristic length vector, hv

In Eq.10 hv  is a length vector along the velocity direction defined as

hv = αv lv
v

|v| = αv lv v̂ (11)

where αv  is a streamline stabilization parameter, lv  is a characteristic element dimension and v̂  is a unit velocity 
vector.

Absorption characteristic length vector, hr

In Eq.10 hr  is a characteristic length vector induced by absorption effects and defined as

hr = Hr∇ϕ with Hr =
2sgn (rt )

rs
[Ds + αr D v̂ v̂ T ]

(12.a)

where αr  is an absorption stabilization parameter, D = v̂ T D v̂  and rs  is the space residual defined as

rs := rt − ρc
∂ϕ
∂t

(12.b)

Matrix Ds  in Eq.12.a is defined for different element types as follows.
3-noded triangles and 4-noded tetrahedra:

Ds = s
(n + 1) ∑

i =1

n

li li
T

(13)

where li  is the vector joining the baricenter of the element and the i th node, and n  is the number of nodes of the 
element.

The diffusion introduced by matrix Ds  takes care of the instabilities induced by the irregularity of the triangular mesh 
near boundaries that develop parabolic layes [62].
Any other element: Dₛ=[0]

Shock capturing characteristic length vector hsc

In Eq.10 hsc  is a shock-capturing characteristic length vector in the direction of the gradient of the solution. This vector 
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accounts for the Gibbs oscillations across characteristic internal/boundary layers for advection-diffusion problems. It is 
defined as

hsc = hsc∇ϕ̂ (14.a)

where ∇ϕ̂ =
∇ϕ

|∇ϕ|  is the unit gradient vector, and

hsc = (1 − β2)[ lsc sgn (rs ) −
2|∇ϕ|

rs
(D + Ds ): (I − v̂ v̂ T )] (14.b)

In Eq.14.b β  is a non linear parameter that depends on the angle θ  between the velocity vector and the gradient 
vector. It is defined as

β = { 1  if θ < θc

v̂ T∇ϕ̂  if θ ≥ θc

(14.c)

where θc  is a critical angle. In this work we have taken θc = 20∘.

The parameter β  controls the amount of shock-capturing nonlinear diffusion active at any point of the domain [62]. 
When the gradient vector is parallel to the velocity vector then β = 1, hsc  vanishes and the linear stabilization terms 
suffice to diminish spurious numerical oscillations about the layers. The term 1 − β2 in Eq.14.b gradually increases the 
magnitude of the shock-capturing term from zero, when the gradient vector is aligned to velocity vector, to a 
maximum value when the layer gradient is orthogonal to the velocity.

4. FIC-FEM formulation for the multidimensional transient advection-diffusion-
absorption problem

4.1 Weighted residual form of the FIC equations

The weighted residual form of the FIC governing equations 8 and 2.2 is written as

∫
Ω

W (rt − 1
2 hT∇rt )dΩ + ∫Γq W ( − qn + qn

p + 1
2 hn rt )dΓ = 0

(15)

where W  are arbitrary weighting functions.

Integrating by parts the FIC term in the first integral of 15 gives

∫
Ω(W + 1

2 (∇T W )h )rt dΩ + ∮Γq W ( − qn + qn
p )dΓ = 0

(16)

Note that the FIC term has vanished from the boundary integral, as it usual in the FIC-FEM approach [40,48].

Let us substitute the expression for the characteristic vector h  of Eq.10 into Eq.16. This gives (using Eqs.11, 12.a and 
14.a)

∫
Ω[Wrt + 1

2 (∇T W )(αv lv v̂ + Hr∇ϕ + hsc
∇ϕ

|∇ϕ| )rt ]dΩ + ∮Γq W ( − qn + qn
p )dΓ = 0

(17)

The final step is the integration by parts of the diffusive term in the expression of rt  in the first term of the first integral 
of Eq.17. This gives, after replacing the definition of Hr  in Eq.17 and grouping some terms, the following expression 
for the weak variational form of the FIC governing equations

∫
Ω[ρcW̄

∂ϕ
∂t + ρcWvT∇ϕ + (∇T W )DT∇ϕ + Wsϕ + 1

2 (∇T W )hv sϕ ]dΩ +
(18)
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∫
Ω

1
2 (∇T W )h [ − ∇T (D∇ϕ ) − Q ]dΩ − ∫

Ω
WQdΩ + ∮Γq Wqn

p dΓ = 0

The space weighting function W̄  is given by

W̄ = W + 1
2 hv

T∇W (19)

The expression of the total diffusivity matrix DT  in Eq.18 is

DT = D + αv Dv + Ds + αr D v̂ v̂ T + Dsc I (20)

where D  and Ds  are defined in Eqs.2 and 13, respectively, I is the unit matrix and
 

Dv = lv
2 v̂vT (21.a)

Dsc = ( 1
2 lsc

|rt |
|∇ϕ| − (D + Ds ): (I − v̂ v̂ T )) (1 − β2) (21.b)

4.2 FIC-FEM equations

We interpolate the transported variable ϕ  in the standard FEM fashion over a mesh of elements with n  nodes [67,68] 
as

ϕ ≃ ϕ̂ = ∑
i =1

n

Ni ϕi

(22)

where Ni  are the space shape functions and ϕi  the nodal variables.

Introducing Eq.22 into the FIC variational form 18 and using a Galerkin approach (Wi = Ni ) gives the final system of 
discretized equations as

Mϕ̇ + [K + C + S]ϕ = f (23)

where ϕ = [ϕ1, ϕ2, ⋯, ϕN ]T  is the vector of nodal unknowns, with N  being total number of nodes in the mesh.

The rest of matrices and vector f  in Eq.23 are obtained in the standard FEM fashion by assembling the element 
contribution given by
    

Mij
e = ∫

Ωe ρcNi Nj dΩ + ∫
Ωe ρc 1

2 (∇T Ni )hv Nj dΩ
(24)

Kij
e = ∫

Ωe (∇T Ni )DT∇Nj dΩ − ∫
Ωe

1
2 (∇T Ni )h∇T (D∇Nj )dΩ

(25)

Cij
e = ∫

Ωe ρcNi vT∇Nj dΩ
(26)

Sij
e = ∫

Ωe sNi Nj dΩ + ∫
Ωe

1
2 (∇T Ni )hv sNj dΩ

(27)

fi
e = ∫

Ωe (Ni + 1
2 (∇T Ni )h )QdΩ − ∮Γq

e Ni qn
p dΓ

(28)

We note that the second integral in Eq.25 vanishes for linear finite element approximations, such as those used in this 
work.
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Good results have been obtained for the solution of the problems presented in this paper using a lumped form of 
matrix M . An exception is the problem of the evolution of a concentration field presented in Section 7.6 for which 
using the consistent form of matrix M  is essential to reduce excessive diffusion.

5. Transient solution scheme

5.1 Implicit time integration scheme

We discretize in time the system of equations (23) using a Generalized Trapezoidal rule [11,67]. The solution for the 
nodal values at a time instant is found using an incremental iterative strategy as

i Hn Δϕ = − i rt
n (29)

where Δϕ  is the increment of the nodal variables, θ  is a non dimensional time parameter (0.5 < θ ≤ 1 is required for the 
integration scheme to be unconditionally stable [11,67,68]), ( ⋅ )n  denotes values at time t = tn , i ( ⋅ ) denotes values at 
the i th iteration and

i Hn = 1
θΔt M + i Kn + C + S (30)

i rt
n := Mϕ̇ + [i Kn + C + S]i ϕn +θ − i fn (31)

In Eq.31 we define ϕ̇ =
ϕn +θ − ϕn

θΔt .

From the value of Δϕ  obtained from solving Eq.29 we compute the value of ϕn +θ  at the i + 1 iteration as

i +1ϕn +θ = i ϕn +θ + Δϕ (32)

The iterative solution at tn +1, i +1ϕn +1, is obtained as

i +1ϕn +1 = 1
θ

i +1ϕn +θ + (1 − 1
θ )ϕn (33)

The non-linearity in the expression of matrix H  in Eq.30 is due to the dependence of the shock-capturing term in 
matrix K  via matrix Dsc  (see Eq.21.b).

The iterations proceed until convergence is achieved for both the unknown ϕ  and the residual measured in a L2 norm. 
In the transient problems solved in this work, convergence within each time step was typically achieved in 2–3 
iterations.

5.2 Explicit time integration scheme

If we rewrite the residual in Eq.31 choosing θ = 0 and defining now ϕ̇  as 
ϕn +1 − ϕn

Δt  leads to the following explicit 
solution scheme

ϕn +1 = ϕn + ΔtMd
−1 [fn − (Kn + C − S )ϕn ] (34)

where Md  denotes the lumped diagonal form of matrix M .

In the expression of K  of Eq.34 the shock-capturing terms are taken as constant within a time step.

6. Computation of the stabilization parameters

6.1 General expression of the stabilization parameters

The optimal value of the stabilization parameters αv  and αr  giving nodally exact solutions is quite difficult in the 
transient case due to the multiple forms that the solution can take as it evolves in time. We present a procedure for 
computing a quasi-optimal value of αv  and αr  that has proved to yield accurate results for transient advection-
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diffusion-absorption problems evolving towards a steady state solution, as well as for solutions involving the pure 
advection of a discontinuous function. The method is an extension of the approach proposed and successfully tested 
for 1D transient problems in [61].

The transient equation (1.b) can be written as follows

ρcvT∇ϕ − ∇T (D∇ϕ ) + s̄ϕ − Q = 0 (35)

where

s̄ = s + st with st = ρc
ϕ̇
ϕ

(36)

Eq.(35) defines a pseudo-stationary problem in which a non linear reaction term has been introduced.

The non linear reaction term st  can be approximated as

st =
ρc

θΔt f (κ ) (37)

with

f (κ ) ≥ 0 and κ =
ϕn +θ − ϕn

ϕn +θ

(38)

The value of st  in Eq.37 has been limited in this work to a ten percent of the value of the actual absorption parameter 
s .

From Eq.(36) we can define an equivalent Damköhler number σ̄ v  as

σ̄ = σ + σt with σt = 1
θC f (κ ) (39)

where σ  is the Damköhler number defined in Eq.44 and C = vΔt
le  is the element Courant number where le  is a 

characteristic element dimension. For 1D problems le  is taken as the element length. For 2D problems we have chosen 
le = 2Ωe  where Ωe  is the area of the element.

The following definition for f (κ ) has been chosen in the examples solved in this work

f (κ ) = 2
tanh1 tanh(δ

|ϕn − ϕn −1 |∞
e

|ϕn + ϕn −1 |∞
e ) (40)

where |a|∞
e  denotes the maximum value of a  within an element and δ  is a positive number that controls the slope of 

the function tanh( ⋅ ) that ranges from zero to one.

Function f (κ ) has been designed so that f (κ ) = 0 (and σt = 0) for a steady-state problem (or in zones where ϕ̇ = 0), and 
f (κ ) = 2

tanh1  (and σt = 2
θC ) for cases when ϕ (x , t ) suddenly changes from a zero value to a finite value at a node.

Good results were obtained in the transient problems solved using Eq.(40) with δ = 1. The optimal choice of δ  in terms 
of the nature of the transient solution is a matter that deserves further research.

We highlight that for the explicit time integration scheme we have used θ = 1 in the definition of st  and σt .

The stabilization parameters αv  and αr  in Eqs.11 and 12.a for the transient convection-diffusion-radiation problem are 
defined as follows
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αv = { 2
σ̄ (1 −

σ̄ tanhγ
ξ − 1 ) , σ̄ ≥ 2−12

σ̄
3 + ᾱ v (1 − σ

γ ) , σ̄ < 2−12

(41)

with

ᾱ v = cothγ − 1
γ (42)

and

αr = γ [ σ
φ ( ξ − 1 + φ

ξ − 1 ) − αv ] − 1 − 1
D v̂ T Ds v̂

(43)

In the above expressions

ξ = coshλ
coshγ with λ = (γ2 + w2 )1/2

γ =
ρc|v|lv

2D , w =
ρcs (lv )2

D , σ = slv
|v| = w

2γ

(44)

The expressions of αv  and αr  in Eqs.41 and 43 are an extension of the values for the steady-state problem presented in 
[62].

In Eq.43 φ  is a constant such that 2 ≤ φ ≤ 3. The “exact” expression of αr  for 1D problems requires choosing φ = 3 [62]. 
In our computations for 2D problems we have obtained good results using φ = 2.

The characteristic length lv  is defined as the size of the element in the direction of the velocity v . Representing the 
element's edge joining nodes a  and b  with the vector lab , lv  is computed as

lv = max
edges

{vT lab } (45)

The characteristic length lsc  is generally defined as

lsc = 2Ωe (46)

where Ωe  is the element area. For elements belonging to the boundary in meshes of 3-noded triangles we have chosen

lsc = 2 Ωe (47)

The expression of lsc  in Eq.47 introduces a higher value of the shock-capturing term at the boundaries where sharp 
gradients exist in directions different from the velocity directions.

7. Examples

In the examples shown next the density ρ  and the specific flux c are chosen such that ρc = 1. We have also assumed 
an isotropic diffusion of value k .

7.1 Transient advection-diffusion-absorption problem

The analysis domain (x , y ) = [0, 8] × [0, 8] is discretised into a regular mesh of (2 × 8) × (2 × 8) 3-noded triangles of unit 
rectangular side (lv = 1) (fig:dac_scheme). The advection, diffusion and reaction coefficients are chosen as v1 = 8, k = 2 
and s = 2. The transported variable is the temperature. The schematics of the problem can be seen in fig:dac_scheme. 
The problem data yields the dimensionless numbers γv = 2 and ωv = 1.

The Dirichlet boundary conditions ϕ (x = 0) = 3 and ϕ (x = 8) = 8 are employed. The initial solution is chosen to have a 
linear profile. The transient solution was obtained iteratively using the implicit scheme of Eqs.29–33 with θ = 1.0 and a 
time step of Δt = 0.0625s  (fig:dac_results). This corresponds to an element Courant number C = 0.5. An exponential 
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layer gradually develops at the right boundary which triggers a global instability in the Galerkin FEM. As there is not 
significant dispersive phenomena this global instability is successfully controlled by the SUPG method (well-known 
result) and the FIC-FEM method developed in this work. Figure 3 show a perspective view of the quasi-steady-state 
solution for the temperature for t = 2s . The steady state solution matches the 1D result reported in [61].

Figure 1: Transient advection-absorption problem. Square domain with linear velocity and zero source.
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Figure 2: Transient advection-absorption problem. Transient FIC-FEM solution obtained with a structured mesh of 2×8×8 three-noded triangles. The transient solutions 
are plotted along line A-A' at times 0.0 s, 0.125 s, 0.25 s, 0.5 s, 1 s and 2 s.
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Figure 3: Transient advection-diffusion-absorption problem. Solution obtained at t = 2 s.

7.2 Skewed flow is a square domain with non-uniform boundary conditions

The domain is (x , y ) = [0, 1] × [0, 1]. The problem data is: v = [ − 5 ⋅ 106, − 9 ⋅ 106]T , k = 1, ρc = 1, s = 0 and Q = 0. The 
transported variable is again the temperature. The boundary conditions are: ϕ = 1 on (x = 1, y > 0.7) ∪ (x < 1, y = 1), 
ϕ = 0.5 at (x = 1, y = 0.7) and ϕ = 0 on the rest of the boundary (fig:SC_scheme). The transient solution was obtained 
using the implicit scheme here presented with θ = 0.8 and a time step of Δt = 1e-09 s. Convergence within each time 
step was found in 2-3 iterations. The solution develops an exponential boundary layer at the outflow boundary and an 
internal characteristic layer (parabolic) which is skewed to the mesh and the boundary. Both layers are subgrid 
phenomena for the considered mesh resolution. Both the exponential and characteristic layers are reproduced in the 
FIC-FEM solution without spurious oscillations near the layers. The FIC-FEM result of the evolution of the solution in 
time towards steady state are shown in fig:SC_results. Figure 6 shows a perspective view of the quasi steady-state 
solution for t = 2e-07s. The steady-state solution agrees with that reported in [51,55,62].

Figure 4: Square domain with non-uniform Dirichlet conditions, downwards diagonal velocity and zero source. Mesh of 2×20×20 three-noded triangles
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Figure 5: Square domain with non-uniform Dirichlet conditions. FIC-FEM solution along line A-A'. The transient solutions are plotted at times 5e-08 s, 6e-08 s, 7e-08 s, 1e-
07 s and 2e-07 s.
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Figure 6: Square domain with non-uniform Dirichlet conditions. Solution at time 2e-07 s.

7.3 Uniform advection problem with constant source

We study the uniform advection of a temperature field with a constant source term. The problem data is: v = [1, 0]T , 
k = 10−8, ρc = 1, s = 0 and Q = 1. The homogeneous boundary condition ϕ = 0 is imposed everywhere as shown in 
fig:Q_source_scheme. The solution develops an exponential layer at the outflow boundary x = 1 and parabolic layers at 
the boundaries y = 0 and y = 1. The FIC-FEM results of the transient solution towards steady-state are shown in 
fig:Q_source_results. A perspective of the quasi steady-state solution at time t = 1.5s  is shown in Figure 9. Both layers 
are subgrid phenomena for the considered mesh resolution. The transient solution was obtained iteratively using the 
implicit scheme presented in the paper with θ = 0.8 and a time step of Δt = 0.005s . Convergence within each time step 
was found in 2-3 iterations. The steady-state solution agrees with that reported in [62].

Figure 7: Square domain with linear velocity and constant source. Structured mesh of 2×20×20 three node triangles
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Figure 8: Square domain with linear velocity and constant source. FIC solution obtained along line A-A'. The transient solutions are plotted at times 0.25 s, 0.5 s, 0.75 s, 1 
s and 1.5 s.
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Figure 9: Square domain with linear velocity and constant source. Solution at time 1.5 s.

7.4 Advective-diffusive transport of the temperature in a rectangular domain with 
Neumann and non-uniform Dirichlet conditions, rotational velocity field and zero source

The rectangular domain of sides 1 ×  2 units and the boundary conditions are shown in fig:rotational_scheme. The 
rotational velocity field is defined as u = 104 × [y (1 − x2), − x (1 − y2)]T . A unit isotropic diffusion is assumed. The value of 
the temperature (ϕ ) is prescribed at part of the domain sides as shown in fig:rotational_scheme. In the rest of the 
sides, the Neumann condition (qn

p = 0) is imposed. The problem was solved with the uniform mesh of 3-noded triangles 
shown in fig:rotational_scheme. The correct solution is a uniform plateau of ϕ = 100 with a boundary layer at the right 
hand side where the solution drops towards the prescribed value of ϕ = 0 and a circular sharp gradient region around 
the lower circular zone where the solution takes a zero value. The FIC-FEM results of the transient solution towards 
steady-state are shown in fig:rotational_results. A perspective of the quasi steady-state solution at time t = 1e-03s is 
shown in Figure 12. The transient solution was obtained using the implicit scheme presented in this work with θ = 0.8 
and a time step of Δt = 1e-05s. Convergence within each time step was found in 2-3 iterations. The steady-state 
solution agrees with that reported in [51].

Figure 10: Advective-diffusive transport of the temperature in a rectangular domain with Neumann and non-uniform Dirichlet conditions, rotational velocity and zero 
source. Structured mesh of 2 x 40 x 20 three-noded triangles
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Figure 11: FIC solution of the problem in Figure 10. The transient solutions are plotted along line A-A' at times 5e-05 s, 1e-04 s, 3e-04 s, 4e-04, 5e-04 and 1e-03 s.

Figure 12: Solution at 1e-03 s.

7.5 Pure convection of a temperature plateau

We study the pure convection of an initial temperature plateau. The domain dimensions are (x , y ) = [0, 1] × [0, 1]. The 
problem data is: v = [1, 0]T , k = 0, s = 0, ρc = 1 and Q = 0. The homogeneous boundary condition ϕ = 0 is imposed at 
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the left wall as shown in fig:explicit_wave_scheme. The temperature plateau is generated by imposing a value of the 
temperature ϕ = 1.0 from x = 0.1 to x = 0.2. The problem has been solved using a regular mesh of 50 × 50 four-noded 
quadrilateral elements. Figures 14 and 15 show that the initial solution maintains its shape through the domain. The 
transient solution was obtained using an explicit scheme and a time step of Δt = 0.2s , giving an element Courant 
number of C = 1.

Figure 13: Pure convection of a temperature plateau in a square domain with horizontal velocity. Structured mesh of 50 x 50 4-noded quadrilaterals.



https://www.scipedia.com/public/Puigferrat_et_al_2020a
19

A. Puigferrat, I. de-Pouplana and E. Oñate, FIC-FEM formulation for the multidimensional transient advection-
diffusion-absorption equation (preprint), Computer Methods in Applied Mechanics and Engineering (2020). Vol 365, 
pp. 112984, DOI: 10.1016/j.cma.2020.112984

Figure 14: Pure convection of a temperature plateau. FIC-FEM solution plotted along line A-A' at times 0 s, 0.2 s and 0.7 s.

Figure 15: Pure convective case. FIC-FEM solution at time 0.7 s.
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7.6 Advection-diffusion of a concentration field
In this problem we study the advection and diffusion of a concentration that is instantaneously released as a Dirac 
source in a point of a stream. This problem is generally known as the plume transport problem [16].

The domain dimensions are (x , y ) = [0, 35] × [0, 10]. The problem data is: v = [1, 0]T , ρc = 1, k = 0.1, s = 0 and Q = 0. The 
homogeneous boundary condition ϕ = 0 is imposed on the left wall as shown in fig:plume_scheme. The value ϕ0 =
1000 is imposed as a initial value of the concentration at the node (x , y ) = (2, 5).

The analytical solution for this 2D problem is [16]

ϕ (x , y , t ) =
ϕ0

L34πDt e−A
(48.a)

with

A = − 1
4Dt {[x1 − (x1

0 + v1t )]2 + [x2 − (x2
0 + v2t )]2} (48.b)

In Eqs.7.6 ϕ  is the initial value of the concentration that is dropped at the point with coordinates x0 = [x1
0, x2

0]T , L3 is the 
vertical dimension of the analysis domain (in this problem we have taken L3 = 1), v1 and v2 are the horizontal and 
vertical components of the velocity vector, respectively and D = K

ρc  where K  is the average diffusion defined in Section 
2.1.

The transient solution was obtained using an implicit scheme with θ = 0.5 and a time step of Δt = 0.25s , giving a 
Courant number of C = 0.5. We highlight that the shock-capturing terms were not taken into account for solving this 
problem. The use of the consistent form of the mass matrix was essential for obtaining good results for this problem. 
fig:plume_results_1 shows how the solution is advected and diffuses as time increases. The numerical results for the 
distribution of the contraction along line A-A' are in agreement with the analytical solution shown in 
fig:plume_results_2. The graphs are taken along the A-A' line, which goes from (0,5) to (10,5). A comparison of the 
contours of the numerical and analytical distributions of the concentration at t = 15s  can be seen in Figures 19 and 20, 
respectively.

Figure 16: Advection-diffusion of a concentration field. Rectangular domain with horizontal velocity. Structured mesh of 2 x 70 x 20 three-noded triangles
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Figure 17: Advection-diffusion of a concentration field. FIC-FEM solution along line A-A' obtained with the mesh of Figure 16. Structured mesh of 2 x 70 x 20 three-noded 
triangles. Solution at times 0 s, 0.25 s, 0.5 s, 0.75 s, 1.0 s, 1.25 s, 1.5 s, 1.75 s, 2.0 s, 4.5 s and 5.5 s.

Figure 18: Advection-diffusion of a concentration field. Analytical solution along line A-A' plotted on the structured mesh of Figure 16. Solution at times 0 s, 0.25 s, 0.5 s, 
0.75 s, 1.0 s, 1.25 s, 1.5 s, 1.75 s, 2.0 s, 4.5 s and 5.5 s.



https://www.scipedia.com/public/Puigferrat_et_al_2020a
22

A. Puigferrat, I. de-Pouplana and E. Oñate, FIC-FEM formulation for the multidimensional transient advection-
diffusion-absorption equation (preprint), Computer Methods in Applied Mechanics and Engineering (2020). Vol 365, 
pp. 112984, DOI: 10.1016/j.cma.2020.112984

Figure 19: Advection-diffusion of a concentration field. Contours of the FIC-FEM results at t = 15s.



https://www.scipedia.com/public/Puigferrat_et_al_2020a
23

A. Puigferrat, I. de-Pouplana and E. Oñate, FIC-FEM formulation for the multidimensional transient advection-
diffusion-absorption equation (preprint), Computer Methods in Applied Mechanics and Engineering (2020). Vol 365, 
pp. 112984, DOI: 10.1016/j.cma.2020.112984

Figure 20: Advection-diffusion of a concentration field. Contours of the analytical results at t = 15s.

8. Concluding remarks

In this work we have extended the steady-state multidimensional FIC-FEM formulation reported in [62] to the transient 
case. The stabilized variational expression has the standard residual form typical of the FIC-FEM procedure. The 
stabilized terms introduced by the FIC approach depend on a characteristic element length and two stabilization 
parameters which expression is obtained as an extension of the steady-state forms presented in [62]. A shock 
capturing term is introduced to account for the Gibbs oscillations across internal/boundary layers.

The good behavior of the FIC-FEM formulation has been verified for transient advection-diffusion-absorption problems 
with numerical solutions evolving to a steady-state, as well as to two fully transient problems.

The numerical results were obtained in most cases using an implicit scheme. An exception is the pure convection 
problem (Section 7.5) that was solved with an explicit scheme and a Courant number of C = 1. The shock capturing 
terms were not taken into account in the solution of the fully transient problems (Sections 7.5 and 7.6). We also remark 
the importance of using a consistent stabilized mass matrix in the concentration field example.
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