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Abstract. In this paper we present a fully generalized transport model for multiple
species in complex two and three-dimensional geometries. Based on previous work [1]
we have extended our interfacial reaction-diffusion model to handle arbitrary numbers of
species allowing for coupled reaction models. Each species is tracked independently and
we consider different physics of a species with respect to the bulk phases in contact. We
use our SPH model to simulate the reaction-diffusion problem on a pore-scale level of a
solid oxide fuel cell (SOFC) with special emphasize on the effect of surface diffusion.

1 INTRODUCTION

In the context of global warming a lot of effort has been focused on developing renew-
able and alternative energy sources that reduce the production of greenhouse gases. A
promising alternative energy technology, which converts chemical energy to electrical en-
ergy is the cold combustion in fuel cells. Amongst various realizations of this technology,
solid oxide fuel cells (SOFC) are of special interest as their working conditions at high
temperatures enable the usage of a wide variety of fuels [7]. Degradation is a central issue
in SOFCs, such as chromium poisoning, which arises from the chromium contained in the
stainless steel which is typically used for the current collectors. This chromium reacts
with air to form volatile chromium species that [8] migrate into the porous cathode and
react with its surface. This so-called chromium poisoning has been shown to decrease the
efficiency of the fuel cell dramatically and has to be controlled [6].
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Ryan et al. [12] have developed a pore-scaled SPH model of a SOFC to investigate the
reactive transport of chromium species in the cathode. Based on a multi-scale approach
including a cell level model of the cathode, air channel and the current collector they de-
termined the boundary conditions for the pore scale simulations. In their two-dimensional
work they varied the reaction rates of oxygen and chromium and the working conditions
of the fuel cell to study the deposition of chromium. They could reproduce qualitatively
the species distributions in the cathode as compared to experimental findings [6] and
show that their nonlinear competitive adsorption-desorption model is adequate to study
the complex chromium poisoning.

In our current work we want to use the competitive adsorption-desorption model to
simulate the chromium deposition in a realistic three-dimensional cathode. Different from
the two-dimensional study of Ryan et al., here we cannot neglect surface diffusion in the
porous material as this structure allows an interfacial connection throughout the entire
domain and diffusion along the interface can alter the species dynamics strongly.

To simulate a multi-component reactive transport problem we have extended our SPH
method for surfactant dynamics [1] to account for multiple species and coupled transport
models. We have validated this method with analytical solutions for coupled transport-
diffusion systems with different boundary conditions (Neumann, Dirichlet and Robin) and
demonstrate the significance of surface diffusion for the species transport in a real porous
cathode structure.

2 GOVERNING EQUATIONS

Briefly we recall the governing equations of the fluid and species dynamics in a porous
structure in a very general form. From mass conservation we can formulate the continuity
equation in the form

dρ

dt
= −ρ∇ · �u , (1)

where ρ, �u and t denote the density, the velocity vector and the time, respectively. The
momentum equation in Lagrangian form with the pressure p, a bodyforce �g and the
dynamic viscosity η is given by

ρ
d�u

dt
= −∇p+ ρ�g +∇η∇ .�u (2)

An advection-diffusion equation is used to describe the dynamics of a species α in a
bulk phase l according to

dmα
C

dt
=

∫

∇Dα

∞∇Cα dV −
∫

ṠΣ
α
δΣ dV . (3)

Here, mα
C and Cα denote the mass and mass concentration of the species α in the bulk.

Assuming isotropic bulk diffusion the diffusion tensor D∞
α reduces to the scalar diffusion

coefficient Dα
∞. Note that the bulk diffusion can vary for each species in different bulk

2

140



Adami et al.

phases, i.e. the diffusion coefficient Dα
∞ is a function of the species type α and the bulk

phase where it is dissolved. The last term in (3) represents the transport of species α
from/to the bulk phase to/from an interface it is in contact with. In continuous form
the source term ṠΣ

α
on the interface Σ is integrated in the domain via the surface delta

function δΣ.
On the interface we account for surface diffusion and species transport via

dmα
Γ

dt
=

∫

∇sD
α

s∇sΓ
αδΣ dV +

∫

ṠΣ
α
δΣ dV , (4)

where mα
Γ, Γ

α and Dα
s are the mass and mass concentration of species α on the interface

Σ and the surface diffusion coefficient (again assuming isotropic surface diffusion). Note,
the surface gradient operator ∇s can be written as (I− �n⊗ �n)∇, which will be used
later. The second term in (4) is equivalent to the source mass flux in the species balance
equation in the bulk phase (3) to ensure mass conservation of each species.

The surface transport model in a very general form is given by

ṠΣ
α
= f

(

C1, C2, ..., Cα,Γ1,Γ2, ...,Γα
)

. (5)

Here, the source term ṠΣ is a function of the surface concentrations Γ and the bulk
concentrations C adjacent to the interface of all species α in the system. We implemented
this general formulation to include arbitrarily complex transport models starting from the
most simple no flux condition ṠΣ

α
= 0 up to coupled competitive reaction models such

as the Langmuir model [14].

3 NUMERICAL METHOD

Generally, the equations of motion for a Lagrangian fluid element can be integrated
in time with the SPH method as presented in [10]. In the weakly-compressible approach
the unknown pressure in the fluid phase is calculated from the density via an equation of
state in the form

p = p0

(

ρ

ρ0

)γ

, (6)

where the reference pressure p0 and density ρ0 together with the exponent γ are chosen
according to a scale analysis to limit the maximum density variation, see [11]. As we do
not evolve the flow quantities of the fluid in this work we do not further explain the details
of our flow solver but concentrate on the species model. The simplification of neglecting
advection to study the competitive reaction-diffusion problem in a porous structure is
justified by the work of [12], who showed that advection processes in the cathode are
insignificant for the chromium poisoning.

We discretize the domain of interest with Cartesian particles with an equidistant spac-
ing of ∆x. Consequently, the volume of a particle i is Vi = ∆xn with n denoting the
number of dimensions. The quintic spline kernel [11] is used as smoothing function W
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with a cutoff radius rc = 3h, where the smoothinglength h is set to the initial particle
distance. Following the multi-phase model of [9], we introduce a color function c that
defines if a particle i belongs to a phase l (cli = 1) or not (cli = 0). Using this color
function phase interfaces are defined implicitly as the color gradient ∇c is non-vanishing
only in a transition band of thickness rc along the interface. Within this transition band,
the governing equations for the surface dynamics of the species are solved locally for each
individual particle.

As the interface singularity is represented by a continuous surface delta-function (here
the magnitude of the color-gradient function |∇c| is used as δΣ) every particle in the
narrow band along an interface contributes to the interface area by

Ai = |∇ci|Vi . (7)

Correspondingly, every interface particle carries a fraction of the mass of species α ac-
cumulated on the interface mα

Γi
= Γα

i Ai. As the interface singularity is discretized by a
transition band of finite thickness, we can use the derivations of [3] and solve the surface
diffusion equation in continuous form for every interface particle as

dΓα
i

dt
=

1

|∇ci|
∇ · [(I− �ni ⊗ �ni)D

α

s∇Γα

i |∇ci|] . (8)

The normal direction at the interface �ni is found from an averaging of the normalized
color-gradient vectors of neighboring interface particles. Finally, the rate of change of the
interfacial mass mα

Γi
due to surface diffusion is obtained by

dmα
Γi

dt
=

∑

j

(

λα

i V
2
i + λα

j V
2
j

)

∇W (�xi − �xj) . (9)

The summation is over all neighboring particles j that contribute to the interface and
λα
i is the flux of species α projected in tangential surface direction at particle i (λ =

(I− �ni ⊗ �ni)D
α
s∇Γα |∇c|). At the fringes of the transition band the surface gradient

of a species concentration cannot be calculated with a general SPH gradient formula as
the contributing interface particles do not provide full support for the summation. As
a remedy, we can approximate the gradient on the interface by a summation only with
interface particles as given by

∇Γα

i =
n
∑

j
(Γα

i − Γα
i )∇Wij

∑

j
rij

∂W

∂rij

(10)

with rij = |�xi − �xj|. For details of the derivation and accuracy of this form we refer to
[2].

The evolution of the surface mass of a species due to exchange with the bulk phase
for each interface particle is simply dmα

Γi
/dt = ṠΣ

α |∇ci|Vi. The surface concentration is
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updated in time by

Γα

i =

∑

j
mα

Γj
Wij

∑

j
AjWij

, (11)

where the summation is performed over all neighboring interface particles. This additional
averaging step is required as a simple local estimation could cause numerical instabilities
due to very small interfacial contributions of particles close to the fringes of the interfacial
transition band.

The presented model is based on a so-called two-sided physics assumption, i.e. the
transport and diffusion phenomena are solved numerically on a layer adjacent to the
interface of both phases. There are situations where one phase cannot dissolve a species
but the surface transport model includes desorption of surface material to the other bulk
phase. Then, we apply some special mapping techniques to ensure exact conservation of
the species and to consider the total interfacial area. Further information of this special
computational aspect can be found in [1]. A similar model for the one-sided problem has
been proposed and validated in [13] for reactive transport problems with surface reactions.

The SPH approximation of the bulk diffusion equation in conservative form can be
expressed as

dmα
Ci

dt
=

∑

j

2Dα
∞iD

α
∞j

Dα
∞i +Dα

∞j

(

V 2
i + V 2

j

) Cα
i − Cα

j

rij

∂W

∂rij
. (12)

Note that the inter-particle averaged diffusion coefficient in (12) satisfies the no-flux con-
dition between two particles if the species is insoluble in one of the phases. Additionally,
the bulk species mass of a particle close to an interface changes due to the adsorption and
desorption at the interface as dmα

Ci
/dt = −ṠΣ

α

i |∇ci|Vi.
The anti-symmetry of the discretized transport equations in the bulk phase (12) and

on the interface (9) on the local particle-interaction level ensures exact global species mass
conservation.

We have presented a method to simulate multi-species reaction-diffusion problems on
complex geometries with SPH. Generally, the equations hold for arbitrary numbers of
species α each following different physical models. But with increasing variety the com-
putational effort increases as for every species the transport model coefficients such as
surface diffusivity or adsorption constants have to be defined separately for every inter-
face combination and bulk phase. So far, we have not yet specified a transport model for
the source term ṠΣ

α
in the species evolution equation as any functional form including

the local bulk and surface concentrations can be used. We present the employed transport
models in the next section where we show some validation cases. Finally, we study the
coupled species dynamics on a realistic three-dimensional porous structure of a SOFC
cathode.
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4 VALIDATION

We solve the diffusion problem in a hollow cylinder with different boundary flux con-
ditions to validate our model. A sketch of the problem is given in Fig. 1. At the outer
radius Ro the species concentration is set to C0 for all times and at the inner radius Ri

different boundary flux conditions are tested. Initially, the concentration in the hollow
cylinder is C(t = 0) = 0. The inner and outer radii are Ri = 1 and Ro = 2 and we
discretize the geometry with Cartesian SPH particles with ∆x = 0.05, i.e. we use 20
particles in radial direction. We compare our results with the analytical solution for bulk
diffusion in a hollow cylinder with a flux boundary condition given by [5].

( )f∇ ⋅ =ℂ ℂn

oR

iR

0( , )oR t= =ℂ ℂx

Figure 1: Sketch of the hollow cylinder problem.

4.1 Neumann boundary condition

At first we apply a Neumann boundary condition at the inner radius

D∇C|Ri
· �n = q0 (13)

with the constant flux q0. When we rewrite the boundary condition in terms of a transport
model to/from the interface, the source term in the species evolution equation is ṠΣ = q0.

Fig. 2 shows spatial concentration profiles over time in the bulk phase with D = 1. In
this special case we set q0 = 0, i.e. a no-flux boundary condition at the inner radius. The
agreement with the analytic result is good and the accuracy increases with resolution.

Now we use a constant boundary flux q0 = 0.1 to validate the mass transport at an
interface. Again, good agreement and convergence is found when comparing the simula-
tions with the reference solution, see Fig. 3. Not shown here, we also monitored the mass
accumulated at the interface due to the boundary flux and found exact global conservation
for our transport model.

4.2 Robin boundary condition

Now we test a more complex linear Robin boundary condition of the form

D∞∇C · �n = K (C − Ceq) (14)
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Figure 2: Radial concentrations over time in the

hollow cylinder for the no-flux boundary condition

at Ri.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1  1.2  1.4  1.6  1.8  2

C
 / 

C
re

f [
-]

R [-]

T = 0.1

T = 0.3

T = 0.5

T = 1.0

Analyt. Solution
SPH, 3h = 0.15

SPH, 3h = 0.075

Figure 3: Radial concentrations over time in the

hollow cylinder with a Neumann boundary condi-

tion at Ri.

with the equilibrium concentration Ceq and a reaction rateK. In this case we use D = 0.1,
Ceq = 0.5 and K = 1. The radial concentration profiles over time are shown in Fig. 4.
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hollow cylinder with a linear Robin boundary con-

dition at Ri.
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Figure 5: Temporal surface concentration profile

for two species oxy and chr for a competitive ad-

sorption model.

As the initial bulk concentration is zero, according to the boundary condition (14)
a negative flux injects mass to the bulk phase at the inner radius. Consequently, the
concentration profile is different from the previous diffusive profiles as species material is
transported to the inner regions by the boundary flux and not only via diffusion from the
outer radius. At very late times, the concentration at the inner interface approaches the
equilibrium value of the Robin condition Ceq.

7

145



Adami et al.

4.3 Competitive adsorption-desorption model

So far we have simulated uncoupled problems, i.e. each species is independent of
the other ones. Now we use the modified Langmuir model [14] to simulate competitive
adsorption of two components. The non-linear source terms for the two species oxy and
chr are

ṠΣ
oxy

= koxy

1 Coxy

∞

[

1− Γoxy − Γchr
]2 − koxy

2 (Γoxy)2 (15)

ṠΣ
chr

= kchr

1 Cchr

∞

[

1− Γoxy − Γchr
]3 − kchr

2

(

Γchr
)3

. (16)

We simulate the adsorption process from a bulk phase to a circular interface with radius
R = 1. We assume diffusion to be much larger than the surface reaction rates, i.e. the
bulk concentrations Coxy

∞ = 1 and Cchr
∞ = 1 are both constant in time. For simplicity we

set all reaction constants k1 and k2 to unity and use the same discretization as in the
previous examples.

From our parameter setup we find an equilibrium for both species concentrations at

Γoxy = Γchr =
1

3
(17)

where the surface reaction is balanced and a steady-state is reached. In Fig. 5 we show the
temporal evolution of the averaged surface concentrations for both species. We compare
our results with a quasi-onedimensional high resolution finite-difference calculation using
a fourth order Runge-Kutta integration scheme and very good agreement is found. In the
beginning, adsorption of species oxy is faster than species chr and an overshoot of the
equilibrium condition occurs. Later, both components reach the steady equilibrium state
and the net surface flux is zero.

5 POROUS STRUCTURE

We have demonstrated the validity of our method to simulate complex surface transport
problems on curved interfaces in two dimensions. Now we want to study a more realistic
three-dimensional reaction-diffusion problem in a porous structure as it occurs in a SOFC
cathode. For that purpose we take a pixelmap of a section of a real cathode structure
provided by the Pacific Northwest National Laboratory and discretize the pores and the
air phase with different types of particles, see the red (pores) and blue (air) particles in
Fig. 6.

Using the color-function gradient between the two phases to determine the interface
position, we can reconstruct the surface of the pores and simulate the interfacial diffusion
of a scalar species coupled with bulk transport. Fig. 7 shows the reconstruction of the
interface using our SPH discretization of the problem. The non-dimensional size of the
geometry is 32× 32× 16 and we have used a particle spacing of ∆x = 0.25. Thus a total
of 1,048,576 particles is used.
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Figure 6: Discretization of a section of a real cath-

ode filled with air with SPH particles.

Figure 7: Interface reconstruction of the porous

cathode from the SPH discretization.

As we are interested in the impact of surface diffusion, we do not simulate an entire
fuel cell with an air channel, current collector, anode and cathode but study the species
dynamics in a section of the cathode to estimate time scales and the influence of reaction
rates and surface diffusion on the distribution of a species in the cathode. Then we can
use these results to improve continuous coarse-grid models for porous media and study
the depositioning of chromium in a real cathode.

In this work we compare three simulations with an isolated species at different diffu-
sion rates to demonstrate that surface diffusion can strongly change the dynamics of the
poisoning. The Langmuir adsorption-desorption model given by

ṠΣ = k1C (Γmax − Γ)− k2Γ (18)

is used for the surface transport with the parameter k1 = 1.0, k2 = 0.2 and Γmax = 1.0. At
the top layer we define the bulk concentration of chromium C∞ = 1.0, constant in time.
We impose symmetry boundary conditions in x and y direction as periodicity cannot be
applied to a heterogeneous porous structure. Also the flux of species along the sidewise
boundaries was shown to be marginal, hence negligible [12] which verifies the symmetry
assumption. The bottom of the cathode section is impermeable for chromium and we use
a no-flux boundary condition there.

Table 1 shows the parameters for the surface and bulk diffusion of our simulations. Case
1 is dominated by a strong bulk diffusion, in Case 2 we amplified the surface diffusion
and Case 3 is used as a reference result to estimate the effect of the two variations.

In Fig. 8 - 10 snapshots of the three simulations at T = 8 show a section of the
interface and a slice through the bulk phase to show the surface concentration and the
bulk concentration. The colors in the figures show the quantities from blue to red in the
range of Γ = 0− 0.833 and C = 0− 1, respectively.
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Table 1: Diffusion coefficients for the three cases.

Case 1 Case 2 Case 3

Ds 0.1 1.0 0.1

D∞ 10.0 1.0 1.0

Figure 8: Surface and bulk con-

centration for Case 1

Figure 9: Surface and bulk con-

centration for Case 2

Figure 10: Surface and bulk

concentration for Case 3

From these figures we see immediately the influence of bulk diffusion on the species
distribution in the gas phase. The penetration depth of chromium in the bulk (Fig. 8)
is larger than for the other cases. Interestingly, the surface concentration distribution
is similar for Case 1 and Case 2 although the diffusion rates are inverse. To further
analyse the results we postprocessed the concentration profiles and calculated average
interface and bulk concentrations in small slices along the z-axis. Of course diffusion in
the porous media is not uniform and not quasi-onedimensional in the z-direction, but from
the averaged profiles we can better interpretate the results and describe qualitatively the
effect of different parameter.

The averaged bulk concentration profiles in the z-direction at T = 8 for the three
different cases are shown in Fig. 11. At the upper boundary at z = 16 the concentration
is equal to the reference value and for the high bulk diffusivity the biggest amount of
chromium mass is deposited into the porous structure. Correspondingly we show the
averaged surface concentration in slices along the z-axis for all cases in Fig. 12. As a
reference, we have also plotted the equilibrium surface concentration for the reference
bulk concentration obtained from

Γeq =
k1ΓmaxC∞

k1C∞ + k2
. (19)

Close to the upper boundary, the surface concentration has already reached the equilib-
rium value and remains constant in time. The dots in this figure show the profile of the
equilibrium surface concentration calculated from (19) using the local averaged bulk con-
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Figure 12: Averaged interfacial species concentra-
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centrations. Comparing the actual local profile and the theoretical equilibrium profile for
Case 1 we see that diffusion rates are much faster compared to the transport to the sur-
face. Thus, the surface concentration in lower regions did not yet achieve the equilibrium
condition as the adsorption rate is too small.

Moreover we want to emphasize that the two bulk concentrations of Case 2 and Case

3 differ considerably although the bulk diffusion coefficient is equal for both setups. This
effect can be explained together with the surface concentration profiles and the Langmuir
model. Looking at Case 3, the surface concentration profile coincides with the calculated
equilibrium profile. That means chromium diffuses slowly through the bulk phase and
almost instantaneously the surface reaction is in equilibrium with the bulk phase.

The bulk diffusion in Case 2 is equivalent with Case 3, but much more material is
already transported to the air phase in the cathode and the averaged bulk concentration
profile in Fig. 11 is higher. This material comes from the desorption of chromium from
the interface. The high surface diffusivity transports chromium along the interface into
the structure. Consequently, the surface concentration gradient is smoothed stronger and
even at the upper boundary the interface equilibrium condition is not yet reached. In
addition, desorption takes place lower in the structure since the interface is oversaturated
according to (19) and chromium occurs in a depth where pure bulk diffusion could not
yet transport material.

6 CONCLUSION

We have presented a fully coupled multi-species SPH model considering the effect of
surface diffusion, surface reaction and bulk diffusion. The validation against analytical
and high-resolution results shows very good agreement and convergence of our method
is proved. We used our method to simulate the complex interaction of surface diffusion,
reaction and bulk diffusion in a three-dimensional porous structure of a real cathode of
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the structure. Consequently, the surface concentration gradient is smoothed stronger and
even at the upper boundary the interface equilibrium condition is not yet reached. In
addition, desorption takes place lower in the structure since the interface is oversaturated
according to (19) and chromium occurs in a depth where pure bulk diffusion could not
yet transport material.

6 CONCLUSION

We have presented a fully coupled multi-species SPH model considering the effect of
surface diffusion, surface reaction and bulk diffusion. The validation against analytical
and high-resolution results shows very good agreement and convergence of our method
is proved. We used our method to simulate the complex interaction of surface diffusion,
reaction and bulk diffusion in a three-dimensional porous structure of a real cathode of
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a fuel cell and highlight the deposition of chromium into the cathode via surface diffu-
sion. In future work we want to explore a more complex coupled two-species transport
model to represent the competitive species dynamics of oxygen and chromium and use
more realistic boundary conditions such as prescribed flux conditions and concentration
dependent reaction rates.
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