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Abstract. In this paper a Lagrangian finite element approach for the simulation of
incompressible flows is presented, based on the so-called Particle Finite Element Method
(PFEM). The spatial discretization and the definition of the boundary terms are discussed
in detail with a specific focus on free-surface flows. Additionally, some problems that can
arise from the use of such a method are pointed out. Some numerical examples are given
and discussed in the last section of the paper.

1 INTRODUCTION

In the past decades numerical simulation of fluid flows has been mostly limited to
Eulerian approaches, mainly due to the difficulty to treat extremely large deformations
in a Lagrangian framework. On the other hand, the simulation of free-surface or multi-
phase flows can become very difficult using an Eulerian description, due to the presence
of interfaces, even if some techniques, such as the Volume Of Fluid (VOF) [4], have been
developed in order to take the presence of interfaces into account.Up to a certain extent,
these problems can be solved thanks to the Arbitrary Lagrangian-Eulerian (ALE) formu-
lation [2]. Nevertheless, when it comes to problems involving complex free-surface flows,
including mixing and separation, and possibly interacting with solid bodies, all the former
approaches reach their limit, especially for industrial applications.
In this paper, we focus on the case of free-surface incompressible flows using a Lagrangian
approach based on the Particle Finite Element Method (PFEM) [11]. In the first part of
the paper a general description of the PFEM method is given. In the second part different
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expressions of the governing equations are discussed, and spatial and time discretization
are analyzed in more detail, together with some implementation issues. Finally, in the
last part, some numerical examples are given.

2 THE PFEM METHOD

In the PFEMmethod the fluid is discretized using a set of points, referred to as particles
hereafter, which actually represent material points of the body. In order to evaluate the
forces acting on each particle, a new mesh is built at each time step, based on an Extended
Delaunay Triangulation (EDT) [5], in such a way that the computational cost needed to
evaluate nodal connectivity grows almost linearly with the number of particles [6]. At each
remeshing the contours of the body are identified using the so-called α-shape technique [3].
Based on the new mesh, the Meshless Finite Element Method (MFEM) shape functions [7]
can be defined in order to solve the corresponding weak form of the governing equations.
The main steps of the PFEM method can be summarised as follows:

1. at a given time step, discretize the domain using a set of particles;

2. define the particle connectivity through an Extended Delaunay Triangulation (EDT);

3. identify the domain boundaries using the α-shape technique;

4. solve the governing equations using the MFEM shape functions;

5. use the solution obtained at the end of step 4 to update particles positions;

6. go back to step 2 and repeat the process for the next time step.

For a complete description of the method, refer e.g. to [11].
In the present implementation of the method, limited to 2D, a simple Delaunay triangu-
lation is used, together with classical linear Finite Element shape functions, instead of
MFEM ones.

3 GOVERNING EQUATIONS

The Navier-Stokes equations (momentum balance and mass conservation) for an in-
compressible Newtonian fluid in the current and reference configuration can be written,
in Lagrangian form, as

ρ
Du

Dt
= −grad (p) + µdiv (grad (u)) + µdiv

(

grad (u)T
)

+ ρb in Ω (1)

div (u) = 0 in Ω (2)

and

ρ
DU

Dt
= − 1

J
Div

(

JpF−T
)

+
1

J
µDiv

(

JGrad (U )F−1F−T+

JF−TGrad (U )T F−T
)

+ ρb in Ω0

(3)
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Div
(

JF−1U
)

= 0 in Ω0 (4)

respectively, where Ω and Ω0 are the volumes occupied by the fluid in the current and
reference configuration, ρ (x, t) is the density, µ (x, t) is the viscosity, u = u (x, t) is the
velocity vector, p (x, t) is the pressure, and ρb (x, t) is a body force, such as gravity for
instance. D(·)/Dt is the Lagrangian, or material, derivative of the quantity (·), F = dx

dX

is the deformation gradient and J =det(F). Capital letters are used to denote quantities
defined in the reference configuration.
These equations have to be complemented with Dirichlet and Neumann boundary condi-
tions:

u (x, t) = ū (x, t) ∀x ∈ ΓD (5)

σσσ (x, t) · n = t̄ (x, t) ∀x ∈ ΓN , (6)

where ū (x, t) and t̄ (x, t) are imposed velocities and surface tractions respectively, σσσ =
σσσ (x, t) is the Cauchy stress tensor, n denotes the unit outward normal to the boundary,
ΓD ∪ ΓN = ∂Ω and ΓD ∩ ΓN = Ø.

3.1 Weak form and spatial discretization

For further developments, only the forms corresponding to Equations (3) and (4) will
be discussed, the developments related to the current configuration being the same.
Introducing the following spaces for trial and test functions

S =
{

U ∈ H1 (Ω) |U = Ū on ΓD

}

,

S0 =
{

W ∈ H1 (Ω) |W = 0 on ΓD

}

,

Q =
{

q ∈ L2 (Ω)
}

,

the weak form of Equations (3) and (4) can be established by multipling Equation (3)
by a vector test function W ∈ S0 and Equation (4) by a scalar test function q ∈ Q.
Integrating over the reference volume and using Green theorem, the weak form finally
reads

∫

Ω0

ρ0
DU

Dt
·WdΩ0 =

∫

Ω0

JpF−T : Grad (W ) dΩ0

−
∫

Ω0

µJ
[

Grad (U)F−1F−T : Grad (W ) + F−TGrad (U )T F−T : Grad (W )
]

dΩ0

+

∫

Ω0

ρ0b ·WdΩ0 +

∫

ΓN

W · t̄dΓN ∀W ∈ S0,

(7)

∫

Ω0

Div
(

JF−1U
)

qdΩ0 = 0 ∀q ∈ Q. (8)
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M.L. Cerquaglia, G. Deliége, R. Boman, L. Papeleux, V. Terrapon and J.P. Ponthot

Equations (7) and (8) can be discretized using linear isoparametric finite elements, leading
to the following system of semi-discrete equations:

M
DV

Dt
+KV +DTP = B, (9)

DV = 0, (10)

where M is the mass matrix (that can be lumped if needed), K the matrix containing
the viscous terms, D the discrete version of the divergence operator, and B a vector
containing the contribution of body forces and surface tractions. Spatial integration can
be performed using classical Gauss integration (1 Gauss point per linear triangle in 2D).

3.2 Pressure stabilization and boundary terms

Pressure stabilization The selected discretization, i.e. linear velocity and pressure,
is known to violate the Ladyzhenskaya-Babuška-Brezzi (LBB) condition. To circumvent
this problem a Petrov-Galerkin pressure stabilization procedure has been preferred over
a fractional step method as it shows better mass conservation properties, as discussed in
[1].
The approach used here is the one adopted by Tezduyar et al. [13] and consists in adding
to the mass conservation equation an integral term defined as the product of a stabilizing
parameter τ ePSPG (see [13]) and the residual of the momentum equation.
The stabilized version of Equation (8) is then

∫

Ω0

Div
(

JF−1U
)

qdΩ0 +

Nel
∑

e=1

∫

Ω0

τ ePSPG
1

ρ0
Grad (q)

(

ρ0
DU

Dt
+

1

J
Div

(

JpF−T
)

−

1

J
µDiv

(

JGrad (U)F−1F−T + JF−TGrad (U )T F−T
)

− ρ0b

)

= 0 ∀q ∈ Q.

(11)

By neglecting the higher-order term Div
(

JGrad (U )F−1F−T + JF−TGrad (U )T F−T
)

,

the equations to be solved can be finally summarized as follows

M
DV

Dt
+KV +DTP = B, (12)

C
DV

Dt
+DV + LP = H . (13)

Boundary terms A further important remark has to be made regarding the form of
the equations proposed in the present work and in particular the treatement of boundary
terms.
When dealing with incompressible Newtonian fluids the Navier-Stokes equations are often

written in so-called Laplace form, since the term µdiv (grad (u)) + µdiv
(

grad (u)T
)

in
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Equation (1) simplifies to µdiv (grad (u)) = µ∆u. Even if this is correct from a physical
point of view, it has some consequences for the expression of the weak form of the equa-
tions.
In particular, the correct natural boundary condition for the Laplace weak form of the
Navier-Stokes equations is

∫

ΓN

W · t̄dΓN −
∫

ΓN

W ·
[

µgrad (u)T
]

· ndΓN . (14)

Therefore, the ‘physical’ boundary condition
∫

ΓN
W · t̄dΓN , containing the surface trac-

tions, is not the natural boundary condition that derives from the Navier-Stokes equations
written in Laplace form.
Some authors do not account for this subtlety, even if it leads to a violation of the objec-
tivity principle, as discussed in [10], and neglect the second term appearing in Equation
(14).
In this work the Navier-Stokes equations are written in divergence form so that the bound-
ary term

∫

ΓN
W ·t̄dΓN represents simultaneously both a ‘physical’ and a natural boundary

condition.

3.3 Time integration

Time integration is performed using an implicit backward-Euler scheme.
Positions at time tn+1 are computed as

Xn+1 = Xn + V n+1∆t, (15)

which leads to the system of fully-discrete equations
[

1
∆t
Mn+1 +Kn+1 DTn+1

1
∆t
Cn+1 +Dn+1 Ln+1

]{

V n+1

P n+1

}

=

{

Bn+1 + 1
∆t
Mn+1V n

Hn+1 + 1
∆t
Cn+1V n

}

. (16)

Due to the implicit time integration, Equations (16) are non-linear so that an iterative
algorithm has to be used to find the solution at time tn+1. As discussed in [8] a Picard
algorithm is preferable to a Newton-Raphson algorithm in this case.

3.4 Problems related to remeshing

In the present approach a problem can arise due to the continuous remeshing of the
domain. In particular, since for quantities that are not defined at the nodes, such as
stresses, no proper projection is made from the old mesh to the new one, perturbations
of the solution can appear after a remeshing. In other words, the solution is no longer C0

continuous in time.
To the best of our knowledge, this is the first time in the literature that this problem
related to the PFEM method is addressed. We will first try to give some justification of
what happens and then suggest some ideas on how to alleviate the problem.
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Problem description Let us suppose that the equilibrium at time n has been reached:
nodes are moved to the new position Xn+1 and a remeshing takes place, leading to an
unequilibrated configuration.
There are two contributions to this new out-of-balance configuration: the first one comes
from the fact that the physical problem is not at equilibrium anymore and the second
one from the fact that the equilibrium at time n was computed on a different mesh and
there is no guarantee that the same equilibrium solution would have exactly held on the
new mesh. The latter can introduce some perturbations in the velocity and pressure
fields: we will denote these perturbations on velocity and pressure as δV n+1 and δP n+1,
respectively.
The momentum equation that has to be verified at time n+ 1 becomes

M

(

V̄
n+1

+ δV n+1 − V n

∆t

)

+K
(

V̄
n+1

+ δV n+1
)

+DT
(

P̄
n+1

+ δP n+1
)

= B, (17)

where ¯ quantities are solution to the physical (unperturbed) equilibrium. If physical
equilibrium is satisfied, then Equation (17) becomes

M
δV n+1

∆t
︸ ︷︷ ︸

(a)

+KδV n+1
︸ ︷︷ ︸

(b)

+DT δP n+1
︸ ︷︷ ︸

(c)

= 0. (18)

Term (b) is directly defined by the velocity field perturbation δV n+1 and for dynamic
problems, if this perturbation is finite but small, this term is small with respect to the
other two. On the contrary, term (a) is amplified by the presence of the time step ∆t. If
one wants Equation (18) to be satisfied, the only contribution that can counter-balance
the first term comes from term (c), which therefore results in oscillations of the pressure
field. Evidence of this phenomenon is given in section 4.

Possible remedies The amplitude of pressure oscillations is proportional to the extra
inertial force (a). Term (a) is proportional to the velocity jump δV n+1 (which itself de-
pends on the problem and on the mesh size) and inversely proportional to time step ∆t.
Thus, in general, pressure oscillations decrease for finer meshes and larger time steps.

4 NUMERICAL EXAMPLES

In this section some numerical applications of the present approach are presented.

4.1 Sloshing problem

In this example the free sloshing of an incompressible Newtonian fluid in a rigid reser-
voir is considered, as depicted in Figure 1. This problem has already been studied in
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the literature (see for instance [1, 12]), so it represents a good benchmark to validate our
code.

Figure 1: Sloshing problem. A fluid is placed in a reservoir and an initial out-of-balance
configuration is enforced through the free-surface profile definition.

The initial free-surface profile is defined as

H (x, 0) = a sin
(

π
x

b

)

, (19)

where b is the width of the reservoir, H denotes the free-surface height with respect to the
average level and a is the initial amplitude. In this case values of a = 0.01 m and b = 1.0
m, as well as fictitious values of fluid viscosity µ = 0.01 kg/ms, density ρ = 1.0 kg/m3

and gravity g = 1.0 m/s2 are considered. For the calculation, an initial discretization of
1166 nodes and 2330 triangles and a constant time step of 0.01 s are used. A free-slip
condition is enforced on the container walls.
Figure 2 presents the time evolution of the free surface at x = ±b/2. Circles denote values
obtained from [12] and triangles from [1]. Very good agreement is observed, especially
with the solution provided by Radovitzky and Ortiz [12]. For this problem a maximum
relative error of 5 · 10−4% on mass conservation is obtained.

Remeshing issues A numerical example is proposed to illustrate the problems de-
scribed in section 3.4, related to continuous remeshing.
The example is again a sloshing problem, as presented above, but this time a very coarse
mesh is employed, in order to better highlight the issue. Moreover values of ρ = 1000
kg/m3 and g = 9.81 m/s2 are used. The initial mesh is depicted in Figure 3. During
the simulation, if remeshing is performed at each time step, four possible configurations
exist, as depicted in Figure 4. Results are shown in Figures 5 and 6. All the analyses are
performed with a time step of 0.001 s.
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Figure 2: Sloshing problem. Time evolution of the position of the free-surface at x = −b/2
and x = b/2: very good agreement with other authors’ results is found, especially the one
obtained by Radovitzky and Ortiz [12].

Figure 3: Remeshing issues: initial mesh. An extremely coarse mesh (with only 6 nodes)
is used in order to better understand the influence of remeshing on the results.

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 4: Remeshing issues. Four different configurations can be obtained during the
simulation due to remeshing: they correspond to meshes 1, 2, 3 and 4.
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In Figure 5 the velocity along the y-direction of node 5 for the case with continuous
remeshing is displayed and compared to results obtained for meshes 1-4 without remesh-
ing. Colored images are used to symbolize the configuration of the remeshing case that
corresponds to a given portion of the simulation.

Figure 5: Remeshing issues: node 5 velocity along the y-direction. The thick blue line
represents the case where a remeshing is performed at each time step, while thin lines
are the results obtained for meshes 1-4 (see Figure 4) without remeshing. Colored images
indicate the configuration of the continuous remeshing case that corresponds to a given
part of the simulation. Whenever the configuration changes, discontinuities appear in the
velocity field due to the fact that the discrete solution can be different from one mesh to
another.

First of all, as it could be expected for such a coarse mesh, four different results are ob-
tained for the four meshes. Moreover, for the continuous remeshing case, it can be seen
that remeshing can introduce discontinuities in the velocity field. This can be expected
in view of the very different solutions the four configurations without remeshing can lead
to. To better understand the implications of this observation on the results, Figure 6(a)
shows the evolution of inertial, internal and external forces along the y-direction at node
5. Inertial forces represent the term MDV

Dt
in Equation (12), internal forces the term

KV +DTP and external forces the term B.
As discussed in section 3.4 jumps of inertial forces can be observed after remeshing (corre-
sponding to the larger velocity jumps), to which correspond discontinuities in the internal
forces, which, in this case, basically corresponds to the pressure gradient.
In Figure 6(b) one can observe the strong discontinuities appearing in the pressure field,
due to the perturbations introduced by the remeshing. As previously discussed, it can be
observed that for a larger time step, i.e. 0.01 s, the pressure peaks are strongly attenuated.
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(a) Forces along the y-direction at node 5 (b) Pressure at node 5

Figure 6: Remeshing issues. Perturbations induced by the remeshing in the velocity
field cause strong discontinuities in the inertial term, that have to be counter-balanced
by internal forces (a), in particular by the pressure gradient. Strong oscillations in the
pressure field (b) correspond to discontinuities in the velocity field induced by remeshing
(peaks in the blue curve). A larger time step reduces them, since smaller accelerations
are induced by velocity perturbations.

Again, this phenomenon will also become less and less visible for finer and finer meshes.

4.2 Dam break

The dam break problem is a classical benchmark for the analysis of free-surface flows.
The problem is depicted in Figure 7 and consists in a column of water in a container,
initially held by a rigid wall. The wall is instantaneously removed and the motion of the
water is studied.
In this case a length L = 0.146 m is considered. Classical values for water properties
are chosen, that is a density ρ = 1000 kg/m3 and a dynamic viscosity µ = 0.001 kg/ms.
An initial mesh of 1650 nodes and 3171 elements, and a time step of 0.02 s are used. A
no-slip condition is enforced on container walls. The solutions obtained at different time
steps are shown in Figure 8 and compared to experimental results obtained by Koshizuka
and Oka [9]. Again, a good agreement is observed.

5 CONCLUSIONS

A Lagrangian finite element approach for the study of incompressible flows, based on
the PFEM method, has been presented.
Particular attention has been devoted to the mathematical formulation of the method
and to the correct definition of the weak form, in particular concerning boundary terms.
The validity and robustness of the approach have been assessed on some simple examples.
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Figure 7: Dam break problem. The water column is initially held by a rigid wall. The
wall is suddenly removed and the motion of the fluid is regarded.

(a) t = 0.2s (b) t = 0.4s (c) t = 0.6s

Figure 8: Dam break problem. Comparison between experimental results taken from [9]
(top) and numerical ones (bottom). The evolution of the water column is displayed at
times t = 0.2 s (a), t = 0.4 s (b) and t = 0.6 s (c): good agreement with experimental
results can be seen. Pressure field is also shown for the numerical solution.

Finally, some problems related to the continuous remeshing procedure used in the present
method have been pointed out. It was shown that some perturbations are introduced by
the remeshing in the velocity field: these perturbations can be amplified by a small time
step, leading to large accelerations that have to be compensated by the pressure gradient,
resulting in large oscillations in the pressure field, if the mesh is not fine enough. No
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solution to this problem has been found so far, but it is a perspective for future works.
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