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Abstract. In this paper, the fluidization of 8 mm glass particles in water has been simulated 
using a new methodology developed within the DEM framework. In this methodology, 
random liquid fluctuating velocities are used as direct input into the drag model. The specific 
aim of this study is to directly compute the granular pressure in a liquid fluidized bed. The 
granular pressure is defined using the particle-wall collision frequency and the corresponding 
particle momentum transport during the collision. Initially, we validated our model by 
comparing the relationship between superficial fluid velocity and bed expansion against the 
well-known Richardson-Zaki [1] equation. The results demonstrated a good agreement of our 
model. The granular pressure and temperature, as well as the particle-wall collision frequency, 
in the liquid fluidized bed were determined for superficial fluid velocities in the range 
between 0.08 and 0.32 m/s. The granular pressure exhibited a maximum (between 0.3-0.4 
solid fraction) that matched the experimental measurements of Zenit et al. [2] for high inertia 
particles. The granular temperature also revealed a peak at a solid concentration of around 0.2 
which is in line with the experimental measurements of Zivkovic et al. [3] and the model of 
Gervin et al. [4]. The set of the results presented in this study suggests that the approach used 
here is valid for obtaining the granular pressure and temperature for a wide range of volume 
fractions in liquid fluidized beds.   

 
 
1 INTRODUCTION 

The granular pressure is defined as the pressure exerted on the containing walls of the 
fluidized bed due to the collisions of particles with those walls. Batchelor [5] established the 
formulation of the mean motion of particles in a fluidized bed using a one-dimensional 
control volume stability analysis. All the parameters within Batchelor’s model were correlated 
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with the local solid volume fraction 𝜀𝜀𝑠𝑠 as well as superficial liquid velocity 𝑢𝑢𝑠𝑠𝑠𝑠. Hence, the 
expression of granular pressure is defined as [5]: 

𝑃𝑃𝑝𝑝 = 𝜀𝜀𝑠𝑠𝜌𝜌𝑝𝑝𝐹𝐹(𝜀𝜀𝑠𝑠)𝑢𝑢𝑠𝑠𝑠𝑠2  

 

(1) 

where 𝐹𝐹(𝜀𝜀𝑠𝑠) is some function of the solid volume fraction for two limiting cases of 0 and 
packed bed solid volume fraction (𝜀𝜀𝑠𝑠𝑝𝑝 ≈ 0.62). Batchelor [5] suggested the simplest form of 
𝐹𝐹(𝜀𝜀𝑠𝑠) as: 

𝐹𝐹(𝜀𝜀𝑠𝑠) =
𝜀𝜀𝑠𝑠
𝜀𝜀𝑠𝑠𝑝𝑝

(1 − 𝜀𝜀𝑠𝑠
𝜀𝜀𝑠𝑠𝑝𝑝

) 

 

(2) 

Ding and Gidaspow [6] proposed a relation for the granular pressure based on the Kinetic 
Theory of Granular Flow (KTGF) as [7]: 

𝑃𝑃𝑝𝑝 = 𝜀𝜀𝑠𝑠𝜌𝜌𝑝𝑝𝜃𝜃[1 + 2(1 + 𝑒𝑒𝑛𝑛)𝑔𝑔0𝜀𝜀𝑠𝑠] 

 

(3) 

where 𝜃𝜃 and 𝑔𝑔0 are the granular temperature and radial distribution function, respectively. 
The granular temperature based on KTGF [7] for a three-dimensional flowing granular 
material is defined as: 

𝜃𝜃 = 1
3𝑣𝑣

2 

 

(4) 

where 𝑣𝑣2 is the mean value of the squares of fluctuating velocities. The coefficient of 
restitution, 𝑒𝑒𝑛𝑛, is the ratio of the impact velocity to the rebound velocity. The square of the 
restitution coefficient is directly proportional to the loss of kinetic energy during inelastic 
collisions due to damping effect [8]. The concept of the radial distribution function, 𝑔𝑔0, is like 
𝐹𝐹(𝜀𝜀𝑠𝑠) used by Batchelor [5] and some different representations of it are available in literature 
[9-11]. We determined the granular pressure using the form of the radial distribution function 
proposed by Bagnold [9] as: 

𝑔𝑔0 = [1 − ( 𝜀𝜀𝑠𝑠𝜀𝜀𝑠𝑠𝑝𝑝
)
1
3
]

−1

 

(5) 

 Wang and Ge [12] presented a mathematical model based on energy balance analysis to 
predict the granular pressure in fluidized beds of high particle inertia which is defined as: 

𝑃𝑃𝑝𝑝 = 2(1 + 𝑒𝑒𝑛𝑛)𝜀𝜀𝑠𝑠2𝜌𝜌𝑝𝑝𝜃𝜃𝑔𝑔0 

 

(6) 

where all parameters are the same and determined similarly as per Eq. 3. 
In this paper, we are aiming at the computation of the granular pressure in a liquid 

fluidized bed using DEM. We have developed a new methodology to simulate the random 
motion of the particles influenced by the random fluctuating liquid velocity field incorporated 
into the drag force. A methodology for directly defining of the granular pressure based on the 
momentum transport during the particle-wall collision and the corresponding frequency has 
been presented. The simulation results for the granular pressure has been compared to the 
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correlations available in the literature. The collision-wall frequency as well as the granular 
temperature in the liquid fluidized bed have also been reported here.  

 

2 MODELING 
Forces acting on the particle 𝑖𝑖 are gravity, buoyancy, contact and drag, as: 

∑𝐹𝐹𝑖𝑖⃗⃗ = 𝐹𝐹𝑔𝑔𝑔𝑔⃗⃗⃗⃗⃗⃗ + 𝐹𝐹𝑐𝑐⃗⃗  ⃗ + 𝐹𝐹𝑑𝑑⃗⃗⃗⃗  (7) 

The combined equation used for the gravity and buoyancy forces (in z direction) is:     

𝐹𝐹𝑔𝑔𝑔𝑔,𝑧𝑧 = 𝑔𝑔𝑉𝑉𝑝𝑝( 𝜌𝜌𝐿𝐿 − 𝜌𝜌𝑝𝑝)  

 

 

(8) 

 

 
where 𝑉𝑉𝑝𝑝 is the particle volume. In Eq. 1, 𝐹𝐹𝑐𝑐⃗⃗  ⃗ is the contact force. The soft sphere model was 

used to simulate particle-particle and particle-wall collisions [13]. The dominant fluid-particle 
interaction forces which are considered in this work are drag (𝐹𝐹𝑑𝑑⃗⃗⃗⃗ ) and buoyancy (𝐹𝐹𝑔𝑔⃗⃗⃗⃗ ). The 
drag model introduced by Di Felice [14] is used in Eq. 7 as it provides a smooth dependency 
of the drag force over the entire range of volume fractions [15].  

A finite difference form of Newton’s second law is used in DEM to determine particle’s 
position, velocity and acceleration in each time step [8]. The new position of the particle 
centre after each time step can be found as: 

𝑆𝑆𝑖𝑖⃗⃗⃗  (𝑡𝑡 + ∆𝑡𝑡) = 𝑆𝑆𝑖𝑖⃗⃗⃗  (𝑡𝑡) + 𝑣𝑣𝑖𝑖⃗⃗⃗  (𝑡𝑡)∆𝑡𝑡 + 0.5
∑𝐹𝐹𝑖𝑖⃗⃗ (𝑡𝑡)

𝑚𝑚𝑖𝑖
∆𝑡𝑡2 

(9) 

where 𝑣𝑣𝑖𝑖⃗⃗⃗  (𝑡𝑡) is the instantaneous particle velocity. 
The fluid instantaneous fluctuating velocity used in the drag model is defined as: 

�⃗�𝑢 (𝑡𝑡) = �⃗̅�𝑢 + �⃗́�𝑢 (𝑡𝑡) 
 

  (10) 

The local mean fluid velocity, �⃗̅�𝑢 , in radial (x and y) direction is zero due to cylindrical 
symmetry. However, the mean value for the axial direction is equal to the interstitial fluid 
velocity (𝑢𝑢𝑖𝑖) which is related to the local fluid volume fraction as: 

�̅�𝑢𝑧𝑧 = 𝑢𝑢𝑖𝑖 =
𝑢𝑢𝑠𝑠𝑠𝑠
𝜀𝜀𝐿𝐿,𝑧𝑧

 

 

(11) 

where 𝑢𝑢𝑠𝑠𝑠𝑠 is fluid superficial velocity and 𝜀𝜀𝐿𝐿 is the local liquid volume fraction. 
Based on the Kinetic Theory of Granular Flow (KTGF), particle velocity can take random 

values in fluidized beds in both direction and magnitude [16, 17]. It is also believed that those 
random velocities follow a Gaussian-type Probability Distribution Function (PDF) in any 
direction [18-20]. As the particle constantly exchange momentum with the surrounding, liquid 
velocity values should also be random and fluctuating and following a Gaussian PDF with a 
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mean value and standard deviation in any direction. The standard deviation of the fluctuating 
liquid velocity is the root mean squared of the instantaneous fluctuating velocity, 𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟. 

Based on turbulence theory [21], the influence of fluid turbulence on particle motion is 
described by [22]:  

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟
2 = (1 +

𝜏𝜏𝑝𝑝
𝑇𝑇𝐿𝐿

) 𝑣𝑣2̅̅ ̅ 

 

(12) 

where 𝑇𝑇𝐿𝐿 and 𝜏𝜏𝑝𝑝 are the time scale of the fluid and particles, respectively. In an isotropic 
turbulence, the fluid time scale can be defined as 𝑇𝑇𝐿𝐿 = 𝑙𝑙/𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟 where l is the turbulence length 
scale [23]. Therefore, Eq. 12 can be written as: 

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟
2 −

𝑣𝑣2̅̅ ̅𝜏𝜏𝑝𝑝
𝑙𝑙 𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑣𝑣2̅̅ ̅ = 0 

 

(13) 

A relation for the particle time scale (relaxation time) was proposed by Bel F’dhila and 
Simonin [24] as: 

𝜏𝜏𝑝𝑝 =
𝜌𝜌𝑝𝑝/𝜌𝜌𝐿𝐿 + 𝐶𝐶𝐴𝐴

(3/4)𝐶𝐶𝑑𝑑̅̅ ̅/𝑑𝑑𝑝𝑝 𝑢𝑢𝑡𝑡
 

 

(14) 

where 𝐶𝐶𝐴𝐴 is the added mass coefficient and equal to 0.5 [25].  
For the average particle speed Duris et al. [20] presented an empirical equation based on 

experimental measurements in a liquid fluidized bed: 

𝑣𝑣 = 𝑣𝑣𝑡𝑡 [8.486 (𝑅𝑅𝑅𝑅𝑡𝑡 ( 𝜇𝜇
𝜇𝜇𝑤𝑤

)
1.19

)
−0.636

(
𝑢𝑢𝑟𝑟𝑠𝑠 − 𝑢𝑢𝑟𝑟𝑠𝑠

𝑢𝑢 ) 𝜀𝜀𝑟𝑟
0.5]

2/3

 

 

(15) 

and based on KTGF, we have [7]:  

𝑣𝑣2̅̅ ̅ = (1.086𝑣𝑣)2 = 1.1794𝑣𝑣2 
 

(16) 

where 𝑣𝑣𝑡𝑡, 𝑅𝑅𝑅𝑅𝑡𝑡, 𝜇𝜇𝑤𝑤 and 𝑢𝑢𝑟𝑟𝑠𝑠 are particle terminal velocity, particle Reynolds number based 
on terminal velocity, viscosity of water and fluid minimum fluidization velocity, respectively. 
The terminal and minimum fluidization velocities are determined from the correlations 
proposed by Loli et al. [26] and Wen and Yu [27], respectively.  

As can be seen in Eq. 15, 𝑣𝑣 is a function of the superficial fluid velocity, 𝑢𝑢𝑟𝑟𝑠𝑠, and solid 
fraction, 𝜀𝜀𝑟𝑟 where the former is an input parameter and the latter can be defined using DEM. 
Therefore, the 𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟, which represents the level of liquid fluctuations, can be defined by 
solving the quadratic Eq. 13. 
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3 METHODOLOGY 

3.1 Numerical simulation 
Initially, particles were randomly positioned without overlapping in the simulation domain, 

which is a cylindrical column. The domain was divided into several cells (20-30 depending on 
bed height) along the axis of the column as shown in figure 1. Each cell height was always 
slightly larger than the smallest particle diameter in the system (1.5 times of particle 
diameter). The cells were used to determine the instantaneous and local volume fraction along 
the z direction. Initial values of the particle velocities were set to be zero. 

 

1Δz

m-1

m

m+1

Ncell-1

Ncell

Bed height
(Simulation domain)

 
Figure 1: The simulation domain discretised into axial cells 

 
A random fluid velocity drawn from the Gaussian PDF with the mean and standard 

deviation given by Eqs. 11-13 was associated to each particle at every updating interval which 
is defined following Crow et al. [28] approach and is about 0.01s. The standard deviation of 
the velocity distribution was a function of the fluid velocity and local volume fraction of the 
cell in which the particle centre was located. It is noted that based on PIV measurements, 
Reddy et al. [29] found that the axial fluid fluctuating velocity is 1.65 times that of the radial 
component and therefore we used that accordingly to find axial 𝑢𝑢2𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑢𝑢2𝑟𝑟𝑟𝑟𝑟𝑟,𝑟𝑟 + 𝑢𝑢2𝑟𝑟𝑟𝑟𝑟𝑟,𝑧𝑧. 
This random fluid velocity was used to define the slip velocity and finally the drag force 
acting on each particle. Then, using a force balance (Eq. 7) along with the finite difference 
integration method (Eq. 9), the new position of the particle was defined. The flow chart of the 
simulation algorithm is schematically shown in figure 2.     
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Figure 2: Schematic flow chart of simulation algorithm   
 
The solid volume fraction of each cell is determined at any interval when the fluid 

fluctuating velocity and the drag coefficient are updated. Table 1 shows the required input 
parameters in the DEM simulations.  

 
Table 1: Simulation input parameters 

Properties Value 
Initial particle velocity (m/s) 0 
Particle terminal velocity (m/s) 0.54 
Minimum fluidization velocity (m/s) 0.06 
No. of particles 201 
Cell height (mm) 12 
Liquid superficial velocity (m/s) 0.08-0.32 
Stiffness (N/m) 100 
Time step (s) 1×10-5 
Updating interval (s) 0.01 
Coefficient of restitution 0.90 
Richardson-Zaki index (n) 2.39 

   

3.2 Granular pressure 
In this paper, an attempt was made to numerically quantify the granular pressure in liquid 

solid fluidized beds using a method based on the KTGF definition of the granular pressure. In 
this method, the granular pressure was defined using the determination of particle-wall 
collision frequency and the corresponding particle momentum transport at the time of the 
collision. The momentum transport of the particles hitting the side wall of the cylindrical 
fluidized bed can be written as: 

Initial
particle
position

Find 𝜀𝜀 and
ui

Update
fluid

velocity

No

Force
balance

New
particle
position

If
t <

updating
interval

If t < tend

Yes

NoYes EndStart
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𝑀𝑀𝑝𝑝 = 𝑚𝑚�̅�𝑣(1 + 𝑒𝑒) 

 

(17) 

The particle-wall collision frequency per unit area of the bed can also be defined as: 

𝐹𝐹𝑝𝑝−𝑤𝑤 =
𝑓𝑓𝑝𝑝−𝑤𝑤
𝐴𝐴𝑠𝑠

=
𝑓𝑓𝑝𝑝−𝑤𝑤
𝜋𝜋𝐷𝐷𝑐𝑐ℎ𝑒𝑒

 

 

(18) 

where  ℎ𝑒𝑒 is the equilibrium bed height. Therefore, combining Eqs. 17 and 18, the granular 
pressure is defined as: 

𝑃𝑃𝑝𝑝 = 𝑀𝑀𝑝𝑝𝐹𝐹𝑝𝑝−𝑤𝑤 =
𝑚𝑚�̅�𝑣(1 + 𝑒𝑒)𝑓𝑓𝑝𝑝−𝑤𝑤

𝜋𝜋𝐷𝐷𝑐𝑐ℎ𝑒𝑒
 

(19) 

4 RESULTS 

4.1 Bed expansion 
The well-known empirical correlation of Richardson and Zaki [1] was used to define the 

velocity-voidage relationship as: 

𝑢𝑢𝑠𝑠𝑠𝑠 = 𝑣𝑣∞𝜀𝜀𝐿𝐿𝑛𝑛 

 

(20) 

where 𝑛𝑛 is the expansion index and 𝑣𝑣∞ is the bed settling velocity at infinite dilution. 
Richardson and Zaki [1] suggested that the ratio of the bed settling velocity at infinite dilution 
to the single particle settling velocity in an infinite medium (𝑣𝑣∞𝑣𝑣𝑡𝑡 ) is a function of 𝑑𝑑𝐷𝐷𝑐𝑐 as: 

𝑣𝑣∞ = 𝑣𝑣𝑡𝑡10
− 𝑑𝑑
𝐷𝐷𝑐𝑐 

 

(21) 

where 𝑣𝑣𝑡𝑡 and 𝐷𝐷𝑐𝑐 are the single particle settling velocity in an infinite medium and the 
column diameter, respectively. Figure 3 compares the simulation results of the liquid 
superficial velocity versus liquid volume fraction against the Richardson-Zaki [1] empirical 
equation. This figure illustrates that the simulation shows the same trend and in close 
agreement with the empirical correlation of Richardson and Zaki [1] for a wide range of liquid 
velocity and volume fraction. However, as can be seen, the behaviour of the fluidized bed in 
high voidage regions (approximately for 𝜀𝜀𝐿𝐿 > 0.85) is very complex [20, 30, 31]. As 
suggested by Eq. 21, 𝒗𝒗∞ < 𝑣𝑣𝑡𝑡 and this makes the deviation of the simulation results at higher 
liquid volume fractions where the DEM results predict more realistically.  
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Figure 3: 𝑢𝑢𝑠𝑠𝑠𝑠 vs. 𝜀𝜀𝐿𝐿; comparison of DEM simulation results to Richardson-Zaki [1] equation. 

 
 

4.2 Granular temperature and pressure 
Figure 4A and B shows the granular temperature and pressure versus solid volume 

fraction, respectively.  Figure 4A exhibits a maximum at 𝜀𝜀𝑠𝑠 ≈ 0.1 − 0.2. This also agrees 
with the experimental measurement of Zivkovic et al. [3] and simulation of Gervin et al. [4] 
that have reported the maximum granular temperature occurrence at 𝜀𝜀𝑠𝑠 = 0.175 and 𝜀𝜀𝑠𝑠 ≈
0.1 − 0.2, respectively.  

Figure 4 B compares the DEM simulation results for the granular pressure using Eq. 19 to 
those obtained using the models proposed by Batchelor [5], Ding and Gidaspow [6] and 
Wang and Ge [12]. Our DEM results, Ding and Gidaspow [6] and Wang and Ge [12] models 
predict a maximum value in granular pressure for solid fractions of around 0.30-0.35, which is 
well in line with the reported experimental data by Zenit et al. [2] for high inertia particles. 
However, as can be seen, the maximum granular pressure calculated using Batchelor [5] 
model occurs at lower solid fraction of around 0.2 which also has been observed by 
experimental measurements of Zivkovic et al. [3] for high inertia particles.  

Ghatage et al. [32] pointed out that this maximum value in the granular pressure might be a 
sign of a transition point from homogenous to heterogeneous regime. According to stability 
analysis, a fluidized bed can operate under either hydrodynamically stable or unstable 
condition depending upon the nature of dispersion [33].   
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 Figure 4: Granular temperature (A) and pressure (B) vs. solid volume fraction (𝜀𝜀𝑠𝑠). 

 
Figure 5 shows the DEM simulation results for the collision to wall frequency versus solid 

volume fraction. Zenit et al. [2] claimed that at low concentrations, the value of the particle 
pressure is low as the particles are free to move and collision frequency is also smaller as 
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shown in figure 5. On the other hand, at high solid fractions collisions are more likely to 
occur. However, very short mean free path of the particles causes these collisions to occur at 
very small velocities producing low-impulse collisions, which result in a low value of the 
particle pressure [2, 4]. Therefore, a combined effect of the higher impact velocity as well as 
the collision frequency results in higher granular pressure at intermediate concentrations (𝜀𝜀𝑠𝑠 = 
0.30-0.35).  
 

 

 
 Figure 5: Collision to wall frequency (𝒇𝒇𝒑𝒑−𝒘𝒘) vs. solid volume fraction (𝜀𝜀𝑠𝑠). 

 

7 CONCLUSION 
In this study, a new DEM simulation approach has been used to simulate a liquid fluidized 

bed. A methodology based on the momentum transfer at the collision event was introduced to 
directly determine the granular pressure knowing the particle collision to wall frequency and 
speed.  

In order to validate our DEM model, the bed expansion was compared to well-known 
Richardson-Zaki [1] equation where a good agreement was observed.  

The granular pressure obtained by the DEM simulation then compared to some models 
available in literature. The quantity as well as the quality of the DEM results for the granular 
pressure agreed well with the majority of the current models. Similar peaks were observed in 
the intermediate concentration region (𝜀𝜀𝑠𝑠 = 0.3-0.4) that is in line with the experimental 
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observation of Zenit et al. [2] for the granular pressure in liquid fluidized beds. 
Further stability analysis needs to be carried out in order to come to a rational conclusion 

whether that peak observed in the granular pressure values is related to any possible transition 
from homogeneous to heterogeneous regime in liquid fluidized beds.  
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