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Abstract

An interconnection of independently designed voltage source converters (VSCs) and their control in high voltage DC
grids can result in network-level detrimental interactions and even instability. In many cases, vendors are not willing to
share proprietary information about their designs in a manner that allows the entire system to be designed considering
the collective dynamics. Besides, such an endeavour is not realistic. In this paper, robust network-level global controllers
are proposed to decouple interacting VSCs through an impedance shaping technique. Particularly, the global controllers
are designed without any need to establish the internal controller structure of any VSC which is often proprietary.
Rather, the global controllers rely on the externally measurable feedback impedance of each VSC in stand-alone and the
rest of the system. It is demonstrated how robust convex optimization framework can be exploited to robustly shape
global feedback impedances to obtain a decoupled network. The synthesized controllers are validated through nonlinear
simulations of the physical model.
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1. Introduction

Over the last decade, the electric power system has wit-
nessed a remarkable proliferation of power electronic con-
verters in all areas of the system [1]. Particularly is the in-
creasing adoption of voltage source converter (VSC) inter-
faced DC circuits and systems [2–4]. Currently, the num-
ber of VSC-based point-to-point high voltage DC (VSC-
HVDC) links from different manufacturers and vendors is
rapidly increasing. Progressively, it is expected that these
links will be interconnected to form multi-terminal DC
(MTDC) grids [5–7]. On the alternative, multi-terminal
grids are also expected to be developed completely from
the beginning; desirably with control systems from multi-
vendors.

An expected challenge is the issue of interoperability
and coordination of independently designed and tuned
converters after interconnection. An immediate conse-
quence of these is unintended interactions between these
converters at the network-level [8]. Therefore, from an ex-
ternal view, a network operator would have to determine
how to securely operate such independently designed sys-
tems, without access to information that could be classi-
fied as proprietary. Such include the internal structure,
interconnection, and architecture of control, and/or con-
troller parameters among other information. Then, there
is a requirement to determine if network-level interactions
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warrant additional control actions. The subsequent step
is the identification of the mechanism of interaction and
mitigation.

Literature is extensive on network-scale interaction
studies [9–13]. However, many efforts at understanding
these interactions are based on the traditional state-space
approach for which complete knowledge of all states (net-
work and converters) is implicitly assumed. Moreover,
state-space methods do not support independent design
philosophy [14]. In reality, a manufacturer will often only
provide black-box models of their devices. However, dur-
ing the design phase of each converter, it is impossible to
know the characteristics of all other devices that would be
interconnected in the future. Hence, it is impossible to
design the converter for scenarios that are uncertain.

In a multi-vendor HVDC grid, there are two broad per-
spectives for control: the converter itself in stand-alone
(vendor), and the interconnected network of converters
(operator) [15]. From the view of the vendor, the main
control objectives are tracking and regulation, stand-alone
stability, performance, and control channel availability for
additional control actions. Alternatively, from the view
of the operator, the main objectives are the stabilization
of network parameters, disturbance rejection, tolerance,
network characterization, and robustness. From the tradi-
tional state-space modelling and analysis, assuming all the
states are known, each perspective above could be classi-
fied into local and interaction behaviours [13]. A vendor
will always ensure that local objectives are met and local
modes are at least stable across the expected operating
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range. However, local stability does not necessarily trans-
late to global stability or a non-interactive network [16].

This article deals with the aforementioned objectives
from the perspectives of the operator. Specifically, robust
mitigation of network-level interactions between VSCs
through impedance minimization. In essence, this im-
plies a disturbance rejection problem where additional con-
trollers decouple the network of converters (from any ar-
bitrary interfaces) from an external view. Other meth-
ods to decouple interactions include shaping impedances
by retuning controller parameters of existing local con-
trol [17]. However, this assumes that the internal struc-
ture of local control is known, and there are no complex
inter-dependencies of control loops such that changing the
parameters of one loop requires modifying others. There-
fore, in this paper, an external view is taken where existing
local controllers are assumed unchangeable and only black-
box models are available. Importantly, the local behaviour
as established by the manufacturer—tracking, stand-alone
stability, etc. are not adversely affected by the additional
decoupling controllers. Hence, local behaviour is main-
tained. Besides, such a view allows the development of
scalable solutions.

Impedance minimization techniques among many oth-
ers fall under a large class of impedance shaping tech-
niques. Many research efforts have exploited the modu-
larity and scalability of impedance shaping approach from
viewpoints of active damping, virtual impedance control,
to methods for passivating VSCs [18–27]. More recently,
impedance shaping approaches have been fitted to ex-
ploit the superiority of existing robust control methods
through convex optimization [28–32]. However, except in
[29] where a multi-converter system is studied, the focus
of existing research is often a single converter-grid inter-
face, and a disproportionate share of research is focused on
the AC side of the VSC. In such cases, the previously de-
scribed perspectives and objectives easily overlap into one
with an assumption of complete knowledge of the system
states. Therefore, research into network-scale impedance
shaping in a multi-converter meshed DC grid is relatively
unknown, even less for interaction decoupling considering
independently designed local controllers. More so using
only grid available measurements.

This paper presents a tractable and scalable method-
ology for robust decoupling of converters in VSC-HVDC
grids of arbitrary structures, through impedance min-
imization. The method combines the input-output
impedance responses of the converter and a multi-variable
aggregation, and characterization of the interconnected
network to determine if additional control action is re-
quired. Subsequently, interaction analysis is done to de-
termine the mechanism of interactions, and physical ob-
jectives are transformed into frequency domain specifica-
tions. Finally, a decentralized H∞ fixed structure convex
algorithm is exploited for the robust shaping of closed-loop
impedances. This paper is an extension of the initial mod-
elling and interaction analysis efforts presented in [16, 33].

Figure 1: Schematic terminal-level diagram of a generic VSC

The main contributions of this paper are summarized be-
low:

1. Application of input-output frequency responses of
the converter and interconnected network to design
coordinated decentralized network controllers.

2. Tractable formulation of the overall problem from
an external view of the system with scalability to
an arbitrary HVDC grid, with applicability to any
system including multi-vendor systems.

3. Design of low order parametrized robust controllers
with a simple structure to decouple network-scale
interactions.

4. A method that incorporates flexibility for different
approaches from a multi-variable point of view.

This paper is organized as follows. Section 2 presents the
numerically estimated input-output impedance of a con-
trolled VSC assuming black-box models and verified with
analytical derivations. Section 3 presents the network ag-
gregation and reformulation of the system into two par-
titions for control design and the generalized procedures.
Then, Sections 4 and 5 applies the procedure to design
global controllers for a meshed HVDC grid.

Table 1: System Parameters

Parameter Value Parameter Value
Rated power 800 MVA L 42 mH
DC voltage 400 kV Cf 10µF
AC voltage 220 kV (p-p) Rg 0.048Ω

Cdc 150µF Lg 15 mH
R 0.242Ω

2. Simplified Input-output Impedance Response of
a Controlled VSC

From a black-box overview, the terminal-level block di-
agram of a synchronous reference frame VSC [34], is shown
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Figure 2: Local control structure of a VSC-station

in Fig. 1. The system parameters of the VSC as shown in
Fig. 1 is provided in Table 1. The aim here is to obtain
the input-output feedback impedance transfer function of
the converter on the DC side in the form

Zoc,i(s) =
∆Vdc,i

∆Ii
=

bms
m + · · ·+ b1s+ b0

ansn + an−1sn−1 + · · ·+ a1s+ a0

(1)
where Zoc,i is the feedback impedance and equivalent
input-output response of the VSC1, ∆Vdc,i is the DC-bus
voltage response to local disturbance (without intercon-
nection), ∆Ii is the bus current changes during distur-
bance, and the coefficients of Zoc,i may be arbitrary. In
this paper, a numerically estimated transfer function from
input-output time-domain simulation responses given the
pre-defined local control strategy is compared to an ana-
lytical derivation. To facilitate the analytical derivations,
Fig. 2 shows the control block layout and internal in-
terconnections of the generic VSC. However, these inter-
connections are only for the analytical derivations and a
knowledge of this structure from a network perspective is
not required. The desired time responses of each control
system as shown is provided in Table 2 and can be used
in computing the controller parameters. All other passive
subsystems and components such as lines and cables can
be modelled in the same manner with transfer functions.
Frequency-dependent transfer function models for cables
are widely available from literature [35].

2.1. Impedance Response of a Direct-Voltage Controlled
VSC

For a VSC in direct voltage local control mode, a sim-
plified analytical derivation can be obtained given two sim-
plifying assumptions:

1. The connected AC grid is fairly strong, with SCR
> 3. Then, it may be assumed that the point

1In practice, Zoc,i is a set of transfer functions rather than one
function.

Table 2: Control Parameters

Controller Time constant Damping ratio
AC-side Current 1.5 ms 0.7071
DC-side voltage 15 ms 0.7071
AC-side voltage 100 ms 0.7071

Active power 20 ms 0.7071
Phase-locked loop 20 ms 0.7071

of common coupling (PCC) bus-voltage magnitude

Uf =
√
u2
fd + u2

fq is constant at the defined value

such that,

ufq ≈ 0

=⇒ Uf ≈ ufd, =⇒ ∆ufd ≈ 0.
(2)

where ufd and ufq are the PCC-bus d and q axes al-
ternating voltages. That is, the impact of alternating
voltage controller (AVC) vanishes and the AC side is
fairly decoupled from the DC side (more details can
be found in [16]).

2. If the above holds, the reactive current reference can
be assumed constant.

It is important to note that the above assumptions only
allow to neglect the impact of AC dynamics on the DC
side. However, this does not hold if the connected AC
grid at the PCC is weak; in which case the interaction
functions between AC and DC variables must be consid-
ered in detail. Following this approach, the resultant sim-
plified direct voltage control loop is shown in Fig. 3. The
closed-loop expression of the ith direct voltage-controlled
VSC can be derived from the block diagram as

Vdc,i = Hv
cl,i(s)V

∗
dc,i + Zv

oc,i(s)Ii

=⇒ ∆Vdc,i = Zv
oc,i(s)∆Ii

(3)

where Hv
cl,i(s) is the closed-loop reference-to-output trans-

fer function, V ∗dc,i is the voltage reference obtained from
power flow, Ii is the total DC-bus current flowing into the
converter, Kv(s) the direct voltage controller (DVC), and
Zv
oc,i(s) is the input-output impedance of a direct voltage

controlled converter in the same form as (1). Analytically
it can be derived as

Zv
oc,i(s) =

Zpi(s)

1 +Hv
ol,i(s)

(4)

with

Hv
ol,i(s) = cKv(s)hiclZpi(s); c =

u0
fd,i

kV 0
dc,i

where hicl is the closed-loop reference-to-output transfer
function of the inner-loop, u0

fd,i and V 0
dc,i are the operating

points of the PCC and DC-bus voltages respectively, and
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Figure 3: Simplified closed-loop block diagram of the DVC loop
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Figure 4: Direct voltage response to step input in bus power for a
direct voltage controlled VSC

Zpi(s) is the equivalent physical impedance on the DC
side of the VSC. It is important to reiterate that the main
interest is the final form of the input-output impedance
Zoc,i(s) and not the structure of internal control blocks or
components that make it up. Hence, it is assumed that the
inner-loop for instance is properly tuned and fixed—it’s
response cannot be changed, and the entire local control
including the DVC is stable.

The circuit schematic for obtaining input-output time-
domain responses is similar to Fig. 1. For a 150 MW
step input in inversion at 0.7 s, Fig. 4 shows the time-
domain response of the terminal direct voltage to the step
change. Clearly, there is one stable local oscillatory mode
around 32.9 Hz from which a transfer function can be es-
timated. In this work, the spectral analysis of the input-
output time-domain response is applied in estimating the
frequency response; other methods are available from lit-
erature. A comparison between the analytically derived
input-output impedance response and the numerically es-
timated response from the shown time-domain simulation
is shown in Fig. 5. It can be seen that there is a clear
match between the numerically estimated response from
the detailed model and the analytically derived response
given the assumptions made. Therefore, this is the nomi-
nal feedback impedance equivalent of a direct voltage con-
trolled VSC as seen from the external terminals.

From the analytical derivations, it can be seen that the
input-output impedance depends on the operating point.
To establish the impacts, Fig. 6 shows the responses of the
analytically derived function across the expected operat-
ing range of the VSC from −800 MW – 800 MW. Impor-
tantly, it shows that the local oscillatory frequency remains
the same, only the magnitude differs across the operating
range; differences in phase is limited to the region around
the local mode. However, models adopted at the network-
level will depend on the exact power flow, but the eventual
transfer function will be within the shown set.
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Figure 5: Nominal frequency response of the input-output impedance
of a direct voltage controlled VSC: analytical (solid blue), numerical
estimation (circled red)
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Figure 6: Sensitivity of impedance response to varying operating
points

2.2. Impedance Response of a Droop/Active Power Con-
trolled VSC

As an alternative to direct voltage control, a VSC may
be equipped with droop/active power control. Both modes
can be analytically combined, with the droop gain deter-
mining whether the controller is in active power or droop
mode—Rdc,i = 0 implies active power, and Rdc,i � 0
implies droop control. From the perspective of a man-
ufacturer, [36] discusses how to design droop gains from
an impedance viewpoint to meet minimum performance
set by an operator. With similar assumptions as previ-
ously, Fig. 7 shows the simplified block diagram of a
droop/active power controlled VSC. In addition, if the
VSC is assumed lossless,

Pac = Pdc (5)

where Pdc is the DC-bus power and Pac is the AC-bus
power. Due to the presence of the nonlinear power vari-
able, linearization around an operating point must be
done. Thus, at the jth VSC

∆Pac,j = ∆Pdc,j = V 0
dc,j∆Idc,j + I0

dc,j∆Vdc,j (6)

where Idc,j is the converter injection current balanced with
the AC side. Following the block diagram, the closed-loop
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Figure 7: Simplified closed-loop block diagram of the droop/active
power loop

0.5 0.6 0.7 0.8 0.9 1 1.1
400

420

440

Figure 8: Direct voltage response to step input in bus power for a
droop/active power controlled VSC

response can be derived in a similar form to the direct
voltage VSC as

∆Vdc,j =
Zpj(s)

1 + Zpj(s)
(

cKp(s)hi
cl(s)(I0

dc,j+Rdc,j)

1+cKp(s)hi
cl(s)V 0

dc,j

)
︸ ︷︷ ︸

Zdp
oc,j(s)

∆Ij (7)

where Rdc,j is the droop gain, Kp(s) is the active power

compensator, and Zdp
oc,j(s) is the imposed DC impedance

by a droop/active power controlled VSC.
In a similar manner as the direct voltage VSC, Fig. 8

shows the time-domain response to a similar input power
at t = 0.7 s for a droop/active power controlled VSC.
The deviation in direct voltage response following a change
in bus power is clear; notably, there is no oscillatory be-
haviour during the transition. A comparison of the nu-
merically estimated frequency response to the analytically
derived response is shown in Fig. 9. Both responses are
a close match, there is no oscillatory behaviour, and the
steady-state deviation seen the time-domain response is
clear in the frequency response. That is, both droop and
active power control impose a steady-state impedance on
the system; whereas in the case of direct voltage control,
the imposed impedance vanishes in steady-state. In the
same manner, Fig. 10 shows the sensitivity of the droop
impedance response to variation in operating point across
the range of the VSC. Compared to a direct voltage VSC,
the phase differs considerably for a droop VSC across the
entire range of operation.

To summarize, Fig. 11 shows the terminal-level two-
port circuit equivalent of the controlled VSC with the con-
verter local control response behind [33]. This is the equiv-
alent representation of the VSC at the network-level.
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Figure 11: Generic terminal equivalent representation of a controlled
VSC

3. Network Aggregation and Two-partition Equiv-
alent for Control Design

3.1. Aggregation of Impedance Equivalents

System-level analysis requires interconnection of dif-
ferent converters with a network and its topology. In the
previous modelling section, each VSC has been represented
by their equivalent input-output impedances that dictates
their external behaviour. Each cable in the network can be
represented by its equivalent frequency-dependent transfer
function model [35]. In this paper, a distributed Π equiv-
alent model utilized. However, higher-order cable models
can be integrated as well if a wider range of interaction
frequencies are expected.

Subsequent to interconnection in the given topology of
the network (with at least two terminals), an equivalent
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Figure 12: Global control design flowchart

multi-input multi-output (MIMO) dynamic impedance
transfer matrix can be obtained as [16]

∆V gl
dc,i

∆V gl
dc,j
...

∆V gl
dc,n


︸ ︷︷ ︸

∆Vgl
dc

=


Zii(s) Zij(s) · · · Zin(s)
Zji(s) Zjj(s) · · · Zjn(s)

...
...

. . .
...

Zni(s) Znj(s) · · · Znn(s)


︸ ︷︷ ︸

Zcl
dc(s)


∆Ii
∆Ij

...
∆In


︸ ︷︷ ︸

∆I

(8)

where Vgl
dc is the global direct voltage measurements at

each terminal during disturbances, ∆I is the vector of bus
current changes, and Zcl

dc(s) is the closed-loop dynamic
MIMO equivalent transfer matrix of the network. It con-
sists of the contribution of all devices in the network—
passive and active devices as seen from any terminal. Al-
though Zcl

dc(s) is a MIMO matrix, its single-input single-
output (SISO) responses can be employed to characterize
the network as a first step in determining the overall be-
haviour. However, MIMO responses are more conclusive in
determining if the network meets a pre-defined minimum
requirement. If not, then interaction analysis may be car-
ried out with a view to implementing global controllers in
addition to the existing local controllers.

3.2. Two-Partition Equivalent Model

From the perspective of control, manipulating Vgl
dc to

meet network-level objectives—such as disturbance rejec-
tion, requires manipulating Zcl

dc(s). This in turn requires
a tractable form of the matrix. One form relies on the
input-output stability based on a two-partition model of
the network as seen from any controllable terminal. That
is, at any controllable terminal i, ∆V gl

dc,i from (8) can be

re-written as [16]

∆V gl
dc,i = ∆Vdc,i + ∆Vnet,i

= Zoc,i(s)
1

1 +
Zoc,i(s)

Znet,i(s)

∆Ii (9)

Znet,i(s) =
Zii(s)Zoc,i(s)

Zoc,i(s)− Zii(s)
(10)

where ∆Vdc,i is the local response as derived in Sections
2.1 and 2.2, ∆Vnet,i is the contribution of the rest of the
interconnection as seen from terminal i, represented by
Znet,i(s). Since Zoc,i(s) is based on the existing local
control, Znet,i(s) becomes the tractable component which
can take on two possible limiting values: Znet,i → 0 and
Znet,i → ∞. The former is an impedance minimization
problem and the latter is an impedance matching problem.
The impedance minimization may apply to a case where
the local response based on Zoc,i(s) is not acceptable—
it has one or more poorly damped local oscillatory modes
(but strictly stable). Hence, it is desired to minimize these
oscillatory modes in addition to any global interaction
mode. This article deals with impedance minimization,
whereas [36] discusses the case of impedance matching.

Broadly speaking, in both cases the stability margin as
seen from each terminal is being manipulated. The gen-
eralized steps for analysis and design of global controllers
(if required) are depicted in Fig. 12. The optimization
formulation is discussed in more detail in later sections.

4. Application Example: Network Characteriza-
tion and Interaction Analysis

This section presents the first step in determining if
additional control action is required. For a three-terminal
master-slave controlled HVDC grid shown in Fig. 13, the
characterization, and interaction analysis are presented
given the local impedance responses derived in Section 2—
direct voltage and active power. Data for the HVDC grid
is presented in Table 1. The HVDC interconnects two AC
grid with an isolated power system—such as a wind farm,
with VSC-1 being the direct voltage controlling terminal
and, VSC-2 and 3 in active power control modes.

Given the network-level control strategy and the cor-
responding input-output frequency response of all subsys-
tems, the next step is to obtain the network transfer matrix
and characterize the network.

4.1. Equivalent Transfer Matrix and SISO Network Char-
acterization

For the three terminal network shown in Fig. 13 the
equivalent transfer matrix can be symbolically written as

Zcl
dc(s) =

Z11(s) Z12(s) Z13(s)
Z12(s) Z22(s) Z23(s)
Z13(s) Z23(s) Z33(s)

 . (11)
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Figure 13: Three terminal VSC-HVDC Grid

Given the nominal power flow, the isolated SISO fre-
quency responses of the network transfer matrix are shown
in Fig. 14 (elements in similar colours are equivalent). The
diagonal elements predict the behaviour of each subsystem
(VSCs) relative to the network for disturbances close to
them; whereas off-diagonal elements indicate the transfers
from other subsystems—in which case they predict the in-
teractions between terminals. As shown, there appear to
be multiple resonant frequencies. There are three domi-
nant interaction frequencies at 17 Hz, 41 Hz, and 56 Hz
respectively. However, some elements show all three fre-
quencies with different magnitudes, and others show only
two. Hence, the SISO frequency response gives a first im-
pression of potential resonances during disturbances. Each
element predicts the dynamic amplification for isolated
disturbances from the corresponding terminal or between
terminals.

4.2. MIMO Network Characterization

The SISO frequency response of Zcl
dc(s) provides rich

information on the oscillatory behaviour and resonances
as contributed by each VSC. Particularly, the SISO fre-
quency response gives the isolated behavioural responses
even though physical responses are often coupled. That is,
a disturbance at one VSC elicits a reaction from that VSC
and other VSCs that could go back and forth; this is a
MIMO behaviour. Essentially, the Zcl

dc(s) transfer matrix
should instead be considered as a MIMO transfer matrix
rather than a collection of SISO transfer functions. On
the other hand, it is important to determine if oscillatory
behaviour does indeed warrant additional control action.
In this case, the collective response (rather than isolated
SISO responses) with respect to defined network specifi-
cations indicates the true characterization of the network
considering a MIMO behaviour. Specifications can be de-
fined by imposing limits on the maximum singular value
of the transfer matrix. For a maximum allowed voltage
deviation of ∆V and expected bus current change of ∆I,
a limit can be defined as

σ̄(Zcl
dc) ≤ 20 log10

||∆V ||2
||∆I||2

dB. (12)

For a maximum allowed voltage deviation of 40 kV (equiv-
alent to 10% overvoltage), and bus current change of 500

A (equivalent to 200 MW), the limit of maximum singu-
lar value is ≈ 40 dB. Fig. 15 shows the corresponding
MIMO responses based on the singular value decomposi-
tion (SVD) of the matrix indicating the principal compo-
nents of responses considering the potential direction of
inputs (in this case currents). It shows that the maximum
singular value breached the established limits indicated be-
low the grey area. Hence, additional control is required to
keep the system within established limits, which may not
be possible with existing local control. Therefore, the area
below the grey shading in Fig. 15 establishes the bench-
mark for potential improvements with external controllers.

4.3. Interaction Analysis

The SVD response plot still does not provide infor-
mation about how the VSCs are contributing to each fre-
quency if there is indeed any interaction. While the SVD
response may identify a resonant frequency as dominant,
this may not hold from an interaction contribution per-
spective. More so, it is important to isolate the differ-
ent combinations of terminals contributing to an inter-
action mode to allow efficient targeting. The frequency-
dependent relative gain array (RGA) defined for MIMO
systems is an extraordinary tool for indication of combina-
tions of interactions in MIMO systems [37]. Let R(s), eval-
uated at each frequency denote the corresponding RGA of
Zcl

dc(s) such that,

R(s) = Zcl
dc(s)⊗

(
Zcl

dc(s)
)−T

(13)

where ⊗ is the Hadamard product (element-wise multi-
plication). Since R(s) is frequency-dependent, the gen-
eral criterion that guarantees a non-interacting system at
a specified frequency s = jω is

R(jw) = I (14)

where I is the identity matrix. That is, VSCs are not in-
teracting at a specified frequency if R(s) is unity. On the
other hand, they are interacting at a specified frequency
if corresponding elements in Zcl

dc(s) show magnitude peaks
(� 1). For example, if all elements of Zcl

dc(s) show magni-
tude peaks at a certain frequency, then all VSCs are inter-
acting at that frequency. Additionally, RGA also allows
determining how inherent coordination could be applied
in design when the number of controllers to be designed is
less than the number of VSCs in the network.

For the studied example, Fig. 16 shows the frequency-
dependent RGA magnitude plot based on the network
transfer matrix Zcl

dc(s). The combination of terminals con-
tributing to each interaction frequency is shown in the
zoomed response. Several observations can be directly
made: Observe the first peak where all distinct elements
of the matrix show significant peaks; at this frequency,
all VSCs are interacting or otherwise contributing to that
frequency at different magnitudes. This is due to the in-
teraction between the direct voltage control and the total
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Figure 14: SISO frequency response of the global disturbance transfer matrix
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Figure 15: SVD plot of the global closed-loop disturbance response
matrix

capacitance of the DC grid which was not considered in
local control. Nevertheless, observation of the first peak
is contrary to the SVD plot in Fig. 15 that suggest the
most dominant mode as the resonance at 56 Hz (third
peak). At the second peak, VSCs 1 and 2 are interacting
with VSC-3 as indicated by the magnitudes of 13, 23, and
33 elements. Whereas, at the slightly higher third peak,
only VSC-1 and 2 are interacting with a relatively higher
magnitude than the previous peak (VSC-3 doesn’t seem to
participate at all this frequency). Further, at steady-state
and high frequency, diagonal elements approach 1 and off-
diagonal elements approach 0—non-interacting system in
these spectra. From this plot, it can be hypothesized that
only two controllers at VSC-1 and 2 are necessary to decou-
ple the system. It makes no sense to have three controllers
since for each frequency VSC-3 is contributing, either one
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Figure 16: Frequency-dependent RGA plot

of VSC-1 and/or VSC-2 are also contributing.
To verify these frequencies from a detailed nonlinear

time-domain model, Fig. 17 depicts the time-domain re-
sponses of direct voltages for a step change at 2.5 s at VSC-
3 and the corresponding fast Fourier transform (FFT).
Firstly, the frequencies of resonances match the identified
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Figure 17: Non-linear time-domain simulation of system responses
and FFT of signals for step change in power from VSC-3
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Figure 18: Non-linear time-domain simulation of system responses
and FFT of signals for step change in power at VSC-2

frequencies in Fig. 15 at 17 Hz, 41 Hz, and 56 Hz respec-
tively. Secondly, for the change in VSC-3, the first two
frequencies are more dominant as expected from the inter-
action analysis since the contribution of VSC-3 to the 56
Hz resonance is low. To further demonstrate the effective-
ness of the RGA plot in the detection of interactions, Fig.
18 depicts the time-domain response of direct voltages for
a step-change in power reference at VSC-2, with the cor-
responding FFT of signals. From the RGA response, for
changes at VSC-2, VSC-1 contributes significantly to the
first and third peaks; this is confirmed by the FFT with
relatively similar magnitudes to the RGA response. At
VSC-2 all three peaks can be seen and at VSC-3 only the
first and second peaks can be seen since it does not con-
tribute to the third peak that only involves VSC-1 and
2.

5. Application Example: Control Formulation and
Design of Decentralized Global Controllers

The network analysis in the previous section estab-
lished the need to implement global controllers indepen-
dent of the existing local control. The next step from Fig.
12 is to partition the system into two from each control-
lable terminal according to (9). In this case, an impedance
minimization problem is desired due to the presence of a
poorly damped local oscillatory mode in the direct voltage-
controlled VSC. That is, it is desired to transfer some local
responsibilities to the global controller, in addition to mit-
igating interactions with the rest of the network. Hence,

Figure 19: Block diagram of plant interconnections

it is desired that Znet,i → 0 and according to (10) this is
equivalent to forcing Zii(s) → 0 from each terminal since
there is no access to local control based on Zoc,i(s). There-
fore, the goal of global control from the network view is
to minimize the existing transfer matrix Zcl

dc(s) subject to
constraints.

5.1. Objectives of Design

First, the objectives are stated, and a description of
how the problem fits into the H∞ mixed sensitivity frame-
work follows. It is important to remark again that this is
a disturbance rejection problem. The following objectives
are paramount:

1. Reduce the effect of feedback coupling (interaction)
between terminals and dormant network oscillations
not considered during the individual design of local
controllers.

2. Synthesized controllers must not interact with local
controllers. Particularly, it is ideally desired that
synthesized controllers vanish in steady-state. That
is, the controllers are only active during transients
and disturbances of pre-defined frequency spectrum
identified based on Zcl

dc(s).

3. More importantly, the controller must not in any
manner interact with the inner AC control loop
which is often the fastest loop and the bandwidth
limit of the VSC.

In the following subsections, these objectives are trans-
lated into frequency domain requirements.

5.2. Mixed Sensitivity Framework

Considering that tracking is not an issue as each local
controller ensures this, the problem becomes that of mini-
mizing ∆Vgl

dc = Zcl
dc(s)∆I due to the interconnection with

other VSCs, subject to constraints. Constraints include
the maximum allowed control effort to minimize ∆Vgl

dc.
Therefore, the overall problem is a mixed-sensitivity prob-
lem of disturbance and control input.

Fig. 19 describes the problem in the generalized frame-
work of H∞ [38]. Zp = αI is a fictitious plant model (α is
determined by iteration and to prevent the synthesis of a
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large gain controller); in this work, α = [1−500]. This en-
sures that the minimization problem is wholly dominated
by Zcl

dc(s). Wp(s) is the output weighting matrix that de-

termines by how much ∆Vgl
dc is minimized (objective 1),

Wu(s) is the control output weighting matrix (objectives
2 and 3), and K(s) is a diagonal matrix of synthesized
controllers [39]. It must be noted that this is a MIMO
problem and all matrices are MIMO matrices with lengths
equal to the number of subsystems. The closed-loop ex-
pressions of the augmented system can be derived from
Fig. 19. Starting with the inner-most structure (dashed
red box)

z1(s) = Wu(s)∆Is

z2(s) = Wp(s)Zcl
dc(s)∆I + Wp(s)Zp(s)∆Is

∆V = Zcl
dc(s)∆I + Zp(s)∆Is.

(15)

The above expressions can be written compactly as[
z

∆V

]
=

[
P11 P12

P21 P22

]
︸ ︷︷ ︸

P

[
∆I
∆Is

]
, z =

[
z1

z2

]
(16)

where P is the augmented plant with target weights Wp

and Wu, z1 and z2 are the outputs to be minimized, ∆V
is the input to controller, ∆I is the disturbance, and ∆Is
as the control input. The (s) term for transfer functions is
henceforth neglected. The P matrix can be expanded as

P =

 0
WpZ

cl
dc

Wu

WpZp

Zcl
dc Zp

 . (17)

After interconnection with the controller(s) to be syn-
thesized, then the controller outputs ∆Is = −K∆V can
be eliminated to obtain

z1 = −WuK∆V

z2 = WpZ
cl
dc∆I−WpZpK∆V

∆V = Zcl
dc∆I− ZpK∆V

=⇒ ∆V =
I

I + ZpK︸ ︷︷ ︸
S

Zcl
dc

︸ ︷︷ ︸
Zcl

dc,new

∆I
(18)

where S is the sensitivity transfer matrix of the synthesized
controllers, Zcl

dc,new is the modified transfer matrix of the
network, and ∆V can be eliminated from z1 and z2 to
obtain

z1 = −WuKSZcl
dc∆I

z2 = WpSZcl
dc∆I.

(19)

The above expressions can be written compactly as

z = N(K)∆I. (20)

The optimization problem becomes that of minimizing the
H∞ norm of the closed loop transfer function N subject
to a given stable controller such that

min
K
||N(K)||∞ ≤ γ, N(K) =

[
WuKSGd

WpSGd

]
(21)

where γ is the desired closed-loop gain.

5.3. Design Preliminaries

5.3.1. Scaling

A key priority for a successful implementation is
proper scaling to prevent potential skewing of the mixed-
sensitivity problem. Scaling is done according to the rec-
ommendations in [38] by determination of maximum ex-
pected change in inputs, maximum allowed control input
to correct output error, and maximum allowed output for
each subsystem. Scalings at each subsystem can empha-
size the priority or role of each subsystem. For example,
a maximum of 20 kV may be allowed at one subsystem,
while only 10 kV may be allowed at another subsystem.
However, for simplicity in this paper, the scaling is similar
at all subsystems as given in Table 3. The fictitious plant
model Zp and transfer matrix Zcl

dc are scaled according to

Zs
p = ∆V−1

maxZp∆Is,max

Zcl,s
dc = ∆V−1

maxZcl
dc∆Imax

(22)

where Is,max is the maximum allowed control input to min-
imize output, and Imax is the maximum expected distur-
bance.

Table 3: Scaling Factors

Parameter Value Comments
∆Vmax 40 kV allowed voltage deviation
∆Is,max 0.8 kA allowed control input
∆Imax 0.5 kA expected disturbance

5.3.2. Model Reduction

To keep the problem as tractable as possible by pre-
venting numerical artefacts, a low order equivalent model
is sought for the key transfer matrix Zcl

dc. The Hankel bal-
anced reduction method is applied for reduction. In this
paper, the total order of Zcl

dc is 35 before reduction and 7
after reduction. Fig. 20 shows the comparison of the orig-
inal model and the equivalent reduced model, whereas,
Fig. 21 depicts the Hankel’s singular value plot showing
the dominant states.

5.3.3. Order and Structure of Controller

A key priority is to obtain adoptable low-order fixed
structure controllers. It is well known that the order of
synthesized controller with standard H∞ is quite high
while assuming a centralized structure. Several methods to
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Figure 21: Hankel singular value plot

Table 4: Design Weights

Wp Wu

VSC-1 0.5
s+2ωp1

s+
ωp1
500

0.75 s+2
s+ωu1

VSC-2 0.45
s+2ωp2

s+
ωp2
450

0.65 s
s+ωu2

VSC-3 0.45
s+2ωp3

s+
ωp3
450

0.65 s
s+ωu3

reduce the order have been suggested in literature. How-
ever, in this paper, decentralized controllers, with a max-
imum order of three was preferred for transparency and
to eliminate any communication requirements of the cen-
tralized structure. The realized third-order structure is
reducible to two without any change in performance if de-
sired.

5.3.4. Weight Selection and justification

The choice of weights Wp and Wu are influenced by
the actual frequency domain responses, and iteration may
be required to obtain the best weights.

• Wp is a diagonal matrix of frequency-dependent
weights that determine the target sensitivity of con-
trol. For the impedance minimization problem, a
simple choice of a high gain low-pass filter with a
bandwidth equal to the frequency of disturbances to
be rejected can be selected. Bandwidth and mag-
nitude of weights can be chosen to reflect the pri-
ority of each subsystem or coordination as obtained
from the RGA plot. The chosen weights for the base
case can be found in Table 4 with a bandwidth of
ωp1 = ωp2 = ωp3 = 2π × 65 (rad/s) respectively for
each subsystem.

• Wu is also a diagonal matrix of frequency-dependent
weights to constrain the controller action. The
weights in Wu, in general, are high pass filters.
The chosen bandwidth of weights should limit the
bandwidth of control to be less than that of the in-
ner current loop (based on generic knowledge) and
slightly higher than the disturbance (but not nec-
essarily). Each decentralized controller can have
different bandwidths to prioritize and force coor-
dination among them. Table 4 list the weights
and corresponding bandwidths of ωu1 = 2π × 90,
ωu2 = 2π × 75, ωu3 = 2π × 60 (rad/s) respectively.
Subsystem 1 is given a slight priority (being the mas-
ter terminal) by having a slightly higher gain in the
low-frequency region.

5.4. Proposed Decentralized Controller Design

Decentralized controllers of fixed order are synthesized
by solving the H∞ optimization problem of (21) subject
to a stabilizing controller with γ ≤ 1. The control de-
sign is implemented with MATLAB R©’s hinfstruct algo-
rithm [39]. The pseudocode shown in Algorithm 1 depicts
an overview of the controller synthesis procedure as imple-
mented. The order of each controller is fixed at three. Af-
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Algorithm 1 Decentralized global controller synthesis

1: Definitions and model preliminaries:
∆Vmax = diag(∆Vmax,i, · · · ,∆Vmax,n);
∆Is,max = diag(∆Ismax,i, · · · ,∆Ismax,n);
∆Imax = diag(∆Imax,i, · · · ,∆Imax,n)

2: Process/Disturbance Models:
zpii = αii ∗ tf(1, 1); · · · zpnn = αnn ∗ tf(1, 1);
Zp = blckdiag(zpii, · · · zpnn); Zcl

dc = tf(· · · );
3: Model reduction:

[Zcl
dc,red] = reduce(Zcl

dc, order);
4: Scaling:

Zs
p = ∆V−1Zp∆Is;

Zcl,s
dc = ∆V−1Zcl

dc,red∆I; % goto 1 for scaling

parameters

5: Weighting Matrices:
wui = tf(· · · ); · · · wun = tf(· · · );
Wu = blkdiag(wui, · · ·wun);
wpi = tf(· · · ); · · · wpn = tf(· · · );
Wp = blkdiag(wpi, · · ·wpn);

6: Controller order specification:
kii = tf([bn−1, bn−2, · · · b0], [an, an−1, · · · a0]); % n
is the order of controller, a and b are free

parameters

K = blkdiag(kii, · · · knn);
7: P assembly and interconnection:

Zcl
dc,red.u = ‘dI’; Zcl

dc,red.y = ‘w’;
Wu.u = ‘dIs’; Wu.y = ‘z1’;
Wp.u = ‘dV ’; Wp.y = ‘z2’;
K.u = ‘dV ’; K.y = ‘dIs’;
Zs

p.u = ‘dIs’; Zs
p.y = ‘output’;

sumoutput = sumblk(‘dV = w + output’, n); % n is

the dimension of the MIMO system

8: N assembly:
connect(· · · ); % make the interconnection

9: Controller synthesis:
[K, γ, info] = hinfstruct(N);

10: if γ > γmax then
11: goto 5 % adapt weighting matrices

12: end if
13: Transfer function of synthesized controllers:

showTunable(K);

ter the analysis in the previous section, only two controllers
are required to decouple the system. Moreover, VSC-3 in-
tegrates an intermittent source and may not be suitable as
a controllable terminal. Nevertheless, both two and three
decentralized controllers are synthesized while including
information about the entire grid. In the physical struc-
ture the grid, the global controllers accept bus voltage de-
viations as inputs and outputs current signals to mitigate
interaction oscillations as shown in Fig. 22. Therefore, the
global controllers are additional feed-forward terms exter-
nal to the local control. In addition, the global controllers
reduce the initial magnitude of voltage deviations at the
instant of disturbances.

-
+

Figure 22: Block diagram of the modified control structure
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Figure 23: Frequency responses of the three fixed order controllers
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Figure 24: Frequency responses of the two fixed order controllers

For the case of three synthesized controllers, the max-
imum gain achieved for γ(||N||∞) = 0.655 which is less
than the target γmax. Fig. 23 shows the frequency re-
sponse of the three synthesized controllers. For this case,
VSC-2 and VSC-3 are prioritized equally. However, this
is arbitrary and flexibility can be employed with specifics.
The synthesized controllers are bandpass filters with ac-
tive regions around the specified range of frequencies, and
very low gain outside this range. As expected, the con-
trollers do not contribute to steady-state behaviour (< 1
Hz) where local controllers are most active. For the case of
two controllers designed for VSC-1 and 2, while including
the model of the network including VSC-3, the maximum
gain achieved for γ(||N||∞) = 0.9 which is also less than
the target. Fig. 24 shows the frequency response. Note
that the magnitude of response is nearly a decade higher
to compensate for the lack of a controller at VSC-3.

Based on two decentralized controllers, Fig. 25 shows
the modified SISO response of the network transfer matrix
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Figure 25: SISO frequency responses: existing local control (bold blue), global control (dash dotted red)
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Figure 26: SVD MIMO frequency response with global controllers

in comparison to that with only local controllers. Remark-
able improvements can be seen in both magnitude and
phase difference. Most importantly, the peaks have been
shaved despite having implemented only two controllers.
The new network characterization based on MIMO re-
sponses is shown in Fig. 26. It shows that the maxi-
mum singular value is within the pre-defined limits and the
smallest singular value is several orders lower than that in
Fig. 15. To establish the modified interaction profile, Fig.
27 shows the modified frequency-dependent RGA. It can
be seen that the system has been decoupled in nearly the
entire range of disturbance spectrum as diagonal elements
approach 1 and off-diagonal elements approach 0. How-
ever, a slight interaction between VSC-2 and 3 can be seen
around 10 Hz, but the gain is significantly lower compared
to the original system without the global controllers.

6. Validation and Time-Domain Results

This section presents time-domain results with the de-
veloped global controllers for both cases of two and three

100 101 102
0

5

10

15

20

Figure 27: Frequency-dependent relative gain array with supplemen-
tary control

decentralized controllers. For the first analysed case in
Fig. 17 with a 50% sudden change in active power at
VSC-3, Fig. 28 shows the comparison of direct voltage
responses with two global controllers and with only local
control. As can be seen, the global controllers were able
to quickly damp out the oscillations and stabilize grid pa-
rameters within a short time frame. In the second case of
Fig. 18 for a similar step-change in active power at VSC-
2, Fig. 29 shows the grid direct voltage responses. It can
be seen that despite the higher distortion across several
frequencies as in case with only local control, the global
controllers are able to quickly mitigate the oscillatory be-
haviour. The only oscillatory behaviour is that due to the
interaction between VSC-2 and VSC-3 at 10.3 Hz as shown
in the RGA in Fig. 27. However, this damps out within
200 ms.

In a severe case of sudden simultaneous changes at both
VSC-2 and 3 (50% and 30% steps changes respectively),
Fig. 30 shows a comparison between only local control
and two global controllers. Despite a lack of global con-
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Figure 28: Performance of two synthesized controllers in comparison
to case without global controllers for changes at VSC-3
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Figure 29: Performance of two synthesized controllers in comparison
to case without global controllers for changes at VSC-2
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Figure 30: Performance of two synthesized controllers in comparison
to case without global controllers for multiple simultaneous changes

troller at VSC-3 at a cost of a slightly degraded response,
similar performance as in previous cases demonstrate the
improvements from the global control.

To further demonstrate the robustness of synthesized
controllers (two decentralized) in a more stringent sce-
nario, Fig. 31 depicts the direct voltage responses across
varying operating points. It can be seen that in the case
with only local control, the system lost after a sudden
disconnection of VSC-3 initially supplying power into the
network. However, with the two synthesized global con-
trollers, the network maintained its robust stability facili-
tated by the controllers, while mitigating detrimental os-
cillations. As expected for VSC-3, the response is slightly
degraded. Nevertheless, the performance is quite better
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Figure 31: Test of robustness (a) step disturbances at VSC-3 (b)
direct voltage response of the network

and acceptable than with only local control.

7. Conclusion

In summary, this paper proposed the formulation and
design of decentralized global controllers to decouple con-
verters in a VSC-HVDC grids through network impedance
shaping. First, it was determined if the characterization of
the network through MIMO treatment meets pre-defined
minimum requirements. In the case the network does not
meet this requirement, then RGA can be applied to iden-
tify cross-interactions between VSCs and the mechanism
of these interactions. Then, robust controllers are synthe-
sized by fitting the problem into an H∞ convex optimiza-
tion framework. Importantly, these controllers can be de-
signed and implemented using only measurable input-out
impedances of VSCs and the availability of an additional
control channel. Overall, it can be seen that despite the or-
der of the system, the designed low order controllers were
able to robustly decouple the system as demonstrated.
Therefore, the method presented offer network operators a
flexible and scalable approach in securely interconnecting
independently designed converters.
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