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ρt + ∇ · (ρu) = 0 ,

ut + (u · ∇)u = −
∇p

ρ
+ ν∆u + (λ′ + ν)∇ (∇ · u) ,

u p ρ
p = F (ρ)

dp

dρ
= c2 ≫ max

�
�u�2 ,

δp

ρ

�
,

δp c = c(ρ)
ν λ′

µ, λ ρ ν λ′

R3 × R

φ = φ ( x̃p(t)− y, t− τ ) .

�x̃p(t)−y�
|t− τ | x̃p(t)
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dx̃p

dt
= ũ( x̃p(t), t ) + δũ( x̃p(t), t ) ,

δũ ũ

ũ( x̃p(t), t ) =

�

R3

�
+∞

−∞

φ (x̃p(t)− y, t− τ)u(y, τ) dτ dVy .

x̃p ũ

�F (ρ) F (ρ̃)

p̃ = F (ρ̃)

R3 × R





dρ̃

dt
= − ρ̃∇ · (ũ+ δũ) + ∇ · ( ρ̃ũ− �ρu ) + ∇ · ( ρ̃ δũ ) ,

dũ

dt
= −

∇p̃

ρ̃
+ ν∆ũ + (λ′ + ν)∇ (∇ · ũ) − ∇

�
�G(ρ) − G(ρ̃)

�
+ ∇ · Tℓ

+ �u∇·u + ∇ · ( ũ⊗ δũ ) − ũ (∇ · δũ) ,

dx̃p

dt
= ũ+ δũ , p̃ = F (ρ̃) , G(ρ) =

� ρ 1

s

dF

ds
ds ,

d/dt ũ + δũ

Tℓ = ũ ⊗ ũ − �u⊗ u

φ

φ ( x̃p(t)− y, t− τ ) = W ( x̃p(t)− y ) θ( t− τ ) ,

W

�f�( x̃p(t), t ) =

�

R3

W ( x̃p(t)− y ) f(y, t) dVy f (y, t) =

�

R

θ( t− τ ) f(y, τ) dτ .

f̃ = � f �
� f � �= �f�
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ũ, p̃, ρ̃
x̃p

f̃

∇f̃ = �∇ · f� = �∇(f + f̃ − f̃)� = �∇f̃�+ �∇(f − f̃)� ,

f ′ = f − f̃





dρ̃

dt
= − ρ̃ �∇ · (ũ+ δũ)� + �∇ · (ρ̃ δũ)� + C1 + C2 + C3 ,

dũ

dt
= −

�∇p̃�

ρ̃
+ ν�∆ũ� + (λ′ + ν) �∇ (∇ · ũ)�

+ �∇ · (ũ⊗ δũ)� − ũ �∇ · δũ� + M1 + M2 + M3 ,

dx̃p

dt
= ũ + δũ , p̃ = F (ρ̃) ,

C1 = − ρ̃ �∇·u′� , C2 = ∇ · ( ρ̃ũ− �ρu ) ,

C3 = − ρ̃ ∇· ( δũ− �δũ�) + ∇ · ( ρ̃ δũ− �ρ̃ δũ� ) ,

M1 = −
�∇p′ �

ρ̃
+ ν �∆u′ � + (λ′ + ν) �∇ (∇·u′) � ,

M2 = −∇
�
G̃(ρ) − G(ρ̃)

�
+ ũ∇·u + ∇ · Tℓ

M3 = ∇ · ( ũ⊗ δũ− �ũ⊗ δũ� ) − ũ∇ · ( δũ− �δũ� ) .

C1 M1

C2 M2
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C3 M3 δũ

C3 M3 C1 M1

C2 M2 C2 M2

M2

M2 ≃ ∇ ·

�
−

q2

3
1 −

2

3
νT (�D)1 + 2 νT �D

�
,

q2 νT
�D �D = (∇ũ+∇ũT )/2

q2 = 2CY ℓ2 � �D �2 , νT = (CS ℓ)
2 � �D � ,

��D� � �D �=
�
2 �D : �D ℓ

CY CS

C2 C2 = ∇·( νδ ∇ρ̃ )

νδ �D
C2

C2 = ℓ2 ∇ · ( νδ ∇∆ρ̃ ) .

C2

δũ





dρ̃i
dt

= − ρ̃i
�

j

[(ũj + δũj)− (ũi + δũi)] · ∇iWij Vj +

�

j

(ρ̃jδũj + ρ̃iδũi) · ∇iWij Vj +
�

j

δij ψji · ∇iWij Vj

dũi

dt
= −

1

ρ̃i

�

j

(p̃j + p̃i)∇iWij Vj +
ρ0
ρ̃i

K
�

j

αij πij∇iWij Vj +

ρ0
ρ̃i

�

j

(ũj ⊗ δũj + ũi ⊗ δũi) · ∇iWij Vj

dx̃i

dt
= ũi + δũi , p̃i = F (ρ̃i) , Vi =

mi

ρ̃i
,
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mi i Vi

Wij = W (x̃i − x̃j) K = 2(n + 2) n

πij =
(ũj − ũi) · (x̃j − x̃i)

�x̃j − x̃i�2
αij =

µ

ρ0
+ 2

νT
i νT

j

νT
i + νT

j

,

νT
i = (Cs ℓ)

2 ��Di� Cs 0.12
αij

ψij

ψij =

�
(ρj − ρi)−

1

2

�
�∇ρ�Li + �∇ρ�Lj

�
· (x̃j − x̃i)

�
(x̃j − x̃i)

�x̃j − x̃i�2
.

L





�∇ρ�Li =
�

j

(ρj − ρi)Li∇iWijVj ,

Li =

�
�

j

(x̃j − x̃i)⊗∇iWijVj

�
−1

δij = 2
νδ
i ν

δ
j

νδ
i + νδ

j

, νδ
i = (Cδ ℓ)

2 ��Di� .

Cδ 1.5

ρ0 p̃i = c20 (ρ̃i− ρ0) c0 = c(ρ0)

Ma =
Uref

c0
≤ 0.1 Uref = max

�
Umax ,

�
δp̃max

ρ0

�
.

Umax δp̃max

1%
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δũi = min

(
�δûi� ,

Umax

2

)
δûi

�δûi�

δûi = −Ma ℓ c0
∑

j

[
1 +R

(
Wij

W (∆x)

)n ]
∇iWijVj .

∆x R n

8×8
Re = UL/ν L

L = 8 ℓ ℓ U
ν

Re = 10, 000
δ

L/∆x = 150, 300, 600, 1200 ∆x

kR

kR

δ
Re = 1, 000, 000

M2 C2
ν�∆ũ�
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Re = 10, 000 kR
∆x

Re = 1, 000, 000 kR
∆x
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Qν

QT Qδ Qν

QT

Qδ

Qν QT

Qδ Re = 10, 000 Re = 1, 000, 000
L/∆x = 1, 200

QT Qδ Qν

L/∆x = 1, 200 Re = 10, 000
Re = 1, 000, 000

QT Qδ

Qν Re = 1, 000, 000

QT Qδ Qν

δ

L/∆x = 1, 200
Re = 10, 000 Re = 1, 000, 000

31



Re = 10, 000 Re = 1, 000, 000 L/∆x = 1, 200
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