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Abstract. Enormous progress has been made during recent years in the phenomenolog-
ical modelling of soft tissue. In general, three important softening phenomena associated
with biological tissues may be distinguished. First, there is the dependence of the me-
chanical response on the previously attained maximum load level. This is quite similar
to the well-known Mullins effect in rubber-like materials. Another typical phenomenon
known as permanent set is characterized by residual strains after unloading. Finally, there
is the softening behaviour resulting from fibre rupture and matrix disruption associated
with material damage. There are several phenomenological constitutive models able to
describe the failure of soft tissues from a macroscopic point of view. In this contribution a
three-dimensional micro-sphere-based constitutive model for anisotropic fibrous soft bio-
logical tissue is presented, including elastic anisotropy as well as inelastic effects (softening,
preconditioning and damage). The link between micro-structural inelastic contribution
of the collagen fibers and macroscopic response is achieved by means of computational
homogenization, involving numerical integration over the surface of the unit sphere. In
order to deal with the random distribution of the fibrils within the fiber, a von Mises
probability function is incorporated, and the mechanical behavior of the fibrils is defined
by an exponential-type model. The inelastic effects in soft biological tissues were modeled
by internal variables that characterize the structural state of the material.

1 INTRODUCTION

Enormous progress has been made during recent years in the phenomenological mod-
elling of soft tissue. In general, three important softening phenomena associated with
biological tissues may be distinguished. First, there is the dependence of the mechanical
response on the previously attained maximum load level. This is quite similar to the
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well-known Mullins effect in rubber-like materials. Another typical phenomenon known
as permanent set is characterized by residual strains after unloading. Finally, there is the
softening behaviour resulting from fibre rupture and matrix disruption associated with
material damage [15, 3, 30].

There are several constitutive models able to describe the failure of soft tissues [17, 20,
25, 40, 5, 34, 37, 36, 38, 21, 11]. Balzani et al. [5] assumed that discontinuous damage
occurs in arterial walls and mainly along the fiber direction. Rodŕıguez et al. [34, 33]
introduced a stochastic-structurally based damage model for fibrous soft tissues. Only
a few constitutive models have been derived to describe the loading-unloading softening
behavior of soft tissues [15, 10, 33, 12, 29, 21, 31]. Franceschini et al. [15] and Horgan and
Saccomandi [19] proposed an isotropic pseudoelastic model for soft tissues using isotropic
and anisotropic elastic strain energy functions respectively. Calvo et al. [10] proposed
an uncoupled directional damage model for fibred biological soft tissues that considers
different damage evolutions for the matrix and for the different fiber families. In Li and
Robertson [21] two damage mechanisms are coupled in a multiplicative manner. Peña
et al. [31] showed that continuum damage mechanics models can reproduce the softening
behavior during unloading or reloading only for low dissipative effects. Ehret and Itskov
[12] presented a model that reproduces the softening behavior including all the tissue
dissipative effects (permanent set also). However, the main drawback of this model is its
use of non-standard invariants that leads to a very complicated approach. The model
is not able to reproduce the damage process. Peña and Doblare [29] present a very
simple pseudo-elastic anisotropic model to reproduce the softening behavior exhibited
in soft biological tissues without permanent set. However the pseudo-elastic model is
not able to reproduce the failure region as a result of the bond rupture and complete
damage while Continuum Damage Mechanics (CDM) and other models can. Finally,
Peña [27] developed a phenomenological model that includes all these phenomena in a
macro-estructural approach.

The high complexity of biological tissues requires mechanical models that include in-
formation of the underlying constituents and look for the physics of the whole processes
within the material. This behavior of the micro-constituents can be taken into macro-
scopic models by means of computational homogenization. It is in this context where the
microsphere-based approach acquires high relevance. [24], [23] and [16] used the micro-
sphere approach with emphasis on elastomers. Later [2] focus on the anisotropy of the
soft biological tissues.

In this contribution a three-dimensional micro-sphere-based constitutive model for
anisotropic fibrous soft biological tissue is presented, including elastic anisotropy as well
as inelastic effects (softening, preconditioning and damage). The link between micro-
structural inelastic contribution of the collagen fibers and macroscopic response is achieved
by means of computational homogenization, involving numerical integration over the sur-
face of the unit sphere. In order to deal with the random distribution of the fibrils within
the fiber, a von Mises probability function is incorporated, and the mechanical behavior of
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the fibrils is defined by an exponential-type model. The inelastic effects in soft biological
tissues were modelled by internal variables that characterize the structural state of the
material.

2 MICROSTRUCTURAL APPROACH FOR HYPERELASTIC MEDIA

2.1 KINEMATICS

Let B0 ⊂ E3 be a reference or rather material configuration of a body B of interest. The
notation ϕ : B0 ×T → Bt represents the one to one mapping, continuously differentiable,
transforming a material point X ∈ B0 to a position x = ϕ(X, t) ∈ Bt ⊂ E3, where Bt

represents the deformed configuration at time t ∈ T ⊂ R. The mapping ϕ represents
a motion of the body B that establishes the trajectory of a given point when moving
from its reference position X to x. The two-point deformation gradient tensor is defined
as F(X, t) := ∇Xϕ(X, t), with J(X) = det(F) > 0 the local volume variation. It is
sometimes useful to consider the multiplicative decomposition of F

F := J1/3I · F̄. (1)

Hence, deformation is split into a dilatational part, J1/3I, where I represents the second-
order identity tensor, and an isochoric contribution, F̄, so that det(F̄) = 1 [14]. With
these quantities at hand, the isochoric counterparts of the right and left Cauchy-Green
deformation tensors associated with F̄ are defined as C̄ := F̄T · F̄ = J−2/3C.
Furthermore, let r be a vector in the reference configuration. The so called push-forward
operator, associated to the motion, maps this vector field in t̄ ∈ Ω, in the deformed
configuration. Assuming that r is affected only by the isochoric part of F

t̄ = F̄ · r = J−1/3t with ‖t̄‖ = λ̄ = J−1/3 ‖t‖ , (2)

where t̄ represents the isochoric push-forward of the material vector r and λ̄ the isochoric
stretch in the direction of r [18].

2.2 HYPERELASTIC FRAMEWORK

The free energy density function is given by a scalar-valued function Ψ defined per unit
reference volume in the reference configuration and for isothermal processes. [14] pos-
tulated the additive decoupled representation of this SEDF in volumetric and isochoric
parts as

Ψ = Ψvol + Ψich. (3)

As discussed in the introduction, soft biological tissues are a highly non-linear anisotropic
materials. To differentiate between the isotropic and the anisotropic parts, the free energy
density function can be split up again as

Ψ = Ψvol + Ψiso + Ψani, (4)

3
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where Ψvol describes the free energy associated to changes of volume, Ψiso is the isotropic
contribution of the free energy (usually associated to the ground matrix) and Ψani takes
into account the isochoric anisotropic contribution (associated to the fibers) [35]. This
strain-energy density function must satisfy the principle material frame invariance

Ψ(C,M,N) = Ψ(Q · C,Q · M,Q · N)for all[C,Q] ∈ [S3
+ × Q3

+]. (5)

The second Piola-Kirchhoff stress tensor is obtained by derivation of (3) with respect to
the right Cauchy-Green tensor [22]. Thus, the stress tensor consists of a purely volumetric
and a purely isochoric contribution, i.e. Svol and Sich, so the total stress is

S =Svol + Sich = 2
∂Ψvol(J)

∂C
+ 2

∂Ψich(C̄,M,N)

∂C

=2

[
∂Ψvol(J)

∂J

∂J

∂C
+

∂Ψich(C̄,M,N)

∂C̄

∂C̄

∂C

]
= J pC−1 + 2

∑
j=1,2,4,6

P :
∂Ψich

∂Īj

∂Īj

∂C̄
, (6)

where the second Piola-Kirchhoff stress S consists of a purely volumetric contribution
and a purely isochoric one. Moreover, one obtains the following noticeable relations
∂CJ = 1

2
JC−1 and P = ∂CC̄ = J−2/3[I − 1

3
C ⊗ C−1]. P is the fourth-order projection

tensor and I denotes the fourth-order unit tensor, which, in index notation, has the form
IIJKL = 1

2
[δIKδJL + δILδJK ]. Application of the fourth-order projection tensor P furnishes

the physically correct deviatoric operator in the Lagrangian description, so that [P : (·)] :
C = 0 [13]. Note that it is possible to obtain the Cauchy stress tensor by applying the
push-forward operation to (6) σ = J−1χ∗(S) [22].
Based on the kinematic decomposition of the deformation gradient tensor, the tangent
operator, also known as the elasticity tensor when dealing with elastic constitutive laws,
is defined in the reference configuration as

C =2
∂S(C,M,N)

∂C
= Cvol + Cich = 4

[
∂2Ψvol(J)

∂C ⊗ ∂C
+

∂2Ψich(C̄,M,N)

∂C ⊗ ∂C

]
. (7)

Note that its spatial counterpart of (7) is obtained from the application of the push-
forward operation to (7) c = J−1χ∗(C)[8].

2.3 MICROSPHERE BASED MODEL

During the last years the most widely used approach for modeling anisotropy in soft tissues
has been representing fiber directions by means of an invariant formulation. Lately, the
use of statistical distributions has increased, being this latter also adopted in the present
work. Furthermore, a microsphere-based approach has been used at a micro scale level.
The microsphere approach tries to capture micro-structural information and transfer it
into the macroscopic behavior via a homogenization scheme over the unit sphere U2. In
this approach, U2 is discretized into m directions {ri}i=1...m that are weighted by factors

4
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{wi}i=1...m, where 〈r〉 ≈
∑m

i=1 wiri = 0 and 〈r ⊗ r〉 ≈
∑m

i=1 wiri ⊗ ri = 1
3
I. So an integral

over the unit sphere U2 can be approximated by

〈(•)〉 =
1

4π

∫
2

(•)dA ≈
m∑

i=1

wi(•)i. (8)

The term 4π is a normalization factor, result of the surface integral
∫ θ

0

∫ φ

0
sin(θ)dθdφ over

the unit sphere. The unit vectors can be expressed in terms of the spherical coordinates
θ ∈ [0, π) and φ ∈ [0, 2π) as r = sin(θ)cos(φ)ex+sin(θ)sin(φ)ey+cos(φ)ez with {ex, ey, ez}
the reference Cartesian system. Previous works [6, 1, 2] have used and compared different
number of integration directions for isotropic and anisotropic functions and, in view of
the results therein, 368 directions will be used in all the problems simulated in this work
that demonstrated to provide sufficiently accurate results for relatively highly anisotropic
materials (see [1]).
As detailed above, the anisotropic part of the SEDF is related to the fibers in the material.
In a general situation with N families of fibers the anisotropic part of the SEDF can be
expressed as

Ψani =
N∑

j=1

Ψj
f =

N∑
j=1

[
1

4π

∫
2

nρfψfdA

]

j

, (9)

where Ψj
f is the strain energy density function for the j-nth fiber family, n the chain

density, ρf a statistical value associated with the fibrils dispersion and ψf the free energy
density function of the fibril. We will adopt an affine assumption for the integration
directions (compare [24]), in spite of the model used for the micro fibers, as for example
a non-affine eight-chain model [4]. Since an analytical integration of (9) is not possible in
general, a discretization of this equation is used

Ψani ≈
N∑

j=1

[
m∑

i=1

nρiw
iψ(λ̄i)

]
, (10)

where λ̄i and ψ(λ̄i) are the stretch ratio and the free energy density function associated
to each integration direction.
In order to obtain the macroscopic contribution to the Kirchhoff stresses and the elasticity
tensor for a family of fibers, the SEDF has been written in terms of stretches, rather than
the classical invariant’s function [26]. The equations for the Kirchhoff stress and the
elasticity tensors in the spatial configuration are expressed as:

τ f =
m∑

i=1

[nρiψ
′
iλ̄

−1
i t̄ ⊗ t̄]wi (11)

and

cf =
m∑

i=1

[nρi[ψ
′′
i − ψ′

iλ̄
−1
i ]λ̄−2

i t̄ ⊗ t̄ ⊗ t̄ ⊗ t̄]wi (12)
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where ψ′
i and ψ′′

i are the first and second derivative of the fibril energy function with
respect to λi. Additional details are given in Appendix A.

2.4 MATERIAL BEHAVIOR

The definition of a given material in the hyperelastic framework is associated therefore to
establishing a free energy density function for each part of the above discussed splitting.
Here, we have used

Ψ = Ψvol(J) + Ψiso(Ī1) + Ψani(n, ρ, λ̄), (13)

Ψvol(J) =
1

D
ln2(J), (14)

Ψiso(Ī1) = µ[Ī1 − 3] and (15)

Ψani(n, ρ, λ̄) = 〈nρfψf〉 . (16)

The matrix is known to be composed of an important water content, which results in
an almost incompressible behavior, so the volumetric part of the energy density function
enforces the quasi-incompressibility constraint depending on the value of the penalty
parameter D (14). The matrix contributes to the overall behavior through the volumetric
and the isotropic parts of the energy density function (15).
The contribution of each single collagen fibril in the micro scale is here assumed as a
first approach, to be defined by an exponential-type function, widely used in macroscopic
approaches [18]. In [1] a comparison between this phenomenological function and the
worm-like chain model in the microsphere framework is discussed. Note that, although the
integration directions are mathematically identified with the homogenization directions,
they can be physically associated to the contribution of a fibril. The free density energy
associated to each fibril or, equivalently, to each integration direction, is assumed as

nψj
i (λ̄i) =




0, if λ̄i < 1
k1

2k2

[
exp(k2[λ̄

2
i − 1]2)

]
if λ̄i ≥ 1

(17)

2.5 THE VON MISES ORIENTATION DISTRIBUTION FUNCTION

Regarding the anisotropic part of the model (16), a statistical distributions of the fibrils
around a preferential orientation is considered through a von Mises statistical function.
This orientation distribution function is denoted by ρ and has some interesting properties
such as symmetry ρ(r; a) = ρ(−r; a) and rotational symmetry with respect to the preferred
orientation a, which can be expressed as ρ(Q · r; a) = ρ(r; a) ∀Q ∈ Q3

+. Note that a could
be oriented in any direction of the space leading to a mismatch angle w = arccos(r · a).
A π-periodic von Mises orientation density function (ODF) (18) has been adopted in this
work to take into account the fibrils dispersion [1]

ρ(θ) = 4

√
b

2π

exp(b[cos(2θ) + 1])

erfi(
√

2b)
, (18)
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where the concentration parameter b ∈ R+ is a measure of the anisotropy. b → 0 represents
an isotropic material, and b → ∞ a transversally isotropic one. Erfi(x) is the imaginary
error function approximated by a sufficiently large number of terms within its MacLaurin
series expansion, which can be written as

erfi(x) ≈ π−1/2

[
2x +

2x3

3
+

k∑
j=3

x2j−1

a(j)

]
, (19)

with a(j) = 0.5[2j − 1][j − 1]! [39] provides a 60 term expansion, sufficiently accurate
for values of b ≤ 20. Figure 1 shows the spherical representation of two distributions for
different values of b.
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Figure 1: Shape of the von Mises ODF for b=1 and b=10.

3 INELASTIC CONSTITUTIVE MODEL

The experimental results suggest that just like the elastic properties, the inelastic
behavior of soft tissues is also characterized by anisotropy [3, 31, 28, 30]. Accordingly,
a suitable constitutive model should account for this directional dependence and take
into account the different alteration mechanisms associated with this anisotropy. The
phenomenological inelastic model should include the Mullins effect, the permanent set
resulting from the residual strains after unloading, and the fibre and matrix disruption
associated to supraphysiological loads or strains [9].

3.1 Hypothesis of the model

To model these inelastic processes, we apply the following considerations:

7
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• We have modified the equation (17) by the parameter wi

nψj
i (λ̄i) =





0, if λ̄i < 1
k1

2k2

[
exp(k2[λ̄

2
i − wi]

2)
]

if λ̄i ≥ 1
(20)

that governs the anisotropic contribution to the global mechanical response of the
tissue only when stretched, that is, λ̄2

i > wi [27].

• Finally, we modified this parameter that changes independently from each direction
to take into account structural alterations along the fiber direction. With this
modification, we can reproduce at the same time the softening behavior and the
permanent set presented in this kind of tissue.

The second law of thermodynamics asserts a non-negative rate of entropy production.
Using standard arguments based on the Clausius-Duhem inequality [22]

Dint = −Ψ̇ +
1

2
S : Ċ ≥ 0 (21)

yields

Dint = −
N∑

j=1

[
m∑

i=1

∂ψi
j,0(λ

i
)

∂wi

ẇi

]
≥ 0 (22)

where the thermodynamic forces are

fwi
= −∂ψi

j,0(λ
i
)

∂wi

(23)

The thermodynamic force fwi
is conjugated to the internal variable wi, so the process

could be controlled by fwi
instead of wi (see e.g. [10]).

3.2 Evolution of the internal variables

For the softening variables wi, we consider the following criteria

Υi(C(t), Γit) =
∂ψi

j,0(λ
i
)

∂λ
i − Γit = Γi − Γit ≤ 0 (24)

where Γi =
∂ψi

j,0(λ
i
)

∂λ
i is the softening stress release rate at time t ∈ R+ and Γit signifies the

softening threshold (stress barrier) at current time t for matrix and fibers

Γit = max
sr∈(−∞,t)

∂ψi
j,0(λ

i
)

∂λ
i (25)

8
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The equation Υi(C(t), Γit) = 0 defines a softening surface in the strain space. With
these means at hand, we finally propose the following set of rate equations for an evolution
of the softening variables

ẇi
.
=

{
κiΓ̇it if Υ = 0 and Ni : Ċ > 0

0 otherwise
(26)

Let us now consider softening functions of the simple form

wi = κiΓit + 1 (27)

where κi is the only parameter to define the softening mechanism in each fiber direction.

4 NUMERICAL EXAMPLE

The principal aim of this section is to illustrate the performance and the physical
mechanics involved in the above presented model. With this purpose, a uniaxial test of
an incompressible biological tissue is computed in this example. Only one family of fibres
is defined along the X direction. The softening evolution is formulated in (27). The tissue
was subjected to stepwise uniaxial loading in fiber direction with five stretch controlled
cycles where the stretch was 1.4, 1.6, 1.8, 2.0, 2.2.

µ k1 k2 w0

i κi

0.28 1.1226 1.5973 1.1 0.003

Table 1: Material, damage and softening parameters for uniaxial simple tension.µ and k1 are in MPa,
and other parameters are dimensionless

Figure 2 shows the results. It is possible to observe the softening phenomena during
unloading that increases when the maximum load increases showing the typical Mullins’
effect observed in soft biological tissues. Finally, the permanent set is presented in the
model when the stress are null, and, again the residual stretch increases when the maxi-
mum load increases.

5 CONCLUSIONS

The aim of this work is to present the complete formulation of a softening model within
an anisotropic microsphere-based approach in order to a better characterization of this
phenomenon in biological soft tissues. We consider the weight factors wi ( as internal
variables characterizing the structural state of the material with different evolution rule
in each integration direction of the microsphere. The limitations of the study include:
(1) the need for a suitable experimental plan to obtain the many parameters involved;
(2) the softening behavior of biological tissues is also related to viscoelastic effects; (3)
one numerical problem concerning the finite element implementation should be addressed.

9
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Figure 2: Uniaxial stress response under cyclic uniaxial tension in X direction.

This is related with the necessity of regularizing the ill-posed numerical problem [7] where
the loss of ellipticity/hyperbolicity of the governing equations with softening can lead
to pathological mesh-sensitivity [32]. In spite of these limitations, the one dimensional
character of the constitutive equations applied at the micro-level offers huge possibilities,
due to its simplicity and the possibility of incorporating other micro-structural variables.
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