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Abstract. The paper deals with models for elasto-plastic materials with continuously
distributed micro defects (micro cracks, micro voids, extra-matte), compatible with the
principle of imbalance of the free energy. As the plastic behaviour and the damage are
essentially irreversible, the behaviour of elasto-plastic materials with damaged microstruc-
ture is described in terms of specific differential geometry elements which characterize the
internal mechanical state. In the models proposed in this paper, the key point is the
symmetric tensorial damage variable, which is a measure of non-metricity of the geom-
etry associated with elasto-plastic material with damaged structure. The free energy
density is supposed to be dependent not only by the elastic strain but also on the the
Bilby’s type connection, which generates through the attached torsion, the dislocation
density. The tensorial measure of the damage as well as its gradient, which generate the
quasi-dislocation density, are involved in the expression of the free energy density. The
evolution equations for the plastic distortion and tensorial damage variable are derived
to be compatible with the reduced dissipation inequality. A rate independent non-local
elasto-plastic model coupled with damage has been proposed.

1 INTRODUCTION

The continuum damage mechanics concern with the evolution equation and continuum
representation of a material with distributed micro defects (micro cracks, micro voids,
extra-matter). The material can exhibit both the damage and plastic behaviour. As the
plastic behaviour and the damage are essentially irreversible, the geometrical incompati-
bilities which characterize the material space are useful in modeling such type of processes.
The physical nature of the mechanical variables, which describe the elasto-plastic material
with damaged structure is an important issue in constitutive models, see de Borst et al.
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[8], Hansen and Schreyer [14], Menzel et al. [16], Ekh et al. [10], Brünig [1], Brünig and
Ricci [2].

We developed a general mathematical framework, which is able to cover a large range
of second order plasticity, based on anholonomic configuration and taking into account
the presence of the damaged structure. The behaviour of elasto-plastic materials with
damaged microstructure is described in terms of specific differential geometry elements
which characterize the internal mechanical state, following Kröner [15]. In the proposed
models the defects of lattice structure, like dislocations and disclinations, can be involved
through the Cartan torsion of the so-called plastic connection, see Cleja-Ţigoiu [5]. In the
same time the point defects in the damaged zone are modeled in terms of the non-metric
tensor which belongs to the plastic connection, apart from [7], where the gradient of the
elastic strain measures the damage. The non-metric property of the plastic connection
is described in terms of a symmetric second order tensor, h, which is potential for the
non-metric (extra-matter) tensor Q.

The proposed models are described within the second order plasticity, based on the
multiplicative decomposition of the deformation gradient F = ∇χ (where the function χ
describes the motion of the body) into its elastic and plastic components Fe,Fp, called
distortions

F = FeFp, (1)

as well as on the decomposition rule of the motion connection Γ = (F)−1∇ F into its
elastic and plastic counterparts, which are defined as it follows

Γ = (Fp)−1
(e)

ΓK [Fp,Fp]+
(p)

Γ . (2)

For any third order tensor Γ, and for any second order tensors, F1,F2, the third order
tensor Γ[F1,F2] is defined by

(Γ[F1,F2]u)v = (Γ(F1u)) F2v, (3)

for all vectors u,v.
Three types of configurations are used in the models, namely - the reference configu-

ration, the deformed configuration at time t, χ(·, t), and the so-called damaged (anholo-

nomic) configuration generically denoted by K, and which is viewed as the pair (Fp,
(p)

Γ ).
The models are dissipative and the imbalance of the free energy principle, formulated

by Gurtin et al. [13], is adapted to involve the internal expanded power during the
irreversible (plastic) process coupled with damage. The constitutive equations for the
macro forces are derived from the dissipation principle. The appropriate evolution laws
which involves the micro forces are derived to be compatible with the principle of the
imbalance of the free energy density.
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Figure 1: Kinematic of the process: the reference configuration, the actual (deformed) configuration and
the relaxed damaged configuration.

2 KINEMATICS. DAMAGE VARIABLES.

We assume that the plastic connection
(p)

Γ has non-metric property with respect to the
metric tensor Cp = (Fp)TFp. Consequently there exists a third order tensor Q, such that
Qu ∈ Sym and

−(∇Cp)u + (Cp(
(p)

Γ u))T + Cp(
(p)

Γ u) = Qu, (4)

holds for all vectors u. The following representation for the plastic connection can be
derived, see [6]

(p)

Γ=
(p)

A +(Cp)−1
(

Λ × I +
1

2
Q
)

,
(p)

A= (Fp)−1∇Fp, (5)

Here the third order tensor field Λ is a measure of disclination, being defined in such a

way to have the equality ((Λ× I)u)v = (Λu)×v and
(p)

A defines the so-called Bilby’s type
plastic connection.

Following Kröner [15] we assume the existence of a second order tensor, h, which is
a potential for the non-metric (extra-matter) tensor Q, namely Q = ∇h. As a direct
property of the introduced above definitions, the plastic metric tensor Cp is corrected by
h, to restore the metric property of the plastic connection, i.e.

−∇(Cp + hd)u + (Cp
(p)

Γ u)T + Cp(
(p)

Γ u) = 0, ∀ u ∈ V. (6)
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Remark. The plastic distortion Fp and the tensorial damage variable h are incompatible,
which means that they are not the derivatives of certain vector fields, see ([9]). The
second order torsion tensor, N p, related with the third order Cartan torsion Sp, i.e.
(Spũ)ṽ = N p(ũ × ṽ), is expressed by

N p = (Fp)−1curlFp + (Cp)−1
(

curlh + (tr Λ)I − (Λ)T
)

(7)

The following defect fields can been introduced

α := (Fp)−1curl(Fp) dislocation density
αd = (Cp)−1curl h quasi-dislocation density
αΛ := tr ΛI − (Λ)T disclination density,

(8)

in order to characterize the existing in the materials incompatibilities, see for instance
Kröner [15], de Wit [9]. For the shake of simplicity we do not consider here the disclination
among the lattice defect, apart from [5] where the influence of the lattice defect modeled
by Λ has been emphasized.

3 THE IMBALANCE FREE ENERGY CONDITION

The models are dissipative. The imbalance of the free energy principle, formulated in
Gurtin et al.[13], is adapted to involve the internal expanded power during the irreversible
(plastic) process coupled with damage. As a consequence of the principle of the imbalance
of the free energy density the constitutive equations for the macro forces are obtained. The
appropriate evolution equations which involves micro forces are derived to be compatible
with the principle of the imbalance of the free energy density.

Ax. 1. The elasto-plastic behavior of the material is restricted to satisfy in K the
imbalanced free energy condition

−ψ̇K + (Pint)K ≥ 0 for any virtual (isothermic) process. (9)

The model is strongly dependent on the postulated expression for the free energy density,
as well as of the postulated form for the virtual internal power in K.

Ax.2 The free energy density in K is postulated to be dependent on the second order

elastic deformation, in terms of (Ce,
(e)

AK), where Ce = (Fe)TFe. The free energy density
function is dependent on the damaged configuration, through the part of the second order

plastic deformation ((Fp)−1,
(p)

AK)

ψ = ψK(Ce,
(e)

AK, (Fp)−1,
(p)

AK,H,∇KH). (10)

In the model we include the tensorial damage variable H = (Fp)−Th(Fp)−1, with respect
to the damaged configuration K and its gradient ∇KH = (∇H)(Fp)−1. Further we do

not consider the dependence on the elastic connection,
(e)

AK, which has as consequence the
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absence of the macro stress momentum in the balance equation for macro forces, see [7].
This is then reduced to the classical balance equation div T + ρb = 0.

As the tensorial damage variable and its gradient have been introduced among the
independent variables in the expression of the free energy density, the power conjugated
variables with their rate ought to be introduced in the expression postulated for the virtual
internal power.

Within the constitutive framework developed in [5] and adapted to the discussed here
problem, the imbalance free energy principle can be reformulated taking into account the
expression of the internal power in K

virt(Pint)K =
1

2

π

ρ̃
δCe +

1

ρ̃
µK · ((Fe)−1(∇χL̃[Fe,Fe]) −∇KL̃p)+

+
1

ρ̃
Υp

K · L̃p +
1

ρ̃
µp

K · ∇KL̃p +
1

ρ̃
ΥQ · δH +

1

ρ̃
µQ

K · ∇KδH.

(11)

µp
K, µQ

K are micro stress momenta which are conjugated with the gradients of the rate of

plastic distortion Lp and of the rate of H. L̃, L̃p, δH, δCe are virtual rates.
In the virtual kinematic process, virtual variations replace the appropriate real veloci-

ties, as for instance δCe replaces the rate of kinematic field Ce,

Ċe = 2 (Fe)T{L}sFe − 2 {Ce · Lp}s, (12)

where L = Ḟ(F)−1,L = Ḟ(F)−1.
We mention that the micro forces are power conjugate with the rate of kinematic

variables and of their gradients, in the plastic and damage mechanism and they satisfy
their own micro balance equations in K, which are postulated to be given by

Υp
K = divK (µp

K) + ρ̃ Bp
m, Υλ

K = divK µQ
K + ρ̃ BQ

m, (13)

with the appropriate boundary conditions on ∂K(P, t). When we pass to the reference
configuration the micro balance equations (13) can be written in the following form

Jp Υp
K = div (Jp µp

K(Fp)−T ) + ρ0 Bp
m,

JpΥλ
K = div (Jp µQ

K(Fp)−T ) + ρ0 BQ
m, Jp =| det Fp | .

(14)

Here Bp
m and BQ

m are the mass density forces associated with the plastic and damage
mechanism.

In order to describe the behaviour of the elasto-plastic material with damaged structure,
modeled by the tensorial variable h and its gradient ∇h the form of the free energy density
could be postulated directly with respect to the reference configuration,

The free energy in K can be expressed in a pulled back (to the reference configuration)
form
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ψ = ψ(C,Fp,
(p)

A,h,∇h), (15)

taking into account the appropriate relationships between the fields when we pass from
the damaged configuration K to the reference configuration by (Fp)−1. For instance
(p)

AK= −FpAp[(Fp)−1, (Fp)−1], Ce = (Fp)−TC(Fp)−1, and so on.

4 THE REVISED IMBALANCED FREE ENERGY PRINCIPLE

The free energy density expressed in the reference configuration is dependent on h,
and its gradient, namely the non-metric (extra-matter) tensor Q. The micro forces are
eliminated from the evolution equations for plastic deformation and damage tensor, h, via
their own balance equations. The non-local evolution equations can be either associated
for instance with an appropriate yield function in terms of the effective stress and the
damage back stress tensor, or described like the viscoplastic ones.

We develop the kinematic of the process which leads to the evolution equations which

prescribe ḣ and
d

dt
(Fp)−1. We introduce

lp = (
d

dt
(Fp)−1)Fp = −(Fp)−1LpFp

(16)

First we proceed to reformulate the imbalanced form of the free energy principle directly
with respect to the reference configuration, taking into account the following expression
for the internal power

PintK =
1

2

π

ρ̃
Ċe +

1

ρ̃
µK · ((Fe)−1(∇χL[Fe,Fe]) −∇KLp)+

+
1

ρ̃
Υp

K · Lp +
1

ρ̃
µp

K · ∇KLp +
1

ρ̃
ΥQ · D

Dt
H +

1

ρ̃
µQ

K · ∇K
D

Dt
H.

(17)

Second we compute the time derivative of the free energy density function taking into
account the formulae for the derivatives of appropriate fields.

• δH which is involved in the expression of the virtual internal power, (11), is defined
to be the rate of h pushed away to the configuration K, namely

D

Dt
(H) = (Fp)−T ḣ(Fp)−1, (18)

• The gradient with respect to K applied to the previous rate, i.e. ∇KδH leads to

∇K
( D

Dt
(H)

)

= (Fp)−T {∇(ḣ) − (ḣ
(p)

Ak) − (ḣ
(p)

Ak)
T}[(Fp)−1, (Fp)−1], (19)

where the transpose of the third order tensor field N is given by N Tu = (Nu)T ,
for any u.
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• The rate of the appropriate fields which enter the expression of the internal power
associated to the processes are calculated in terms of lp as given by the formulae

Ċe = (Fp)−T{Ċ + Clp + (lp)TC}(Fp)−1,

∇KLp = −Fp{∇lp+
(p)

A [I, lp] − lp
(p)

A}[(Fp)−1, (Fp)−1],

d

dt
(
(p)

A) = −∇ lp + lp
(p)

A −
(p)

A [I, lp].

(20)

Third we introduce the new appropriate measures for the forces which enter the refor-
mulated expression for the principle of the imbalanced free energy when we have passed
from the damaged configuration to the reference one, namely

mQ
0

ρ0

=
1

ρ̃
(Fp)−1µQ

K[(Fp)−T , (Fp)−T ]

mp
0

ρ0

=
1

ρ̃
(Fp)T µp

K[(Fp)−T , (Fp)−T ]

Υp
0

ρ0

= (Fp)−1 1

ρ̃
Υp

KFp)−T ,

ΥQ
0

ρ0

= (Fp)T 1

ρ̃
Υp

KFp)−T ,

Σ0 = CΠ0,

(21)

where Σ0 denotes the Mandel stress measure with respect to the reference configuration,
being related to the symmetric Piola-Kirchhoff stress tensor.

The reduced dissipation inequality can be written as

(
Π0

2ρ0

− ∂Cψ) · Ċ +
1

ρ0

(Σ0 − Υp
0) · lp +

1

ρ0

µ0 · ∇χL
p+

+
( 1

ρ0

(µp
0 − µ0) − ∂(p)

A k

ψ
)

· d

dt
(
(p)

A) + (
1

ρ0

ΥQ
0 − ∂hψ) · ḣ+

+
1

ρ0

µQ
0 · {∇(ḣ) − (ḣ

(p)

Ak) − (ḣ
(p)

Ak)
T} + (Fp)T ∂Fpψ · lp − ∂∇h ψ · ∇ḣ ≥ 0.

(22)

As a consequence of the formulation for the dissipation postulate the expression for the
macro forces are derived Π0 = 2ρ0∂Cψ, where Π0 denotes the symmetric Piola-Kirchhoff
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with respect to the reference configuration and µ0 = 0, where µ0 represents the macro
momentum with respect to the reference configuration.

We introduce micro stress momenta associated with the damage and dislocations by
the non-dissipative (energetic) constitutive relations, the so-called energetic micro forces

1

ρ0

mQ
0 = ∂∇h ψ,

1

ρ0

mp
0 = ∂(p)

A
ψ. (23)

• The rates of the plastic distortion and of the quasi-plastic strain, Fp and h, and the
constitutive functions have to be compatible with the dissipation inequality, and they are
postulated

1

ρ0

(Σ0 − Υp
0) + (Fp)T ∂Fpψ = ξ1 lp,

1

ρ0

(ΥQ
0 − ∂hψ) − 2{∂∇hψ�

(p)

A}S = ξ2 ḣ,

(24)

where the operator � associates to the third order tensors A,B the second order tensor,
denoted A� B and defined by

(A� B) · L = A[I,L] · B = AiskLsnBink (25)

for all second order tensor L.

5 THE RATE INDEPENDENT ELASTO-PLASTIC MODEL WITH
ANISOTROPIC DAMAGE

The scalar constitutive functions ξ1, ξ2 are defined in such a way to be compatible with
the residual dissipation inequality

ξ1 lp · lp + ξ2 ḣ · ḣ ≥ 0. (26)

Let us introduce internal variables like stress

1. the back stress, denoted by Σback, which is introduced in order to describe the
hardening of the material,

Σback := Υp
0 − ρ0 (Fp)T ∂Fpψ; (27)

2. the damage stress variable

b := ΥQ
0 − ρ0∂hψ − 2ρ0 {∂∇hψ�

(p)

A}S. (28)

When the micro forces are eliminated via the micro balance equation (14) together
with the energetic representation for micro stress momenta (23) the following expressions
are provided for the back stress and damage stress
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Σback =
1

Jp
div(ρ0 Fp∂(p)

A k

ψ[I, (Fp)T ]) − ρ0∂Fpψ(Fp)T ,

b = −ρ0∂hψ +
1

Jp
div (ρ0 Fp∂∇hψ)[I, (Fp)T ].

(29)

As a consequence of the micro balance equations together with the energetic definitions
for the micro stress momenta the reduced dissipation inequality referring to the irreversible
behaviour coupled with damage can be derived under the form

(Σ0 − Σback) · lp + b · ḣ ≥ 0. (30)

We introduce the rate-independent model, following the idea proposed by Gudmundson
(2004), which is in the spirit of classical plasticity.

In terms of the effective fields we introduce a convex function with respect to its argu-
ments, say for instance like in classical plasticity, namely

ψ̂ :=
√

| σ0 − σback |2 + | b |2, (31)

and a yield function

F̂ := ψ̂ − R(ζ), with R(ζ) > 0, R′(ζ) > 0, R(0) = k > 0, (32)

with R a scalar constitutive function dependent on the the scalar hardening variable of
the deformation type, say ζ, which has to be introduced by a differential type equation.

The relationships (24) will be viewed as evolution equations to describe the rates of

plastic distortion, through lp, and for the damage tensorial variable h
d

dt
ρd, namely

lp := λ
σ0 − σback

R(ζ)
H(F̂),

ḣ := λ
b

R(ζ)
H(F̂),

ζ̇ := λ H(F̂),

(33)

λ plays the role of the plastic multiplier and satisfies Khun-Tucker and consistency con-
dition.

6 CONCLUSIONS

In the models proposed in this paper, the key point is the tensorial variable, which is
a measure of non-metricity of the geometry associated with elasto-plastic material with
damaged structure, which are treated as differential geometrical concepts. The free energy
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density is supposed to be dependent not only by the elastic strain but also on the the
Bilby’s type connection, which generates through the attached torsion, the dislocation
density. The tensorial measure of the damage as well as its gradient, which generate
the quasi-dislocation density, are involved in the expression of the free energy density
also. The evolution equations for the plastic distortion and tensorial damage variable
are derived to be compatible with the reduced dissipation inequality. A rate independent
non-local elasto-plastic model coupled with damage has been proposed. Only one yield
condition is involved in the model, related to the evolution of both mechanism, damage
and irreversible (plastic) behaviour.
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