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Abstract. We report the plasticity model with explicit description of kinetics of the material
defects (dislocations, grain boundaries). This method becomes especially effective for
computation of the dynamical deformation of materials at high strain rates because it allows
for a simple accounting of the strain rate effects. The equation system is written out and
discussed; its implementation is demonstrated for the problem of the plastic flow localization.
1

INTRODUCTION

Numerical investigation of different dynamical problems demands for the wide-range
constitutive equations with description of the material plasticity in a wide range of strain rates.
It is well known, that dynamics of structural defects provides the mechanism of plastic
deformation in solids; interaction between the defects and their inertness determine the shear
strength of the material. Therefore, the constitutive equation based on the dynamics and
kinetics of defects (dislocations, grain boundaries, micro-twins) seems to be the most natural
way of the plasticity description. Difficulties caused by additional constants can be overcome,
partially due to involvement of the molecular dynamics simulation results [1], and partially
due to appropriate theoretical consideration.
In this report, we discuss the dislocation plasticity model [1-3] for mono- and polycrystals
and the grain boundary sliding model for plasticity of submicro- and nonocrystalline materials
[4-6]. Application of these models to computations of plastic flow is described. Applicability
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of the dislocation plasticity model is demonstrated for a number of metals, as well as for
molecular crystals. Features of the plastic flow at the high-speed collision of ultra-thin metal
plates are investigated [3]. The Hall-Petch relation is analyzed for polycrystalline materials in
the quasi-static and dynamical loading conditions. The plastic flow localization is investigated
on the basis of the model [7].
2 MATHEMATICAL MODEL
Total plastic deformation of polycrystalline metals is supposed to be a result of the
combined action of two competing effects, namely, the dislocation motion and the sliding
along the grain boundaries. According to this viewpoint, the plastic deformation tensor wik is
represented by the sum wik = wikD + wikgb , where wikD is the part of plastic deformation caused by
the dislocation motion, and wikgb is the part caused by the grain boundary sliding. The
dislocation plasticity [1-3] and the grain boundary sliding [5-6] models are used here for
determination of wikD and wikgb correspondently. The particular case of monocrystals
corresponds to wikgb = 0 . Full model consists of the continuum mechanics equations [8]
supplemented by the equations for dynamics and kinetics of dislocations and by the equations
for time derivatives of wikD and wikgb . The common part of the model, traditionally, consists of
the next three conservation laws: the continuity equation
N
∂v
1 dρ
= −∑ k ,
ρ dt
k =1 ∂xk

(1)

the equation of substance motion

ρ

dvi
∂P N ∂Sik
=−
+∑
,
∂xi k =1 ∂xk
dt

i = 1,… , N ,

(2)

and the energy conservation law

ρ

dw
dU P d ρ N N
=
+ ∑∑ Sik ik ,
dt ρ dt i =1 k =1
dt

(3)

where N – number of dimensions in the treated problem, indexes i, k , l numerate the space
directions. In Eqs. (1)-(3): ρ is the substance density; vi is the components of velocity vector;
xi are the Cartesian coordinates; P is the pressure, which is determined from the wide-range

equation of state P = P ( ρ ,U ) [9,10]; Sik is the tensor of stress deviators, which characterizes
the shear stresses; U is the internal energy.
The generalized Hooke law [8] with accounting of the plastic strain wik is used for
determination of the stress deviators:
Sik = 2G uik − (1/ 3) ull ⋅ δ ik − wik  ,

(4)

where G is the shear modulus, data of papers [11,12] were used for the shear modulus
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dependence on temperature and pressure G (T , P ) ; δ ik is the bivalent mixed tensor; uik is the
geometrical deformation, induced by the macroscopic motion of substance. It is determined
by the next equation:
duik 1  ∂vi ∂vk 
= 
+
 + Ω ik ,
2  ∂xk ∂xi 
dt

(5)

The term Ωik accounts for the rotation of matter [13], which is essential for 2D or 3D case.
The plastic strain tensor of the dislocation plasticity wikD can be found from the generalized
Orowan equation [14]:
dwikD
1
= −∑ ( biβ nkβ + bkβ niβ ) VDβ ρ Dβ + ωikD ,
dt
β 2

(6)

where index β numerates the slip systems of dislocations in the material, which is
characterized by the Burgers vector biβ and by the normal niβ to the slip plane; ρ Dβ is the
dislocation density in corresponding slip system; VDβ is velocity of these dislocations relative
to the substance. The term ωikD in the Eq. (6) takes into account the change of components wikD
in the laboratory system of coordinates due to the substance rotation.
The core of the dislocation plasticity model [2,3] consists of the next two equations: the
equation of dislocations motion
m0ξ β3

dVDβ  N N
1 
= ∑∑ Sik biβ nkβ ± bY  − Bξ β3VDβ ,
dt
2 
 i =1 k =1

(7)

and the kinetics equation
2
d ρ Dβ
0.1
=
2 B ⋅ c t2 ⋅ ξ β − 1 + b ⋅ Y ⋅ VDβ ⋅ ρ Dβ − k a b ⋅ VDβ ⋅ ( ρ Dβ ) ,
dt
εD

{

}

(8)

where ξ β = 1/ 1 − (VDβ ct ) ; ct = G / ρ is the transverse sound speed of the material;
2

m0 ≈ 10−16 kg/m is the rest mass of dislocations; Y is the static yield strength; ka is the
annihilation factor; B is the phonon friction coefficient, it describes the resistance to the
dislocation motion [15]; ε D ≈ 8 eV / b is the energy of the dislocations formation per unit
length; b is the modulus of Burgers vector of dislocations.
The plastic strain tensor connected with the grain boundary sliding is determined as
follows [4-6]:
N N
dwikgb
1

α α 
α α
gb
=
n
τ
∑
i k  ∑∑ Slm ⋅τ l nm − yb  + ωik ,
dt
2G Τ α
 l =1 m =1


(9)

where index α numerates possible planes of grains sliding, which are characterized by the
normal niα ; τ iα is the direction of maximal shear stresses in the α -plane; Τ is the relaxation
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time and yb is the threshold stress for sliding [6]; ωikgb takes into account the change of wikgb
due to the substance rotation [13].
Eqs (1)-(8) were solved numerically with use of the computer program CRS, written by
A.E. Mayer. Sub-problem of the substance dynamics (Eqs (1)-(3)) were solved by a
modification of the numerical method proposed by A.P. Yalovets [16]. All other equations
were solved by Euler method with varied time step.
3

HIGH-SPEED COLLISION OF METALLIC PLATES

Collision of metallic plates is a widespread experimental technique for investigation of the
shock wave propagation through the material, the dynamical plasticity and the spall effects
[17-20]. The striker plate is accelerated by various methods (gas gun, explosion) and hits the
target plate of the investigated material. Geometry of experiment – high transversal
dimensions of plates in comparison with thickness – lets one to use the one-dimensional
approximation (the uniaxial loading) in the analysis and simulations.
3.1 Verification of the model
Time profiles of the backside velocity of the target plate are experimentally registered with
use of laser Doppler velocimeters [17,18]. These profiles contain all required information
about dynamical plasticity of the material as well as about spall strength, polymorphic phase
transitions, etc. [17,18]. Comparison of calculated profiles with the experimentally measured
is a direct test for verification of the plasticity model. Such verification had been made for a
number of pure metals: aluminum, copper, titanium, iron, nickel [2,3] and for alloys,
including Al-Cu alloy [21]. Fig.1 shows an example of such comparison for collision of
aluminum plates at two different initial temperatures of the target plate.

Figure 1: Time profiles of the free surface velocity of the 2.9-mm-thick aluminum single crystals at initial
temperature (a) 293 and (b) 923 K impacted by the 0.4-mm-thick aluminum striker with the velocity of 680 m/s.
Solid line – experimental data [19], dashed line – calculation results [3].
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The striker is usually thinner than the target; the collision of plates creates the shock wave
followed by the unloading wave, which is formed after reflection from the free surface of
striker. The wave’s attainment of the back surface is registered through velocity change. On
Fig.1, the elastic precursor precedes the plastic shock-wave front and initiates initial velocity
rise; the form and amplitude of the precursor are determined the strain rate and by the
temperature: it is substantially defers for the considered temperatures. The unloading wave
follows the shock wave and reduces the free surface velocity; its form is also determined by
the metal plasticity. The reflection of the compression pulse from the rear surface generates
the second unloading wave; superposition of two unloading waves creates tensile stresses and
initiates the spall fracture, which is indicated through a spall pulse on curves in Fig.1(b). The
simulation of spall is beyond the scope of present work and has been done with use of [3,22].
3.2 Initial stage of collision, superelastic waves
The molecular dynamics simulations [23] and femtosecond laser pulse experiments [24,25]
indicate an existence of superelastic shock waves those are the elastic precursors of very high
amplitude – much higher than the dynamic elastic limit. It was the reason to investigate the
formation and initial evolution of the elastic precursor by example of aluminum with us of the
described plasticity model. Twining is suppressed in aluminum; therefore one can expect that
the dislocations dynamics control plasticity even at high shear stresses. Symmetric impact of
two monocrystalline aluminum plates has been simulated in paper [3] at varied relative
velocity of collision. The results for relative velocities 0.5 and 2 km/s are presented in Fig.2.

Figure 2: Formation and initial evolution of elastic precursor of the shock wave in aluminum monocrystal under
symmetric impact with relative velocity of collision (a) 0.5 and (b) 2 km/s [3]. Left half of distributions of
longitudinal stress is shown at different time moments.

After the impact, an initial structure of stresses splits into the elastic precursor and the
plastic shock-wave front; this differentiation takes up to several nanoseconds. The initial
amplitude of the elastic precursor is equal to the amplitude of the plastic shock, but it rapidly
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decreases on the time scale of tenths of nanoseconds. Initial propagation velocity of the
precursor is much higher than the longitudinal sound velocity cl , which is the limit of the
elastic wave velocity at low precursor amplitude. This allows the precursor to run away from
the plastic shock front even at the plastic shock velocity higher than cl; the plastic shock wave
overtakes the precursor later, when the latter’s amplitude decreases, and the precursor transforms
into a kink on the plastic shock front. One can conclude that the described plasticity model
confirms the formation of the superelastic shock wave.
4

PLASTICITY OF MOLECULAR CRYSTALS

Initially formulated and verified for metals, the described dislocation plasticity model had
been further generalized on another type of materials – the molecular crystals. Various
energetic materials are an essential example of the molecular crystals. The dislocation gliding
is the main plasticity mechanism of the molecular crystals of energetic materials. In contrast
to metals, the molecular crystals have larger value of the Burgers vector – of about
( 0.5 ÷ 0.6 ) nm and very strong anisotropy of properties of single monocrystals. Fig.3 shows
the results of the dislocation plasticity model implementation in comparison with experiments
[26]. In the experiments [26], the flat shock wave is generated by impact of aluminum plate
on the anvil of Kel-F 81, and thereafter passes into the RDX sample; velocity of boundary
between the RDX and the LiF window is registered. As one can see, the plasticity model
allows describing of the elastic precursor height and form.

Figure 3: Time profiles of velocity of the boundary RDX/LiF at the loading along direction (210). Experimental
data from [26] for various target thicknesses.

Simple one-term equation of state of RDX and LiF had been used in our simulations:
P = B ⋅ ( ρ − ρ0 ) / ρ0 , where ρ 0 is the normal density, B is the bulk modulus. We had found
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ρ 0 = 2.6 g/cm3 , G = 24.4 GPa , and for RDX:
ρ 0 = 1.866 g/cm 3 and G = 6 GPa .

for LiF:

4

B = 62 GPa ,

B = 27 GPa ,

PLASTICITY OF ULTRAFINE-GRAINED AND NANOCRYSTALLINE METALS

In polycrystalline metals with large grains the different regions of the material have
different orientation of lattice and of the dislocations slip systems. But boundaries don’t effect
on the dislocations motion till the dislocation range remain substantially lower than the grain
diameter d . Decrease of the grain size, from the one hand, creates an additional resistance to
the dislocation motion, which is described by the Hall-Petch relation [27,28] for the yield
strength of the polycrystalline metals. From the other hand, it makes possible alternative
mechanisms of plasticity. The grain boundary sliding can be an effective mechanism of
plasticity in the ultrafine-grained ( d < 1 m ) and nanocrystallin ( d < 0.1 m ) metals [4-6].
Combined action of two plasticity mechanisms leads to a complicated behavior of the
metal and to the complex dependence of the dynamical yield strength on the grain size, strain
rate, temperature and origin dislocation density. If the origin dislocation density is high
enough (the precise level depends on the stain rate), then the grain size dependence of the
dynamical yield strength has one maximum in the nanocrystalline range of grain diameters.
At large grain sizes the Hall-Petch relation takes place (the yield stress grows up with the
diameter decrease); at smaller grain sizes the inverse Hall-Petch relation is observed [5]. Fig.4
shows an example of such situation: our calculation results [5] in comparison with the
experimental data [29] and the molecular-dynamics simulations [30] are presented.

Figure 4: Dependence of the dynamical yield stress on the grain size for copper with high origin dislocation
density. Markers correspond to experiments [29] (circles) and molecular dynamic simulations data [30]
(squares); solid lines is our simulations at various temperature [5]. The strain rate is 0.5 ns-1.

At low origin dislocation density or at high strain rate the second maximum appears in the
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sub-micrometer range of the grain diameters. In this situation the inverse Hall-Petch relation
takes place even for ultrafine-grained metals. Therefore, as the ultrafine-grained metal is
harder than the coarse-grained one at the quasi-static loading, it becomes softer than the
coarse-grained metal at the dynamical loading. Similar effects had been detected
experimentally in tantalum [31] and copper [32].
5

LOCALIZATION OF PLASTIC FLOW

The described plasticity model has manifested itself as an effective tool for the numerical
investigation of regularities of the plastic flow localization. Localization of the macroscopic
plastic deformation is a widespread phenomenon in metals. It can be provoked by decrease of
the material temperature, by increase of the deformation rate or by decrease of the grain size
in polycrystalline metals. Local areas with high plastic deformation appear in the metal as a
result of the localization. Classical viewpoint on this phenomenon proposes that a local
temperature rise during the deformation leads to softening of the material, and that
competition between the temperature softening and the strain hardening results in the plastic
flow instability (the thermoplastic instability) and in the localization [33,34]. But for a large
number of materials revealing the localization the plastic deformation results in inessential
temperature increase, which is not enough for a substantial softening of the uniformly
deformed material [35,36]. The high-speed infrared photography [37,38] have shown, that
even in the areas of the plastic flow localization the temperature rise does not exceed 10 K in
iron [37], while in titanium it is about 100 K [38]. Therefore, the thermoplastic instability
could not be the universal mechanism of the localization.
We had numerically studied the simple shear of the perturbed samples of pure the
monocrystalline aluminum, the aluminum-copper alloy [7] and the nanocrystalline aluminum.
The pure aluminum is not inclined to the localization [39], while the aluminum alloys reveal it
[40,41]. The main differences between the pure aluminum and the aluminum-copper alloy in
our study were the higher value of the yield stress of the alloy and its decrease with
temperature. Simple shear of 2D metallic sample with square cross-section was simulated.
“Lower” face of the sample was at rest, while the “upper” face moved along the “lower” face
with the constant velocity. Initial velocity was set linearly increasing from the “lower” face to
the “upper” face, which corresponds to the uniform simple shear. Two different problems
were determined by boundary conditions on the “side” faces: the constrained shear at the
forced movement of the “side” faces and the free shear at free surface condition on it. The
perturbed area was initially set in the form of horizontal narrow stripe with differing value of
the temperature T + ∆T , the dislocation density ρ D + ∆ρ D or the grain diameter d1 in
comparison with the rest of the material, where they were T , ρ D and d correspondently.
Calculations have showed that initial perturbations of the dislocation density or
temperature can lead to a restricted localization of the plastic flow along the perturbation, but
they cannot initiate the plastic flow instability. The thermoplastic instability is restricted
because the temperature perturbation of about 100 K is necessary for substantial localization,
while the temperature rise at the plastic deformation is much less. In the case of the
dislocation density perturbation the strain hardening restricts the localization degree.
Much more localization takes place at the free shear (Fig.5). Both in alloy and in the pure
metal the localization begins along diagonals of the square without any initial perturbation of
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the parameters; moreover, any perturbation of temperature or dislocation density does not
effect in this case. The stress concentrators are the main factor of the plastic flow localization
at the free shear and it is substantially more efficient than the perturbations of temperature or
dislocation density (Fig.6). At the free shear the stress concentration takes place at the corners
of the sample and produces the diagonal shear bands.

Figure 5: Distribution of the plastic strain intensity w in pure aluminum (a) and aluminum-copper alloy (b) at
the free shear are presented at the total deformation of ε = 0.05 . Both in alloy and in pure metal the localization
begins along diagonals of the square. The region at rest near the “lower” face, the region moving with the
constant velocity εɺ ⋅ L near the “upper” face and the flowing central region appear as a result of development
and intersection of the localization bands.

Figure 6: Comparison of the plastic flow localization degree ∆W produced by various initial perturbations of
dislocation density or temperature at the constrained shear and the localization degree at the free shear. Shear
deformation of pure aluminum (a) and aluminum-copper alloy (b); the total strain is ε = 0.05 . Values of the
dislocation density perturbation and the temperature perturbation are presented on one axis. At the free shear
(free “side” faces) the value of ∆W is approximately constant, therefore, it is represented by a horizontal line.
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Perturbation of the grain size in the ultrafine-grained and the nanocrystalline aluminum
leads to substantial localization of the plastic flow even at the “constrained” shear due to the
difference in the dynamical yield strength. But the localization degree is all the same less than
it at the “free” shear; they become comparable only at the grain size d < 10 nm . It is
remarkable that the localization degree in nanometals with the grain size d < 100 nm depends
weakly on the perturbation value d1 / d , therefore, the localization in such materials has to
arise at any arbitrary size distribution of the grains.
6

CONCLUSIONS

In this report we have made a short overview of our work on the plasticity description
through the kinetics of its elementary carriers (the dislocations, the grain boundaries) and of
the obtained result in the related fields of research. The next conclusions can be formulated.
The models of the dislocation plasticity and the grain boundary sliding are useful
tools for description of the high-rate dynamical deformation of metals and molecular
crystals because they take into account the inertness of plastic relaxation.
At the initial stage of the elastic precursor formation its amplitude is close to the
amplitude of the plastic shock wave even at the shock pressures of about 30 GPa. The
precursor has the propagation velocity considerably higher than the longitudinal sound
velocity; that allows precursor to run away from the plastic wave front.
In the submicro- and nanocrystalline metals the combined action of the dislocation
plasticity and the grain boundary sliding leads to complex dependence of the
dynamical yield strength on the grain size, strain rate and temperature. At the strain
rates above 106s-1 the ultrafine-grained metals have the maximal dynamical yield
strength instead of the nanocrystalline metals at the lower strain rates.
Perturbation of the temperature, the dislocations density or the grain diameter leads to
the restricted localization of the plastic flow, but it cannot initiate the plastic flow
instability. The nonuniformity of acting stresses is the main factor of the plastic flow
localization. Therefore, the process of localization must substantially depend on the
loading conditions and on the internal structure of the material.
This study was supported by The Ministry of Education and Science of the Russian
Federation (Agreement No. 14.B37.21.0384) and by the Russian Foundation for Basic
Research (Projects Nos. 12-02-31375, and 12-02-13511).
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