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EFFICIENT FE STRATEGIES FOR SPRINGBACK
PREDICTION – MATERIAL MODELLING AND

COMPUTATIONAL ASPECTS

IVAYLO N. VLADIMIROV∗, MICHAEL P. PIETRYGA† AND STEFANIE

REESE†

∗ Institute of Applied Mechanics, RWTH Aachen University
Mies-van-der-Rohe-Str. 1, D-52074 Aachen, Germany

e-mail: ivaylo.vladimirov@rwth-aachen.de, web page: http://www.ifam.rwth-aachen.de

†Institute of Applied Mechanics, RWTH Aachen University
e-mail: michael.pietryga@rwth-aachen.de, stefanie.reese@rwth-aachen.de

Key words: Material Modelling, Elastic and Plastic Anisotropy, Unconstrained Bending,
Springback

Abstract. Blanks of sheet metal are characterized by an intrinsic plastic anisotropic be-
haviour resulting from the plastic deformation during the rolling of sheets. Another type
of anisotropy is elastic anisotropy which might be essential especially during elastic recov-
ery processes during unloading after forming and springback. Thus, this paper focuses on
the study of the sensitivity of the amount of springback in unconstrained bending with
respect to elastic anisotropy. A finite strain constitutive model for evolving elastic and
plastic anisotropy combining nonlinear isotropic and kinematic hardening is discussed.
The evolution of elastic anisotropy is described by representing the Helmholtz free energy
as a function of a family of evolving structure tensors. In addition, plastic anisotropy is
modelled via the dependence of the yield surface on the same family of structure tensors.
The constitutive equations of the model are implemented as a user material subroutine
UMAT in the commercial solver ABAQUS/Standard, which is then applied to the simu-
lation of springback in unconstrained bending.

1 INTRODUCTION

Sheet metals exhibit anisotropic plastic properties due to their orientation-dependent
microstructure. During the rolling process of the sheet, large plastic deformations occur
which may induce texture and are responsible for the initial anisotropy. Due to this
characteristic anisotropy of sheet metals, finite element simulations of forming processes
should rely on material models, capable of predicting initial and deformation-induced
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anisotropy. In addition, sheet metal parts are subjected to stretching, bending and reverse
bending during forming, and an accurate prediction of e.g. the blank springback requires
the use of an appropriate material model, which is capable of modelling the kinematic
and isotropic hardening behaviour of metals.

Various approaches for introducing plastic anisotropy into the finite element analysis
of sheet metal forming are popular in the literature. The initial yield anisotropy can be
incorporated either through an anisotropic yield function or directly by means of a crystal-
lographic multi-scale model. Here, one basically distinguishes between phenomenological
anisotropic yield functions ([3], [2], [11]), where the anisotropy coefficients can be obtained
from mechanical tests, and texture-based models ([4] the coefficients of which are directly
determined based on experimentally obtained grain orientation distributions. Despite the
significant progress achieved in material modelling at meso and micro scales, however, the
methods are still computationally too expensive and time consuming. Approaches based
on phenomenological continuum mechanics are frequently used due to their relatively low
computational effort, which makes them especially advantageous for the simulation of real
forming processes. Anisotropic continuum mechanical approaches in the regime of large
deformations can be, in general, separated into two groups: additive formulations, either
in the logarithmic strain space ([5]) or using generalized stress-strain measures ([7]), and
multiplicative formulations utilizing the classical split of the deformation gradient ([10],
[12]).

Another type of directional dependence of the mechanical properties that can be usually
found in anisotropic materials is elastic anisotropy. In metal plasticity one often considers
the effect of elastic anisotropy significantly smaller than the effect of plastic anisotropy.
Consequently, elastic isotropic expressions are often used for elastic stored energy func-
tions with anisotropic yield criteria. However, the influence of elastic anisotropy in the
elastoplastic behaviour can be very important especially during elastic recovery processes
during unloading after forming and springback. Thus, this work focuses, on the study
of the sensitivity of the amount of springback in unconstrained bending, with respect to
elastic anisotropy. We discuss a finite strain material model for evolving elastic and plastic
anisotropy combining nonlinear isotropic and kinematic hardening. The kinematic hard-
ening component represents a continuum extension of the classical Armstrong-Frederick
concept based on a strain-like tensor-valued internal variable. The material model in-
cludes, in addition, evolving elastic and plastic anisotropy and can be understood as
an extension of a recently published finite-strain framework for plastic anisotropy and
combined hardening [12]. In the present model, the evolution of elastic anisotropy is rep-
resented by representing the Helmholtz free energy as a function of a family of evolving
structure tensors. Additionally, plastic anisotropy is modelled via the dependence of the
yield surface on the plastic deformation and on the same family of structure tensors. The
constitutive equations of the model implemented as a user material subroutine UMAT in
the commercial solver ABAQUS/Standard and are applied to the simulation of springback
in unconstrained bending.
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2 MATERIAL MODEL

The derivation of the constitutive model is based upon the multiplicative split of the
deformation gradient F into elastic Fe and plastic Fp parts, where, in order to model
kinematic hardening, the plastic deformation gradient is additionally decomposed into
elastic Fpe and inelastic Fpi parts. The Helmholtz free energy is assumed to read

ψ = ψe (Ce,M1,M2) + ψkin (Cpe) + ψiso (κ) (1)

where ψe is an isotropic function of the elastic right Cauchy-Green tensor Ce and two
structure tensors M1 and M2. These second order structure tensors live as Ce in the
intermediate configuration. The corresponding structure tensors in the reference configu-
ration are defined as dyadic products of the preferred material orientations, i.e. principal
axes of anisotropy:

Mref,i = Nref,i ⊗Nref,i, i = 1, 2, 3 (2)

The unit vectors of the preferred material orientations in the reference configuration are
assumed to be mapped to the intermediate configuration by means of the plastic defor-
mation gradient Fp and are subsequently normalized (see [8]):

Ni =
Fp [Nref,i]

||Fp [Nref,i]||
(3)

Exploiting the Clausius-Duhem form of the second law of thermodynamics yields the
important result that the so-called Mandel-type stress tensors

Σ = 2Ce

∂ψe

∂Ce

− 2

2
∑

i=1

( ∂ψe

∂Mi

Mi − tr(
∂ψe

∂Mi

Mi)Mi

)

− 2Fpe

∂ψkin

∂Cpe

FT
pe

(4)

and

Σkin = 2Cpe

∂ψkin

∂Cpe

(5)

are symmetric. A consequence of this latter symmetry is the fact that only the symmetric
parts of the corresponding thermodynamically conjugate velocity gradients are relevant.
This yields a framework with symmetric tensor-valued strain-like internal variables. The
Clausius-Duhem inequality

(S− 2F−1
p

∂ψe

∂Ce

F−T
p ) ·

1

2
Ċ+Σ · dp +Σkin · dpi +R κ̇+

2
∑

i=1

Γi · Ṁref,i ≥ 0 (6)

is satisfied by a physical expression for the second Piola-Kirchhoff stress tensor

S = 2F−1
p

∂ψe

∂Ce

F−T
p (7)
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and evolution equations for the internal variables. Note that in this work no evolution
equations for the structure tensors Mref,i are proposed, thus the stress-like tensors Γi

do not have to be computed. Clearly, experimental evidence of evolving anisotropy is
required in order to define realistic evolution equations for the structure tensors as internal
variables. Nevertheless, due to the dependence on the non-constant structure tensors Mi,
the effect of large plastic deformation on the evolution of elastic and plastic anisotropy is
still taken into account in the current approach.

Due to numerical reasons the constitutive model is specified in the undeformed or
reference configuration. After a pull-back to the reference configuration, the evolution
equations for the internal variables of the model Cp (plastic deformation), Cpi (kinematic
hardening) and κ (isotropic hardening) read:

Ċp = 2 λ̇
Ȳ Cp

σHill

, Ċpi = 2 λ̇
b

c
YD

kinCpi, κ̇ =

√

2

3
λ̇ (8)

Here, Y andYkin are stress-like quantities resulting from the pull-back of the Mandel-type
stress tensors Σ and Σkin into the reference configuration:

Y = CS−CpX+CpG4 +CpG6, Ykin = CpX (9)

The stress-like second-order tensorsG4 andG6 are derived from the anisotropic Helmholtz
energy part ψean:

G2i+2 =
2

Cp ·Mref,i

∂ψean

∂(Ce ·Mi)

(

−C−1
p CMref,i +

tr(CMref,i)

Cp ·Mref,i

)

Mref,i i = 1, 2 (10)

whereas Ȳ reads as follows:

Ȳ = m1Y
D + (l3

tr(YD CpMref,2)

Cp ·Mref,2

− l2
tr(YD Cp Mref,1)

Cp ·Mref,1

) 1

+ (l4
tr(YD CpMref,1)

Cp ·Mref,1

+m2
tr(YD CpMref,2)

Cp ·Mref,2

)
CpMref,1

Cp ·Mref,1

+ (m2
tr(YD CpMref,1)

Cp ·Mref,1

+m3
tr(YD CpMref,2)

Cp ·Mref,2

)
Cp Mref,2

Cp ·Mref,2

+ (CpMref,1Y
D +YD CpMref,1)

l5

Cp ·Mref,1

+ (CpMref,2Y
D +YD CpMref,2)

l6

Cp ·Mref,2

(11)

Plastic anisotropy is included in the model by defining an explicit dependence of the
yield function on the structure tensors. Here, the classical Hill anisotropic yield criterion
of [3] has been used
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Φ = σHill −

√

2

3
(σy −R) = σHill −

√

2

3
(σy +Q (1− e−β κ)) (12)

where the expression for the equivalent stress σHill is given as

σHill =
(

m1Y
D · (YD)T + l4(

tr(YDCpMref,1)

Cp ·Mref,1

)2 +m3(
tr(YDCpMref,2)
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)2

+ 2l5
tr(YDYD CpMref,1)
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)

1
2

(13)

The plastic anisotropy parameters m1, m2, m3, l1, l2, l3 can be set in relation to the
classical Hill parameters F , G, H , L, M , N .

Elastic anisotropy is described by the above mentioned dependence of ψe on the struc-
ture tensors. The resulting relation for the second Piola-Kirchhoff stress tensor S is
obtained by differentiation according to (7), i.e.

S = 2F−1
p

∂ψe

∂Ce

F−T
p = 2F−1

p

∂(ψeis + ψean)

∂Ce

F−T
p = Sis + San (14)

where

S = µ (C−1
p −C−1) +

Λ

2
(detC (detCp)

−1 − 1)C−1 (15)

and

San = 2γ1K1 (
tr(CMref,1)

Cp ·Mref,1

− 1)γ1−1 Mref,1

Cp ·Mref,1

+ 2γ2K2 (
tr(CMref,2)

Cp ·Mref,2

− 1)γ2−1 Mref,2

Cp ·Mref,2

(16)

K1, K2, γ1, γ2 are material constants describing the elastic anisotropy. It should be noted
that due to the fact that both the Helmholtz free energy ψ and the yield potential Φ
depend on the non-constant structure tensors M1 and M2, which live in the intermediate
configuration, we end up with a model for evolving elastic and plastic anisotropy. From
(3) it is obvious that the larger the plastic deformation, the larger the deviation of the
anisotropy axes in the intermediate configuration with respect to the anisotropy axes in
the reference configuration.
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3 RESULTS AND DISCUSSION

The material model for elastic and plastic anisotropy is applied in this section to the
simulation of the unconstrained cylindrical bending test. During this process a strip of
sheet metal is pressed into the die by a downwards moving cylindrical punch. No blank
holder is used, therefore the deformation is dominated by bending. In addition, the
example is characterized by complex contact boundary conditions during forming and the
ensuing springback is significant.

The tool geometry and dimensions are chosen according to the Numisheet 2002 bench-
mark specifications [6]. A high strength steel (HSS) and an aluminium alloy (Al 6011-T4)
are the materials investigated in this work. The material parameters for isotropic hard-
ening, following Swift’s law σy = C(ε0 + κ)n, are specified in [9] and are summarized
in Table 1. Neither kinematic hardening nor plastic anisotropy are usually taken into
account in the simulation of the unconstrained bending test (see e.g. [9], [13], [1]), thus
von Mises plastic isotropy and Swift-type isotropic hardening are utilized in the compu-
tations. However, different elastic properties in the sheet plane are considered in order to
investigate the influence of elastic anisotropy on the amount of springback.

Table 1: Material parameters for the investigated materials

Material E ν C n ε0 Friction

Alu 6111− T4 70500 0.342 550.40 0.22300 0.0093 0.13480

HS Steel 217500 0.300 645.24 0.25177 0.0102 0.14812

X

Y

Z X

Y

Z

Figure 1: Unconstrained bending: initial bending (left), forming of blank into die (right)

Figs. 1 and 2 illustrate the finite element simulation of the unconstrained bending
process. It is carried out by means of ABAQUS/Standard, where the material model
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Z

Figure 2: Unconstrained bending: end of forming (left), springback (right)

discussed in the previous section is implemented as a user material subroutine UMAT.
6000 C3D8R solid elements based on reduced integration with hourglass stabilization (4
elements over the thickness) have been utilized in the computations. At the end of the
forming stage, when the blank has been fully pressed in the cavity between the die and
the punch (Fig. 2a), the contact constraints are removed and the blank is allowed to
spring back, explaining the penetration observed in Fig. 2b.

In order to take elastic anisotropy into account, the shear moduli K1 and K2 are varied
during the investigation. In contrast to that, the constants γ1 and γ2 are kept constant
and take on the value of 2 in all cases. The dependence of springback on elastic anisotropy
is examined first for the aluminium alloy Al 6011-T4. Five sets of material parameters,
describing different elastic stiffnesses, are used in the simulations. The anisotropic pa-
rameters K1 and K2 together with the shear modulus are chosen to read:

• µ = 21266 MPa, K1 = 4000 MPa, K2 = 1000 MPa

• µ = 21266 MPa, K1 = 3000 MPa, K2 = 2000 MPa

• µ = 21266 MPa, K1 = 2000 MPa, K2 = 3000 MPa

• µ = 21266 MPa, K1 = 1000 MPa, K2 = 4000 MPa

• µ = 26266 MPa, K1 = 0 MPa, K2 = 0 MPa

The last set corresponds to the case of isotropic elasticity, i.e. µ = 26266 MPa. Otherwise,
the isotropic shear modulus µ is reduced and K1 and K2 are varied such that the sum
of µ, K1, and K2 results in the total value specified above. It should be noted that the
sheet strip is assumed to be oriented in its rolling direction, thus Nref,1 coincides with
the rolling direction and Nref,2 is directed normally to it. The corresponding anisotropic
elastic parameters, characterizing the high strength steel material are summarized below:
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• µ = 53656 MPa, K1 = 25000 MPa, K2 = 5000 MPa

• µ = 53656 MPa, K1 = 20000 MPa, K2 = 10000 MPa

• µ = 53656 MPa, K1 = 10000 MPa, K2 = 20000 MPa

• µ = 53656 MPa, K1 = 5000 MPa, K2 = 25000 MPa

• µ = 83656 MPa, K1 = 0 MPa, K2 = 0 MPa
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Figure 3: Stress-strain curves: Al 6011-T4 (left), HS Steel (right)

Fig. 3 shows the simulated stress-strain curves for both materials, the loading direc-
tion being in each case coincident with the rolling direction. The differences in the elastic
slopes are hardly visible, resulting in congruent flow curves. Figs. 4 and 5 illustrate the
variation of the punch force with the punch displacement during the forming stage. The
experimental data correspond to the results of [6], provided also in [9]. Notably, strong
oscillations in the simulated force due to the severe contact conditions are observed. How-
ever, good agreement between experiment and simulation is obtained. Clearly, the effect
of elastic anisotropy on the plastic response during the loading stage of unconstrained
bending is negligible.

In contrast to the results for the punch force, elastic anisotropy seems to significantly
affect the springback of the sheet metal blank after forming. Tables 2 and 3 manifest
the considerable influence of the anisotropic elastic stiffnesses on the simulated spring-
back. As a measure for the amount of springback, the angle θ between the two straight
sides of the unloaded blank is used. It is noted that computations with smaller values
of K1are characterized by a smaller total elastic stiffness in the rolling direction, thus
resulting in higher elastic deformation and hence higher springback. Obviously, varying
the anisotropic parameters K1 and K2 in a manner, which has negligible influence on
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Figure 4: Punch force-displacement diagram: Al 6011-T4
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Figure 5: Punch force-displacement diagram: HS Steel

the stress-strain response and the simulated punch force, results in a wide spread of nu-
merically predicted springback angles. Regarding the experimental springback angle, the
computations with µ = 21266 MPa, K1 = 3000 MPa, K2 = 2000 MPa (Al 6111-T4)
and µ = 53656 MPa, K1 = 5000 MPa, K2 = 25000 MPa (HS steel) predict the elastic
springback of the blank reasonably well.
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Table 2: Springback angle: Al 6111-T4

Alu6111−T4 Springback θ

Exp. BE− 01 55.778

Exp. BE− 02 54.431

Exp. BE− 03 55.180

Exp. BE− 04 53.533

Sim. µ = 21266, k1 = 4000, k2 = 1000 51.658

Sim. µ = 21266, k1 = 3000, k2 = 2000 54.667

Sim. µ = 21266, k1 = 2000, k2 = 3000 58.258

Sim. µ = 21266, k1 = 1000, k2 = 4000 62.383

Sim. µ = 26266, k1 = 0, k2 = 0 59.646

Table 3: Springback angle: HS Steel

HS Steel Springback θ

Exp. BE− 01 37.421

Exp. BE− 02 35.679

Exp. BE− 03 30.904

Exp. BE− 04 35.364

Sim. µ = 53653, k1 = 25000, k2 = 5000 27.622

Sim. µ = 53653, k1 = 20000, k2 = 10000 28.832

Sim. µ = 53653, k1 = 10000, k2 = 20000 32.222

Sim. µ = 53653, k1 = 5000, k2 = 25000 34.901

Sim. µ = 83653, k1 = 0, k2 = 0 32.668

Figs. 6 and 7 illustrate the simulated profiles of the sheet metal blank both at the
end of forming and after springback, for Al 6011-T4 and HS steel, respectively. The two
springback profiles correspond to the two simulations with values of the anisotropic elastic
moduli which match best the experiment.
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