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Abstract. A new theoretical method for determining the mechanics properties of ultra-thin 
elastic materials is proposed in this paper. This method is based on a full contact model and 
Poisson’s effect. This study consisted of three steps. First, FE model of indentation problem for 
ultra-thin specimen is developed by elastic constitutive relationship for precise analysis of 
problem. Second, the simplified model is used to evaluate the result of FEM, and its availability 
is discussed by comparison with extended Hertzian theory. Third, an equation is proposed after 
comparing the results of FEM, extended Hertzian theory and full contact model.  

1 INTRODUCTION 
Over the past one hundred years, the indentation technique has been adopted to measure the 

hardness and elastic modulus of various materials [1-3]. Fundamental ball indentation 
technology proposed by Heinrich Hertz is regarded as an effective method for deducing the 
physical properties of semi-infinite elastic bodies [1]. W.C Oliver et al proposed a 
nanoindentation technique applied under small-scale deformation [4]. After that, experiments 
on nanoindentation were carried out continuously [5-7]. Several researchers have theoretically 
investigated the mechanical properties for thin film materials. However, the studies of Hertzian 
theory and nanoindentation technique have limitation when one of the contacting bodies is very 
thin. A extended Hertzian theory based on nonequivalent indentation strain was proposed by 
Tani et al. to investigate the applicability in this case [8,9]. but this method is not universal and 
has a certain error when the thickness is too small.  

In this paper, therefore, a theoretical full contact theory is studied to solve this theoretically 
problem. First, the optimal experimental conditions were selected after considering the 
thickness effect and diameter effect. Then, a simplified model is formulated to derive full 
contact theory. At last, by using the result of FEM, the difference between extended theory and 
full contact theory is compared under various thickness conditions.  
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2.   EVALUATION METHOTOLOGY 

2.1 Thickness effect by FEM 
The FE model of indentation problem is developed by elastic constitutive relationship for 

precise analysis. The intent of this section is to explore the effects of various dimensions of the 
diameter and specimen on the experiment and to find optimal experimental conditions. 
Numerical experiments have been carried out by LS-DYNA and FEMAP V11.4.1. 

The boundary conditions for FE model of ultra-thin indentation problem are given in Fig.1. 

 
Figure 1: Geometry and boundary conditions of quarter finite element model 

The FE models of indenter and specimen were constructed and meshed in FEMAP. The FE 
models and its meshing at different thickness h of specimen are given in Fig.2. The diameter of 
indenter is 30mm. Since the symmetricity of this model, a quarter of specimen and a spherical 
shell of indenter are used to reduce computation time. Specimen is a rectangular parallelepiped 
with a side length of 50mm50mm. Its thickness h is prepared as 50mm, 10mm and 1mm for 
corresponding to different situations. The regional differential meshing is used for specimen. 
In particular, the model can be neglect its dimensions as shown in Fig.2 (c) when the thickness 
of the specimen is very thin. 

               

(a) Thick (Hertzian)                             (b) Thin (extended)                         (c) Ultra-thin (full contact)  

Figure 2: FE models to analyze the influence of thickness  

Fig.3 shows the thickness effect on the experimental results. It indicates that the same 
indentation depth produces different magnitudes of load force F at different thicknesses.  On 
the other hand, this difference becomes more and more noticeable when the thickness becomes 
thinner. 
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Figure 3: Thickness effect in indentation 

2.2 Diameter effect for ultra-thin specimen 
The diameter effect is discussed in this section. The FE models are shown in Fig.4. The 

indenter is a rigid sphere with a diameter of 2mm and 30 mm. Where only a portion of a 
spherical indenter is taken for the indenter model in order to reduce the simulation time. 
 

 
(a) Diameter =2mm 

 
(b) Diameter =30mm 

Figure 4: Finite element mesh of ultra-thin indentation problem at different diameter of indenter 

Table 1 represents the conditions of experiment. The Young’s modulus E and Poisson’s ratio 
ν of indenter are 200GPa and 0.29, respectively. The Young’s modulus E of specimen is 100kPa, 
and the Poisson ratio ν is 0.45.  
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Table 1: Experiment condition 

 Unit Indenter Specimen 
Materials  rigid elastic 

Young’s modulus E [Pa] 200G 100k 
Poisson’s ratio  0.29 0.45 

Diameter/ Thickness  /h [mm] 2, 30 0.05 

Fig.5 shows the diameter effect of thin specimen indentation test. It indicates that the larger 
diameter h of indenter will cause the bigger load force F under the same experimental 
conditions. The large diameter indenter is used in this study in order to facilitate the processing 
and comparison of experiment results. 

 
Figure 5: Diameter effect in thin specimen 

3.   EVALUATION FOR ULTRA-THIN INDENTATION PROBLEM 

3.1 Evaluation by extended Hertzian theory 
The relationship between the load force F and the indentation depth δ shown in the Fig.1 

(a) can be described by Hertzian contact theory [1] as following. 
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Here 𝜙𝜙, E and ν are the diameter of indenter, the Young's modulus and Poisson's ratio of 
specimen, respectively. Equation (3) is the extended Hertzian theory proposed by Tani et al. 
[8,9] as shown in Fig.1 (b). Where coefficient B is the constant determined by the curve fitting 
method numerically. 

�̂�𝐹 = 𝐴𝐴{𝛿𝛿(1 + 𝐵𝐵𝛿𝛿)}
3
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Therefore, the apparent Young's modulus �̂�𝐸 of the specimen during the experiment can be 
determined by Equation (5). 

�̂�𝐸 = 𝐸𝐸(1 + 𝐵𝐵𝐵𝐵)
3
2 (5) 

3.2   Formulation of full contact theory 
The relationship between load force F and indentation depth δ represents an important 

material characteristic. However, it is very difficult to analyses the contact mechanics when one 
of the contacting bodies is very thin. The aim of this section is to seek a theoretical method to 
express the load force F according to indentation depth δ when thickness h is very thin.  

Fig.6 shows a schematic of model named full contact model for the ultra-thin indentation 
problem. It differs from the Hertzian contact theory in the contact area radius a, which is 
denoted by  in this paper. The shaded portion in Fig.6 is considered to be the compressed area. 
A coordinate system is established with the projection point of the indenter on the bottom 
surface as the origin. Where δ is the indentation depth, h is the thickness of specimen, δi and hi 
are the indentation depth and thickness of specimen at radius ri on the r-axis, respectively.  is 
the radius of the contact area which can be determined by equation (6). 

𝛼𝛼 = √𝜙𝜙𝐵𝐵 − 𝐵𝐵2 (6) 

 

Figure 6: Schematic of full contact theory model 

The curve equation of the indenter can be expressed by the equation (7). 

𝑧𝑧 = ℎ + 𝜙𝜙
2 − 𝐵𝐵 − √𝜙𝜙

4
2
− 𝑟𝑟2 

(7) 

𝑟𝑟 ∈ [0, 𝛼𝛼]  

When the value of r increase from 0 to , the expressions of δi and hi are as shown in equation 
(8) and equation (9).  

𝐵𝐵𝑖𝑖 = 𝐵𝐵 − 𝜙𝜙
2 + √𝜙𝜙

2
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ℎ𝑖𝑖 = ℎ + 𝜙𝜙
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According to the definition of engineering strain, the strain is the ratio of the shortening or 
elongation of the specimen to the initial value of the gauge length. Therefore, the strain εi at 
different positions can be defined by equation (10). 

𝜀𝜀𝑖𝑖 =
𝛿𝛿 − 𝜙𝜙

2 + √𝜙𝜙2

4 − 𝑟𝑟𝑖𝑖2

ℎ  

(10) 

The stress value σi at different positions ri can be obtained by Hooke's law σ = Eε, where E 
is the Young's modulus of the specimen. 
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In order to simplify the model, the Young's modulus of the specimen is considered as a 
constant. Therefore, the load force F can be defined by equation (12). 
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(12) 

When the sides of the object is fixed, the boundary creates an extra force on the object during 
compression process. This effect is called the Poisson effect which can be defined as shown in 
equation (13). Where ν is the Poisson’s ratio of specimen.           

𝐸𝐸′ = 𝐸𝐸 1 − 𝜐𝜐
(1 + 𝜐𝜐)(1 − 2𝜐𝜐) 

(13) 

In the ultra-thin ball indentation test, the compressed area can be approximated as the shaded 
portion in Fig. 6. Therefore, the full contact theory is proposed as shown in equation (14). 

𝐹𝐹 = 𝜋𝜋𝐸𝐸𝛿𝛿2

ℎ (𝜙𝜙2 − 𝛿𝛿
3)

1 − 𝜐𝜐
(1 + 𝜐𝜐)(1 − 2𝜐𝜐) 

(14) 

3.3   Evaluation and comparison 
Based on the full contact theory, the fundamental and extended Hertzian theories, a series of 

experiments were conducted to investigate the differences in various thicknesses h of specimen.   
The FE model used in this section is similar to that of Fig.4, and the mechanical properties 

of the material are the same as in Table.1. The diameter of the indenter is set to 30mm because 
of the diameter effect, while the thickness h of the specimen is 0.05mm, 0.1mm, 0.3mm, 1mm 
and 3mm. The direction of indenter is perpendicular to the specimen bottom surface. Since the 
thickness h of each specimen is different, the maximum indentation depth is set to 20% of the 
specific thickness h of specimen in order to visually compare the differences.  

The calculated results are shown in Fig.7. It indicated when the thickness of the specimen is 
decreasing, the results obtained by the full contact theory are getting closer to the FEM results. 
The results are almost the same when the thickness reaches 0.1mm or even 0.05mm. On the 
other hand, the extended Hertzian theory is very close to the FEM results at different thickness 
h of specimen.  
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(a) Thickness h=3mm (b) Thickness h=1mm 

  

(c) Thickness h=0.3mm (d) Thickness h=0.1mm 
  

(e) Thickness h=0.05mm  

Figure 7: Comparison of different theories 
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Fig. 8 shows the variation of E'/E0 at different thicknesses. Where E0 is the actual Young's 
modulus which the value is 100kPa. F' is the load force obtained from FE results. E' is the 
apparent Young's modulus obtained in the simulation according to the full contact theory. The 
solution of E' is as shown in equation (15). The abscissa is the thickness h, and the ordinate is 
the ratio of the apparent Young's modulus E' to the actual Young's modulus E0. It indicates that 
the apparent Young's modulus E' decreases as the thickness of the specimen increases. 

𝐸𝐸′ = 𝐹𝐹′
𝐶𝐶  

(15) 

𝐶𝐶 = 𝜋𝜋𝛿𝛿2

ℎ (𝜙𝜙2 − 𝛿𝛿
3)

1 − 𝜐𝜐
(1 + 𝜐𝜐)(1 − 2𝜐𝜐) 

 

 
 

Figure 8: Variation of Young's modulus E' at different thicknesses 
The results can be fitted with a logarithmic function as shown in equation (16). The 

coefficient of determination R2 is 0.9931. 

𝐸𝐸′

𝐸𝐸𝑜𝑜
= −0.11 ln(ℎ) + 0.7098 

(16) 

It can be obtained that when h is 0.0715 mm, apparent Young's modulus E' is equal to actual 
Young's modulus E0. Therefore, it can be considered that full contact theory is applied when 
the thickness is less than 0.0715 mm.  

𝑅𝑅𝐿𝐿 =
ℎ
𝜙𝜙 

(17) 

Here，RL is the ratio of thickness h to diameter  In this paper, the full contact theory can 
be applied when the value range of RL is 0.0017 which is threshold of applicability of equation 
(14).  
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4 CONCLUSION 
- The results of the experiment indicate that the extended Hertzian theory has good 

applicability, and the full contact theory applies only when the thickness h of specimen 
is very thin. 

- By comparing the extended Hertzian theory with the full contact theory, it can be found 
that the full contact theory can predict the result directly when h is very thin. 

- According to the principle of geometric similarity, the full contact theory can be 
applied when the ratio RL of the thickness h to the diameter   is under 0.0017 in the 
case of very thin specimen. 
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