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Abstract. α-uranium, the stable phase of uranium up to 670◦C, has a base-centred
orthorombic crystal structure. This crystal structure gives rise to elastic and thermal
anisotropy, meaning α-uranium exhibits complex deformation and fracture behaviour.
Understanding the relationship between the microstructure and mechanical properties is
important to prevent fracture during manufacture and usage of components. The lattice of
α-uranium corresponds to a distorted close-packed-hexagonal crystal structure and it ex-
hibits twins of both the 1st and 2nd kind. Therefore, detailed examination of the behaviour
of α-uranium can also contribute to the general understanding of the interaction between
plasticity, twinning and fracture in hcp crystals. Plastic deformation in α-uranium can
be accommodated by 4 slip systems and 3 twin systems, previously identified by McCabe
et al. These deformation modes are implemented into a crystal plasticity finite element
(CPFE) material model. A temperature dependent, dislocation density based law is im-
plemented to describe the critical resolved shear stress on the different slip/twin systems.
The strong anisotropic thermal expansion behaviour is taken into account to simulate
the development of internal residual stresses following casting of the material. During
cooling, the internal stresses in α-uranium are sufficient to induce plasticity. This effect
is quantified using polycrystal simulations, in which first the temperature is decreased,
then plastic relaxation takes place, followed by application of a mechanical load. The
asymmetry between mechanical properties in tension and compression, due to the pres-
ence of twins, is investigated. The model is calibrated using stress strain curves and the
lattice strain found from published neutron diffraction experiments carried out on tex-
tured samples at ISIS. The strength of the slip systems is found to be lower than in fine
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grained material, while the strength of the twin system is similar to single crystals. The
CPFE method allows the heterogeneity of the strain between neighbouring grains and its
influence on the evolution of the internal stress state to be investigated.

1 Introduction

α-uranium is the stable phase of uranium up to 670◦C and it is used for armour,
projectiles and radiation shielding due to its high density (19.1 g/cm3). The highly
anisotropic crystal structure of α-uranium leads to anisotropic elastic coefficients [1] and
thermal expansion coefficients [2]. Large thermal residual stresses develop during the
casting process [3] that can facilitate fracture. The lattice of α-uranium is orthorhombic.

Dislocation glide and twinning create plastic deformation in α-uranium [4], depending
on the temperature [5], loading conditions [6], grain shape [7] and size [6]. 8 active slip
systems and 10 twin variants are present, which have very different critical resolved shear
stresses (CRSS) [4, 8]. However, only the 2 variants of {130}〈31̄0〉 occupy a significant
volume fraction of the crystal [9]. Fracture parallel to {172} twin planes is observed [10],
leading to the hypothesis that twin parting, similar to some minerals, is the main fracture
initiation mechanism. However, cracks are also observed at the tip of twins and at the
intersection between twins and grain boundaries [11]. To design and manufacture safe
components, a quantitative model is necessary to predict the deformation and fracture
behaviour of polycrystalline α-uranium.

Cast α-uranium has a mixed grain size, ranging from millimetres to hundreds of mi-
crometres [12]. The grains are clustered into areas in which the misorientation is within
5◦[13]. The recrystallization kinetics during heat treatment is affected by the texture [14]
and rolling can transform the material into fine grained α-uranium [15], with grain sizes
between 15 and 25 µm [15, 9]. Therefore, the effect of the grain size, spatial arrangement
and texture needs to be quantified.

Previously, the elasto-plastic and visco-plastic self-consistent frameworks (EPSC and
VPSC) have been used to model plastic deformation in α-uranium [16, 3]. These meth-
ods approximate a grain as a spherical inclusion inside a homogenised effective medium
(HEM) [17]. In this paper, the crystal plasticity finite element (CPFE) method is used,
which is able to model strain field inhomogeneities between neighbouring grains [18, 19].
The constitutive model is calibrated using stress strain curves and in-situ neutron diffrac-
tion experiments [13] carried out at the ENGIN-X beamline of the ISIS Neutron Source,
Rutherford Appleton Laboratory, on coarse-grained α-uranium, with an average grain
size of 200 µm.

A calibration of the values of the critical resolved shear stress (CRSS) for slip and
twinning is carried out using polycrystal simulations. It shows that the CRSS for slip is
lower than in fine grained specimens [16], while the CRSS for twinning is similar to single
crystal specimens [5]. The Hall-Petch relationship turns out to be different for slip and
twinning. Simulations of the quenching process are carried out to find the magnitude of
the thermal residual stress for different textures. Finally, it is shown that grain clustering
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leads to higher axial stresses.

2 Material Model

The finite strain crystal plasticity finite element framework is used [20], in which the
deformation gradient is decomposed into elastic and plastic parts:

F = FeFp . (1)

The evolution of Fp takes into account the activity of the slip and twin systems [21]. The
plastic velocity gradient is:

Lp = ḞpF
−1
p =

(
1−

Ntwin∑
β=1

fβ

)
Nslip∑
α=1

γ̇α (σ) sα ⊗ nα +

Ntwin∑
β=1

ḟβ (σ) γ
twin
β sβ ⊗ nβ , (2)

where γ̇α is the shear rate on the slip system α, ḟβ is the rate of increase of the twin
volume fraction on the twin system β and γtwin

β is the constant shear on the twin system

β. Both γ̇α and ḟβ depend on the Cauchy stress σ. γ̇α and ḟβ are described by a power
law dependence on the resolved shear stress τα [16]. The twin volume fraction increases
only if the resolved shear stress τβ is positive. sα and nα are the slip direction and slip
plane normal of the slip system α. sβ and nβ are the twin direction and twin plane normal
of the twin system β. Table 1 contains the slip and twin systems used in the simulations
and the lattice constants of α-uranium are reported in Table 3.

The Cauchy stress increment ∆σ at every time step is proportional to the elastic strain
increment [22]. The stiffness tensor of α-uranium at room temperature is [1]:

C =




214.74 46.49 21.77 0 0 0
46.49 198.57 107.91 0 0 0
21.77 107.91 267.11 0 0 0
0 0 0 124.44 0 0
0 0 0 0 73.42 0
0 0 0 0 0 74.33




GPa , (3)

and a linear decrease of the entries with temperature is imposed, as found in single crystals
[5]. Thermal eigenstrains are considered using temperature dependent thermal expansion
coefficients, as reported in [2]. The temperature dependent critical resolved shear stress
τ cα(T ) of the slip systems is calculated using a dislocation density based model, developed
by McCabe et al. [16]:

τ cα(T ) =
[
τ 0α + 0.9 bαµα

√
ρforα − 0.086 bαµα

√
ρsub log

(
bα
√

ρsub
)]

exp

(
−(T − T0)

Bα

)
.

(4)
This represents the resolved shear stress at which the shear rate γ̇α has the same magnitude
as the externally applied deformation shear rate. ρforα is the forest dislocation density on
the slip system α and ρsub the dislocation density in the substructures [23]. The critical
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Slip system s0α n0
α bα (nm) µα (GPa)

α = 1 (wall) [100] (010) 0.285 74.330

α = 2 (floor) [100] (001) 0.285 73.420

α = 3 (chimney) [11̄0] (110) 0.651 92.255

α = 4 (chimney) [110] (11̄0) 0.651 92.255

α = 5 (roof) [11̄2] (021) 1.185 115.67

α = 6 (roof) [1̄1̄2] (021) 1.185 115.67

α = 7 (roof) [112] (02̄1) 1.185 115.67

α = 8 (roof) [11̄2̄] (02̄1) 1.185 115.67

Twin system s0β n0
β

β = 1 [31̄0] (130)

β = 2 [3̄1̄0] (1̄30)

Table 1: Miller indices of the slip and twin systems used in the model [16]. Burgers
vectors and projected shear moduli [1, 16].

resolved shear stress, τβ, of the twin systems is assumed to be constant. The time evolution
of the dislocation densities is based on a multiplication-annihilation formalism, as reported
in [16], and is calibrated to reproduce the hardening rate [16]. bα is the Burgers vector
and µα the projected shear modulus of the slip system α [23, 16]. The values are in Table
1.

Three different sets of parameters for the constant friction stresses τ 0α and τβ, for plastic
slip and twinning, are compared in the present study. They are reported in Table 2. The
fine grained parameters correspond to 12.5 µm grain size [16], while the single crystal
parameters have been obtained using specimens of length 2.5-3 mm [5]. The present
material has an average grain size of 200 µm [13] and the parameters in the present study
have been calibrated using stress-strain curves and neutron diffraction experiments. The

τ 0α (MPa) Wall Floor Chimney Roof {130} Twin
Fine grained (McCabe et al. [16]) 60 270 295 270 300
Single crystal (Daniel et al. [5]) 4 80 168 N/A 25
Coarse grained (present study) 7 10 35 235 25

Table 2: Constant friction stress for the different models.

CRSS for dislocation slip decreases exponentially with temperature, as in equation (4).
Bα is a thermal activation parameter [24] and T0 = 293 K is the reference temperature.
Model parameters are reported in Table 3.

Polycrystal simulations are carried out by assigning a different rotation matrix R to
every grain, which is used to rotate the directions and normals of the slip and twin systems
in Table 1.

The model is implemented as a UMAT (user material subroutine) for Abaqus [18],
which solves the stress equilibrium equation. The variables ρforα , ρsub and fβ are updated
at every time increment. A Newton-Raphson algorithm is used to find the plastic velocity
gradient Lp that is compatible with the stress increment and with the elasto-plastic de-
composition in equation (1). At every time step the crystal rotation matrix R is updated
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Lattice constant (a) [26] 0.2852 nm
Lattice constant (b) [26] 0.5865 nm
Lattice constant (c) [26] 0.4945 nm
Magnitude of shear due to twinning (γtwin

β ) [4] 0.299

Thermal activation parameter for slip (Bα) [24] 140 K

Table 3: Model parameters.

using the continuum elastic spin matrix [25].

3 Polycrystal simulations and elastic lattice strain

To introduce thermal residual stresses, simulations are divided into three phases: first
a polycrystal with 8000 (20 × 20 × 20) cubic grains is cooled down from 400◦C to room
temperature in 10 s [27], as shown in Figure 1 (a); then, 7000 external grains are removed
and the system relaxes for 100 s; finally, deformation is applied along the x axis on the
1000 (10 × 10 × 10) grains that are in the centre of the original geometry, as shown in
Figure 1 (b). The original size of the cubic representative volume is 6000 µm.

The boundary conditions during the three phases are the following. Given the origin O
in Figure 1 (a), the surfaces x = 0, y = 0 and z = 0 have zero perpendicular displacement
during quenching. During the relaxation phase, given the origin O in Figure 1 (b), the
newly created free surfaces x = 0, y = 0 and z = 0 have zero velocity along x, y and z
respectively. Finally, pure axial tension or compression along the x axis is applied, up to
1% strain, as shown in Figure 1 (b). The initial value of the dislocation densities ρforα and
ρsub is 1010 m−2 and no twins are present at the beginning of the simulations.

Quenching Relaxation and deformation

(a) (b) (c)

Figure 1: (a) 8000 grains representative volume and mesh during quenching. (b) 1000
grains in the inner part of the representative volume during deformation and load direc-
tion. (c) Directions �qi and �qr of the incident and diffracted neutron beam.

The Green-Lagrange elastic strain tensor is calculated in the crystal lattice coordinate
system and its diagonal components are compared with the neutron diffraction experi-
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ments. These components will be called (100), (010) and (001) lattice strain in this paper.
A grain selection algorithm is developed that selects the grains in which a specific family
of lattice planes reflects the neutron beam towards the detector area. The incident neu-
tron beam has direction �qi =

[
1/
√
2; 1/

√
2; 0

]
and it is reflected by a lattice plane towards

the direction �qr, as shown in Figure 1 (c). The direction �qd =
[
−1/

√
2; 1/

√
2; 0

]
, which

is perpendicular to the incident beam, points towards the centre of the detector. Thus,
only neutrons diffracted by lattice planes with normals approximately parallel to the load
axis are detected. The horizontal detector coverage in the x-y plane is ±14◦, while the
vertical coverage, out of the x-y plane, is ±21◦. The simulated Green-Lagrange elastic
strain tensor is averaged over the selected grains. For instance, the (100) elastic lattice
strain is averaged over grains in which the (100) lattice planes reflect the neutron beam
towards the detector.

In the present study, two specimens with different textures C1 and T1 are analysed,
as shown in Figure 2 (a) and (b). From these textures, a distribution for the orientations
of the 1000 grains in the central part of the representative volume can be obtained, as
depicted in Figure 2 (c) for the T1 texture. Each point represents the orientation of the
load direction (x axis in the sample coordinate system) in the crystal lattice coordinate
system. The outer 7000 grains have a random texture. Two types of spatial arrangement
of the 1000 central grains are investigated to understand the effect of grain clustering ob-
served experimentally [13]: the first one has a spatially random grain distribution (RGD);
in the second one (GC), the orientations belonging to the two peaks of the probability
distribution functions in Figures 2 (a)-(b) ({350} and {190} for the C1 texture, {115}
and {312} for the T1 texture) are assigned to grains with low and high z coordinates in
Figure 1 (b) respectively. In this second case, the representative volume is similar to a
bicrystal with two grains arranged parallel to the load direction.

(a) (b) (c)

Figure 2: (a) Texture of the sample C1, deformed in compression. (b) Texture of the
sample T1, deformed in tension. (c) Random distribution of grain orientations, generated
with the probability distribution function in (b).
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4 Results

4.1 Stress-strain curves

The simulated axial stress on the load surface in Figure 1 (b) is shown in Figure 3
using different material parameters. The parameters for the present study on coarse
grained α-uranium in Table 2 are calibrated to fit both the tension and compression
experiments. The fine grained parameters lead to the highest stress and also using single
crystal parameters the stress is overestimated. If the grain clustering is considered, a
higher stress is obtained for the T1 texture.

(a) (b)

Figure 3: Simulated and experimental stress-strain curves (a) for compression (C1 texture)
and (b) for tension (T1 texture).

The T1 texture shows higher stress because of the presence of the {115} grains, which
have less active slip and twin modes. The {130} twin system is active in tension for
(100)-oriented grains, prevalent in the T1 texture, and in compression for (010)-oriented
grains, prevalent in the C1 texture. In the present model, the twin system gives the
highest contribution to plastic deformation, followed by wall and floor slip.

The simulated twin volume fraction after quenching, between 5% and 6%, is comparable
to that observed by EBSD measurements on the same sample [13]. This provides another
validation for the model parameters for coarse grained α-uranium in Table 2.

4.2 Elastic lattice strain

The simulated (100) and (010) elastic lattice strain as a function of the axial stress is
shown in Figures 4 and 5. The elastic lattice strain is a measure of the microscopic stress
in a grain family; therefore, saturation of the elastic lattice strain indicates that plastic
deformation has started only in that grain family.

The present model, without the grain clustering, is the one that best fits the (100)

7

267
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elastic lattice strain data. The saturation behaviour in the T1 sample is explained with
the activation of the {130} twin system, which is not active in compression (sample C1).
No saturation of the elastic lattice strain is present if the fine grained material parameters
(McCabe et al. [16]) are used because the CRSS for twinning is higher than for slip.

(a) (b)

Figure 4: Simulated and measured (100) elastic lattice strain for (a) C1 sample (compres-
sion) and (b) T1 sample (tension).

The present model with the grain clustering is the one that best fits the (010) elastic
lattice strain of the T1 sample, as shown in Figure 5 (b); however, the saturation behaviour
of the C1 sample is not well captured. Twinning is expected in (010)-oriented grains
in compression; however, the simulations indicate that both grain families {350} and
{190} in Figure 2 (a) have similar plastic deformation due to twinning. Therefore, the
simulated mechanical behaviour of the C1 texture is more similar to a single crystal and
the microscopic elastic lattice strain is always proportional to the macroscopic stress.

4.3 Thermal residual stress

The calibrated model is used to study the thermal residual stress development during
quenching. The Von Mises stress averaged over the 1000 grains in the central part of
the representative volume is shown in figure 6 as a function of temperature. The stress
reached after cooling is enough to activate the easiest slip modes as well as twinning.
It is negligibly higher for the C1 texture and does not depend strongly on the spatial
arrangement of the grains.

5 Discussion and conclusions

The agreement between the present model and the experimental results for coarse
grained α-uranium shows that the CRSS for slip is smaller than for fine grained α-uranium
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(a) (b)

Figure 5: Simulated and measured (010) elastic lattice strain for (a) C1 sample (compres-
sion) and (b) T1 sample (tension).

(a) (b)

Figure 6: Simulated average Von Mises stress during quenching in case of (a) spatially
random grain distribution (RGD) and (b) grain clustering (GC) for the C1 and T1 tex-
tures.

[16]. As shown in Section 4.2, the activation of the {130} twin system leads to the tension-
compression asymmetry in the (100) elastic lattice strain. This asymmetry is reproduced
by the simulations only if the CRSS for twinning is smaller than for chimney and roof slip.
The calibrated value of the twinning CRSS (25 MPa) is the same as the value found in
single crystals [5] and leads to a twin volume fraction after quenching comparable to the
value measured with EBSD [13]. The saturation of the (100) elastic lattice strain in tension
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takes place at a macroscopic stress close to 115 MPa, corresponding to a resolved shear
stress on the twin system of approximately 54 MPa. This stress is higher than the CRSS
(25 MPa) for twinning and shows CPFE simulations are needed to avoid overestimation
of the CRSS when analysing neutron diffraction data.

The present simulations suggest that the Hall-Petch dependence [28, 6] is strong for
the slip and twin systems of α-uranium for grain size between 12.5 µm and 200 µm.
However, there is little grain size dependence of the CRSS for twin formation from 200
µm to millimetre sized single crystals [5].

The formation of grain clusters can significantly change the mechanical properties, as
shown by the simulated stress-strain curves in Figure 3 and by the elastic lattice strain in
figure 5. The saturation behaviour of the (010) elastic lattice strain in compression, which
is not captured by the simulations, may be due to the presence of harder grains, bearing
part of the macroscopic stress but placed outside of the neutron beam cross section. The
simulations show that the C1 texture, with two grain families at {350} and {190}, has
a behaviour similar to a single crystal and the plastic deformation distribution is almost
uniform in the two grain families.

In conclusion, a crystal plasticity model is outlined to describe slip and twinning in
coarse grained α-uranium. The model predicts not only the stress-strain curves, but
also the elastic lattice strain in textured samples, as measured by neutron diffraction
experiments. The constitutive model can be applied to find the thermal residual stress
after quenching and represents a first step towards understanding the interplay between
plasticity and fracture in α-uranium.
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