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Abstract. In this work an automatic procedure for evaluating the axial force-biaxial
bending yield surface of reinforced concrete sections in fire is proposed. It provides an
accurate time-dependent expression of the yield condition by a section analysis carried out
once and for all, accounting for the strength reduction of the materials, which is a function
of the fire duration. The equilibrium state of 3D frames with such yield conditions, once
discretized using beam finite elements, is formulated as a nonlinear vectorial equation
defining a curve in the hyperspace of the discrete variables and the fire duration. A
generalized path-following strategy is proposed for tracing this curve and evaluating, if
it exists, the limit fire duration, that is the time of exposure which leads to structural
collapse. Compared to the previous proposals on the topic, which are limited to local
sectional checks, this work is the first to present a global analysis for assessing the fire
resistance of 3D frames, providing a time history of the fire event and taking account
of the stress redistribution. Numerical examples are given to illustrate and validate the
proposal.

1 Introduction

The evaluation of the carrying capacity of a structure implies not only situations of
normal service conditions but also exceptional loadings. An important aspect is to ensure
the overall structural integrity during fire events [2]. Usually, frame structures exhibit
a relevant overstrength, that is their ultimate capacity can be significantly higher than
the elastic limit. For this reason, the material nonlinear analysis is a necessary tool for
the structural engineer. A widely employed approach formulates the cross-section yield
criterion in terms of generalized stresses, usually axial force and bending moments. For
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steel sections, however, the strain limit is sufficiently large to allow the use the classical
plasticity theory [19, 11]. A point cloud of generalized yield stresses can be obtained by
assigning the corresponding collapse mechanisms, that is the position and orientation of
the neutral axis at the collapse states. The Minkowski sum [5] of ellipsoids represents
an interesting alternative for the approximation of particular convex shapes known as
zonoids, such as the cross-section yield surface [1, 11, 19, 14]. A few ellipsoids can be used
to describe the yield surface of homogeneous and composite cross-sections with great
accuracy, also in the case of non-smooth shapes. The yield surface at an assigned fire
duration can be obtained by simply contracting the ambient temperature yield surface
accounting for its strength reduction. The time-dependent yield criteria can be easily used
to check the building safety by means of local strength checks of the sections. However,
the significant ductility and overstrength of 3D buildings, allow a stress redistribution and
can make the sectional check extremely conservative. Although this fact is well known, a
global fire analysis accounting for the stress redistribution and the structural overstrength
has never been proposed to our knowledge. To deal with the this lack, in this work we
propose a quasi-static nonlinear analysis for assessing the global safety of 3D RC frames
in conditions of fire. It is a strain-driven incremental strategy which evaluates a sequence
of safe states for an increasing fire duration. The time-dependent yield surface together
with a finite element beam model allows us to formulate the equilibrium condition of the
structure as a nonlinear system of equations defining a curve in the hyperspace of the
discrete variables and the fire duration. A generalized path-following strategy is proposed
for solving step-by-step the global nonlinear equilibrium equations. The methodology
can be seen as an optimisation method [6], which furnishes a sequence of safe states
at increasing fire durations according to the lower bound theorem of the limit analysis
up to the limit fire duration, that is the time of exposure which leads to the structural
collapse. At each step of the analysis the nonlinear internal forces are obtained by an
elastic predictor-return mapping process based on the closest point projection (CPP)
scheme on the yield surfaces at the current fire duration [16].

2 REINFORCED CONCRETE SECTIONS IN FIRE

In this section, we describe the mechanical model for reinforced concrete sections in
fire. In particular, we define the section yield surface in terms of axial force and bending
moments corresponding to an assigned fire duration, taking account of the temperature
distribution within the section which reduces the strength of the materials.

2.1 Temperature distribution

For a generic solid body with thermal boundary conditions, the heat transfer equations
can be solved using the finite element method [10]. For the particular simple case of fire
exposed rectangular concrete sections, Wickstrom [21] proposed and validated a set of
handy formulas to calculate the 2D temperature distribution. Wickstrom’s formulas can
be applied for any type of concrete or fire scenario [18]. However, they are particularly
easy for ISO 834 standard fire and normal weight concrete.
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2.2 Strength reduction for concrete and steel

The concrete compressive strength experiences significant degradation at elevated tem-
peratures. The reduced compressive strength for concretes fcT can be estimated from its
ambient value fc [4] asfcT = kc[T ]fc. Lie et al.’s model [20] is used to predict the reduced
yield strength of reinforcing bars fyT from its ambient value fy as fyT = ks[T ]fy

2.3 Section kinematics and statics

Let us consider a cylinder occupying a reference configuration B of length � confined
by the lateral boundary denoted by ∂B and two terminal bases Ω0 and Ω�. The cylinder
is referred to a Cartesian frame (O, x1 ≡ s, x2, x3) with unit vectors {e1, e2, e3} and e1
aligned with the cylinder axis. In this system, we denote with X = se1 + x the position
of a point P , where s is an abscissa which identifies the generic cross-section Ωs of the
beam, while x = x2e2 + x3e3 is the position of P inside Ωs.

The displacement field u[X] of the model is expressed, as usual, as a rigid motion of
the section

u[X] = u0[s] +ϕ[s] ∧ x (1)

where u0[s] and ϕ[s] are the mean translation and rotation of the section and the operator
∧ denotes the cross product. The kinematics assumed in Eq.(1) allows us to evaluate,
using a linear Cauchy continuum, the stress-strain work W in terms of the generalized
strains and stresses on the section as

W :=

∫

�

(N [s]Tε[s] +M[s]Tχ[s])ds (2)

where the generalized strains ε and χ are defined as

ε[s] = u0,s [s] + e1 ∧ϕ[s], χ = ϕ[s],s , (3)

a comma stands for derivative and N [s] = {N1, N2, N3} and M[s] = {M1,M2,M3} are
the resultant force and moment. Finally, the elastic constitutive law is expressed as

[
ε
χ

]
= F

[
N
M

]
, F =

[
FNN FNM

FT
NM FMM

]
(4)

where the coefficients of the cross-section compliance matrix F can be obtained as in
[11, 8].

2.4 The cross-section yield surface

Following [1, 11, 19, 17], we denote with Ω the concrete beam section domain, with
Ai the steel rebar area and with (x2i, x3i) its coordinates. The material is assumed to
be elastic-perfectly plastic with the plastic admissibility condition expressed in terms of
normal stress only as: −fcT ≤ σ11 ≤ 0 for the concrete and −fyT ≤ σ11 ≤ fyT for
rebars, where the normal stress is assumed positive in tension. fyT and fcT depend on
the value of the temperature T and then from the point coordinates over the section and
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fire duration t. Omitting the dependence on s for a clearer exposition, we introduce the
plastic mechanism of the cross-section as

n = {ε̇1, χ̇2, χ̇3} (5)

which defines the position and orientation of the neutral axis for the collapse state from
the condition

ε̇11 ≡ ε̇1 + x3χ̇2 − x2χ̇3 = 0. (6)

The yield stress vector τ y collecting the generalized section resultants associated with n
by the Drucker condition, at a given fire duration t, is

τ y[n, t] =



Ny1

My2

My3


 with





Ny1 = fy

Ns∑
i=1

aiks[x2i, x3i, t]Ai − fc

∫

Ωc

kc[x2, x3, t]dΩc

My2 = fy

Ns∑
i=1

aix3iks[x2i, x3i, t]Ai − fc

∫

Ωc

x3kc[x2, x3, t]dΩc

My3 = −fy

Ns∑
i=1

aix2iks[x2i, x3i, t]Ai + fc

∫

Ωc

x2kc[x2, x3, t]dΩc

(7)
where Ns is the number of rebars, Ωc is the area of the compressed portion of the section
according to Eq.(6) and

ai = sign[ε̇11[x2i, x3i]]. (8)

Equation (7) allows the evaluation, for an assigned fire duration t, of the set of gener-
alized yield stress τ yk[t] ≡ τ y[nk, t] associated to the mechanism nk, simply by assuming
uniaxial stress fields reaching their maximum strength capacity in each region, either in
tension or in compression.

2.5 Construction of yield surface at ambient temperature as a Minkowski
sum of ellipsoids

The domain of the composite cross section Ωs = Ω ∪i Ai is subdivided into a grid of
sub-domains Ωs = ∪IΩI . Exploiting the properties of the integral in Eq.(7), the true yield
stress τ y[nk] at ambient temperature can be obtained as

τ y[nk] =
∑
I

τ yI [nk] (9)

where τ yI [nk] is the contribution of the Ith subdomain evaluated for concrete and of the
NsI steel reinforcements belonging to the Ith edge of the section. Equation (9) can be
interpreted as a Minkowski sum. Following [14] the stress points on the yield surface
expressed as a Minkowski sum of ellipsoids can be parametrized in a closed form in terms
of the normal vector n (see [19]), as

τ [n] =
∑
I

τ I [n] where τ I [n] = cI +
CIn√
nTCIn

.
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Concrete
fck = 20MPa
γc = 1.5
σc = fck/γc, σt = 0
Reinforcing bars
fyk = 450MPa
γs = 1.15
σc = σt = fyk/γs
concrete cover 2 cm
RS1: 12φ20mm
RS2 top and bottom: 10φ16mm
RS2 lateral: 2φ14mm

Figure 1: Rectangular RC sections: geometry, materials and subdivisions for the geometric
Minkowski sum.

2.6 Account of the time-dependent strength reduction

The reduction factors kc and ks are functions of the temperature, which depends on
the fire duration and on the point (x2, x3) within the section, that is we have kc[x2, x3, t]
and ks[x2, x3, t]. It is possible to evaluate a mean value k̄I [t] which provides an exact axial
force see [16] for details. For the concrete sub-domains, letting kI [x2, x3, t] = kc[x2, x3, t],
this means

k̄I [t] =
1

ΩI

∫

ΩI

kI [x2, x3, t]dΩI τ [n, t] =
∑
I

k̄I [t]τ I [n].

where the integral can be evaluated analytically as in [3], or numerically using, for instance,
the Gauss quadrature.

2.7 Yield surface evaluation of RC sections for beams and columns

The proposed strategy for the evaluation of the time-dependent yield surface is now
tested for two RC cross-sections, called RS1 and RS2, with steel reinforcements of diam-
eter φ typical of columns and beams respectively and reported in Fig.1.

The RS1 section is analyzed considering a fire exposure all along its perimeter. Figure
2 shows how the proposed Minkowski approximation fits the yield points of the reference
solution for different fire durations.

Finally the RS2 section is analyzed considering a fire exposure along three edges:
left, bottom and right. In Fig.3 we can observe the quality of the proposed Minkowski
approximation in fitting the yield points of the reference solution at various fire durations.

3 THE FINITE ELEMENT QUASI-STATIC ANALYSIS FOR 3D FRAMES
SUBJECTED TO FIRE

In the following the finite element beam model for the incremental fire analysis is
described.
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(a) t = 0, 2× 2 subdomains(b) t = 1h, 2×2 subdomains(c) t = 2h, 2×2 subdomains

Figure 2: RS1 section: approximation of the true yield points for different fire durations

(a) t = 0, 2× 2 subdomains(b) t = 1h, 2×2 subdomains(c) t = 2h, 2×2 subdomains

Figure 3: RS2 section: approximation of the true yield points for different fire durations

3.1 THE 3D BEAM FINITE ELEMENT

The beam finite element adopted (see [11]) uses an interpolation of the generalized
stresses [N ,M]T = Dt[s]βe, where the interpolation matrix Dt[s] is obtained satisfying
the equilibrium equations on the element for zero body forces exactly. Body load effects
are then included exactly as a ”particular solution”. This means that N and the torsional
moment component M1 are constant, while the two flexural components M2[s] and M3[s]
ofM[s] are linear with s and linked to the shear resultants so thatN2� = −(M3[�]−M3[0])
and N3� = (M2[�]−M2[0]). The internal work becomes

W ≡ N T (u0[�]− u0[0]) +M[�]Tϕ[�]−M[0]Tϕ[0] = dT
e Q

T
e βe (10)

allowing us to directly obtain the discrete form of W without any FEM interpolation
for the kinematic variables. The vectors collecting the kinematics de and static βe finite
element generalized parameters and the compatibility operator Qe are defined as

βe =




N
M2[0]
M3[0]
M2[�]
M3[�]
M1



, de =



u0[0]
ϕ[0]
u0[�]
ϕ[�]


 , Qe =

1

�




−� eT1 0 � eT1 0
eT3 −� eT2 −eT3 0
−eT2 −� e3 eT2 0
−eT3 0 eT3 � eT2
eT2 0 −eT2 � eT3
0 −� eT1 0 � eT1



. (11)
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3.2 The linear elastic problem

The linear elastic problem can be formulated as the stationarity of the Hellinger-
Reissner functional ΠHR that at the element level can be written as

ΠHR = dT
e Q

T
e βe −

1

2
βT

e Feβe − dT
e pe

where pe is the element contribution of the external loads and the elastic compliance
matrix of the element Fe is obtained from the equivalence

∫

�

([
N
M

]T [
FNN FNM

FT
NM FMM

] [
N
M

])
ds = βT

e Feβe, Fe =

∫

�

Dt[s]
TFDt[s] ds. (12)

The stationarity of ΠHR with respect to the stress variables furnishes the discrete elastic
constitutive law

βe[de] = EeQede with Ee = F−1
e (13)

which allows us to express the elastic problem in terms of displacement variables only.
The stationarity condition with respect to de furnishes the equilibrium equations on the
element as

QT
e βe[de]− pe = 0 (14)

which, in the elastic case, become

Kede − pe = 0 with Ke = QT
e EeQe.

3.3 Stress update for time-dependent yield conditions

An elastic behavior with respect to shear effects as well as torsion is assumed. The
section yield function f [s, t, τ [s]] is then defined in a 3D space involving axial force N1

and bending moments M2 and M3 collected in vector τ [s] = {N1,M2,M3}. The plastic
admissibility condition on the cross-section s then becomes

f [s, t, τ [s]] ≤ 0. (15)

The update of the stress is obtained, in a strain-driven way, by means of a closest
point projection (CPP) which corresponds to a backward Euler scheme for integrating
the constitutive law. Starting from a known state de[t0],βe[t0] the stress parameters
βe[βe[t0], t,∆de] for an assigned displacement increment ∆de and a given fire duration t
are obtained by solving, for each element, the optimization problem

minimize
1

2
(βe − β∗

e)
TFe(βe − β∗

e)

subject to f [0, t, τ [0]] ≤ 0

f [�, t, τ [�]] ≤ 0

(16)

where β∗
e = βe[t0]+EeQe∆de is the elastic predictor and, when the admissibility condition

is checked on the beam end nodes only, the generalized normal stress vectors of the two end
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sections are extracted directly from βe as τ [0] = P0βe and τ [�] = P�βe by the extraction
operators P0 and P�. Note that since the mixed finite element always satisfies the local
equilibrium, the stresses at both end sections are coupled with each other and, then,
the CPP has to be performed at the element level. In this case the element equilibrium
equations (14) modify as

QT
e βe[βe[t0], t,∆de]− pe = 0. (17)

A specialized stress update strategy for the Minkowski description of the yield condition
can be adopted [14]. The main idea is to reformulate the CPP problem using the normal
vector as primal unknown. This is convenient since the dimension of the problem is
fixed and independent of the number of ellipsoids used in the approximation. An elastic
predictor-return mapping scheme is used. Both the admissibility check and the finite
element return mapping are formulated as small nonlinear systems of equations of fixed
size.

3.4 Incremental nonlinear fire analysis

Once the finite element assemblage has been carried out, the equilibrium condition of
a RC building subjected to fire can be written as

r[d, t] = s[d, t]− p = 0 (18)

This system of nonlinear equations represents a curve in the hyperspace d-t, which can
be traced in a path-following manner.

The curve can exhibit a limit fire duration, that is the time of exposure which leads to
structural collapse. For this reason it is not convenient to use a time controlled scheme
since Eq.(18) could not have a solution, that is no equilibrium state, for a given fire
duration. We propose instead the use of a generalized arc-length method. The equilibrium
equations are completed with the additional constraint g[d, t] − ξ = 0, which defines a
surface in RN+1. Assigning successive values to the control parameter ξ = ξ(k) the solution
of the nonlinear system

R[ξ] ≡
[

r[d, t]
g[d, t]− ξ

]
= 0 (19)

defines a sequence of points (steps) z(k) ≡ {d(k), t(k)} belonging to the equilibrium path.
Starting from a known equilibrium point z0 ≡ z(k), the new one z(k+1) is evaluated correct-
ing a first extrapolation z1 = {d1, t1} by a sequence of estimates zj by a Newton–Raphson
iteration

{
J∆z = −Rj

zj+1 = zj +∆z
(20)

where Rj ≡ R[zj] and J is the Jacobian of the non-linear system (19) at zj or its suitable
estimate. The simplest choice for g[d, t] is the linear constraint corresponding to the
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�3 v Beam 
�2

�3 ,., Columns
�2 

6.00 m -Fire

6.00 m

m

Loads
vertical p0 = 15kN/m2

Reinforced concrete
Columns section: RS1
Beams section: RS2

Figure 4: Simple 3D frame: geometry, loads and cross-sections

orthogonal hyperplane

nT
d (d− dj) + nt (t− tj) = ∆ξ where

{
nd ≡ M (dj − d(k))

nt ≡ µ (tj − t(k))
(21)

M and µ being some suitable metric factors [12, 13], ∆ξ an assigned increment of ξ and

J ≡
[
∂R[z]

∂z

]

zj
=

[
Kt st
nT
d nt

]
. (22)

The time-controlled scheme can be recovered assuming g[d, t] = t, but it is not convenient
as previously discussed. The solution of Eq.(20) is conveniently performed in a partitioned
way as follows 


∆t =

nT
dKtr

j

nt − nT
dKtst

Kt∆d = ∆tst − rj
(23)

in order to exploit the symmetry and the band structure of the tangent stiffness matrix
Kt. The points z(n) evaluated by the scheme are, by definition, equilibrated and plastically
admissible at time t(n). In other words, they satisfy the hypotheses of the lower bound
theorem of the limit analysis. Furthermore, in [16], it was proven that when t(n+1)−t(n) = 0
the structure is just at the point of failure because the hypotheses of the upper and lower
bound theorems of the limit analysis are satisfied simultaneously.

4 Numerical test on 3D buildings in fire

The second example regards the simple 3D frame reported in Fig.4. The load over
the floor is uniformly distributed over the four beams. The fire scenario considered is the
columns exposed to fire at each edge while on the beams it is on the three edges excluding
the top one.
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t = 2.6h

t = 3h

(b) evolution for assigned fire durations

Figure 5: Simple 3D frame: equilibrium paths.

In Fig.5 the fire duration-displacement curve for the assigned distributed load is re-
ported. The curve is characterized by a significant inital portion with zero displacements.
This means that the load is largely inside the initial domain at ambient temperature. Two
hours are required to observe the first plastic deformations while the limit fire duration
is equal to 2.6. The structure is analyzed using the standard incremental elasto-plastic
analysis with constant yield surfaces corresponding to different fire durations. The load-
displacement paths are reported in Fig.5 for different times of exposure. It is possible to
observe how the collapse load factor is equal to one for the yield surface corresponding to
the limit fire duration evaluated with the proposed incremental strategy.

5 CONCLUSIONS

In this work, we showed a numerical procedure for constructing the axial force-biaxial
bending yield surface of sections in fire in a simple, accurate and efficient way. The strategy
is based on a particular Minkowski sum of ellipsoids. The yield conditions depends on the
fire durations. We proposed a strain-driven incremental strategy for tracing this curve in
a path-following quasi-static manner. This kind of analysis takes account of the stress
redistribution and provides the limit duration, that is the time of exposure which leads
to the structural collapse. The step-by-step procedure furnishes a sequence of safe states
at increasing fire durations according to the lower bound theorem of the limit analysis.
When a limit fire duration exists, the approach can be framed as an optimisation problem
very similar to the static limit analysis one. The main difference is that the loads are kept
constant and the fire duration, which leads to a contraction of the yield surfaces, replaces
the load factor as objective function. Future developments will focus on accounting for
other significant structural behaviors as the effects of large deformations [9].
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