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Abstract

A finite-volume based conservative level-set method is presented to numerically solve the non-Newtonian

multiphase flow problems. One set of governing equations is written for the whole domain, and different

phases are treated with variable material and rheological properties. Main challenging areas of numerical

simulation of multiphase non-Newtonian fluids, including tracking of the interface, mass conservation of the

phases, small timestep problems encountered by non-Newtonian fluids, numerical instabilities regarding the

high Weissenberg Number Problem (HWNP), instabilities encouraged by low solvent to polymer viscosity

ratio in viscoelastic fluids and instabilities encountered by surface tensions are addressed and proper numer-

ical treatments are provided in the proposed method. The numerical method is validated for different types

of non-Newtonian fluids, e.g. shear-thinning, shear-thickening and viscoelastic fluids using structured and

unstructured meshes. The proposed numerical solver is capable of readily adopting different constitutive

models for viscoelastic fluids to different stabilization approaches. The constitutive equation is solved fully

coupled with the flow equations. The method is validated for non-Newtonian single-phase flows against

the analytical solution of start-up Poiseuille flow and the numerical solutions of well-known lid-driven

Cavity problem. For multiphase flows, impact of a viscoelastic droplet problem, non-Newtonian droplet

passing through a contraction-expansion, and Newtonian/non-Newtonian drop deformation suspended in

Newtonian/non-Newtonian matrix imposed to shear flow are solved, and the results are compared with the

related analytical, numerical and experimental data.

Keywords: Non-Newtonian multiphase flow, Conservative level-set method, Viscoelastic fluids,
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Shear-thickening, Shear-thinning

1. Introduction

A Newtonian fluid is a fluid in which the viscous stresses emerging from its flow, are linearly proportional

to the local rate of change of its deformation over time. Non-Newtonian fluid, on the other hand, does not

obey this rule, and in most of the cases, its viscosity is dependent on shear-rate itself or its history. Most

of the fluids found in either nature or industry are non-Newtonian, e.g. blood, proteins, slurries, polymers,

suspensions, emulsions, chemical reactants etc. [1]. These types of fluids usually show many exceptional

characteristics, for example, shear-thinning, shear-thickening, viscoelasticity, etc. Non-Newtonian fluids

have extensive applications in a variety of fields, e.g. biochemical, food, pharmaceuticals and petrochemical

industries [2].

The most common type of time-independent non-Newtonian fluids are shear-thinning (or pseudoplastic),

in which their apparent viscosity decreases with increasing shear rate. The shear-thickening fluids, on the

other hand, are known as fluids in which their apparent viscosity increases with the shear-rate. Because of the

specific characteristics, of shear-thinning and shear-thickening fluids (STF), they are used widely in different

engineering applications, e.g. energy absorbers, vibration controllers, safety protectors, pharmaceutical and

food industries [3, 4, 5]

Viscoelastic fluids, however, exhibit both viscous and elastic characteristics under typical flow conditions,

as encountered for instance in polymer and food processing industries. While viscous liquids strain uniformly

when a stress is applied, elastic solids strain instantaneously. Consequently, viscoelastic fluids exhibit time-

dependent strain, i.e. when a stress is applied, their strain approaches its equilibrium value on a time-scale

which is a characteristic of the fluid [2, 6].

In many of the mentioned applications, there exists a moving interface, separating two immiscible non-

Newtonian fluids. For instance, the bubble behaviour in non-Newtonian fluids has vast number of ap-
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plications in diverse fields, e.g., decompression sickness, volcanic eruption, glass manufacture, metallurgy,

wastewater treatment, handling and processing of fermentation broths, polymer devolatilization, bubble

columns, mechanical stirrers with multiphase flows, composites processing, plastic foam processing, multi-

phase reactors, etc. For example in different multiphase reactors of gas-liquid, fluidized bed, trickle bed, and

slurry reactors used in many biochemical applications, fluids may exhibit non-Newtonian behavior [7]. A

direct consequence of this behaviour is a significant change in the characteristics of the process [8, 2]. Thus,

the development of accurate numerical tools for the simulation of non-Newtonian multiphase flows is vital

from both fundamental and practical points of view. Different approaches are used in literature in order to

develop numerical tools to solve non-Newtonian multiphase flow problems.

In the context of Marker-And-Cell (MAC) method, Tomé et al. [9] used a MAC-finite difference (FD)

approach, employing a projection method to study the non-Newtonian droplet impact problem. Oishi et al.

[10] used this method to study the jet-buckling problem of viscoelastic fluids. Tome and McKee [11] proved

the ability of their updated MAC method on capturing physical instabilities regarding the buckling of

planar jets. Despite its flexibility and robust nature, from programming point of view, this method is quite

complicated to implement and is computationally expensive especially in solution of three-dimensional cases

[12].

In the context of front-tracking interface capturing method, Mukherjee and Sarkar [13, 14] used this

method to study the deformation of a viscoelastic droplet in a Newtonian matrix under shear flow. Ferreira

and Trierweiler [15] used this method to solve the motion of deformable bubbles in non-Newtonian fluids.

They have used various Generalized Newtonian Fluid (GNF), and viscoelastic models to study the rule

of matrix rheology on droplet rising problem. Aggarwal and Sarkar [16] used this approach to study the

deformation of a Newtonian/viscoelastic droplet suspended in a viscoelastic matrix applied to shear flow.

They elaborately studied the elastic and viscous stresses at the interface, polymer orientation, and the elastic

and viscous forces in the solution domain to investigate their effect on droplet deformation. Izbassarov and

Muradoglu [17] used a finite-difference/front-tracking method to study an axisymmetric sudden contraction

and expansion problem. In the front-tracking method, a stationary Eulerian grid is used for the fluid flow
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while the interface is tracked explicitly by a separate Lagrangian grid. Despite its high accuracy, due to the

required dynamic re-meshing of the Lagrangian interface mesh, this method is quite complex to implement

[18].

In the context of Smoothed Particle Hydrodynamics (SPH) method, Fang et al. [19], Jiang et al. [20] and

Rafiee et al. [21] used this technique to study the impacting problem of a viscoelastic droplet on a surface and

also the buckling problem of a viscoelastic jet. Zainali et al. [22] presented an incompressible SPH method

with an improved interface treatment procedure enabling them to model multiphase flow problems with the

density and viscosity ratios up to 1000 and 100 respectively. SPH method is capable of accurately solving

convection dominated flows and large deformation problems including free surfaces, without the need of any

form of explicit interface tracking [19]. However, there are disadvantages regarding difficulties of including

artificial viscosity, particles clustering, tensile instability, artificial stress, and boundary conditions.

In the context of lattice Boltzmann method (LBM), Wagner et al. [23] developed a new LBM to solve

two-phase flow of viscoelastic liquid mixtures. They used this new approach to simulate a bubble rising

in a viscoelastic fluid and were able to reproduce the experimentally observed cusp shape at the trailing

end of the bubble. Frank et al. [24] presented a multiscale approach to describe the dynamics of a chain of

bubbles rising in non-Newtonian fluids using the particle image velocimetry (PIV) and the LBM simulations.

Wang et al. [25] presented a multiple-relaxation-time colour-gradient lattice Boltzmann model and used it

to solve the deformation and breakup of a confined droplet in shear flow with power-law rheology. It was

demonstrated that their model could accurately solve power-law fluids with a broad range of indices. Gupta

and Sbragaglia [26] used a numerical approach based on a combination of LBM and FD schemes to study

the break-up of Newtonian/viscoelastic droplets in a viscoelastic/Newtonian matrix imposed to confined

shear flow. Sun et al. [27] used a LBM to study the non-Newtonian flow effects on the internal mixing

subsequent to coalescence of initially stationary droplets. LBM benefits from good locality and simplicity,

making it suitable for parallel computing, therefore it has attracted increasing attention in CFD simulations

[28]. However, in the context of multiphase flows, due to the challenges in dealing with the sharp density

transition across the interface, many of LBM models suffer from the small density-ratio limit. There are
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attempts to eliminate these limits, however, due to the added differential schemes, the efficiency of the

proposed models is in question [29, 28]. Also according to Zou et al. [30], there are difficulties regarding

incorporation of the viscoelastic stress in LBM.

In the context of volume of fluid (VOF) method, Lunkad et al. [31] used this approach to study the

viscoelastic droplet impact problem over horizontal and inclined surfaces. Favero et al. [32] used this method

embedded in OpenFoam package to study internal viscoelastic multiphase flow problems. Bonito et al. [33]

used a projection method to study the die-swell problem. Sun et al. [34] used this method to study the

minimum in-line coalescence height of bubbles generated from a submerged nozzle in Carboxymethyl cellulose

sodium (CMC) non-Newtonian aqueous solution. Torkkeli [35] used this approach to solve the dynamics of

multiple horizontal bubbles rising from different orifice arrangements in a shear-thinning matrix employing

a power-law GNF model. Moraga et al. [36] investigated the dam break problems of non-Newtonian fluids

with applications in the sudden collapse of mine tailings, snow avalanches, debris and lava flows, and casting

solidification by adopting a Carreau-Yasuda model [37]. Premlata et al. [38] used this model to study

the dynamics of an air bubble rising in a non-Newtonian shear-thinning/shear-thickening matrix. Focke

and Bothe [39] adopted an extended VOF method to investigate the binary droplet collisions at high Weber

numbers. Abishek et al. [40] used the VOF method imbedded in OpenFOAM package to study the dynamics

of a Taylor bubble in the steady and pulsatile co-current flow of Newtonian and shear-thinning liquids in

a vertical tube. Araújo et al. [41] employed this method to investigate the Taylor bubbles rising through

flowing non-Newtonian inelastic fluids. Figueiredo et al. [42] used a generic kernel-conformation tensor

transformation to study the problem of a rotating rod in a viscoelastic fluid. López-Herrera et al. [43] used

an adaptive solver to the study of the splashing of weakly viscoelastic droplets. According to Sussman and

Puckett [44], an advantage of VOF method is the ability to use accurate algorithms to advect the interface,

leading to accurate conservation of the mass in phases while still maintaining a sharp representation of the

interfaces. However a disadvantage of the VOF method is the difficulty in computing accurate curvatures

from the volume fraction function as it presents a step discontinuity.

In the context of Level-set method (LSM), Yu et al. [45] used a LSM based finite difference algorithm
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to solve viscoelastic ink ejection problem coupled with an equivalent circuit model to calculate the inflow

pressure. Tezduyar et al. [46] used a Convected LSM to study the viscoelastic fluid buckling problem.

Prieto [47] presented a particle LSM implemented using the Finite Element Method (FEM) and semi-

Lagrangian schemes to perform stochastic, micro-macro simulations of droplets rising in non-Newtonian

fluids. Pillapakkam et al. [48] used a finite-element solver based on the LSM to perform direct numerical

simulations (DNS) of the transient and steady-state motion of bubbles rising in a viscoelastic matrix. Their

report depicted a more clear image on volume jump discontinuity phenomena in viscoelastic matrices. In

LSM, the evolution of a signed distance function in space and time representing the interface is governed by

an advection equation, combined with a special re-distancing algorithm, with the main advantage that the

interface curvature can be accurately computed. However, discrete solution of transport equations in this

method leads to numerical error in mass conservation of the fluid-phase.

Despite all the advances in the numerical simulation of non-Newtonian multiphase flows, this area is still

a challenging topic regarding the difficulties related to the tracking of the interfaces, mass conservation of

the phases, numerical instabilities regarding the high Weissenberg number problem (HWNP), instabilities

encouraged by low solvent to polymer viscosity ratio in viscoelastic fluids and instabilities encountered by

surface tensions. Therefore, the development of numerical methods capable of dealing with the aforemen-

tioned challenges in numerical simulations of multiphase non-Newtonian fluids is very demanding. Although

previous efforts have been performed in the framework of front tracking, SPH, LBM, VOF, and standard LS

methods, there are no previous works using the conservative level-set method [49, 50]. Therefore, objectives

of this work are twofold: first to introduce a novel methodology to accurately solve multiphase flow problems

in which the droplet and/or matrix represent non-Newtonian behaviour using the CLS method, integrated

with numerical tools tackling aforementioned challenges, and second to use the implemented framework to

study the influence of non-Newtonian rheology in droplet deformation. The present approach is numeri-

cally stable for High Weissenberg numbers and low solvent to polymer viscosity ratios. In the present CLS

method, interface normals are computed using a least-squares method on a wide and symmetric nodes-stencil

around the vertexes of the current cell [50]. These normals are then used for an accurate computation of
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surface tension, without additional reconstruction of the distance function, as in geometrical volume-of-

fluid/level-set methods [51] or fast-marching methods. Moreover, most of the computational operations are

local, which permit an efficient implementation on parallel platforms. This method is designed for general

unstructured meshes [50]. Indeed, the grid can be adapted to any domain, enabling for an efficient mesh

distribution in regions where interface resolution has to be maximized, which is difficult by using structured

grids. Furthermore, TVD flux-limiter schemes [50] are used to discretize convective terms, avoiding numer-

ical oscillations around discontinuities, whereas the numerical diffusion is minimized. Finally, the present

finite-volume formulation is attractive due to the satisfaction of the integral forms of the conservation laws

over the entire domain.

The rest of the paper is organized as follows: mathematical formulations are presented in section 2,

numerical discretization of governing equations are described in section 3. Special considered treatments for

the main challenges of small time-step of the simulation encountered by non-Newtonian fluids, high Weis-

senberg number problem (HWNP), singularities of non-viscoelastic regions and low viscosity ratio problem

(LVRP) are provided in sections 3.1, 3.2, 3.3 and 3.4, respectively. Numerical experiments and discussion

are reported in section 4 and at the end, conclusion remarks are discussed in section 5.

2. Mathematical formulation

Navier-Stokes equations are used to describe the conservation of mass and momentum of two incom-

pressible immiscible fluids on a spacial domain Ω with boundary ∂Ω as following [50, 52, 53]:

∂

∂t
(ρv) +∇ · (ρvv) = −∇p+∇ · τ + ρg + σκnδΓ in Ω (1)

∇ · v = 0 in Ω (2)

where ρ is density of the fluid, v is the velocity field, p is the pressure field, g is the gravitational acceleration,

τ is the stress response to the deformation of the fluid, δΓ is the Dirac delta function concentrated at the

interface (Γ), n is the unit normal vector outward to interface, κ is the interface curvature and σ is the
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interface tension coefficient. In this formulation, the stress response τ is decomposed with the solvent-

polymer stress splitting technique into a purely viscous term of τs corresponding to the instantaneous

response of the solvent, and τp corresponding to the polymeric contribution of stress response:

τ = τs + τp (3)

where the solvent part, τs, is defined as below [54]:

τs = µs(γ̇)
(
∇v + (∇v)T

)
(4)

In this formulation, µ(γ̇) is the apparent viscosity of the fluids described in the context of generalized

Newtonian fluid (GNF) models, with γ̇ as shear-rate tensor of the fluid defined as:

γ̇ = ∇v + (∇v)T (5)

In this paper, power-law GNF model is used to describe the relation of apparent viscosity of µs with

shear-rate tensor of γ̇ as below:

µs(γ̇) = K|γ̇|m−1 (6)

where |γ̇| is magnitude of the shear-rate tensor outlined as |γ̇| =
√

(γ̇ .. γ̇) /2, K is the consistency constant

and m is the power-law index. The power-lawGNFmodel is able to describe shear-thinning (pseudo-plastic)

behaviour for m < 1, shear-thickening (Dilatant) behaviour for m > 1 and Newtonian behaviour for m = 1.

The polymeric stress tensor of equation 3 is written as:

τp =
µp
λ1
fs(c) (7)

where λ1 is the relaxation time of the viscoelastic fluid, µp is the polymeric viscosity, fs(c) is a strain
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Constitutive model fs(c) = fr(c)
Oldroyd-B c− I
FENE-P L2−3

L2−tr(c)c− I
FENE-CR c−I

1−tr(c)/L2

Table 1: Starin and relaxation functions of three widely used viscoelastic constitutive models.

function depending on the constitutive model and expressed in terms of the conformation tensor, c. This

tensor is an internal tensorial variable representing the macromolecular configuration of the polymeric chains.

Independent of the kinetic theory, conformation tensor by definition is symmetric positive definite and is

equal to the identity matrix I when the polymer chain is at the equilibrium. The basic mechanism for stress

build-up and relaxation is governed by a differential equation of the conformation tensor and a relaxation

function of fr(c) that depends on the constitutive model as follows:

Dc

Dt
= ∇vT · c + c · ∇v − 1

λ1
fr(c) (8)

where Dc/Dt is the material derivative, defined as:

Dc

Dt
=

∂c

∂t
+ v · ∇c (9)

Considering the incompressibility constraint (Eq. 2), this formulation could be written as:

Dc

Dt
=

∂c

∂t
+∇ · (vc) (10)

The implementation of any constitutive equations is straight forward. The fs(c) and fr(c) functions of three

widely used constitutive equations are defined in table 1. In this table, L is the ratio of the length of a fully

extended polymer dumbbell to its equilibrium length, and tr(c) is the first invarient of the conformation

tensor c. The summation of µs and µp of the fluid is defined as total viscosity and denoted as µ0 = µs +µp.

The ratio of µs to µ0 is defined as viscosity ratio of viscoelastic fluid also known as retardation ratio and

denoted as, β = µs/µ0 ≤ 1.
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The density, viscosities (µs and µp), and relaxation time can be defined as scalar-fields inside the whole

domain as follows:

ζ = ζ1H + ζ2(1−H) (11)

where ζ ∈ {ρ, µs, µp, λ1} and H is the Heaviside step function which takes the value one in dispersed phase

and zero elsewhere.

In this research, conservative level-set (CLS) method [55], as introduced by Balcazar et al. [50] in the

context of Newtonian fluids is used to track the interface. Instead of the signed distance function, d(x,t),

used to represent the interface in the classical LS method, conservative LS method employs a regularized

indicator function φ as below:

φ(x, t) =
1

2

(
tanh

(
d(x, t)

2ε

)
+ 1

)
(12)

where ε is the parameter that sets the thickness of the interface. φ varies from 0 in one fluid to 1 in other

fluid. With this formulation, interface is defined by Γ = {x|φ(x, t) = 0.5}.

The level-set function is advected by velocity vector field, v, provided from solution of Navier-Stokes

equations. Since the velocity field is solenoidal (∇ · v = 0), the interface transport equation can be written

in conservative form [50, 55]:

∂φ

∂t
+∇ · (φv) = 0 (13)

Since sharp changes exist in level set function at the interface, Superbee flux limiter scheme is used in dis-

cretization of the convective term in order to minimize numerical diffusion and to avoid numerical instabilities

at the interface. To keep the profile and thickness of the interface constant, an additional re-initialization
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equation [56, 52, 53, 50] is used:

∂φ

∂τ
+∇ · φ (1− φ)nτ=0 = ∇ · ε∇φ (14)

which is advanced in pseudo-time τ . This equation consists of a compressive flux: φ(1 − φ)nτ=0 and a

diffusion term: ∇ · ε∇φ. The first one keeps the level-set function compressed onto the interface along

the normal vector n, and the second one keeps the profile in prescribed characteristic thickness of ε. This

parameter is defined based on the mesh resolution in each grid cell (P), as [50]:

εp = Cεh
1−α (15)

where h = (VP )1/3 is the grid’s characteristic length with VP as the cell’s volume. The value of parameter

ε in Eq. 14 at the faces is computed by linear interpolation. In all the simulations of this paper, Cε is

constant and equal to 0.5. parameter α, however, varies in order to change the thickness of the interface

and can take values between [0,0.1], to overcome the possible numerical instabilities. Normal vector n on

the interface and curvature κ of the interface, are obtained using [50]:

n =
∇φ
||∇φ||

(16)

κ(φ) = −∇ · n (17)

The continuous surface force model (CSF) [57] is used for surface tension computation which converts

the term σκnδΓ in Eq. 1 to a volume force term as follows [50]:

σκnδΓ = σκ(φ)∇φ (18)

where ∇φ is computed using least-square method based on vertex node stencils. By applying this approach,

the explicit tracking of the interface is not necessary.
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3. Numerical method

Finite-volume (FV) approach is used for the spatial discretization of transport equations on a collocated

grid [50], so all the computed variables are stored at centroids of the cells, including viscoelastic constitutive

equations introduced in this work. A central difference (CD) scheme is used to discretize the compressive

term of re-initialization equation (14) and diffusive fluxes at the faces [53]. A distance-weighted linear

interpolation is used to calculate the face values of physical properties and interface normals. A total-

variation Diminishing (TVD) Superbee flux limiter is used to discretize the convective term as implemented

in [50], in order to improve the numerical stability of the solver and increase the convergence of spatial

discretization of the governing equations [52]. At discretized level, physical properties are regularized in

the context of the CLS method. Therefore a linear average is used for density, viscosities (µs and µp) and

relaxation time as ζ = ζ1φ + ζ2(1 − φ), where ζ ∈ {ρ, µs, µp, λ1}. A classical fractional step projection

method as described by [58] is used to solve the velocity-pressure coupling. In the rest of this section,

the main challenges and difficulties of numerical simulations of non-Newtonian multiphase flow problems

are addressed and the most prominent solution for each problem is being suggested and implemented into

the solution procedure. Although none of these approaches completely solves the problem, they push the

stability limits of numerical simulations of non-Newtonian flows to a higher limit.

3.1. Small time-step of the simulation

The allowable time step of the simulation is calculated by taking into account the CFL conditions on

convective and diffusive terms and also by explicit treatment of surface tension. For this reason, in each cell

the values of allowable times step are calculated as:

∆tconv ≡ α×
(

h

‖VP ‖

)
(19)

∆tvisc ≡ α×min
(
h2ρ(φ)

µp(φ)
,
h2ρ(φ)

µs(φ, γ̇)

)
(20)

∆tcap ≡ α×
(
h3/2(

ρ1 + ρ2

4πσ
)1/2

)
(21)
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where α is CFL coefficient. The final global value of time step is the minimum of ∆tconv, ∆tvisc and

∆tcap in the whole domain. The difficulty of the small time-step problem arises specially in the solution

of non-Newtonian shear-thinning/shear-thickening fluids, where the varying value of viscosity can increase

dramatically, leading to a very small timestep resulting in huge computational costs. To circumvent this

issue, diffusion term could be treated implicitly. So we suggest a second-order implicit Crank-Nicolson

scheme to be used to discretize the solvent part, τs of the stress term τ of equation 1 where the µs(γ̇) can

take unexpectedly high values. A second-order Adam-Bashforth scheme will be used on convective, gravity,

surface tension and the polymeric part, τp, of the stress term τ as below:

ρv∗ − ρnvn

∆t
=

3

2
(Rvh)n − 1

2
(Rvh)n−1 +

1

2
(Dhs(v∗) + Dhs(vn))−∇hpn (22)

where Rvh = −Ch(ρv) + ρg + σκ∇h(φ) + Dhp(v), Dhp(v) = ∇h · τp and Dhs(v) = ∇h · τs with

Ch(ρv) = ∇h · (ρvv) as the convective operator. In this equation, ∇h represent the gradient operator.

The spatial discretization is performed using the integral form of this equation on unstructured grids,

while its time discretization leads to a system of ordinary differential equations in time. The gradients

are computed at the cell centroids by a least-squares method using a stencil that includes the cell-nodes

around the vertexes of the current cell. A stencil which distinguishes the neighboring points (i) of any cell

(p) is used to approximate the variation of dependent variable ψ using a truncated Taylor series as used

by [50], ψi = ψp + (xi − xp) · (∇ψ)P. The application of this equation to all the points of the cell stencil

results in a system of linear equations for cell p which its solution will conduct the value of (∇ψ)P. A

term of pressure gradient of previous time step is added to the discretized form of equation 1. According

to Armfield and Street [59] and numerical tests of Amani et al. [53], this will increase the accuracy of the

momentum equation in time. A cell face volume flux as implemented by Balcazar et al. [50] is calculated

using a mass conservative scheme to avoid pressure-velocity decoupling when the pressure projection is made

on collocated meshes. Using this approach the fluxes conserve mass exactly. A more detailed description on
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the spatial discretization of convective and diffusive terms could be found in Balcázar-Arciniega et al. [60].

Pressure-velocity coupling is solved by using a fractional-step projection method [58, 61], as follows:

• A correction to the predicted velocity applies as below, where π is the pressure correction term:

ρvn+1 − ρv∗

∆t
= −∇hπn+1 (23)

• Poisson equation reads as follows and is solved using a preconditioned conjugated gradient method.:

∇h ·
(

1

ρ
∇h(πn+1)

)
=

1

∆t
∇h · (v∗) (24)

• The velocity vn+1 is corrected and pressure is update as:

vn+1 = v∗ − ∆t

ρ
∇h(πn+1) (25)

pn+1 = pn + πn+1 (26)

3.2. High Weissenberg Number Problem (HWNP)

Stiff hyperbolic nature of the constitutive equations make them prone to the numerical instabilities in

numerical solution process which can lead to a blowup of the numerical values. It arises when the Weissenberg

number (or equivalently the Deborah number) of the problem reaches a critical value. Weissenberg number

is defined as the ratio of elastic forces to the viscous forces of the problem. It can be variously defined,

but it is usually given by the relation of the value of λ1 of the fluid and a specific characteristic time of

the problem. HWNP is being linked to loss of positive definiteness of the conformation tensor [62]. This

critical value varies in different problems and depends on the nature of the flow, spacial discretization and

numerical algorithm. According to Fattal and Kupferman [63], Hulsen et al. [64] and Lee et al. [65], the loss

of positive-definiteness of the conformation tensor is the trigger to HWNP. Moreover, according to Renardy

[66], solution of viscoelastic fluids tend to have stress boundary layers with large variation in stress gradients
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and exponential stress profiles near geometrical singularities. According to Fattal and Kupferman [67] and

Hulsen et al. [68], under resolution of these spatial stress profiles can cause numerical instabilities as well.

Therefore, several stabilization techniques have been developed to ensure the positive-definiteness of the

conformation tensor. The most prominent stabilization approaches used in the context of finite-volume

method are the positive definiteness preserving scheme (PDPS) of Stewart et al. [69] the square-root con-

formation representation (SRCR) of Balci et al. [70] and the log-conformation tensor representation (LCR)

of Fattal and Kupferman [63, 67]. Chen et al. [62] Provided a detailed analysis on comparison of these

approaches for finite-volume simulation of viscoelastic single-phase flows regarding their implementation

complexity, stability, accuracy, efficiency and applicability to complex problems.

The log-conformation representation method of Fattal and Kupferman [63, 67] is among the most robust

stabilization approaches for this problem. This method uses a matrix-logarithm change of variable of confor-

mation tensor. In addition to positive-definiteness preserving characteristic of this method, since it linearizes

the exponential stress profiles, it improves the resolution of large stress gradients. In this study we use this

method to deal with the HWNP. A detailed description of derivation of this method for constitutive model

of form of equation 8 is presented in Appendix A. Using this method, and considering the conformation

tensor equation with the form of equation 8, implementing the log-conformation representation formulation

for different viscoelastic constitutive equations is straight-forward. It is merely required to specify the strain

and relaxation functions of the considered constitutive equation, the rest of the solution procedure will be

identical.

For regular problems with Weissenberg numbers smaller than the critical values, in order to save-up

on computational costs, the standard formulation (SF) of equation 8 with a first order Euler Backward

discretization approach could be used as below:

cn = cn−1 + ∆t

[
−∇ · (vc) +∇vT · c + c · ∇v − 1

λ1
fr(c)

]n−1

(27)

In this case, the eigendecomposition of the conformation tensor c will not be required and hence computa-
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tional costs will be decreased while maintaining the numerical stability of the simulations.

3.3. Singularities of non-Viscoelastic regions

In the problems with viscoelastic/Newtonian interface, one-field formulation represented in section 2

leads to singularities where the value of relaxation time λ1 is equal to zero in the Newtonian fluid causing

numerical solution process to diverge. One solution to this problem would be to use the semi-analytical

method (SAM) proposed by Sarkar and Schowalter [71]. Unlike the LCR approach, this method does

not require any eigendecomposition and as a result imposes lower computation cost, however it does not

circumvent the HWNP. In this method, the constitutive equation 8 is re-written as:

λ1
∂c

∂t
+ c = Ξ(t) (28)

where Ξ is:

Ξ = c− fr(c)− λ1

(
∇ · (vc)−∇vT · c− c · ∇v

)
(29)

Assuming a constant Ξ during the timestep of ∆t, equation 28 could be integrated in time from t = n − 1

till t = n, resulting in:

cn = cn−1e−∆t/λ1 + Ξn−1
(

1− e−∆t/λ1

)
(30)

This formulation is consistent everywhere, including non-viscoelastic fluid regions with zero relaxation time

(λ1 = 0). The disadvantage of non-circumventing the HWNP prevents this method to be used thoroughly.

Another solution for this problem would be to utilize a cut-off value in the solution process. In this

method, in each iteration, cells with λ1 > ε are being identified, and being updated to a list. The constitutive

equation 8, independent of the formulation (Standard formulation or LCR ) is being solved only in cells of

this list.

Since SAM method does not circumvent the HWNP, and since the cut-off approach can be integrated
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with LCR formulation, in this study we use the cut-off approach in order to deal with the singularities of

non-viscoelastic regions in one-field formulation of governing equations. To make sure of the accuracy of the

results of this method, we perform two-dimensional simulations of deformation of a droplet in a simple-shear

flow with both SAM and cut-off approaches. The results are extracted and compared with reference data of

Chinyoka et al. [72] for different combinations of viscoelastic/Newtonian droplet in a viscoelastic/Newtonian

matrix. These results along with the simulation details are presented in Appendix B. According to these

data, the results of cut-off approach is in complete agreement with the results of SAM and reference data

of Chinyoka et al. [72]. Hence, in this study, the proposed cut-off approach with the value of ε = 0.005 is

being used. The results have shown to be independent of the value of ε, as long as ε ≤ 0.005.

3.4. Low viscosity ratio problem (LVRP)

A stability problem occurs when viscosity ratio β is relatively small. According to Amoreira and Oliveira

[73], this problem causes the instabilities in numerical iterative methods to occur at lower Weissenberg

numbers and impose an unbearable small timestep to the simulation. Comparing different formulations

of viscoelastic fluids, Amoreira and Oliveira [73] proposed an approach named Explicit diffusion (EDIF),

lately known as both-sides diffusion (BSD) approach. Chen et al. [62] mentioned that for single-phase lid-

driven cavity test case, for a small viscosity ratio of β = 0.0014, the HWNP occurs at a small Weissenberg

number of 0.1, and even with different stabilization approaches of PDPS, LCR and SRCR, this problem

lingers. However, Chen et al. [62] mentioned that BSD approach can lift the HWNP to almost the same

critical Weissenberg numbers as possible for large viscosity ratios. As a result they believe this method

(BSD) can be used along with other stabilization approaches to cope with Low viscosity ratio instability

problem. In this approach the constitutive equation is not reformulated, but additional diffusion term is

added and subtracted from momentum equation, one treated implicitly and the other evaluated explicitly.

The implicitly treated additional diffusive term contributes to the ellipticity of the problem and improves

the stability of the solution in cases of LVRP.

In order to analyze this problem, and since it originates in the momentum equation and not the constitu-

tive model, we have studied the performance of different discretizations of momentum equation on providing
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Figure 1: Control volume used to discretize equation 31.

a stable solution in the context of fractional-step projection method for a LVRP of a two-dimensional lid-

driven cavity test case. Five different discretizations of Forward Euler (FE), Backward Euler (BE), 2nd

order Adams-Bashforth (AB), both side diffusion (BSD), and Semi-Implicit form as eq. 22 for predictor

step of momentum equation are tested. The details of this study are provided in Appendix C. According to

this test, the Semi-Implicit discretization of predictor step of momentum equation with the form of eq. 22

outperforms other methods, including BSD, and is the only method capable of solving a challenging test case

of flow inside of a lid-driven cavity with viscosity ratio as low as β = 0.0014 and Weissenberg number equal

to 0.75. As a result, we propose the Semi-Implicit discretization of predictor step of momentum equation

with the form of eq. 22 in order to overcome the difficulties arising by low viscosity ratios (LVRP).

3.5. Spatial discretization of constitutive equation

The spatial discretization of the constitutive equation in an arbitrary cell P as shown in figure 1, in the

case of either Log-conformation representation (LCR), semi-analytical method (SAM) or standard formu-

lation (SF) of constitutive equation could be written using the integral form of transport equation taking

into account the incompressibility constraint of equation 2 as below:

∫
Vp

∂Υ

∂t
dV =

∮
Ap

(−Υv) · dA +

∫
Vp

S(Υ)dV (31)
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Formulation Υ S(Υ)
SF & SAM cij ∂kvickj + cik∂kvj − 1

λ1
fr(cij)

LCR Ψij ΩikΨkj −ΨikΩkj + 2Bij − 1
λ1
Gik(e−Ψ)kj

Table 2: Summary of the terms used in equation 31. In Cartesian tensor notation i, j ∈ {x, y, z}, k is dummy

index ∈ {x, y, z} and ∂k ∈ {∂/∂x, ∂/∂y, ∂/∂z}. Tensors Ψ, Ω, B, and G are defined in section Appendix

A.

where Vp is the volume of cell P and Ap is the relevant surface which separates two adjacent cells of P and

F (Fi ∈ {F1, F2, ..., Fn} are neighbour cells of cell P). Ap has the local area vector of dA. Terms of Υ and

S(Υ) related to LCR, SAM and SF are presented in table 2 . In this formulation, value of Υ at the cell

(face) is assumed to be constant with the value localized at the cell (face) centroids with approximation of

ΥP = 1
Vp

∫
Vp

ΥdV ( Υf = 1
Ap

∫
Ap

ΥdA ).

3.6. Solution process

The solution procedure of the proposed method would be as follows. Firstly the physical properties,

interface geometric properties and velocity field are initialized. Then, for the iteration time tn+1, the

following steps are done consecutively.

1. Allowable time step is calculated using the equations 19 and 21. To decrease the computational costs,

the maximum value of α which leads to a stable simulation is used. Unless otherwise mentions, this

value is 0.1.

2. The advection equation (13) is integrated in time with a 3-step third order accurate TVD Runge-Kutta

scheme [74].

3. The re-initialization equation (14) is integrated in pseudo time (τ) using a third order accurate TVD

Runge-Kutta scheme. The time τ is used to lead the solution into a stationary state. Since an explicit

scheme is used, the time step is restricted by the viscous term of equation 14 as follows [75, 55]:

∆τ = Cτmin

(
h2

εP

)
(32)
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One iteration is used to solve the discretized form of equation 14. The value of Cτ in this formula

serving as a CFL-like coefficient for this equation, can take values between [0.01,0.05].

4. Physical properties in the domain (density, viscosites and relaxation time) and geometrical properties

at the interface (curvature and interface normal) are updated from the level-set field.

5. If applied, the list of viscoelastic regions is being updated, based on the cut-off approach described in

section 3.3 .

6. The constitutive equation is integrated in time as described in equation A.11 for log-conformation

representation approach or equation 27 for standard formulation approach, and the value of polymeric

stress tensor at iteration time tn are calculated.

7. The velocity and pressure fields are calculated using a fractional-step method described in section 3.1

and equations 22 through 26.

8. In order to fulfill the incompressible constraint, Eq. 2, and to avoid pressure-velocity decoupling on

collocated meshes [76, 77], a cell-face velocity is used to advect the momentum and CLS function, as

introduced in [75, 78].

The steps 1 to 8 are repeated to reach the desired time.

The reader is referred to [50] for further technical details on the CLS method on collocated unstructured

grids. The numerical methods are implemented in an in-house parallel c++/MPI code called TermoFluids

[79]. Validations and verification of the numerical methods in the context of Conservative level-set method

used in this work have been reported in [52, 53, 50, 80, 81, 82, 54, 83].

4. Numerical experiments and discussion

4.1. Two-dimensional Poiseuille flow

In two dimensional Poiseuille flow test case, the flow between two infinite plates is driven by an external

pressure gradient (S = dP/dx). Periodic boundary condition is applied in the flow direction (x), and no-slip

20



Figure 2: The schematic plot of the 2D domain of Poiseuille flow test case. Left: single-phase viscoelastic

fluid problem, right: two-phase shear-thinning/shear-thickening fluids problem.

boundary condition on the walls. This problem is solved for different rheologies of viscoelastic, shear-thinning

and shear-thickening fluids and the results are compared with the exact solution extracted from analytical

approaches.

• For viscoelastic fluid test case, the exact solution of the transient velocity and viscoelastic stress for

Oldroyd-B constitutive model exist and are presented in [84]. The geometry of the channel is presented

in figure 2 left. Lengths are non-dimensionalized using the domain’s height (y∗ = y/H), velocity using

characteristic velocity of u0 = −SH2

8ν0
(u∗ = u/u0) in which ν0 is the total kinematic viscosity, time

using t0 = H2/ν0 (t∗ = t/t0) and stress tensor using τ0 = ηu0/H (τ∗ = τ/τ0). In which variables

denoted with * are dimensionless. The exact solution of the flow for this case would be as:

u∗(t∗, y∗) = 4y∗(1− y∗)− 32

∞∑
n=1

sin(Ny∗)

N3
GN (El, t∗) (33)

where

GN (El, t∗) =


0.5(aNexp(PN t

∗) + bNexp(QN t)), β2
N ≥ 0

exp(−α∗N t∗)(cos(β∗N t∗) +
SN
βN

sin(β∗N t
∗)), β2

N < 0

(34)

In this formulation, the parameters are presented in table 3.
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Table 3: Related parameters of equation 34

Symbol Equation

N (2n− 1)π

El λ1u0/H

SN 1− 17N2El/9

αN 1 +N2El/9

β2
N α2

N − 4N2El

α∗N αN/(2El)

β∗N βN/(2El)

aN 1 + SN/βN

bN 1− SN/βN

PN −α∗N + β∗N

QN −α∗N − β∗N

Using the given velocity profile, the viscoelastic stress tensor could be solved as:

τxx = 2Wi(1− β)(
∂u∗

∂y∗
)2

τxy = (1− β)(
∂u∗

∂y∗
)

τyy = 0

The initial condition is zero velocity and stress tensor in the whole domain. The numerical simulation

is done in a domain with both structured and unstructured grid with the mesh size of h=H/100 until

t∗ = 10. The results showed to be independent of the grid type, and were identical for structured and

unstructured grids. Dimensionless numbers of Reynolds number and Weissenberg number are defined

as Re = ρu0H/ν0 and Wi = λ1u0/H, respectively. The steady-state results of cross section velocity

ux(y), along with the transient velocity at centerline and transient normal viscoelastic stress on fixed
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Figure 3: Numerical simulation of two-dimensional Poiseuille Oldroyd-B viscoelastic fluid flow compared

with the analytical solution.

wall for a case with β = 0.1, Re=1 and Wi=1 are presented in figure 3. These results are compared

with the results of exact solution where perfect agreement is seen.

• For shear-thinning, and shear-thickening rheologies, power-law GNF model is used to simulate the

two-phase flow problem inside of a channel with aforementioned properties. Figure 2 right illustrates

the schematic plot of the domain used for this problem with two phases called D and M. Extraction

of analytical solution of this problem for power-law fluid is straight forward. The X-direction velocity

profile (U) as a function of Y could be written as below:

U(Y ) =


A(D)

(
h

1+nD
nD − |y|

1+nD
nD

)
+A(M)

(
H

1+nM
nM − h

1+nM
nM

)
, |y| ≤ h.

A(M)
(
H

1+nM
nM − |y|

1+nM
nM

)
, Elsewhere

(35)
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Case nD nM KD/KM L1

1 1 1 1 8.23 ×10−4

2 0.5 1 1 9.72×10−4

3 0.5 1 0.5 3.25×10−3

4 0.5 1 2 1.89×10−2

5 1.5 1 1 9.25×10−4

6 1.5 1 0.5 2.64×10−3

7 1.5 1 2 4.27×10−3

8 1 0.5 1 2.91×10−3

9 1 0.5 0.5 4.26×10−3

10 1 0.5 2 1.68×10−2

11 1 1.5 1 2.49×10−3

12 1 1.5 0.5 1.37×10−2

13 1 1.5 2 1.84×10−2

Table 4: Characteristics of cases solved for shear-thinning/shear-thickening rheological properties, along

with the relative error of the numerical results, compared with analytical solution.

where A(i) is defined as:

A(i) =
ni

1 + ni

(
−∂P
∂x

.
1

Ki

)(1/ni)

(36)

In our simulations, the domain has a length of L=5H, and h=H/2 while a mesh with grid size of H/80

is used to discretize the domain. A constant pressure gradient of ∂P
∂x = 0.075 and a surface tension

coefficient of 24.5 [J/m2] is being applied in all the cases. Simulations with different rheological

properties have been performed for a long enough time. The details of rheological properties of these

cases are tabulated in table 4. For each case, the first norm of error of numerical simulation is calculates

using: L1 =
∑
i |ei|, where ei is the point-wise error of each cell compared with its analytical solution.

The value of L1 for all of these cases are presented in table 4. As can be seen in this table, the value

of the L1 for all the cases is in the order of ≈ O(10−3), which is considered as good agreement.

4.2. Impacting droplet problem

In this section, using the numerical method proposed, the falling of a two-dimensional viscoelastic droplet

under gravitational force with the acceleration of g is being solved. The droplet with an initial diameter of

d0 is placed at the height of H = 2d0 above a stationary plate. The computational domain has a length of
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Figure 4: Initial computational setup of the impacting droplet problem.

5.6d0 and a height of 2.6d0. Two different grid types of structured and unstructured are used to discretize

the solution domain. Figure 4 illustrates the initial setup of the problem. At time t/t∗ = 0.0, the droplet

falls towards the wall with an initial velocity of V0 (with t∗ = d0/V0). Oldroyd-B constitutive equation is

used to model the viscoelastic behaviour of the droplet with a retardation ratio of β = 0.1, while the effect

of surface tension is neglected. Three sets of non-dimensional parameters of Reynolds (Re), Deborah (De)

and Froude (Fr) numbers are used as below:

Re =
ρdd0V0

µ0d
= 5 De =

λ1V0

d0
= 1 Fr =

V0√
gd0

= 2.26 (37)

No-slip boundary condition is applied on the bottom wall while the free-slip boundary condition is

applied on all the other walls. In this work, no contact line model is used. More details on the physics of the

impacting droplet problem, and the related contact line models could be found in [85, 86, 87]. In order to

minimize the effect of the matrix gas, a density and viscosity ratio of ρd/ρm = µ0dµm = 1000 is used. Figure

5 shows the time evolution of the non-dimensional width of the droplet (W/d0) for the solution done in this

study in domains with structured and unstructured grids in comparison with results of different approaches

available in literature, e.g. (SPH) method of Fang et al. [19], Jiang et al. [20] and MAC method of Oishi
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Figure 5: Time evolution of non-dimensional width of an Oldroyd-B droplet impacting on a surface for

simulations with two different grid types of structured (Str) and unstructured (Unstr). The results of

current study are compared with the (SPH) results of Fang et al. [19], Jiang et al. [20] and MAC results of

Oishi et al. [10], Tomé et al. [9]
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Figure 6: First norm of the error in calculation of width of the droplet (W) during the solution process of

the impacting droplet problem inside of the domains with structured grids with sizes of h = d0/30, d0/40

and d0/50 compared with the reference values of solution in a domain with the grid size of h = d/60.

et al. [10], Tomé et al. [9]. Good agreement is seen for simulations both in structured and unstructured grids

in comparison to the aforementioned results available in the literature.

A grid convergence study is performed for this case. Simulations of the reported case in a domain with

structured grids with four different grid sizes of h = d0/30, d0/40, d0/50 and h = d0/60 are done. For

each case, the numerical simulation performed until t/t∗ = 3.5. The variation of the width of the droplet

(W) for the solution with the finest grid (h = d0/60) is selected as the reference, where the results of other

simulations are compared with it, to calculate the error associated to the droplet width (W) at each timestep.

The accumulated value of these errors are measured as the first norm of the error using L1 =
∑
i |ei|, where

ei is the difference between droplet width (W) of the simulation and its corresponding value in reference

solution at i-th iteration. Figure 6 presents the values of L1 as a function of the grid size. As can be seen,

the solution process illustrates an order of convergence of 2.04 in space.

Trace of the conformation tensor indicates the elongation of the polymer chains (EPC). Figure 7 illustrates

the snapshots of the droplet evolution, with the contours of elongation of the polymer chains. As can be

seen, upon the impact of the droplet, the length of the polymeric chains increases in the triple points of
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Figure 7: Snapshots of the impact of a viscoelastic droplet over a surface. The color contours present the

elongation of the polymer chains (EPC) in the droplet.

the contact and spreads in spatial areas around this region. As the droplet evolves toward equilibrium, the

length of the polymeric chains expands in the droplet core.

4.3. Sudden contraction/expansion

In this section, numerical simulation of a viscoelastic droplet suspended in Newtonian matrix, passing

through a contraction/expansion geometry is done and the results are compared against available exper-

imental images. Figure 8 illustrates the schematic representation of the domain’s dimensions and mesh

configuration. All the lengths are non-dimensionalized by the inlet’s half width, Hin. Two types of meshes

of structured cubic cells and unstructured triangular-prism cells with the edge size of h = Hin/36 are used to

discretize the domain. To approximate the experimental dimensions, the contraction and expansion edges

are bevelled with a side length of 0.1Hin. The width of the domain in Z direction is W = 0.33Hin. A

flow with uniform velocity of (U,V,W)=(U ,0,0) enters the domain through the inlet and exits the domain

through the outlet boundary conditions. Non-wetting boundary condition for level-set function, no-slip

boundary condition for velocity components and Neumann boundary condition for pressure and extra-stress
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Figure 8: schematic representation of domain’s dimensions and mesh configuration of sudden contrac-

tion/expansion test case with two different mesh types of structured and unstructured grids.

tensor are applied on the walls. A droplet with initial diameter of d0 = 0.864Hin is places in a quiescent

Newtonian matrix. The Oldroyd-B constitutive equation is used to model the viscoelastic behavior of the

droplet. Non-dimensional group of variables as below are used in addition to density ratio (ρd/ρm), total

viscosity ratio (µ0d/µ0m) and retardation ratio (β) to physically define the problem:

Re =
ρmUHin

µm
We =

ρmU
2
Hin

σ
De =

λ1U

Hin
(38)

Time is non-dimensionalized as t/t∗ with t∗ = (Hin/U). Table 5, presents the selected characteristics of

the problem based on the introduced non-dimensional group of variables. The droplet is being imposed to
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Table 5: Non-dimensional parameters defining the sudden contraction/expansion test case

Re We De ρd/ρm µ0d/µ0m β
0.825 6.22× 10−2 0.598 1.17 31 0.586

Figure 9: Sudden contraction/expansion of a viscoelastic droplet in a Newtonian matrix. Top: experiment

results of [88], Bottom: results of current study, extracted at the same time instances of experimental images.

a geometrical contraction, is forced to change its shape in order to pass through the narrow channel, and

retrieves its more stable spherical shape after passing through the expansion. The simulation continues until

t/t∗ = 2.14. Figure 9 presents the results of the numerical simulation of the current study in structured grid

compared with the experimental results of [88] for the same time instances. Please note, since the results

obtained by structured grid were identical to the results of unstructured grid, in order to avoid redundancy,

only the results obtained with one of them is being shown. In this figure, non-dimensional times of the

simulations are provided at the bottom of the image. Note that the reference time of t/t∗ = 0.0 is when

the leading tip of the droplet enters the contraction zone. According to this figure, very good agreement is

seen between the results of current study, and experimental results of Harvie et al. [88], which validates the
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Figure 10: Left: Mesh configuration, structured cubic cells. Middle: computational setup, Right: Schematic

presentation of a deformed droplet along with related geometrical measurements in velocity-velocity gradient,

and velocity-vorticity planes.

ability of the proposed method on capturing the physics of this problem.

4.4. Simple Shear flow

A circular Newtonian droplet with diameter d is suspended in a viscoelastic matrix in a domain with

span Sx = 5d, Sy = 5d and Sz = 2.5d in x,y and z directions, respectively. Figure 10 illustrates the mesh

configuration and computational setup. The opposite x-direction velocities of +U and −U are imposed at

the top and bottom walls inducing a shear rate of γ̇ = 2U/Sz in the domain. A periodic boundary condition

is applied in the flow direction (x) and Neumann boundary condition in y direction. Computations have

been performed using a Cartesian mesh of cubic cells with the edge size of h=d/30. This mesh was generated

by a constant step extrusion of the two-dimensional y-z grid along the x-axis with the step size of h. A grid

convergence analysis is provided at the end of this section for the most challenging cases. At the beginning

of the simulation, a linear velocity field is applied inside of the domain varying from −U at the bottom wall

to +U at the top wall.

For Newtonian droplet and matrix, the system can be physically defined by four parameters of Reynolds

number (Re), Capillary number (Ca), total viscosity ratio (µ0d/µ0m) and walls confinement ratio (2r/Sz).

For an arbitrary value of shear rate (γ̇), the velocity at the top and bottom walls are calculated as U = γ̇Sz/2.
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Figure 11: Taylor deformation parameter (D) vs. time (t′ = tγ̇) for a Newtonian droplet suspended in

viscoelastic matrix imposed to a shear with Re=0.1, Ca=0.2 and De=1.5 compared with results of Aggarwal

and Sarkar [16]. Sub-figures of (a), (b) and (c) present the droplet shape at t′ = 10 in (X-Y), (X-Z) and

(Y-X) planes, respectively.

Then viscosity is calculated using the Reynolds number as below:

Re =
ρmγ̇r

2

µ0m
(39)

where r is the droplet’s radius. The Capillary number is a dimensionless parameter defining the relative

effect of the shear stress versus surface tension across the interface, given by:

Ca =
γ̇µ0mr

σ
(40)

For a given value of Ca and Re numbers, and the calculated value of µ0m, the related value of σ is determined.

In the case where the droplet evolves to a steady shape, different parameters have been used to measure

the deformation attained by the droplet. The first one is the Taylor deformation parameter defined as

D = (L− B)/(L+ B), where L and B are length and breadth of the drop, as shown in figure 10. Another

parameter is the angle θ of orientation of the droplet with respect to the axis of shear strain. In addition
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Figure 12: Steady-state Taylor deformation parameter (D) for simulations of a Newtonian droplet in vis-

coelastic matrix with different values of Capillary numbers, all with elasticity parameter of p=De/Ca=0.6.

Results of current study are compared with the results of three different approaches, experimental data of

Guido et al. [89], analytical predictions of Maffettone and Greco [90] and numerical results of Aggarwal and

Sarkar [16].

to these parameters, Lp and W , as projected length and width of the droplet are used in literature and

depicted in figure 10.

For viscoelastic rheological characteristics of the matrix, Oldroyd-B constitutive equation is solved. The

initial condition of conformation tensor is Identity tensor in the whole domain leading to zero stress initial

condition. Non-dimensional parameter of Deborah number (De = λ1γ̇) and retardation ratio are used in

addition to the four previously defined parameters of Re, Ca, total viscosity ratio and walls confinement

ratio to fully define the system. In all the simulations, a low Reynolds number of 0.1, retardation ratio of

β = 0.5, and droplet to matrix total viscosity ratio of 1 is being applied.

The accuracy of the proposed method on capturing the transient solution of this problem is studied

by performing a simulation with Capillary number of 0.2 and Deborah number of 1.5. Figure 11 shows

the time variation of Taylor deformation parameter (D) for this case compared with the results of finite-
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Figure 13: Droplet inclination angel (θ) parameter for simulations of a Newtonian droplet in viscoelastic

matrix with different values of Capillary numbers, all with elasticity parameter of p=De/Ca=0.6. Results

of current study are compared with the results of three different approaches, experimental data of Guido

et al. [89], analytical predictions of Maffettone and Greco [90] and numerical results of Aggarwal and Sarkar

[16].
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Figure 14: The evolution in the mass conservation error of the droplet for cases of Newtonian droplet

suspended in viscoelastic matrix imposed to shear with four different Capillary numbers of 0.08, 0.11, 0.16

and 0.22, and Deborah numbers of De = 0.6 × Ca. The value of ∆M for the droplet is (Mt −M0)/M0,

where M0 is droplet’s initial mass and Mt is the mass at time t.

difference/front-tracking method of Aggarwal and Sarkar [16]. Good agreement is seen between these results.

In order to study the accuracy of the method on solving this problem for a wider range of Debo-

rah numbers, simulations with different Capillary numbers but all with a constant elasticity parameter of

P=De/Ca=0.6 are done for a long enough time to reach steady-state. For each case, Taylor deformation

parameter (D), and droplet inclination angel of θ are extracted. Figures 12 and 13 illustrates these results

compared with results of different methods, i.e. experimental data of Guido et al. [89], analytical predictions

of Maffettone and Greco [90] and numerical results of Aggarwal and Sarkar [16]. Good agreement is seen

between the results of current study, and the results of numerical study of Aggarwal and Sarkar [16] in all

the cases. There is also a good agreement between the results of current study, and the experimental data of

Guido et al. [89] and also analytical predictions of Maffettone and Greco [90] for smaller Capillary numbers.

For higher Capillary numbers in these two figures, however, the disparity of the numerical results compared

with experimental data and analytical predictions grows. This disparity could be associated to the inability

of the Oldroyd-B constitutive equation used in this study to correctly represents the experimental fluid used
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by Guido et al. [89]. Figure 14 represents the evolution of mass conservation error of the droplet for different

cases solved in this section. It could be seen that for all these cases, the mass conservation error of the

droplet, ∆M , (calculated as ∆M = (Mt −M0)/M0, with M0 as droplet’s initial mass and Mt as the mass

at time t) has converged to a very small value in the order of O(10−11).

In order to study the ability of the method in solving more challenging cases, the LCR method, integrated

with cut-off approach is used to solve three high Deborah number shear deformation problems of:

(a) Newtonian droplet suspended in viscoelastic matrix with Deborah number of 5.0.

(b) Viscoelastic droplet with Deborah number of 7.5 suspended in a Newtonian matrix.

(c) Viscoelastic droplet with Deborah number of 7.5 suspended in a viscoelastic matrix with Deborah

number of 5.0.

In all these cases, the Re = 1.0, Ca = 2.0, β = 0.5 and µd0/µm0 = 1.0 are applied. Simulation of case (b)

was converged to steady-state within the limit of t/t∗ = 10. Cases (a) and (c), however, required more time

to reach steady-state. Figure 15 presents the Taylor deformation (D), LP and W parameters as introduced

in figure 10, as a function of time. There is an overshoot in the value of Taylor deformation parameter of

case (b).The overshoots in sub-critical deformation of Newtonian droplets suspended in Newtonian matrix

happens only in highly confined domains. Thus the overshoot in the value of D witnessed in figure 15,

corresponds to the non-Newtonian highly viscoelastic nature of the droplet.

Case (a) on the other hand, exhibits a more uniform deformation, carried on with a retraction in defor-

mation of the droplet at times around t/t∗ = 14. Similar to case (b), in case (c), at times around t/t∗ = 1

there is an overshoot in deformation of the droplet. By observing the existence of overshoot in deformation

of the droplets, in cases (b) and (c) and its absence in case (a), one can conclude that the highly viscoelastic

nature of the droplet can cause the droplet to retract after an initially larger deformation, and undertake

overshoots in its deformation. On the other hand, by observing a more uniform deformation of the droplet

in cases (a) and (c), one can conclude that the viscoelastic nature of the matrix results in a more smooth

deformation of the droplet over time.
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Figure 15: Startup variation of Top: Taylor Deformation Parameter (D) and Bottom: Lp/2r and W/2r

parameters Vs. t/t∗ for cases (a), (b) and (c) of droplet deformation in shear flow.
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Figure 16: Left: droplets shape along with the flow streamlines with vorticity magnitude contours, Right:

droplets shape along with pressure contours. Images correspond to the cases, Top: case (a) extracted at

t/t∗=20, Middle: case (b) extracted at t/t∗=10, and Bottom: case (c) extracted at t/t∗=20.

Figure 16 illustrates the droplets shape along with the flow streamlines with vorticity magnitude and

pressure contours for the cases (a), (b) and (c) at the end of the solution process. According to this figure,

The viscoelastic matrix causes that the Newtonian droplet to loose its elliptical shape. Droplet inclination

angel of case (b) is notably higher than the other two cases, which is in agreement with its lower Taylor

deformation parameter. In the solution process of all of these cases, no numerical difficulties were witnessed.

A grid convergence analysis is performed for the case (c), viscoelastic droplet with Deborah number of 7.5

suspended in a viscoelastic matrix with Deborah number of 5.0. Four different grid sizes of h=d/25, d/30,

d/35 and d/40 are selected to discretize the aforementioned domain. For each case, the numerical simulation

was done until t/t∗ = 20. The variation of Taylor deformation parameter (D) of the solution with the finest

grid (h=d/40) is selected as the reference data and the results of other simulations are compared with it.

For each case, the error related to the Taylor deformation parameter (D) at each timestep is calculated.
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Figure 17: First norm of the error in calculation of Taylor deformation parameter (D) during the solution

process of the case (c) inside of the domains with grid sizes of h = d/25, d/30 and d/35 compared with the

reference values of solution in a domain with grid size of h = d/40.

Accumulated value of these errors are calculated as the first norm of the error using L1 =
∑
i |ei|, where

ei is the difference between Taylor deformation parameter of the simulation and its corresponding value in

reference solution at i-th iteration. Figure 17 presents the values of L1 as a function of the grid size. As can

be seen, the solution process illustrates an order of convergence of 1.88 in space.

We perform a series of numerical simulations to examine the parallel scalability of our numerical ap-

proaches and computer code by solving the test case (c) of this section, i.e. viscoelastic droplet with

Deborah number of 7.5 suspended in a viscoelastic matrix with Deborah number of 5.0. The discretized do-

main is the same as before, but with a more fine grid size of h = r/35, leading to a total number of 21.4×106

grid cells. These test cases were solved on the supercomputer MareNostrum IV based in Barcelona, Spain

by using 528, 1056, 2112, 3160 and 4224 processors. The computer time in the solution of one-iteration

of the global algorithm for all these cases is extracted, and time in solution with 528 processors is used as

a reference value (Tref ). Figure 18 (left) presents the normalized computer time (Tcomp/Tref ) for solution

with different number of processors, and figure 18 (right) presents the strong speed-up (SSU) (Tref/Tcomp)

graph.
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Figure 18: Parallel scalability of the numerical methodology and computer code of current paper. Left:

normalized computing time (Tcomp/Tref ) of one-iteration of global algorithm described in section 3.6, right:

strong speed-up, linear (dash-line) and current study (circular-symbols).

5. Conclusion

A finite-volume conservative level-set based method was introduced in order to solve non-Newtonian mul-

tiphase flow problems. The main challenges in this area including tracking of interfaces, mass conservation

of the phases, small timestep problems encountered by non-Newtonian fluids, numerical instabilities regard-

ing the high Weissenberg number problem (HWNP), instabilities encouraged by low solvent to polymer

viscosity ratio in viscoelastic fluids (LVRP) and instabilities encountered by surface tensions were addressed

and proper numerical treatments were provided in the proposed method. For small timestep problem, spe-

cially in shear-thinning and shear-thickening fluids where the unexpected increase in kinematic viscosity can

dramatically decrease the timestep of the simulation, our proposed discretization method successfully elim-

inated the timestep restrictions encountered by viscosity. The proposed cut-off approach was investigated

for different viscoelastic combinations of droplet/matrix. Using this approach enables us to substitute the

SAM method with LCR formulation, resulting in elimination of HWNP for multiphase fluids. The proposed

discretization of predictor step of momentum equation eliminated the LVRP for a challenging case with

β = 0.0014. The conservative formulation of the level-set function preserves the mass of the droplet during

the whole simulation.

Different test cases with different rheological properties were solved in order to validate the accuracy of
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the method. The fluid of a Poiseuille flow was solved for rheologies of shear-thinning, shear-thickening and

viscoelastic fluids and the results were compared with analytical exact solutions. For viscoelastic droplet, a

test case of impacting droplet problem was selected and the results were compared with the available data

in literature. A three-dimensional sudden contraction/expansion test case was solved and the results were

compared with the experimental figures. For viscoelastic matrix, a three-dimensional shear deformation

problem was solved for a wide range of Deborah parameters. The extracted results were compared with

analytical, experimental and numerical predictions. In all these cases, good agreement was seen between

the results extracted in the current study, and the benchmark data available in the literature. In addition

to validation cases, three challenging high Wissembourg number test cases were solved and the results were

discussed.
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Appendix A. Derivation of formulation of Log-conformation representation method

We can consider the formulation for the eigendecomposition of the positive-definite tensor of c in three-

dimensional space as c = RΛRT with R as the orthogonal matrix containing the eigenvectors of c and Λ

as a diagonal matrix containing the corresponding eigenvalues. By substituting the c = RΛRT in equation
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8 and defining L := ∇v, we will have:

DR

Dt
ΛRT + R

DΛ

Dt
RT + RΛ

DRT

Dt
= RΛRTL + LTRΛRT − 1

λ1
fr(RΛRT ) (A.1)

Multiplying RT and R into this equation from left and right, respectively, will result in:

RT

[
DR

Dt
ΛRT + R

DΛ

Dt
RT + RΛ

DRT

Dt

]
R = RT

[
RΛRTL + LTRΛRT − 1

λ1
fr(RΛRT )

]
R (A.2)

Defining the skew-symmetric matrix of Ω̃ := RT DR
Dt and matrix of L̃ := RTLR and substituting them in

A.2, will result in:

Ω̃Λ + ΛΩ̃
T

+
DΛ

Dt
= ΛL̃ + L̃

T
Λ− 1

λ1
RT fr(RΛRT )R (A.3)

In this equation, the first two terms in the left hand side (Ω̃Λ + ΛΩ̃
T
) are skew-symmetric and while

DΛ
Dt is a diagonal matrix. As a result, the off-diagonal elements of the resultant matrix of right hand side of

equation A.3 will be equal to Ω̃Λ+ΛΩ̃
T
and diagonal elements of it will be equal to DΛ

Dt . From this notion,

the values of Ω̃ and DΛ
Dt will be obtained as:

(
DΛ

Dt

)
ii

= 2ΛiiL̃ii −
1

λ1

(
RT fr(RΛRT )R

)
ii
, for i ∈ {1, 2, 3} (A.4)

Ω̃ij =
ΛiiL̃ij + L̃jiΛjj − 1

λ1

(
RT fr(RΛRT )R

)
ij

Λjj − Λii
, for i 6= j (A.5)

As mentioned before, the log-conformation representation method uses a change of variable in the con-

stitutive model in term of the matrix-logarithm of the conformation tensor as below:

Ψ = Ln c = RLnΛRT (A.6)
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Keeping in mind the definition of Ω̃ := RT DR
Dt , and applying the material derivative operator to left and

right hand sides of above equation, we will have:

DΨ

Dt
= R

[(
Ω̃LnΛ + LnΛ Ω̃

T
)

+
DΛ

Dt
Λ−1

]
RT (A.7)

Since DΛ
Dt Λ−1 is a diagonal matrix, and (Ω̃LnΛ + LnΛ Ω̃

T
) is a skew-symmetric matrix, with the help

of equations A.4 and A.5, their values could be extracted as:

(
DΛ

Dt
Λ−1

)
ii

= 2L̃ii −
1

λ1Λii

(
RT fr(RΛRT )R

)
ii
, for i ∈ {1, 2, 3} (A.8)

(
Ω̃LnΛ + LnΛ Ω̃

T
)
ij

=

Ω̃ij (LnΛjj − LnΛii) =ΛiiL̃ij + L̃jiΛjj − 1
λ1

(
RT fr(RΛRT )R

)
ij

Λjj − Λii

 (LnΛjj − LnΛii) ,for i 6= j (A.9)

For the sake of clarity, we define some extra variables as below:

G̃ = RT fr(RΛRT )R G = RG̃R
T

L̃ = RT LR L = ∇v

B̃ = Diagonal matrix of(L̃) B = RB̃R
T

Using these variables, and definitions of equations A.8 and A.8, and taking into account that Λ−1 =

RT e−Ψ R, the equation A.7 could be written as:

DΨ

Dt
= ΩΨ−ΨΩ + 2B − 1

λ1
Ge−Ψ (A.10)
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This tensorial equation is discretized in time using a first order Euler scheme as:

Ψn = Ψn−1 + ∆t

[
−v · ∇Ψ + ΩΨ−ΨΩ + 2B − 1

λ1
Ge−Ψ

]n−1

(A.11)

By having the new values of Ψ, the new value of conformation tensor c can be recovered by matrix-

exponential operator of Ψ as:

c = eΨ (A.12)

It is important to note that matrix-logarithm and matrix-exponential operators used in this section are

tensor operators where the logarithm and the exponents are applied to the eigenvalues of the tensor.

Appendix B. Singularities of non-Viscoelastic regions: A droplet in shear test case

A two-dimensional test case of a viscoelastic/Newtonian droplet suspended in a Newtonian/viscoelastic

matrix, all imposed to a simple shear flow is being solved using two different approaches of SAM and cut-off

as described in section 3.3. This test case is being solved to make sure of the accuracy of applying a cut-

off parameter to the relaxation time at the interface of viscoelastic/Newtonian interfaces for dealing with

singularities of constitutive equation in Newtonian regions. The simulations of this section are similar to

the cases of section 4.4. The results extracted with both SAM and cut-off approaches are compared with

the benchmark results of Chinyoka et al. [72]. Computations have been performed using both structured

and unstructured meshes with the edge size of h. All the simulations details are the same as described in

section 4.4, except that here a 2D domain is used in discretization. In all these simulations the value of β

is equal to 0.5 meaning equal shares of polymeric and solvent parts in viscoelastic fluid.

We perform four cases of dNmN, dVmN, dNmV, dVmV, in which d and m stand for droplet and matrix,

and N and V stand for Newtonian and Viscoelastic, respectively. With this explanation, for example the

phrase dVmN stands for a viscoelastic droplet suspended in Newtonian matrix.
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Table B.6: Taylor deformation parameter (D) and inclination angle of the droplet (θ) for cases with different

rheological properties solved with two approaches of (a) SAM and (b) cut-off, compared with the reference

(ref) results of Chinyoka et al. [72].

Case Da θa Db θb Dref θref
dNmN 0.76 14.1 0.76 14.0 0.77 14.8
dVmN 0.71 15.2 0.71 15.3 0.72 15.7
dNmV 0.60 13.5 0.60 13.6 0.60 14.7
dVmV 0.55 14.4 0.55 14.5 0.55 15.8

Figure B.19: Taylor deformation parameter (D) vs. time for cases with different rheologies properties all

with Capillary number of 0.6, Reynolds number of 0.3, Deborah number of 0.4 and retardation ratio of 0.5.

The colors black, blue, green, and red present the results for cases of dNmN, dVmN, dVmV and dNmV,

respectively. The line results are related to the solution of the problem with cut-off approach, the square

symbols are related to the solution of the problem with the SAM approach, and the circle symbols are

related to the reference results of Chinyoka et al. [72]. The droplet shapes at steady-state are provided as

well. In theses figures bold lines are reference figures of Chinyoka et al. [72] and points are results extracted

in current study solved using cut-off approach.
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Figure C.20: Y(U) graph in the vertical centerlines of lid-driven cavity test case, with Re=100, for a

viscoelastic fluid with viscosity ratio of β = 0.0014 and Weissenberg number equal to 0.75. For this test

case, the predictor step of momentum equation is discretized using the Semi-Implicit form as eq. 22
.

In all of these cases, Capillary number of 0.6, Reynolds number of 0.3 and Deborah number of 0.4 are

used. The simulations were run until t=10γ̇. Figure B.19 presents the time variation of Taylor deformation

parameter for solutions done in the current study using different approaches of SAM and cut-off, compared

with the finite-difference/volume-of-fluid results of [72]. The steady-state droplet shape for the case solved

in the current study using cut-off approach compared with the reference shapes of [72] are provided in this

figure as well. The quantitative values of these cases are provided in table B.6. According to these data, the

cut-off approach provides results almost identical to the SAM approach. Both approaches are having good

agreement with the reference data of [72].

Appendix C. Studying ability of different approaches on solving LVRP

The selected test case is a two-dimensional lid-driven cavity problem, with geometrical characteristics

and boundary conditions identical to the viscoelastic test case solved in section Appendix D. The Reynolds

number is equal to 100, the value of viscosity ratio is β = 0.0014 and Weissenberg number is equal to 0.75.
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Different discretizations of predictor step of momentum equation in the context of fractional-step pro-

jection method are being tested which are presented in table C.7. In this table, in the BSD discretization

method, the term Dhk(v) is equal to ∇h.(µk/µsτs) with µk recommended to be equal to µp.

Table C.7: Different discretizations of predictor step of momentum equation used to study the LVRP.

method discretization

Forward Euler ρv∗−ρnvn

∆t = Ch(ρvn) + Dhs(vn) + Dh
n
p (vn−1)

Backward Euler ρv∗−ρnvn

∆t = Ch(ρv∗) + Dhs(v∗) + Dh
∗
p(vn)

2nd order Adams-Bashforth ρv∗−ρnvn
∆t = 3

2

(
Ch(ρvn) + Dhs(vn) + Dh

n
p (vn−1)

)
-

1
2

(
Ch(ρvn−1) + Dhs(vn−1) + Dh

n−1
p (vn−2)

)
BSD ρv∗−ρnvn

∆t = Ch(ρv∗) + Dhs(v∗) + Dhp(vn) + Dhk(v∗)−Dhk(vn)

Semi-Implicit form as eq. 22 ρv∗−ρnvn

∆t = 3
2 (Rvh)n − 1

2 (Rvh)n−1 + 1
2 (Dhs(v∗) + Dhs(vn))−∇hpn

The mentioned test case of two-dimensional lid-driven cavity with the predictor step of momentum

equation being discretized according to the methods of table C.7 was solved for a long enough time of

t′ = 10 with t′ = t(U/D). An uniform structured square mesh with the edge size of h = L/100 was used

in all the cases. Among all these methods tested, only the last method (Semi-Implicit form as eq. 22)

was able to provide a stable solution for the aforementioned problem. The solution of methods of Forward

Euler and 2nd order Adams-Bashforth had an unbearably small timestep (around 5 orders of magnitude

smaller than the other methods). With this small timestep, the solution process took a very long time to

advance, however, for both of these methods the solution diverged for t′ ≈ 1.2. Backward Euler method

didn’t suffer from the significantly small timesteps as the two previous methods, however it failed to provide

a solution and diverged at t′ ≈ 3. BSD method could benefit from timesteps as big as dt′ = 10−3. However

this method also ended-up in diverging the solution process at t′ ≈ 4.2. Semi-Implicit form as eq. 22 was able

to provide a stable solution using a constant timestep of dt′ = 10−3. The solution was successfully finished

by the time t′ = 10. Figure C.20 illustrates the Y(U) graph in the vertical centerlines of the geometry at

time t′ = 10 for this solution.
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Figure D.21: Structured and Unstructured mesh configurations used in simulation of lid-driven cavity test

case.

Appendix D. Additional tests: Lid-Driven Cavity

In this section, the results regarding the flow in classical two-dimensional lid-driven cavity test case will

be presented. The lid-driven cavity problem has long been used as a validation case for new codes or new

solution methods. This problem is of particular interest for testing for several reasons. There are many data

available extracted from different experimental studies and numerical methods. The laminar solution of the

flow is steady. Also, the geometry of problem is simple and two-dimensional, boundary conditions are simple

and easy to implement. Numerical tests of this section are carried out on a benchmark problem studied in

Carmona et al. [91], for GNFs and two different benchmark results of Chen et al. [62] and Yapici et al. [92]

for viscoelastic fluids. The test case is a 2-D lid-driven cavity with aspect ratio of 1, characteristic length of

L and characteristic velocity of U = 1. The top boundary of the cavity is moving with a velocity of u(x,t)

while no-slip boundary condition is applied on other walls. Two different mesh types of structured and

unstructured with a grid size of h = L/100 are used to discretize the solution domain as illustrated in figure

D.21. The simulations are done for a long enough time to make sure that convergence to the steady-state

has been reached. Three different sets of simulations are done for rheologies of viscoelastic, shear-thinning

and shear-thickening fluids:

• For the case with viscoelastic fluid, Oldroyd-B constitutive equation is used. Three different formu-
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Figure D.22: Left and middle: Y(U) and V(X) graphs in the vertical and horizontal centerlines, respectively,

for the lid-driven cavity problem, Case A compared with results of Yapici et al. [92].

Right: Y(U) graph in the vertical centerline of the lid-driven cavity problem, Case B compared with the

results of Chen et al. [62].

Figure D.23: Y(U) and V(X) graphs in the vertical and horizontal centerlines, respectively, for the lid-driven

cavity problem with shear-thinning and shear-thickening fluids. First row corresponds to Case C (n=0.25)

and second row corresponds to Case D (n=1.75). These graphs are compared with the results of Carmona

et al. [91]
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lations of Standard formulation, Log-Conformation Representation and semi analytical approaches of

constitutive equation are used to verify the accuracy of the solver for this problem. Non-dimensional pa-

rameters of Reynolds number and Weissenberg number are defined as Re = ρUL/µ0 andWi = λ1U/L,

respectively. In order to eliminate the singularities at the corners, the top wall moves with the space

and time-dependent velocity profile as below:

u(x, t) = 8[1 + tanh(8t− 4)]x2(1− x2) (D.1)

The lid velocity gradually increases until it reaches its maximum magnitude at the center of the lid.

In order to gain more confidence on the accuracy of the viscoelastic solver, two cases are selected and

solved with different parameters of Re, Wi, and β in both structured and unstructured domains as:

Case A: Re=100, Wi=0.7 and β=0.3

Case B: Re=0.10, Wi=0.5 and β=0.5

The results are obtained for these cases in domains with structured and unstructured grids are com-

pared with two different benchmarks of Chen et al. [62] and Yapici et al. [92], for cases A and B,

respectively. Figure D.22 left and middle, represents the Y(U) and V(X) graphs in the vertical and

horizontal centerlines of the domain, respectively. Figure D.22 right, however, represents Y(U) graph

in the vertical centerline of the domain. The results of this figure correspond to the solution of vis-

coelastic fluid employing the Standard Formulation approach. The results of solution of these cases

using LCR and SAM approaches are identical to the presented results. Hence, in order to avoid

redundancy, these results are not added.

• In order to validate the ability of solver in capturing the physics of shear-thinning and shear-thickening

fluids, simulations of generalized newtonian fluid represented with power-law model with two indices

of n=0.25 (as shear-thinning fluid) and n=1.75 (as shear-thickening fluid) are performed:

Case C: Re=100, n=0.25

50



Case D: Re=100, n=1.75

Top wall is moving with a constant velocity of u(x,t)=1. Reynolds number is defined as Re = ρUL/K

Figure D.23 represents the Y(U) and V(X) graphs in the vertical and horizontal centerlines of the do-

main extracted from solution in structured and unstructured grids, compared with results of Carmona

et al. [91].

In all the cases presented in this section, a very good agreement is seen between the results extracted in

this study, and the extracted data from literature.
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