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Abstract. Identifying the failure of materials and structures is still a challenging task
and there is no unique approach or model to tackle this problem. Complexities that arise
in failure modelling are numerous, starting from mesh dependency for softening to various
numerical difficulties and instabilities, tracking algorithms, multiple cracking with crack
interactions etc. Failure in the dynamic framework is even more challenging bringing
inertial effects, crack branching etc. In this paper, lattice model for dynamic failure is
presented. The final goal is to simulate crack initiation and propagation in 2D brittle
and quasi-brittle structures exposed to dynamic environment. The strength of the lattice
models is in their successful representation of failure mechanisms. The presented model is
based on a triangular lattice of Timoshenko beams which act as cohesive links between the
Voronoi cells used to compute beam cross sections. The embedded strong discontinuities
in axial and transversal beam directions serve for representation of failure mechanisms in
modes I and II, while mass and inertial effects are included into lattice network.

1 INTRODUCTION

Modeling of failure mechanisms and fracture are still challenging topics and are impor-
tant for many applications. The main difficulties arise from non-smooth solution character
and one needs to deal with discontinuities in displacement (or strain) fields [1]. Among
different approaches to tackle fracture and failure mechanisms, lattice element models
are a class of discrete models which have been widely used to simulate failure in terms
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of localized crack initiation or propagation [2]. Moreover, it is possible to account for
heterogeneities in material structure, multiple crack propagation, crack coalescence with
respect to heterogeneities. This is suitable for failure of heterogeneous materials, such as
rocks or concrete, but the approach can also be used to simulate the failure of structures
or solids. The main idea is to use spatial beam elements, which are geometrically built
using Delaunay triangulation inside the domain of interest. The Delaunay edges in tri-
angulation can be converted into lattice elements representing cohesive links between the
Voronoi cells which are dual to Delaunay triangulation (Figure 1.a). Such Voronoi cells
represent units of material in the domain, while lattice elements are here Timoshenko
beams. Each beam in domain has its own geometrical properties; namely cross section
is extracted from common area between the two neighboring Voronoi cells (Figure 1.b).
In order to represent failure of single cohesive link between the Voronoi cells, we enhance
the Timoshenko beams with embedded strong discontinuities, which provide jump in the
displacement fields [1]. Introduction of embedded strong discontinuity into beams ax-
ial direction is related to mode I opening, while mode II is related to discontinuity in
transversal direction. Such model for quasi-static crack propagation is given in [3, 4, 5].
The focus in this work is to enhance the existing formulation and to give the framework
for dynamic crack propagation. Notable papers which deal with dynamic crack propaga-
tion where displacement fields are enriched to provide non-smooth discontinuous solutions
with XFEM (Extended Finite Element Method) are [6, 7], or with embedded strong dis-
continuities in solid elements [8]. Lattice model with Reissner’s beams as lattice elements
for dynamic crack propagation is given in [9]. The outline is as follows. Section 2 explains
the numerical model for crack propagation in dynamic environment. Section 3 provides
representative numerical simulation. Conclusions are given at the end of paper.
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Figure 1: (a) Structure of discrete lattice model with Voronoi cells as units of heteroge-
neous material and cohesive links between them (b) two neighbouring Voronoi cells
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2 NUMERICAL MODEL

As already indicated above, model is assembled from Voronoi cells which are kept
together by Timoshenko beams as cohesive links. Failure of Timoshenko beams occur
when certain threshold is reached. Furthermore, plasticity softening regime is triggered
together with activation of embedded discontinuities in axial and transversal direction of
beams. The strains for standard Timoshenko beams of length le and cross section A are

εεε(x) =




ε(x) = du
dx

γ(x) = dv
dx

− θ
κ(x) = dθ

dx


 (1)

Standard kinematics is enhanced with additional degrees of freedom in the element interior
multiplied by Dirac function. Thus, enhanced beam element with standard and additional
degrees of freedom is constructed (Figure 2.) The non-regular strain field can be written

εεε(x) = εεε(x) +αααδxc =




ε(x)
γ(x)
κ(x)


+




αu

αv

0


 δxc (2)

Finite element interpolation for beam element with interpolation functions {N1(x) =
1 − x

le
, N2(x) =

x
le
} and their derivatives {Bd

1(x) = − 1
le
, Bd

2(x) =
1
le
} produces enhanced

strain field which can be written in matrix form

εεε = Bd+Gααα, (3)

where B is a strain displacement matrix and matrix G contains interpolation function G
for discontinuity (Figure 2).
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Figure 2: Enhanced Timoshenko beam element with standard and additional degrees of
freedom. M and G are interpolation functions for discontinuity

Such enhancement of strain field produces the localized failure of cohesive links between
Voronoi cells (Figure 3.) Virtual strain field can be written with the same interpolations

3

570



Mijo Nikolic, Jakov Cesic, Adnan Ibrahimbegovic and Zeljana Nikolic

displacement
jump 

Figure 3: Localized failure of cohesive links when threshold is reached and discontinuity
is activated

as the real strain field resulting with enhanced virtual work with Gint as internal work

Gint =

∫

le

(Bδd)Tσσσdx+

∫

le

δαααT (G+ δxc)σσσdx.

︸ ︷︷ ︸
h(e)=0

(4)

Standard internal force vector and the local residual vector due to discontinuity are ob-
tained from enhanced virtual work

Fint =
∫ le
0
Bd,Tσσσdx

h(e) =
∫ le
0
(G+ δxc)σσσdx.

(5)

Vector of internal forces can be obtained through the regular part of the enhanced local
function

t = −
∫ le

0

Gσσσdx, t = (tu, tv, 0)
T (6)

Softening plasticity law is implemented in computation of traction forces, while the inter-
nal variables are obtained with local return mapping algorithm for softening. Reader is
referred to [1, 2, 3, 4] for more details. Linearization of enhanced virtual work and local
character of embedded discontinuities allow to perform static condensation of stiffness
matrix resulting with single element contribution to the FE assembly

Anel
e=1

(
K̂

(e),(i)
n+1 ∆d

(e),(i)
n+1

)
= Anel

e=1

(
Fext,(e) − Fint,(e),(i−1)

)
(7)

where K̂
(e),(i)
n+1 is statically condensed stiffness matrix.
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The extension of quasi-static system from above (7) towards dynamic regime can be
achieved taking into consideration that local problem with embedded strong discontinu-
ities is not directly affected by dynamic effects [8]. Thus, standard finite element procedure
for dynamic case results with typical inertial terms based on a global mass matrix

Mna
(i)
n+1 +Kn∆d(i) = F ext

n+1 − F
(i−1)
n+1 (8)

where M is a global mass matrix, K global stiffness matrix assembled from statically
condensed local matrices due to embedded discontinuities, n and i denote time step and
iteration respectively. The velocity-dependent damping is not considered presently. Di-
rect time integration procedure is applied here for the analysis of presented nonlinear
dynamic problem, with trapezoidal rule, or yet called the average acceleration method.
By applying the trapezoidal rule (e.g. [10]) to the equations of motion, we obtain second
order approximation to evolution equations for displacement d and velocity v, which can
be written:

ḋ(t) = v(t) =⇒ dn+1 − dn = h
2
(vn + vn+1)

v̇(t) = a(t) =⇒ vn+1 − vn = h
2
(an + an+1)

(9)

Rewriting the result in (9)1 we can obtain the corresponding approximation for the velocity
vector in terms of displacement increment:

vn+1 = −vn +
2

h
(dn+1 − dn) (10)

Acceleration vector at time tn+1 can then be obtained similarly from (9)2 using the same
kind of approximation

an+1 = −an −
4

h
vn +

4

h2
(dn+1 − dn) (11)

Both of these approximations are implicit in the sense that they depend upon the dis-
placement value at time tn+1. If we implement Newton iterative algorithm, we can rewrite
equations from (10) and (11) in sense of iterations

v
(i)
n+1 = −vn +

2
h
(d

(i−1)
n+1 +∆d(i) − dn)

a
(i)
n+1 = −an − 4

h
vn +

4
h2 (d

(i−1)
n+1 +∆d(i) − dn)

(12)

We have to solve at each iteration the consistently linearized form of the system, which
can be written as

[
4

h2
M +Kn]d

(i)
n+1 = F ext

n+1 − F
(i−1)
n+1 −M [−an −

4

h
vn +

4

h2
(d

(i−1)
n+1 − dn)]

︸ ︷︷ ︸
a
(i−1)
n+1

(13)
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History 2

Figure 4: Uniaxial tension test and final failure pattern. Increasing softening elements at
the end of simulation are red coloured

3 NUMERICAL SIMULATION

We consider here the uniaxial tension test of specimen from Figure 4. It is a het-
erogeneous specimen constructed from two phase elements with equal volume fraction
randomly distributed throughout the domain, where one phase is strong and the other
is weak [3]. The dimensions of the specimen are 10x10 cm, with moduli of elasticity
being 7000kN/cm2 and 1000kN/cm2 for strong and weak phase elements and Poisson
ratio 0.2. Weak phase elements are allowed to break, trigering the softening behaviour,
with failure threshold for tension failure (mode I) being 0.2kN/cm2 and for shear failure
(mode II) 0.13kN/cm2. Fracture energies for softening behaviour for weak elements are
0.0001kN/cm for tension failure case and 0.0005kN/cm for shear failure case. The test is
conducted with imposed displacement on the upper side of the specimen, while the sum
of all reactions is monitored and plotted (Figure 5) providing the macroscopic response
of the specimen. Three tests are performed, including quasi-static case and two dynamic
cases with differently imposed displacement rates.

It can be noted that specimen is completely broken with macro crack which propagated
through the specimen (Figure 5), while in dynamic regime macroscopic curves oscillate
around static response due to inertial effects. It is also observed that global softening is
triggered in the time step when macro-crack found its way throughout complete specimen
(Figure 4).

4 CONCLUSIONS

Lattice element model for localized failure of heterogeneous materials and structures
is presented, with its extension towards dynamic regime. The main advantage of the
approach is that inertial effects can be considered without changing formulation for stat-

6

573



Mijo Nikolic, Jakov Cesic, Adnan Ibrahimbegovic and Zeljana Nikolic

0 1 2 3 4 5 6

x 10
−3

0

5

10

15

20

25

displacement (cm)

re
a
c
ti
o
n
 (

k
N

)

 

 

dynamic 1

dynamic 2

quasi−static

Figure 5: Macroscopic response in uniaxial tension test. Static response versus dynamic1
and dynamic2 (imposed displacement rate is two times higher for dynamic1 than for
dynamic2 load )

ically condensed stiffness matrix which arises due to local discontinuous enhancements.
Representative numerical simulation is performed comparing the results for static and
dynamic analysis.
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