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1. Introduction

The last decades have been marked by a growing concern over inequality and its effects, much of
which is due to the huge economic, societal and environmental consequences of inequality
becoming more and more apparent over time.

As with many social issues, the first challenge often lies in developing appropriate measurement
tools to understand the problem before it can be addressed adequately. Over the past century,
academic research has given rise to a large amount of literature dealing with the evaluation of
inequality and with the properties that should characterise an inequality measure in order to obtain
a measurement that accurately reflects the real situation. Inequality is sometimes examined by
performing dynamic comparisons. In these cases, conclusions are drawn by comparing the
distributions for different populations of the attribute under study and evaluating which one is
more unequal. In the literature, this has been done on the basis of majorisation and dominance
criteria. However, most of the time, dominance relationships offer only partial orderings of
attributes. A way to obtain complete rankings of distributions is through the quantitative
evaluation of inequality based on indexes. These measures are empirical tools that are applied to
data sets of the attribute under study. This is identified as the cardinal approach and is the main
focus of the present paper.

In the analysis of inequality, results rely heavily on the choice of a measurement methodology.
There exists a wide variety of methods and approaches to measuring inequality and, very often,
different methodologies do not lead to the same rankings. This indicates that one of the crucial
steps in the analysis of inequality is the choice of a measure that is appropriate for the context in
which inequality is being evaluated. To the best of the authors’ knowledge, there exists no
research on the development of a systematic framework for the selection of an adequate inequality
measure depending on the context. It is clear that such a framework needs to be preceded by a
comprehensive review of the different methods developed so far, focusing specifically on the
advantages and drawbacks of each. For this purpose, the review can build upon existing seminal
reviews on inequality measurement that have contributed to a better knowledge of the
characteristics and conceptual implications of inequality indexes (Silber 1999, Cowell 2009 and
Hao and Naiman 2010). However, in order to be able to build a framework, the review preceding
it must also be carried out systematically focusing on key characteristics of each measure that will
define its interrelationships in the framework.

Having said this, the main objective of this paper is to provide a framework with practical
guidelines for researchers and practitioners to facilitate the task of choosing the most appropriate
inequality measure for their specific needs. The framework considers seven main characteristics
of the measures: their properties derived from axioms and the value judgements attached to them,
the existence of an index’s upper bound, its graphical interpretability, the comparative standard
used, if it considers socioeconomic groups, whether it is absolute or relative and the possible
sensitivity of the measure to certain parameters. Additionally, the framework accounts also for
factors that are external to the index itself, such as the quantity and quality of available data. Even
though a realistic evaluation of inequality would often require that different dimensions of
inequality such as health and education also be taken into consideration, this paper focuses on
unidimensional inequality as a first step towards a unified decision framework.



With this in mind, 204 scientific publications dealing with inequality measurement issues were
selected. The results of the review were used to derive several conclusions concerning the current
state of indexes of inequality and an empirical application was performed to provide a better
understanding of the strengths and weaknesses of all the inequality measures. In the end, these
outcomes were used to develop a framework to support the choice of an appropriate inequality
measure.

The paper is organised as follows. Section 2 describes the research method. Since the outcomes
of the review are essential for a proper understanding of the developed framework, these are
presented in Section 3. In section 4 a numerical application of the reviewed methods using world-
level data is presented. Section 5 describes the strengths and weaknesses of all the methods and
proposes a decision framework for the choice of an appropriate index. Section 6 concludes.

2. Research method
2.1. Review method and development of the framework

For the development of the unified framework to support the choice of an adequate inequality
index, a review of publications was first performed. The review followed a systematic process
conducted through databases searches on inequality measurement. The studies of interest were
published works focusing on inequality measurement, either completely or partially. The
keywords used for the search were inequality, unidimensional inequality and related. The relevant
publications identified at the third step were chosen according to the following criteria: (i)
published before 2010 and with at least 10 citations; (ii) published between 2010 and 2012 and
with at least 5 citations; (iii) published after 2012. Then, the titles and abstracts of the returned
publications were examined in order to do a first judgement of the interest of the publication in
question and to exclude duplicated publications. From these, the content was checked and those
that were of interest for the review were included. Besides, the reference lists of the papers were
screened in order to detect possible includable publications.

In total, in the end, 204 publications were reviewed, of which 70% were published before 2010,
9% between 2010 and 2012 and the remaining 21% after 2012 (see Fig. 1, where the publications
have been plotted against their year of publication).
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Based on a further in-depth review, the publications were grouped based on the characteristics of
the approach that they took to the measurement of inequality. In the end, they were classified
depending on the nature of the data (qualitative or quantitative) and on whether they measured or
not inequality between socioeconomic groups. The classification made of the publications and
the results from the literature review allowed, in the end, to build the unified framework.

2.2. Empirical application



Gross National Income (GNI) per capita has been used as an indicator of material wellbeing
(Herrero et al. 2008) in the empirical application. The development of a new conceptual inequality
framework is not the subject of this paper’s discussion; therefore, from the start, it has been
assumed that the economic dimension concerning inequality is the one included in the Human
Development Index (HDI). For the comparison of inequality between groups, UN’s country
classification by geographic regions has been used (UN 1999). For the analysis of inequality
between groups with a natural ordering, the indicator “mean years of schooling” has been used.
For all these indicators, the core data source is the data from the United Nations Development
Programme’s 2016 Human Development Report (HDR).

3. Narrative literature review

Traditionally, the analysis of inequality has been classified into dominance and cardinal
approaches. In the former, the distributions of the variable studied are compared in order to be
able to rank them. Many efforts have been devoted to proposing conditions under which two
distributions can be ranked. However, these techniques are very rarely put into practice. This is
mainly because when distributions intersect, comparisons are seldom conclusive and therefore
further restrictions need to be set. Additionally, even when distributions can be ordered, it is not
possible to quantify by how much a distribution is more unequal than another one. This makes it
difficult to monitor the progress in terms of inequality and yields less interpretable results.

In the cardinal approach, inequality is measured numerically by using indexes obtained from
specific functions. Consequently, the cardinal approach has generally been preferred even though
it involves the assumption of more restrictive conditions on the functional form of the index.

The present paper focuses on cardinal approaches to the measurement of inequality. There is a
vast amount of literature on methodologies that take this approach. All the measures carry with
them certain value judgements, but these judgments are not always explicitly attached to the
measure (Decancq et al. 2009). Three main procedures have been followed for the development
of this kind of measures.

First of all, some authors have proposed a collection of basic requirements that should characterise
inequality measures and have then developed an inequality index that satisfied these properties.
These are continuity, anonymity, symmetry axiom for population, scale invariance, principle of
population, Pigou-Dalton principle and decomposability (Dalton 1920, Bourguignon 1979,
Cowell 1980, Shorrocks 1980, 1982, 1984, Cowell and Kuga 1981, Toyoda 1980, Foster and
Shneyerov 1999, 2000, Paul 2004, Ebert 2010, Hao and Naiman 2010, and Erreygers 2017).

Secondly, some authors have given a normative basis to inequality indexes by making explicit
the value judgements attached to the index through functions. These functions are commonly
referred to as social welfare functions (Sen 1997, Francois and Rojas-Romagosa 2011).

Thirdly, there are authors that have adopted measures that were developed in other fields, such as
statistics, to carry out quantitative analyses of inequality.

Because in some cases the indicators used to measure inequality are qualitative instead of
quantitative, there are measures specifically designed for this type of data. Consequently,
knowing whether the data analysed is quantitative or qualitative is fundamental for the choice of
an index. In this paper, the measures are reviewed separately for each type of data.

3.1. Quantitative data
In the literature, it is possible to distinguish measures developed for the analysis of inequality
between individuals or between socioeconomic groups. Different types of socioeconomic

groupings are possible, such as gender, race, income or education. Some of these groups, such as
income and education levels, have an inherent ordering. This allows ranking individuals by their



socioeconomic position. Certain indexes of inequality allow considering these implicit rankings
and they can’t be used if there is no natural ordering of the socioeconomic groups.

In this section the measures are described by classifying them according to whether they allow
reflecting or not socioeconomic groups in society and, in the second case, whether these groups
have natural orderings or not.

A summary of the properties of each of the measures presented in this section and their respective
mathematical expressions can be found in Table 1. The proofs of the properties can be found in
the references.

a) Measures not reflecting socioeconomic groups

A first group of measures that fall into this category are mainly measures of dispersion, among
which the range is the simplest one. A more commonly used index of variability is the variance,
which measures the dispersion of a distribution around the mean. Derived from this measure is
the coefficient of variance, which has been frequently used in the field of epidemiology (Wing et
al. 1990, Géchter and Theurl 2011). Other authors have preferred the use of mean deviations
instead of standard deviations. This includes measures such as the relative mean deviation and
the mean log deviation (Mehran 1976, Cowell 1988, Harper and Lynch 2005, Démurger et al.
20006). Alternative dispersion statistics that have less frequently been used are the mean absolute
difference, the median absolute difference, the mean pair difference and the interquartile range
(Kalmijn and Veenhoven 2005, Tavits and Potter 2014, Weiss et al. 2018).

Apart from measures of dispersion, some authors have used measures of central tendency. For
example, Boyce et al. 2016 used the median of different distributions and then calculated an
environmental inequality index by obtaining their ratio.

All these measures lack robustness and are easily affected by outliers. Exceptions to this are the
interquartile range and the median absolute difference, which are unaffected by a small number
of outliers. Another drawback of some of the above-mentioned measures is their dependence on
the attribute’s magnitude. This is why some authors have preferred using methods yielding
dimensionless indexes. This can be done, for instance, by dividing the measures by their mean.
Additionally, in cases in which the distribution is heavily right-skewed, the above-mentioned
measures might give more weight to the bottom part of the distribution. In order to tackle this, it
can be useful to measure inequality using either the logarithmic variance or the variance of
logarithms (Creedy 1977, Foster and Ok 1999, Hao and Naiman 2010). According to Hao and
Naiman 2010, statistically talking it is more natural to use the latter, which is obtained as the
logarithmic variance but using the geometric mean instead of the arithmetic one.

The two main merits of this type of measures are their simplicity, both of calculation and of
interpretation. Nevertheless, they have traditionally lacked as much popularity as alternative
indexes such as the ones described in the following sections. This lack of popularity has been
more obvious among economists, who have frequently used more complex measures like the Gini
index. In other fields, however, statistical measures of dispersion have been applied more often;
examples of this can be found in Mehran 1976, Wing et al. 1990, Lahelma and Valkonen 1990,
Gichter and Theurl 2011.

After statistical measures, quantile functions constitute the most basic inequality measures. These
functions are based on the measurement of contrasts between quantiles. They are often used
because of their simplicity, directness and easiness to be understood and interpreted; moreover,
the data amount and computation effort needed are low. However, the information they provide
is scarce in comparison with other more complex inequality measurement techniques. Besides,
they neglect information about the part of the distribution that is in between the considered
percentiles and about the distribution of the measures within the top and bottom percentiles. They



are also highly sensitive to extreme values and outliers. Some commonly used quantile functions
are the decile ratio and the Palma ratio. The former is the ratio between the top 10% and the
bottom 10%, whereas the latter is the ratio of the top 10% to the bottom 40% (Palma 2006, 2014,
Cobham and Sumner 2013, Cobham et al. 2015).

A desirable characteristic of inequality measures is the existence of a graphical analogy with the
index. This can enhance interpretability and help communicate results to non-experts. However,
none of the groups of measures described above can be easily described graphically. This is one
of the reasons why the Lorenz curve has become popular in analyses of inequality (Lorenz 1905).
It is a graphical representation of a quantile function. In this representation, the cumulated
percents of the population from poorest to richest are plotted along one axis while the total wealth
held by these percents of the population is plotted along the other one.

Many indices have been proposed based on the Lorenz curve: the Gini coefficient, the Pietra
index, the Amato index, Eliazar’s sociogeometric approaches and the Kolkata index. Among
these, the Gini coefficient (1912) is the one that has gained more popularity. It analyses the size
distribution of income and wealth by measuring the area between the Lorenz curve and the line
of perfect equality. The index lies between O (total equality) and 1 (total inequality).

Despite the fact that the Lorenz curve and the Gini coefficient were derived as methodologies
within economics, their use has extended to other fields such as epidemiology (Wagstaff et al.
1991, Le Grand and Rabin 1986, Preston et al. 1981, Le Grand 1989, Leclerc et al. 1990,
Erreygers 2009a, Kobayashi et al. 2015) or environment and ecology (Ruitenbeek 1996,
Fernandez-Tschieder and Binkley 2018, Seidl et al. 2018, Druckman and Jackson 2008).

Generalisations of the coefficient which allow for differing aversions to inequality have also been
developed. This has been done the application of weight functions to the area under the Lorenz
curve (Kakwani 1980, Donaldson and Weymark 1980, Weymark 1981, Yitzhaki 1983). Also, to
consider sensitivities to different transfers, Chakravarty 1988 proposed the E-Gini, an extension
of the original coefficient obtained by scaling up the Lorenz curve through the distribution’s
mean. Other extensions to the Gini index can be found in Subramanian 2015 and Majumdar 2015.

In spite of its popularity, the Gini index has four main limitations. First of all, its computation is
not straightforward. In fact, several authors have proposed simplified methods for calculating it,
such as absolute differences between two random variables (Pyatt 1976), integration of
cumulative distributions (Dorfman 1979), covariance formulas (Lerman and Yitzhaki 1984,
Shalit 1985), absolute Lorenz curves (Hart 1975, Lambert and Aronson 1993) or matrix algebra
(Silber 1989). A review on this topic can be found in Xu 2003 and Yitzhaki and Schechtman
2013.

Secondly, it does not reflect demographic changes or social and economic characteristics of the
population. To solve this, Paglin 1975 and Formby and Seaks 1980 proposed a new Gini
coefficient obtained by changing the line of total equality of the Lorenz curve. They proposed a
new line (the P curve) that reflects lifetime incomes adjusted for each stage of the life cycle
inherent to the age-income profile. This way, the inequality existing between ages is excluded
from the Gini coefficient. The fourth drawback found is that the coefficient is less sensitive to
stratified differences than to individual ones (Futing Liao 2006).

Thirdly, it is not additively decomposable (Shorrocks 1984). Notwithstanding this, many authors
have studied its decomposition into factor components. For instance, through graphical methods
(Lambert and Aronson 1993), using the covariance (Lerman and Yitzhaki 1984, Lerman and
Yitzhaki 1985, Sastry and Kelkar 1994), using individual pairwise income comparisons (Dagum
1997, Mussard et al. 2003) or using the shares of total income and their relation to overall
inequality (Fei et al. 1978, Silber 1989).



Finally, the most severe drawback of the Gini coefficient is that it is possible to have two totally
different distributions having the same Gini coefficient. In such cases, it is possible to reach
different conclusions concerning their levels of inequality depending on the relative weight that
is allocated to low-income groups compared with higher income groups. This ambiguity occurs
when the Lorenz curves intersect. Subramanian 2010, 2015 and Osberg 2017 empirically show
this limitation of the Gini index and describe how it can be manipulated so that the coefficient
yields the same value for different distributions.

The Pietra index (1915), also named Robin Hood index or Hoover index (De Maio 2007) is a
geometric measure which corresponds to the maximum vertical distance between the line of
perfect equality and the Lorenz curve. It shows the proportional income that should be
redistributed to achieve perfect equality. Therefore, higher values of the index indicate more
inequality since there is more redistribution needed in order to achieve perfect equality.

A less known index is the Amato inequality index (Amato 1968, independently rediscovered by
Kakwani 1980, Eliazar and Sokolov 2012). It is also based on the Lorenz curve and is calculated
through its length. Its use has been low due, in part, to the difficulty inherent to the analytic

evaluation of the index (Arnold 2012). This index lies between V2 and 2, since it is a geometrical
measure based on the sum of the length of the segments of the curve (see Fig. 2).

Although all these measures relate geometrically to the Lorenz curve, each indicator provides
different information about the distribution analysed. Fig. 2 shows the graphic relationship
between the Lorenz curve and the Gini, Pietra and Amato indexes.

Finally, apart from these three indexes, more recent indexes based on Lorenz curves have been
developed. See, for instance, sociogeometric approaches to the measurement of inequality
(Eliazar 2015a, 2015b) or the Kolkata index (Ghosh et al. 2014). Even though these measures
have the advantage of being easily interpreted thanks to their relation with the Lorenz curves,
they are less frequently used probably because they have only been recently proposed.

In addition to the Lorenz curve, there are other less known graphic representations of income
distributions: the Bonferroni curve and the Zenga curve. The Bonferroni curve (Bonferroni 1930)
is a minor modification of the Lorenz curve based on the comparison between partial means and
the general mean of a certain distribution. It is constructed by considering as abscissa the
cumulative proportion of individuals arranged in increasing size of their incomes and as ordinate
the corresponding mean density of their income (see Giorgi and Crescenzi 2001 and Imedio-
Olmedo et al. 2011 for more information).
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Fig. 2 Lorenz curve (black), total equality line (red) and graphic meaning of the Gini, Pietra and
Amato indexes

Alternatively, the Zenga curve is as well a graphic representation of inequality. It was introduced
in 1984 and improved in 2007 (Zenga 1987, 2007). This curve involves the ratio of the mean
income of the x% poorest to that of the (100-x)% richest. In Polisicchio and Porro 2009, a
comparison between the Lorenz and Zenga curves can be found. Other literature concerning the
development and characteristics of the Zenga curve can be found in Zenga et al. 2011, Maffenini
and Polisicchio 2014, Nair and Sreelakshmi 2016.

In order to show how the Lorenz, Zenga and Bonferroni curves behave for different distributions,
Fig. 3 show these curves for three lognormal distributions with the same mean (mean=1.0) but
different standard deviations (¢ = 0.5, 1, 2). As it can be observed, the three methodologies rank
the curves in the same order. Apart from this, it can be seen how the conceptual difference
between these curves leads to different locations of the line of total equality and inequality.
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The Bonferroni index attaches more weight to the right-part of the distribution and is, therefore,
more sensitive to lower values of the studied attributed. This differing sensitivity is inherent to
the numerical expression of the index and consequently, it can’t be modified to satisfy the needs
of the analyst. Giving more weight to certain parts of the distribution might be useful to explicitly
attach specific value judgements to the index. There are two families of indexes that capture the
changes of the measure in particular parts of the distribution by making use of sensitivity
parameters: the generalised entropy (GE) inequality indexes and Atkinson indexes (Al).

The first one was proposed in the fields of statistical physics and information theory. In this field,
the statistical variability of a given dataset can be measured through the Boltzmann-Gibbs-
Shannon entropy, which quantifies the divergence of the dataset’s size (Eliazar 2016). Theil 1967
pioneered this approach to analysing inequality by measuring the extent to which a society
deviates from a state in which every individual’s share of total income equals the population’s
share based on a ratio of these shares. Drawing on Theil’s approach, the GE inequality indexes
were proposed. They used a more general definition of entropy (Toyoda 1975, Cowell and Kuga
1981, Foster and Shneyerov 1999). In this family of indexes, the sensitivity parameter o can take
any real value and it represents the weight that is given to distances between incomes at different
parts of the distribution: for large and positive values of alpha, the index is more sensitive to
changes affecting the upper tail of the distribution, whereas for lower values the GE is more
sensitive to changes in the lower tail.

The second family of indexes that allows for different sensitivities at different parts of the was
initially described in Atkinson 1970 and is based on Sen 1974’s definition of social welfare. It
uses the concept of the equally distributed equivalent level of income, which is the level of income
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per person that, if equally distributed, would enable society to reach the same level of welfare as
the actual distribution.

The sensitivity parameter, €, represents the inequality aversion level and it has been given
alternative definitions in the literature. For instance, Stymne and Jackson 2000 argue that it stands
for the importance that society attaches to inequality in the distribution of income, whereas
Howarth and Kennedy 2016 describe it as the elasticity of the marginal utility of income under
the assumption that a single elasticity applies to all individuals. Accordingly, higher values of this
factor entail greater social utility or willingness by individuals to accept lower incomes in
exchange for a more equal distribution.

Al are considered to be very intuitively interpreted due to their derivation from a normative
approach and the use of the equally distributed equivalent income (Lasso de la Vega and Urrutia
2008, Cowell and Fiorio 2011, Gayant and Le Pape 2017). However, they don’t allow
decomposability and therefore it is not possible to estimate and analyse to what extent the
between- and within-group components contribute to inequality (Lasso de la Vega and Urrutia
2008, Cowell and Fiorio 2011). Consequently, in spite of the fact that the GE indexes do not have
a clear and intuitive significance, one of their main appeals over Al is decomposability
(Bourguignon 1979, Shorrocks 1980, Cowell 1980, Lasso de la Vega 2008, Gayant 2017).

In fact, using a measure with sensitivity parameters can carry certain difficulties. First of all,
because of the complexity of determining the operational value of the parameters; in the existing
literature, the methods that have been established for determining it are limited to empirical
assessments (Atkinson 1983, Ogaki et al. 1996, Stymne and Jackson 2000). Secondly, because
the usage of these families of indexes for policy assessment might be totally conditional on the
methodology used for estimating them.

At this point, it must be noted that there exist connections between some of the above-described
inequality indexes. The GE family of inequality measures, for instance, yields the Theil index
when 6 = 1 and the mean log deviation when 8 = 0. Besides, for 0 < 8 < 1, the GE has an
ordinal relationship with Atkinson indexes. Lasso de la Vega and Urrutia 2008 have provided an
extension of the Atkinson indexes (the Extended Atkinson Family), which allows transforming
each member of the family of GE indexes into one of the Atkinson one. In Fig. 4 a lognormal
distribution (with mean 1 and standard deviation 2) has been used to illustrate the behaviour of
the two families of indexes in relation with their respective sensitivity parameters. It can be seen
how the extended family of Atkinson indexes allows obtaining a relationship of both tails of the
GE indexes. In addition, it can be seen from both graphs that the larger the sensitivity parameter
the higher the inequality index for the same distribution.
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Fig. 4 Atkinson and Extended Atkinson indexes (a), and GE indexes (b) for a lognormal
distribution of mean 1 and standard deviation 2

b) Measures reflecting socioeconomic groups without a natural ordering

Some measures have been developed specifically for the analysis of inequality between
socioeconomic groups. The three main measures that can be included in this category are the
index of dissimilarity, the index of disparity and the population attributable fraction.

First of all, the index of dissimilarity was first proposed in the analysis of the segregation of
human settlements (Duncan and Duncan 1955, James and Tacuber 1985) but has since then been
used in other fields, such as in epidemiology (Preston 1981, Wagstaff et al. 1991), socioeconomics
(Voas and Williamson 2004, Yalonetzky 2015), demography and geography (Taeuber and
Taeuber 1976), education (Hagedorn et al. 1996) and occupation (Hutchens 1991, 2015). In their
publication, Duncan and Duncan 1955 also introduced the segregation curves, which are similar
to Lorenz curves. These curves consider two different groups and plot the cumulative fraction of
the first type against the second one, ranked from the lowest to the highest value.

Nevertheless, the index of dissimilarity was developed to compare data only between two groups
and its usage is, therefore, more restrictive than some of the methods described below, which
measure inequality between two or more groups. For instance, the index of disparity was first
used by Pearcy and Keppel 2002. Its formulation allows measuring inequalities existing between
different social groups relative to a reference point. It describes inequality by measuring the
differences between the studied attribute’s rates and a reference one. The reference measure can
be chosen by the analyst, but it is common to choose the mean rate or the best group rate.

However, this index does not account for the population share of each social group and can
therefore lead to inaccurate results. A measure that allows measuring inequality between more
than two groups and account for the population size at the same time is the population attributable
fraction. It was first used in the context of inequalities in epidemiology to calculate differences in
the risk of an outcome between two different groups (normally, an exposed and an unexposed
group) (Yeracaris and Kim 1978, Leon et al. 1992, Mackenbach 1992). It describes the
proportional reduction in the overall proportion of the attribute analysed that would occur if
everybody experienced the rates of the highest-ranked population. It is calculated as the difference
between the attribute’s frequency in the population and the attribute’s frequency in individuals in
the highest category.

Even though the above-mentioned indexes were explicitly developed to reflect inequality between
socioeconomic groups, there exist other measures that can easily be adapted to do so. This can be
done by using group data instead of individual data. If the formula used is not weighted with the
relative population of each subgroup, then each subgroup is treated as equally sized, whereas the
population sizes of each subgroup can be considered in the calculations if weighted formulas are
used. Measures that can be adapted are the variance, coefficient of variation, mean log deviation,
relative mean deviation and generalised entropy.

¢) Measures reflecting socioeconomic groups with a natural ordering

This category of measures includes those indexes in which the indicator used needs to be grouped
using categories that can be ordered. Firstly, one index that was initially developed to measure
socioeconomic inequalities in health is the slope index of inequality (Pamuk 1985, Wagstaff et
al. 1991). This approach involves arranging the social classes from lowest to highest ranked on a
horizontal axis; for each class, the mean status of the attribute being analysed is plotted in the
vertical axis as a bar whose width is proportional to the fraction of the population in the class.
The slope index of inequality is obtained by measuring the slope of the regression line that models
the relationship between the attribute and their relative ranks. However, this index is an absolute



measure; by dividing the data by the mean level of the attribute it is possible to obtain its relative
version, also referred to as the relative index of inequality.

However, as the index is estimated as a linear regression trend, the distribution cannot have
significant deviations from linearity because otherwise, the results would be biased. A measure
that does not present this particular problem is the concentration index, which was developed by
Wagstaff et al. 1989 drawing a parallelism with the Lorenz curve. This index is based on the
concentration curves, which plot the cumulative proportion of the population ranked by some
indicator of socioeconomic status (from the least to the most advantaged) against the cumulative
proportion of the attribute considered (Wagstaff et al. 1991, Kakwani et al. 1997). This measure
has mainly been used in epidemiology, where many researchers have analysed the relationship
between health and socioeconomic status. Therefore, in the existing literature, the attribute
evaluated in the curves has usually considered various dimensions of health (Van Doorslaer et al.
1997), health care utilisation (Van Doorslaer et al. 2000) or health care payments (Wagstaff et al.
1999). On the one hand, the main merits of this index are its similarity with the Gini coefficient,
its easy decomposability and its visual representation through the concentration curves. On the
other hand, comparisons of populations with different mean levels of the attribute studied might
be problematic (Wagstaff 2005) and the obtained index may be arbitrary if the variable is
qualitative rather than quantitative (Erreygers 2006). It is for these reasons that improvements and
extensions of the concentration index have been proposed (Erreygers 2009b, Wagstaff 2009).

Both the concentration index and the slope index of inequality have two main advantages: they
can be graphically represented and they allow to analyse relationships between socioeconomic
classes and levels of inequality. The type of relationship is given by the sign of the index, which
depends on the gradient between the socioeconomic level and the attribute studied. However, this
may also be seen as a drawback because the application of these indexes is more restrictive than
the previously described measures. This is because they can only be used with social groups that
have a strict intrinsic ordering, such as health or income levels. There are many examples of
socioeconomic groups that don’t have a natural ordering; for instance, gender, geographical
regions, races, etc. Additionally, some authors have pointed out at the fact that if the
socioeconomic group in the middle of the distribution presents higher levels of the attribute
studied, these inequality measures may indicate that there is no inequality (Harper and Lynch
2005).

3.2. Qualitative data

Even though there is a vast amount of inequality indices that have been developed for cardinal
data, there are many variables that are categorical. This poses a limitation to the applicability of
some of the previously described methodologies. As Madden 2010 states, this can be solved by
three different means. First of all, one can transform the ordinal data to cardinal one and then
make use of a regular inequality measure. Secondly, one can use an inequality measure expressly
developed for ordinal data. Finally, it is also possible to adapt existing methods for cardinal data
to ordinal variables.

The cardinalisation of ordinal data implies using a particular scale (this is, the variables are
assigned a number) with which it is possible to apply a conventional index for inequality.
Methodologies that have been proposed for the scaling of the variables are ordinary and weighted
least squares, estimation of ordered probit regressions and interval regression approaches
(Wagstaff and Van Doorslaer 1994, Van Doorslaer and Jones 2003).

However, these methodologies have an important shortcoming: inequality measures are very
sensitive to how the ordinal data is scaled (Apouey 2007, Zheng 2011). Allison and Foster 2004
and Kobus and Milo$ 2012 provide some examples of how inequality measures might change
depending on the scale applied. This is why some researchers have advocated using inequality
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measures specifically designed for ordinal data. Kobus et al. 2018 review this set of measures,
including the indexes by Abul Naga and Yalcin 2008, Kobus and Mitos 2012, Lazar and Silber
2013, Lv et al. 2015 and Cowell and Flachaire 2017.

None of the previous indexes have a connection with the measures described in the previous
section. Drawing a parallelism with the concentration index, Wagstaff 2005 proposed a method
to measure inequality when the variable is binary (see also Wagstaff 2011). Besides, it allows
graphically representing the results of the analysis.

To the extent of our knowledge, until the moment only Allanson 2017 has introduced an approach
to rank and evaluate socioeconomic inequalities with ordinal data.

4. Empirical application

This section is devoted to present an empirical application of the methodologies described in the
previous sections with the objective of highlighting their strengths and weaknesses. As it was
done in section 3.2.1, this empirical application is divided into three parts based on whether
socioeconomic groups are considered and whether these groups have a natural ordering.

a) Not reflecting socioeconomic classes

Firstly, the methodologies described for the measurement of inequality with quantitative data and
not reflecting socioeconomic groups have been used to calculate a unidimensional index of
inequality in material wellbeing (using the GNI per capita) between countries at a global level
every year from 1990 to 2015. The measures used have been range (R), variance (V), coefficient
of variation (CV), logarithmic variance (LV), variance of logarithms (VL), mean log deviation
(MLD), relative mean deviation (RMD), decile ratio (D9D1), Palma ratio (PR), Gini index (GI),
Bonferroni index (BI), Zenga index (ZI), Atkinson index (AI), Theil index (TI), Generalised
entropy index (GE).

Fig. 5 shows the results of these calculations by presenting the inequality indexes calculated using
each methodology and for each year between 1990 and 2015. In order to compare them, they have
been standardised using the MIN/MAX formulation. The standardised results are shown in Fig.
6. Given that the resulting trends obtained by the Al and by the GE using different parameters
were similar, a single value for the parameter has been chosen for the plot in Fig. 6 (¢ = 2 for the
Al and 8 = 2 for the GE).

First of all, the reason why the different indexes are not within the same interval is due to the fact
that some of them (R, B, CV, LV, VL) do not have an upper limit. Also, while the majority of the
measures are dimensionless, R and V are not. Secondly, the general trend observed in Fig. 6 is
similar for all the measures: an initial middle-low inequality that reaches its maximum after 1995
and its minimum by 2015. Because of their magnitude-sensitivity, range and variance differ from
this general tendency. Whereas the economic variable used increases in magnitude throughout
the years (and therefore the difference between extremes is higher), the inequality measures
relative to the total decreases.

These results show the heterogeneity in characteristics of the existing inequality measures. Apart
from the differences in numerical formulations, also the signification that is given to the concept
of inequality by each one of the methodologies differs from index to index. These two aspects
were the causes of obtaining such differing results.
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Fig. 6 Standardised indexes of economic inequality between countries for years 1990 to 2015
b) Reflecting socioeconomic groups without a natural ordering

The measures reflecting socioeconomic groups with no natural ordering have been used to
calculate the same index but between groups. The grouping adopted has divided the countries into
the following regional groups: Africa, Latin America and the Caribbean, Northern America, Asia,
Europe and Oceania.

The measures that have been used are the index of disparity (IDsp), the population attributable
fraction (PAF), the between-group variance (V), the between-group coefficient of variation (CV),
the mean log deviation (MLD), the relative mean deviation (RMD) and the generalised entropy
(GE). In these cases, the data is not taken individually, but grouped, albeit the formulation used
is the same as in (a). The index of dissimilarity (IDsm) has not been used in this application since
it addresses the measurement of inequality between two groups only.

Additionally, in those cases in which the measurement formula allows weighting or not by the
population size, both the weighted and unweighted formulations have been used for better contrast
between approaches. Fig. 7 shows the results of the calculations.
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2015

The standardised results have been plotted in two different graphs (Fig. 8) in order to see the
differences existing between results in which the index is weighted by population size and not.
Due to its dependence on the indicator’s units and the fact that it does not satisfy scale invariance,
V follows a completely different trend in comparison to the other measures. Regarding the other
measures, the trends differ depending mainly on the population weighting. Whereas the maximum
levels of inequality are reached in 1990 and the minimum ones around 2015 when the results are
not weighted by population (Fig. 8a), the peaks are reached in 1995 and 1997 and the lowest
values in 1991 and 2009 when the results are weighted by group size (Fig. 8b).

(a) Unweighted measures
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Fig. 8 Standardised indexes of economic inequality between countries grouped by regions for
years 1990 to 2015
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The results indicate that inequality indexes have a strong dependence on how the analysed
attribute is defined and grouped (in this case, individually or grouped by regions), which might
give rise to subjective evaluations and wrong interpretations of the coefficient.

¢) Reflecting socioeconomic groups with a natural ordering

The use of measures that consider the ordering of the socioeconomic groups requires posing more
restrictions to the kind of group defined. Consequently, the grouping used in (b) cannot be used
since they don’t have a natural ranking. For this reason, in the application of the slope index of
inequality (SII), relative index of inequality (RII) and concentration index (CI) the countries have
been grouped by education level. Countries have been arranged in five groups considering the
mean number of years of schooling (see the Appendix for further information).

Fig. 9 shows the results of the calculations, which represent the inequality in material wellbeing
between countries grouped by average quantity of schooling. All the indexes yield positive values,
which means that there is an upward income gradient; namely, income increases with increasing
education level group rank). The standardised results are shown in Fig. 10. The results reinforce
the previous statement according to which inequality assessments strongly depend on how the
data is grouped. The difference between SII and RII is fundamentally that the values of the former
depend on the units of the attribute measured, whereas the latter is dimensionless.
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Fig. 10 Indexes of economic inequality between countries grouped by education levels for years
1990 to 2015

5. Framework

Choosing an inequality measure for the monitoring of inequality requires considering certain
characteristics satisfied by the indexes, but it also involves examining the type, quality and
amount of data that is available. In order to visualise these characteristics of the indexes that are
important for the choice, they have been summarised in an easy and accessible way in Table 1.
In this table, the different reviewed measures are presented in order of appearance in the paper.
For each of them, one or two references are given; the field for which the measure was developed
is also presented, along with the fields in which empirical applications of the methodology can
been found. Table 1 also presents the mathematical expression of the measure, its properties and
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some additional information. These properties are the elements that should be considered in the
index choice and they are detailed next:

e Axiomatic properties: the collection of properties satisfied by each index. The main
properties considered in the literature are scale invariance (SI), the principle of population
(PP), the weak principle of transfers (WPT), the strong principle of transfers (SPT) or
additive decomposability (AD).

e Upper bounds: while some measures are bounded between two points, there are some
measures that are unbounded and can take any value, generally any positive number.

o Interpretability: an inequality index is considered to be more interpretable either if its
formulation is easy or if it a graphic analogy.

e Comparative standard: some indexes describe how much apart the top and bottom extremes
are, others measure the dispersion of the data around a reference point and others compare
the current state to a reference point such as the highest-ranked level.

e Groups: some indexes quantify inequality in terms of total variation within the population,
whereas others quantify it as the variation between the various groups existing in the
population. In the former, the attribute studied is analysed for all members of the population.
In the latter, inequality is evaluated between groups of individuals. Several issues in relation
to these groups need to be born in mind. Firstly, some group categories can be naturally
ordered. However, other categories do not allow for such a ranking, which might be an
impediment in cases in which the index requires the groups to have an implicit ranking.
Secondly, the measure of inequality can include all the existing social groups or it can just
reflect inequalities between specific groups; for instance, between extreme groups.

e Relative vs absolute: relative or absolute inequality depends on whether the measure is
dependent or not on the overall level of the attribute under evaluation.

e Sensitivity: some indexes have a parameter that allows researchers to pose more or less
importance on certain parts of the distribution of the analysed attribute.

A last aspect to consider is the quality and quantity of available data. The above-mentioned
aspects are related to requirements posed on the index, but some restrictions might be imposed
by the characteristics of the data available. If data is extremely scarce, the greater accuracy that
more complex measures may decrease. Additionally, in terms of efficiency, carrying out more
complicated operations will only add complexity to the problem but not additional information
or precision.

All the characteristics described above contribute to the choice of a specific measure. The unified
decision framework in Fig. 11 allows to visually facilitate this choice to researchers and
practitioners. Note that while it can be helpful, it is still a model and therefore a simplified version
which does not consider other possible factors influencing the decision.

First of all, it is necessary to identify two basic aspects: whether the analysis will evaluate one or
more dimensions and whether the data available is qualitative or quantitative. As stated in the
beginning, this paper has only considered a unidimensional setting; consequently, the aspects that
are discussed next are restricted to studies in which only one dimension is analysed.

The first scenario is one in which the data is quantitative and socioeconomic classes need to be
considered. If these groups have a natural ordering, three possible indexes can be used. The SII
adequate if inequality is measured in absolute terms, and the CI and the RII if it is measured in
relative terms. Both measures can be graphically interpreted, although the concentration index’s
graphical meaning is more straightforward.

Otherwise, if the socioeconomic groups can’t be ordered, V and CV are simple measures for
absolute and relative inequality, respectively. However, V does not satisfy SI; hence, when
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performing analyses in which magnitudes might be subject to change, the CV is more
recommendable. If the measure’s main purpose is not to reach a broad public, the choice depends
basically on the comparative standard needed. More complex measures of between-group
analysis of inequality are the [Dgm, the MLD, the RMD and the GE, whose comparative standard
is centred. Otherwise, the 1Dy, and the PAF are reference-based and therefore they allow to set a
specific reference level, which can be, for instance, the highest-ranked group or the ideal level of
the attributed studied. Note that the IDyn is only suited for analyses in which only two groups are
compared. Regarding these measures, results may depend on whether the data is weighted by the
groups’ size. Deciding whether to use a weighted or an unweighted method will depend on the
purpose and kind of analysis to be performed. Weighting the formulation by the population share
of each group allows incorporating information on changes in the size of the different
socioeconomic groups.

In a second scenario where it is not necessary to reflect inequality between socioeconomic groups,
if the measure has a communicative purpose, we recommend the use of measures that are easily
interpretable. In this sense, the GI, the R and the PR can be used. On the one hand, the GI is
appealing due to its straightforward interpretation given its range from 0 to 1, which gives a quick
message of whether the existing inequality is high (when values are close to 1) or low (for values
that are close to 0) and to the possibility of graphically representing it through the Lorenz curve.
On the other hand, we propose the R and the PR to measure variations between extremes. The R
provides a measure of absolute inequality and even though it is not commonly used due to its high
sensitivity to possible outliers, if the researcher’s purpose is to provide an interval within which
the variable fluctuates, it may be appropriate. This interval will have the order of magnitude of
the original units, even though it can be made relative by dividing it by the mean. PR are more
recommendable when it’s necessary to compare the top and bottom proportional differences of a
group of individuals. It has to be born in mind that it is insensitive to values in the middle of the
distribution.

If it is not necessary for the measure to reach broad publics, the sensitivity and the graphical
analogy are helpful to differentiate between indexes. If no specific sensitivities are needed, then
the most suitable indexes are ZI, GI, LV, VL, MLD and RMD. Among these, ZI and GI can be
graphically represented. However, if the measure requires to be sensitive to different parts of the
distribution, Bl is suitable if a graphical representation is necessary; if no graphical representation
is needed, then Al and GE are applicable. Note that whereas Al and GE allow the researcher to
adapt the sensitivity through a parameter, Bl is invariably sensitive to lower parts of the
distribution. With regard to GE, it is recommended when it is necessary to study the different
components of inequality through the decomposition of the index. Even though it upholds all the
presented axioms for inequality measures, its calculation complexity and lack of straightforward
interpretation make it unattractive whenever decomposability is not necessary. As for Al, apart
from the fact that it does not allow decomposition and despite its welfare assumptions, there is a
difficulty implied with the determination of the sensitivity parameter, which must be done either
empirically or assigned arbitrarily by the analyst.

In a third scenario, if the data is qualitative, the measure proposed by Wagstaft 2005 is suitable if
the variable is binary. Otherwise, in the case in which it is necessary to consider the
socioeconomic component of inequality, Allanson 2017 proposes a methodology that is
appropriate for this case, whereas Abul Naga and Yalcin 2008, Kobus and Mito§ 2012, Lv et al.
2015 and Cowell and Flachaire 2017 present measures that can be used if the reflection of
socioeconomic classes is not necessary.

Having said this, the justification for using one index among the existing wide variety is always
contingent on the analyst and on how the study is approached. At the same time, this wide variety
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of indexes is the source of potential ambiguities in the assessment of inequality because different
indexes of inequality will often yield different rankings of inequality.

The choice of the index that is more adequate to the characteristics of the analysis is a key step in
analysing inequality considering that the policy implications that each one has and the meaning
that is given to inequality is different. The statistical choice will reflect an ethical choice as well.
Once this decision is made, the measure chosen is helpful in performing a three-dimensional
analysis of inequality. Not only do the indexes allow for an analysis across different dimensions
by choosing multiple indicators that are relevant to the inequality framework, but they also allow
for two other alternative analyses: on the one hand, carrying out the calculations at different points
in time implies that an evaluation of how the index is developing can be made. This is key in
assessing, for instance, the actual impact of policies aiming at reducing inequalities. On the other
hand, instead of studying inequality across a given timeline, it is also possible to do it for different
interest groups. Namely, given the region that is under examination, to perform an evaluation of
inequality within various collectives based on factors such as gender, age, ethnic group or
location. In fact, the value of the inequality index depends heavily on how the analysed attribute
is defined (for example, at household or individual level, or in the case of income, excluding or
not incomes from informal sectors); this might give rise to subjective evaluations and wrong
interpretations of the coefficient.

6. Conclusions

A framework to support the choice of an adequate inequality index has been proposed in this
paper. The framework is based on an extensive review of the different methodologies used to
analyse and calculate unidimensional inequality from a cardinal approach. The methods analysed
have been classified into different categories depending on the type of data for which they were
developed (qualitative or quantitative) and on whether the measures consider or not
socioeconomic groups. The advantages and disadvantages of each method have further been
shown through empirical applications.

The seven main characteristics of inequality measures that can be used as a basis for the choice
are their axiomatic properties, the existence of an upper bound, its graphical analogy, the
comparative standard used, if it considers socioeconomic groups, whether it is absolute or relative
and the sensitivity of the measure. As for the data, it is necessary to consider the type, amount
and quality of data available.

This study can be considered as being the first step towards enhancing decision-making methods
when it comes to inequality analysis. The results can be used to improve mechanisms for the
choice of inequality indexes based on factors that depend on the characteristics of the index and
on the data available. In addition, new applications of the indexes have been suggested through a
three-dimensional analysis. This broader analysis encompasses three aspects: time, dimensions
and studied groups.

Future studies could aim at addressing two main flaws that have been found in the literature
concerning unidimensional measures of inequality. Firstly, further research in the measurement
of inequality with ordinal data is needed; secondly, it is necessary to continue studying the
evaluation of inequality between socioeconomic groups.

Finally, we believe that a quantitative analysis of inequality should always be accompanied by a
qualitative one. In this way, numerical studies can be adjusted to the real conditions and
qualitative research can be supported by real data-based claims. A balance of this kind is prone
to lead to better conclusions on the causes and consequences of inequality while ensuring better
evidence-informed policymaking to tackle it.
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b (%) refers to the fact that the measure can be adapted to reflect SE groups

Table 1 Characteristics of the reviewed indexes
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Fig. 11 Decision flowchart for the choice of an appropriate inequality index
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Appendix

Table 2 shows how countries have been grouped according to the indicator “mean years of
schooling”. The value of 15 has been chosen as the maximum as it is considered the projected
maximum of the indicator for 2025 (United Nations 2018). The number of countries in each group
is also shown for six years for illustrative purposes.

.Rar.nge of Number of countries in the group
indicator
Group «
mean years
.5 | 1990 | 1995 | 2000 | 2005 | 2010 | 2015
of schooling

1 0<i=<3 29 23 17 13 8 6
2 3<i<6 46 42 36 33 29 24
3 6<i<9 47 41 43 41 41 42
4 9<i<12 22 38 46 47 52 51
5 12<i<15 1 2 2 10 14 21

Table 2 Groups used for the empirical application of inequality between countries grouped by
socioeconomic classes
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