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Abstract

In this work the strain localization analysis of Hill’s orthotropic plasticity is addressed. In particular,

the localization condition derived from the boundedness of stress rates together with Maxwell’s kinematics is
employed. Similarly to isotropic plasticity considered in our previous work, the plastic flow components on the
discontinuity surface vanish upon strain localization. The resulting localization angles in orthotropic plastic
materials are independent from the elastic constants, but rather, depend on the material parameters involved
in the plastic flow in the material axes. Application of the above localization condition to Hill’s orthotropic
plasticity in 2-D plane stress and plane strain conditions yields closed-form solutions of the localization angles.
It is found that the two discontinuity lines in plane strain conditions are always perpendicular to each other,
and for the states of no shear stresses, the localization angle depends only on the tilt angle of the material axes
with respect to the global ones. The analytical results are then validated by independent numerical simulations.
The B-bar finite element is employed to deal with the incompressibility due to the purely isochoric plastic flow.
For a strip under vertical stretching in plane stress and plane strain as well as Prandtl’s problem of indentation
by a flat rigid die in plane strain, numerical results are presented for both isotropic and orthotropic plasticity
models with or without tilt angle. The influence of various parameters is studied. In all cases, the critical angles
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predicted from the localization condition coincide with the numerical results, giving compelling supports to the
analytical prognoses.

1 Introduction

Strain localization in solids is characterized by highly localized deformations and manifested by diverse phenomena of distinct length scales, e.g., dislocations of orders of microns in metals, cracks of order of millimeters in
concrete, and shear bands of order ranging from millimeters to kilometers in granular and geological problems,
etc. Being strain localization a prognosis of structural failure, it is of utmost significance to determine when
strain localization occurs and quantify its adverse effects on the global response of structures.
Regarding rigid-plastic problems and shear driven, pressure independent flows, seminal works of Prandtl
[1], Hencky [2, 3] and Mandel [4] assumed the existence of “slip lines” and determined their directions by the
“zero rate of extension” criterion. Later, Hill [5] revisited the similar problem and interpreted the family of
“slip lines” as the characteristic curves (along which small disturbances propagate) of the hyperbolic plastic
governing equations. With this method, the field of slip lines for typical metallurgical problems, e.g., sheet
drawing and extrusion, piercing, strip-rolling, etc., were determined [6]. Note that in these early studies, elastic
deformations were explicitly ignored, and perfectly incompressible behavior prior to shear driven plastic yielding
was assumed.
For general elasto-plastic materials, as strain localization inevitably induces strain (weak) or even displacement (strong) discontinuities, the discontinuous bifurcation condition set forth by [7, 8, 9, 10] is customarily
employed. More specifically, the necessary condition for strain localization in elastoplastic materials is identified
upon the assumption of linear comparison solids (i.e., inelastic loading both inside and outside the localization
band) and traction continuity [11, 12, 13]. Closed-form results for the localization angles have been obtained for
2-D plane stress and plane strain conditions in this way [13]. One noteworthy property of such results is that
the localization angle depends on the elastic constants, e.g., Poisson’s ratio.
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The classical discontinuous bifurcation analysis has been applied not only to weak discontinuities, but also
to strong ones. For instance, [14, 15] used it to determine the discontinuity orientation, such that strong discontinuities can be embedded in standard finite elements. However, it was soon found that this discontinuous
bifurcation condition by itself does not necessarily guarantee the occurrence of strong discontinuities, unless the
strong discontinuity is properly regularized, involving also stress boundedness [14, 15, 16, 17]. In particular, the
fact that material points inside the discontinuity band undergo inelastic loading while those outside it unload
elastically, is inconsistent with the assumption of linear comparison solids in which inelastic loading is assumed
in both the bulk and localization band. Furthermore, due to the singular strain field caused by displacement
discontinuities, the traction continuity condition alone is sufficient to guarantee neither stress locking-free results
or the decohesion limit due to the mis-prediction of the discontinuity orientation [18, 19].
In order to overcome the above crucial but generally overlooked issue, the authors [18] proposed further
exploiting the kinematic compatibility condition resulting from stress boundedness to determine the discontinuity orientation of von Mises (J2 ) plastic materials. It turns out that the condition for stress boundedness is
more constrictive for the orientation of discontinuities than the localization condition based on singularity of
the acoustic tensor. More specifically, a given discontinuity orientation n that satisfies the localization condition
det Qep (H, n) = 0 for a given maximum softening parameter H < 0, guarantee neither stress boundedness
nor full decohesion in the final stage of the deformation process. Reversely, stress boundedness implies both
satisfaction of the classical discontinuous bifurcation condition and also perfect decohesion in the softening or
perfect plasticity cases.
Remarkably, for elasto-plastic materials the above kinematic compatibility based localization condition predicts localization angles which depend exclusively on the components of the flow strain tensor. This incorporates
as a particular case Hills zero rate of extension” for the classical slip-line theory for rigid-plastic problems. Compared to those given by the discontinuous bifurcation condition, the localization angles are independent of the
elastic constants as well as of the softening parameter, as the tangent elasto plastic tensor is not involved in the
analysis.
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More recently, the authors [20,21, 22] have successfully extended the above strain localization analysis to
a unified stress-based plastic-damage model with general (e.g., Rankine, von Mises, Mohr-Coulomb, DruckerPrager, and more complex elliptic, parabolic, hyperbolic, etc.) failure criteria and to strain-based elastic-damage
models. The closed-form results were remarkably confirmed by independent numerical simulations [23] in which
the analytical results are not used in finite element analyses. Moreover, not only the discontinuity orientation
but also the corresponding localized cracking model, i.e., constitutive relations, evolution equations, tractionbased failure criterion, softening functions, etc., can be determined consistently from a given material model.
With these work, the gap between continuous and discontinuous approaches for the modeling of localized failure
in solids [20] has been largely bridged.
In many industrial applications, e.g., additive manufacturing, automotive rolling, etc., engineering materials
like steel sheets, aluminum, wood, paper and stratified rocks, composites with oriented fibers, etc., exhibit
strongly orthotropic behavior. Ever since the pioneering work of Hill [7], plasticity models with orthotropic yield
functions, e.g., Hoffman model [24] and Tsai-Wu model [25], among many others, have been extensively studied;
see [26]. However, most of the aforementioned work considered only strain localization in isotropic materials
and very rare references deal with orthotropic ones. To the authors’ best knowledge, it is only in [27] that strain
localization in orthotropic plasticity models is considered to determine the upper bound load capacity of such
materials. Nevertheless, the closed-form results for the localization angle are not available. Consequently, the
failure modes have to be calibrated from finite element simulations. This deficiency is sometimes not acceptable
since the numerical results can be sensitive to the mesh alignment, leading to ill-predictions of failure modes
and global responses [28, 29, 30, 31].
For these reasons, this work addresses strain localization analysis in orthotropic elastoplastic materials.
The objectives are four-fold: (i ) to show that our previously established localization condition also applies to
materials with orthotropic elastic and plastic behavior; (ii ) to analyze strain localization of orthotropic plastic
models and, in particular, to determine the localization angles in 2-D plane stress and plane strain conditions;
(iii ) to numerically verify the analytical results through independent finite element simulations, and (iv ) to
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investigate the influence of various material parameters on strain localization in orthotropic materials. Though
other orthotropic yield functions can be considered, Hill’s quadratic one is adopted in this work as the prototype
example due to its wide application.
The remainder of this paper is structured as follows. Section 2 addresses the localization condition of elastoplastic solids based on the boundedness of stress rates together with Maxwell’s kinematics. Section 3 is devoted
to the application of the derived localization condition to Hill’s orthotropic plasticity. In particular, closed-form
results of the localization angles under 2-D conditions of plane stress and plane strain are given. Numerical
verification of the analytical results is presented in Section 4 using the B-bar finite elements to deal with the
isochoric nature of the plastic flow. A horizontal slit under vertical stretch and the Prandtl punch test, with or
without tilt angle between the material local axes and the global ones, are considered. The influence of various
parameters on the localization angles is also studied. The most relevant conclusions are drawn in Section 5 to
close the paper.
Notation. Compact tensor notation is used in the theoretical part of this paper. As general rules, scalars
are denoted by italic light-face Greek or Latin letters (e.g. a or λ); vectors, second- and fourth-order tensors
are signified by italic boldface minuscule, majuscule and blackboard-bold majuscule characters like a, A and
A, respectively. The inner products with single and double contractions are denoted by ‘·’ and ‘:’, respectively,
while the dyadic operator is signified by ‘’. The Voigt notation of vectors and second-order tensors is denoted
by boldface minuscule and majuscule letters like a and A, respectively.

2 Strain localization of elastoplastic solids

In this section, our previous work on strain localization in inelastic solids is briefly recalled and then particularized to elastoplastic materials. The resulting solution extends Hill’s results for strictly incompressible rigid-plastic
materials to general associated elasto-plastic materials, incompressible or not. Compared to the classical discontinuous bifurcation analysis [7, 8, 9, 11, 12, 13], not only traction continuity but also stress boundedness are
guaranteed [18, 20, 21, 22] by reproducing Maxwell’s discontinuity kinematics.
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Let us consider the domain Ω ⊂ Rndim (ndim = 1, 2, 3) occupied by an elastoplastic solid with reference
position vector x ∈ Rndim . The boundary is denoted by Γ ⊂ Rndim −1 , with an external unit normal vector n∗ .
Deformations of the solid are characterized by the displacement field u : Ω → Rndim and the infinitesimal strain
field  := ∇sym u, with ∇(·) being the spatial gradient operator.

2.1 Elastoplasticity model

For an elastoplastic model, the constitutive relation is expressed in total form as
 =  e + p ,

σ = E0 : e = E0 :  − p



(2.1)

where the second-order tensors e and p represent the elastic and plastic parts of the strain , respectively; the
second-order stress tensor σ is related to the elastic strain e by fourth-order elasticity tensor E0 . Note that E0
may be isotropic or orthotropic in this work.
For the classical associated evolution law, the plastic strain rate is given by
˙ p = λ̇Λ,

κ̇ = λ̇h

(2.2)

where λ̇ ≥ 0 denotes the plastic multiplier, with (˙) being the time derivative; the derivatives Λ := ∂φ/∂σ and
h := ∂φ/∂q are normal to the yield surface φ(σ, q) = 0, with q being a stress-like internal variable (yield stress).
In this work, Hill’s orthotropic yield function is considered later in Eq. (3.1).
The corresponding constitutive relation in rate form then reads

σ̇ = E0 : ˙ − ˙ p = Eep : ˙

(2.3)

where the fourth-order elastoplasticity tensor Eep is expressed as
Eep = E0 −
for the hardening/softening modulus H := ∂q/∂κ.

E0 : Λ  Λ : E0
Λ : E0 : Λ + h · H · h

(2.4)
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2.2 Discontinuity kinematics
At the early stage of the deformation process, the standard continuum kinematics applies, in which both the
velocity and strain rate fields are continuous and regular (bounded). For a perfectly or softened plastic solid,
upon satisfaction of the yield condition φ(σ, q) = 0, the deformation can grow unbounded. In particular, two
orthogonal families of curves (surfaces in 3D) form in 2-D conditions. These so-called slip lines or surfaces
represent macroscopic phenomena occurring at the micro- or meso-level associated with strain localization and
induce jumps in the strain rate or even velocity fields.
Velocity jumps can be described by strong discontinuities. As depicted in Figure 1(a), the interface S splits
the solid Ω into two parts Ω + and Ω − , located “ahead of” and “behind” S, respectively. The discontinuity
orientation is characterized by a unit normal vector n, pointing from Ω − to Ω + and fixed along time, i.e., ṅ = 0 ,
with (˙) being the time derivative. Alternatively, strain discontinuities can be characterized by a discontinuity
band B of finite width b, delimited by two surfaces S + and S − parallel to the discontinuity S as shown in
Figure 1(b). As the bandwidth b is a regularization parameter that can be made as small as desired, the strong
discontinuity can be regarded as the limit of a regularized one, with a vanishing bandwidth b → 0. Reciprocally,
a discontinuity band can be regarded as the convenient regularization of a strong discontinuity.
Upon the above setting, the strain rate fields ˙ int and ˙ ext inside and outside the discontinuity band B verify
the following Maxwell’s compatibility condition [9]
sym
˙ int = ˙ ext + ė  n

(2.5)

sym
˙ := ˙ int − ˙ ext = ė  n
JK

(2.6)

or, equivalently,

where the inelastic deformation rate vector ė := ẇ/b is defined as the apparent velocity jump ẇ across the
discontinuity band B normalized by the regularization length b; see Figure 2(a) for the strong discontinuity and
˙ is inversely proportional
Figure 2(b) for a regularized one, respectively. Note that the jump of strain rate, JK,
to b for a regularized discontinuity or unbounded for a strong one.
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2.3 Strain localization condition

Upon strain localization, material points inside the discontinuity (band) undergo inelastic loading while those
outside it unload elastically [16, 18]. Accordingly, it follows from the constitutive relation (2.3) that


σ̇ int = E0 : ˙ int − ˙ p ,

σ̇ ext = E0 : ˙ ext

(2.7)

i
sym
− ˙ p
ė  n

(2.8)

The resulting jump in the stress rate, Jσ̇K, is given by
Jσ̇K = σ̇ int − σ̇ ext = E0 :

h

The stress tensors and their rates have to remain bounded during the failure process to guarantee their physical
sym
significance. Being σ̇ int and σ̇ ext both bounded, so is the jump Jσ̇K. Accordingly, the difference ė  n
− ˙ p
has to be bounded, too. As the bandwidth b is a regularization parameter that can be made as small as desired,
the stress boundedness condition requires [18, 21]

sym
˙ = ˙ p = ė  n
JK

(2.9)

That is, upon strain localization stress boundedness requires that the strain rate jump, defined as the
difference in the strain rate fields between the interior/exterior points of the discontinuity (band)
and characterized by Maxwell’s compatibility condition, has to be completely plastic.

Remark 2.1 The kinematic constraint (2.9) implies that even though the corresponding strains are not, the
stresses inside and outside the discontinuity band are continuous, i.e., Jσ̇K = 0 . In this case, the traction
continuity JṫK = n · Jσ̇K is also guaranteed. 
Remark 2.2 This stress boundedness/continuity holds for softened plasticity [18, 20, 21] and also for perfect
plastic flows (incremental full decohesion). Similarly, the same condition guarantees that full decohesion (σ̇ = 0 )
can be fulfilled with large plastic straining inside the discontinuity; see [18] for details. 
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2.4 Strain localization of plastic solids

The kinematic constraint (2.9) implies the existence of a plastic flow vector γ satisfying

ė = λ̇γ

=⇒

sym
Λ= γn

(2.10)

Let (n, m, p) be discontinuity local axes, with n, m and p being the normal vector, the in-plane and out-of-plane
tangential ones of the discontinuity S, respectively. It then follows that [17, 20, 21]
γ = 2n · Λ − nΛnn = γn n + γm m + γp p

(2.11)

where the components (γn , γm , γp ) of the plastic flow vector γ are determined as

γn := γ · n = Λnn ,

γm := γ · m = 2Λnm ,

γp := γ · p = 2Λnp

(2.12)

Substitution of the above plastic flow vector γ back into the relation (2.10)2 yields [20, 21]
Λmm (θ cr ) = 0,

Λpp (θ cr ) = 0,

Λmp (θ cr ) = 0

(2.13)

where θ cr denote the localization angles upon which the kinematic constraint (2.10) is satisfied. Note that the
components Λmm , Λpp and Λmp depend on the specific yield function φ(σ, q); see Section 3.1 for the application
to Hill’s criterion.

Remark 2.3 As can be seen from Eq. (2.13), upon strain localization the plastic flow tensor evolves into a
particular structure in terms of a localized flow vector and the discontinuity orientation. Accordingly, the
tensorial flow components in the directions orthogonal to the discontinuity orientation have to vanish so that
the consistent loading/unloading deformation states upon strain localization are correctly represented and slip
lines or surfaces eventually form. This result is an extension of Hill’s criterion of “zero rate of extension”
for incompressible rigid-plastic materials [5, 6] to general elasto-plastic ones. In the following, we apply this
procedure to determine the localization angle for Hill’s orthotropic plastic materials. 
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Remark 2.4 In the case of plane strain, the strain localization condition Λ33 = Λpp = 0 is not necessarily
fulfilled at the onset of plastic yield φ(σ, q) = 0 with the out-of-plane stress given by 33 = 0. Accordingly,
except for very particular cases, strain localization cannot occur at the onset of plastic yielding. Rather, some
(continuous) inelastic deformations and substantial rotation of the principal strain directions have to occur,
until the localization condition Λ33 = Λpp = 0 is fulfilled such that strain localization is set in motion and a
strong (regularized) discontinuity forms; see the numerical results presented in [18] for the case of von Mises
(J2 ) model with isotropic linear elasticity. 

Remark 2.5 The above localization conditions allow developing a traction-based plastic model for the discontinuity (band). Both the orientation and the traction-based failure criterion can be determined a posteriori
from the given stress-based counterpart; see [32, 20, 21, 22] for the details. However, this extra procedure is not
considered in this work. 

3 Application to Hill’s orthotropic plastic materials

In this section the above strain localization condition is applied to Hill’s orthotropic perfectly plastic materials
[33]. In particular, closed-form solutions are obtained for the localization angle in the 2-D plane stress and plane
strain conditions. Similarly, Hill [5] considered only the plane stress condition for rigid-plastic materials.

3.1 Hill’s orthotropic plasticity

Without loss of generality, let us consider Hill’s orthotropic yield criterion of the following form [33]

φ(σ) = F σ11 − σ22

2

+ G σ11 − σ33

2

+ H σ22 − σ33

2

2
2
2
+ 2Lσ12
+ 2M σ13
+ 2N σ23
−1≤0

(3.1)
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with the material parameters F, G, H, L, M and N given by
"
2 
2 
2 #
1
1
1
1
F =
+
−
,
2
σY,11
σY,22
σY,33
"
2 
2 
2 #
1
1
1
1
+
−
G=
,
2
σY,11
σY,33
σY,22
"
2 
2 
2 #
1
1
1
1
H=
+
−
,
2
σY,22
σY,33
σY,11

11


2
1
1
2 σY,12

2
1
1
M=
2 σY,13

2
1
1
N=
2 σY,23
L=

(3.2a)

(3.2b)

(3.2c)

where σ11 , σ22 , σ33 , σ12 , σ13 and σ23 denote the stress components in the material local axes (1, 2, 3), with those
entities embellished by subscripts “Y ” representing the corresponding yield strengths.
The components Λij of the flow tensor Λ := dφ/dσ are then expressed as

dφ
= 2 F + G σ11 − 2F σ22 − 2Gσ33
dσ11

dφ
=
= 2 F + H σ22 − 2F σ11 − 2Hσ33
dσ22

dφ
= 2 G + H σ33 − 2Gσ11 − 2Hσ22
=
dσ33

Λ11 =

(3.3a)

Λ22

(3.3b)

Λ33

(3.3c)

Λ12 = Λ21 =

1 dφ
= 2Lσ12
2 dσ12

(3.3d)

Λ13 = Λ31 =

1 dφ
= 2M σ13
2 dσ13

(3.3e)

Λ23 = Λ32 =

1 dφ
= 2N σ23
2 dσ23

(3.3f)

Note that the identity trΛ = Λ11 +Λ22 +Λ33 = 0 always holds. That is, Hill’s yield function leads to an isochoric
(purely deviatoric) plastic flow.
Remark 3.1 von Mises’s isotropic yield criterion is recovered for

2

2
1 1
3 1
F =G=H=
,
L=M =N =
2 σY
2 σY

(3.4)

for the yield strength σY . 

3.2 Localization angles
In this section strain localization of a 2-D Hill’s plastic solid Ω ⊂ R2 is considered. In such 2-D cases, the
discontinuity orientation can be characterized by the inclination angle (counter-clockwise) θ ∈ [−π/2, π/2]
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between the normal vector n and the material axis 1; see Figure 3. Accordingly, the flow components Λmm , Λpp
can be expressed in terms of Λ11 , Λ22 , Λ33 , Λ12 in the material local axes as follows
Λmm = Λ11 sin2 θ + Λ22 cos2 θ + 2Λ12 cos θ sin θ,

Λpp = Λ33

(3.5)

Our objective is to derive explicitly the discontinuity angle θcr upon strain localization.
For a given stress-based failure criterion φ ≤ 0, the critical angle θcr can be determined explicitly from
the projection relation (2.10) or, more specifically, from the kinematic constraints (2.13) applied to the flow
components (3.5), i.e.,

Λmm (θcr ) = cos2 θcr Λ11 tan2 θcr + 2Λ12 tan θcr + Λ22 = 0

(3.6a)

Λpp (θcr ) = Λ33 = 0

(3.6b)

Note that in 2-D cases the other constraint Λmp (θcr ) = 0 is automatically satisfied.
It then follows from Eq. (3.6a) that
tan θcr = −

Λ12
±
Λ11

s

Λ12
Λ11

2
−

Λ22
Λ11

(3.7)

where the flow components Λ11 and Λ22 given in Eq. (3.3) are further constrained by the condition (3.6b).
As can be seen, the above discontinuity angle θcr depends on the ratios Λ22 /Λ11 and/or Λ12 /Λ11 , or equivalently, the stress state, upon strain localization. In particular, the distinction between plane stress and plane
strain states has to be made regarding the condition (3.6b).
Remark 3.2 For the above stress-based failure criterion, the resulting localization angle θcr does not depend on
the elastic constants like Young’s modulus and Poisson’s ratio. This is in strong contrast to the results given
from classical discontinuous bifurcation analysis [11, 12, 13]. In orthotropic materials, the elastic properties may
well be orthotropic. The localization angle θcr does not depend on this feature either. 
Remark 3.3 For the case of Λ12 = 0, it follows that
r
tan θ

cr

=± −

Λ22
Λ11

(3.8)
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This is the result we previously obtained for isotropic plasticity models [18, 20, 21]. Note that for orthotropic
materials, the analysis needs to be considered in the material local axes. 
Remark 3.4 The above discontinuity angle θcr is expressed in terms of the flow components (or stresses) in the
material local axes. Though the localization analysis is independent of the frame of reference, it is sometimes
more convenient to use those stresses in the global axes (x, y, z). To this end, we can considered the following
transformation relation







σxx 
sin α
0 −2 cos α sin α  

 cos α














 sin2 α
2


cos α
0 2 cos α sin α  σyy 

22

=












0
0
1
0
σzz 
σ






33

























2
2

σ12 


cos α sin α − cos α sin α 0 cos α − sin α
σxy 
 





σ11 



 






σ 






2

2

(3.9)

for the counter-clockwise tilt angle α between the global axis x and the material local axis 1. 

3.2.1 Plane stress

Let us consider plane stress conditions with σ33 = σpp = 0. In this case, the relevant flow

components in Eq. (3.3) become

Λ11 = 2 F + G σ11 − 2F σ22

(3.10a)


Λ22 = 2 F + H σ22 − 2F σ11

(3.10b)

Λ12 = 2Lσ12

(3.10c)

As the condition (3.6b) is automatically satisfied, strain localization occurs at the same instant as the initial
failure surface φ = 0 is reached and the localization angle θcr is determined straightforwardly from Eq. (3.7)
together with the relations (3.10). It is seen from the transformation (3.9) that the localization angle θcr depends
on the stresses in the global axes and on the tilt.

3.2.2 Plane strain

In this case, the condition (3.6b) yields

Λpp = Λ33 = 0

=⇒

σ33 =

Gσ11 + Hσ22
,
G+H

Λ11 + Λ22 = −Λ33 = 0

(3.11)
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Accordingly, Eq. (3.7) becomes
tan θ

cr

Λ12
±
=−
Λ11

s

Λ12
Λ11

2
+1

(3.12)

where the flow components are expressed as
Λ11 = −Λ22 = 2


F G + F H + GH
σ11 − σ22 ,
G+H

Λ12 = 2Lσ12

(3.13)

or, equivalently,

G+H L
σ12
Λ12
=
·
Λ11
F G + F H + GH σ11 − σ22

(3.14)

Therefore, the localization angle θcr depends on the ratio σ12 /(σ11 − σ22 ); see Remark 3.7.
Remark 3.5 It follows from Eq. (3.12) that
tan θ1cr · tan θ2cr = −1

=⇒

θ1cr − θ2cr = 90◦

(3.15)

Accordingly, the discontinuity lines are perpendicular to each other. 
Remark 3.6 For the case of Λ12 = 0, Eq. (3.12) becomes
tan θcr = 1

=⇒

θcr = ±45◦

(3.16)

This is exactly the result obtained for isotropic plasticity [18, 20, 21]. 
Remark 3.7 It follows from the transformation (3.9) that

σ12
1 σxx − σyy sin(2α) + 2σxy cos(2α)

=
σ11 − σ22
2 σxx − σyy cos(2α) − 2σxy sin(2α)
Regarding the stresses in the global axes, the following two cases are of interest



1


tan(2α)
σxy = 0


2
σ12
=

σ11 − σ22


1



σxx = σyy
2 tan(2α)

(3.17)

(3.18)

In the first case, the principal directions are aligned with the global axes, while in the second one, they are at
45◦ with respect to the global reference. In both cases, the localization angle θcr depends only on the tilt angle
α of the material axes. 
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3.3 Particular examples

In order to make the above results more clear, let us consider the stress state of vertical stretching, i.e.,
σxx = 0,

σyy = σ,

σxy = 0

(3.19)

along axis y.
For the plane stress condition, it follows from Eqs. (3.9) and (3.10) that

F + H cos2 α − F sin2 α
Λ22

=
Λ11
F + G sin2 α − F cos2 α

(3.20a)

Λ12
L cos α sin α

=−
Λ11
F + G sin2 α − F cos2 α

(3.20b)

The localization angle θcr is then determined from Eq. (3.7). In particular, for the case α = 0, it follows that
r

tan θ

cr

Λ22
=± −
=±
Λ11

r

F +H
F

(3.21)

which depends only on the material plastic parameters F and H. This result is coincident with that in [5]
obtained from the “zero rate of extension”.
For the plane strain condition, the localization angle θcr is determined from Eq. (3.12)

G+H L
Λ12
1
tan(2α)
=
Λ11
2 F G + F H + GH

(3.22)

For the case α = 0, it follows that
tan θcr = ±1

=⇒

θcr = ±45◦

(3.23)

4 Numerical verifications

In this section the analytical results presented in Section 3 are numerically verified. It is stressed that the
numerical verification is totally independent from the analytical results. That is, these results are not used in
any way in finite element simulations. Perfect plasticity with null modulus H = 0 is considered in this work,
though the present strain localization analysis applies also to plastic-damage models with softening regimes.
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This is because the equations from which the localization angle is obtained, Eq. (2.13) and Eq. (3.7), depend
only on the plastic flow components in the material local system; they do not depend on the softening modulus.
Compelling results for isotropic elastoplastic models with softening regimes are shown in reference [21].
As seen in previous Sections, Hill’s plastic flow is isochoric by definition, and for strain localization to take
place the plastic flow needs to be well developed and, at that stage, the (incompressible) plastic component
of the deformation is dominant over the elastic part. Standard displacement-based finite elements are not well
suited to cope with this quasi-incompressibility situation and this blunder is more evident if low order finite
elements are used. Mixed displacement/pressure (u/p) finite element formulations are far more suitable to tackle
(quasi)-incompressible problems [34]. In previous works, the authors have used mixed displacement-pressure
elements [35, 18] and strain-displacement ones [22] in the solution of strain localization problems in isochoric
and quasi-isochoric situations.
In this work, orthotropic elasticity is addressed as well as orthotropic plasticity. In orthotropic elasticity, two
interesting questions arise in contrast to isotropic elasticity. On the one hand, there is no simple scalar relation
between the pressure (or mean stress) and the volumetric strain. This renders inapplicable most developments
related to mixed u/p formulations. This is also the case of some related elements, like the widely used Q1P 0,
where the discontinuous constant pressure is eliminated at element level to yield a final formulation in terms of
displacements only. On the other hand, the term “incompressible material” results a contentious matter when
referred to anisotropic solids, see [36] for a discussion on this subject. Fortunately, the B-bar method can be
introduced to deal with anisotropic and non-linear media [37, 38]. This method is adopted in this work.

4.1 B-bar finite element

In the standard displacement based finite element method, the strain field  inside an element is related to the
nodal displacements a by the strain-displacement matrix B (discrete symmetric gradient operator)

 = Ba

(4.1)
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where matrix B is expressed as


B = B1 , ..., Bi , ..., Bnn

(4.2)

for 1 ≤ i ≤ nn , with nn being the number of nodes in the element. In general 3D cases, sub-matrix Bi and its
volumetric part Bvol
are expressed in Voigt’s notation as
i


0 
∂Ni,1 0




 0 ∂N
0 


i,2




 0
0 ∂Ni,3 


,
Bi = 



∂N ∂N
0

 i,2
i,1





∂N
 i,3 0 ∂Ni,1 




0 ∂Ni,3 ∂Ni,2

Bvol
i





∂Ni,1 ∂Ni,2 ∂Ni,3 




∂N ∂N ∂N 
 i,1
i,2
i,3 




∂N ∂N ∂N 
i,1
i,2
i,3 
1

= 

3
 0
0
0 






 0
0
0 






0
0
0

(4.3)

where Ni is the shape function of node i and ∂Ni,j is its derivative with respect to the j th (1 ≤ j ≤ 3) Cartesian
coordinate. The corresponding deviatoric part is then given by
Bdev
= Bi − Bvol
i
i

(4.4)


1
 = Ba = Bdev + Bvol a = dev + vol 1
3

(4.5)

With these definitions, it follows that

where dev = dev and vol = tr = ∇ · u are the deviatoric and volumetric strains, respectively.
Now, let ng be the number of integration points used to sample the strains and stresses and to integrate
the internal nodal forces in the finite element. Then the average of the strain-displacement sub-matrices, B̄vol
i ,
corresponding to node i, can be computed as
B̄vol
=
i

ng
1 X vol
Bi
ng

(4.6)

k=1

The modified B-bar strain-displacement matrix is then defined as
B̄i = Bdev
+ B̄vol
i
i

(4.7)
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As explained in [37], the B-bar method is equivalent to the use of reduced integration for the volumetric part of
the strain energy, while full integration is retained for the deviatoric contribution. Under given circumstances,
a B-bar Q1 element is identical to the mixed Q1P 0 element, but obtained through the deviatoric/volumetric
split of the strains rather than the stresses.

4.2 Example: Strip under vertical stretching
In this section, a strip under vertical stretching is considered as shown in Figure 4. Following Hill [5] where
characteristics are defined as “curves along which small disturbances propagates, a sharp horizontal slit is
inserted in the strip to introduce the perturbation necessary to trigger strain localization. The far field stress
state corresponds exactly to that given in Eq. (3.19). The analytical results presented in Section 3.3 are compared
to the corresponding numerical ones.

4.2.1 Isotropic and orthotropic elasticity with von Mises plasticity.

Let us consider the reference material of

J2 perfect plasticity, and isotropic elastic behavior with Young’s modulus E0 = 1.0 × 107 MPa, Poisson’s ratio
ν0 = 0.2 and the yield strength σY = 1.0 × 104 MPa.
Due to the facts σ12 = 0 and Λ12 = 0, the localization angle is given from Eq. (3.8), i.e.,




√




± 2
±54.74◦
Plane stress
Plane stress
cr
cr
tan θ =
=⇒
θ =






±1
±45◦
Plane strain
Plane strain

(4.8)

The above results were obtained and numerically validated in previous works [18, 21].
As shown in Figures 5 and 6 for the plane stress cases and Figures 7 and 8 for the plane strain cases, the
localization angle θcr depends neither on Young’s modulus nor on Poisson’s ratio, even if they are varied in an
orthotropic fashion.

4.2.2 Othotropic Hill material with no tilt.

The Hill orthotropic plasticity material with the local axis 1 coin-

cident with the global one x, i.e., α = 0, is considered. In this case, the analytical localization angle θcr is given
by Eqs. (3.21) and (3.23), respectively.

Strain localization analysis of Hill’s orthotropic elastoplasticity

19

Table 1 A strip under plane stress vertical stretching: Localization angles for various σY,11 while σY,22 = σY,33 = σY
are fixed.

Yield strength σY,11

F

8
9



0.75σY

σY (Isotropic)

1
2

1.50σY

2
9

tan θcr

H

1
σY

2



1
σY



1
σY

1
σY

2



1
σY

2



1
σY

2

1
9



2

1
2

2

7
9

r
±

9
8

√
± 2
r
±

9
2

θcr

Angles of slip lines

±46.69◦

±43.31◦

±54.74◦

±35.26◦

±64.76◦

±25.24◦

Table 2 A strip under plane stress vertical stretching: Localization angles for various σY,22 while σY,11 = σY,33 = σY
are fixed.

tan θcr

θcr

Angles of slip lines

2

√
± 2

±54.74◦

±35.26◦

1
σY

2

√
± 2

±54.74◦

±35.26◦

1
σY

2

√
± 2

±54.74◦

±35.26◦

Yield strength σY,22

F

H

8
9



1
σY

2

8
9



0.75σY

1
σY



1
σY

2

1
2



σY (Isotropic)

1
2
2
9



1
σY

2

2
9



1.50σY

– Plane stress: Let us first alter the yield strength σY,11 while the other two ones σY,22 and σY,33 are both
fixed as σY . The analytical results are summarized in Tables 1 and 2, against the numerical contours of the
equivalent plastic strain shown in Figure 9.
As can be seen, the alteration of the yield strength σY,11 yields distinct localization angles for the slit under
vertical stretching. Comparatively, alteration of σY,22 does not vary the localization angle since the slit is
stretched along axis y.
– Plane strain: It follows from the analytical result Eq. (3.23) that the localization angle θcr is fixed as 45◦
regardless the alteration of the material yield strengths. This conclusion is validated from the numerical
contours presented in Figure 10.

20

Miguel Cervera et al.

For all cases, the analytical results are coincident with the numerical ones as expected.

4.2.3 Othotropic Hill material with tilt.

Let us now discuss the Hill orthotropic plasticity with the material

local axis 1 different from the global one x, i.e., α 6= 0. Similarly, the plane stress and plane strain conditions
have to be discriminated.
– Plane stress: The analytical localization angle θcr is given by Eq. (3.7) together with the ratios (3.20). In
particular, some analytical results are summarized in Tables 3, 4, 5 and 6. The numerical contours of the
equivalent plastic strain are shown in Figures 11 to 14.
As can be seen, variation of the yield strengths in both directions yields distinct localization angles.
– Plane strain: Some of the analytical localization angles θcr given by Eq. (3.12) together with the ratios (3.22)
are summarized in Tables 7 and 8. The corresponding numerical contours of the equivalent plastic strain are
shown in Figures 15 and 16.
Compared to the results of plane stress, the variation of the yield strength in both directions has the same
influences on the localization angles.
In all cases, the analytical results are reproduced by the numerical ones. Note again that the above results
given from localization analyses are independent of the frame of reference. However, if the material axes are
not aligned with the direction of straining, the strip is no longer of uniaxial straining in the material axes.
Accordingly, considering material tilting with respect to the direction of straining verifies the results obtained
for multi-directional straining.

4.3 Example: Indentation by a flat rigid die

The second example is the indentation by a flat rigid die shown in Figure 17. This is a well-known 2-D plane
strain problem usually used in the literature to test the ability of plasticity model to capture the failure modes;
see also [5].
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Table 3 A strip under plane stress vertical stretching: Localization angles for σY,11 = 1.50σY at various tilts α.

Tilt α

tan θcr

θcr

θcr + α

Angles of slip lines

0◦

−2.1213; 2.1213

64.8◦ ; −64.8◦

64.8◦ ; −64.8◦

−25.2◦ ; 25.2◦

30◦

−23.906; 0.5229

−87.6◦ ; 27.6◦

57.6◦ ; −57.6◦

−32.4◦ ; 32.4◦

45◦

0.2644; 13.236

14.8◦ ; 85.7◦

59.8◦ ; 130.7◦

−30.2◦ ; 40.7◦

60◦

0.0651; 4.6115

3.7◦ ; 77.8◦

63.7◦ ; 137.8◦

−26.3◦ ; 47.8◦

Table 4 A strip under plane stress vertical stretching: Localization angles for σY,11 = 0.75σY at various tilts α.

Tilt α

tan θcr

θcr

θcr + α

Angles of slip lines

0◦

−1.0607; 1.0607

46.7◦ ; −46.7◦

46.7◦ ; −46.7◦

−43.3◦ ; 43.3◦

30◦

−6.2271; 0.3814

−80.9◦ ; 20.9◦

50.9◦ ; −50.9◦

−39.1◦ ; 39.1◦

45◦

0.0375; 3.3375

2.1◦ ; 73, 3◦

47.1◦ ; 118.3◦

−42.9◦ ; 28.3◦

60◦

−0.2620; 1.4312

−14.7◦ ; 55.1◦

45.3◦ ; 115.1◦

−44.7◦ ; 25.1◦

Table 5 A strip under plane stress vertical stretching: Localization angles for σY,22 = 1.50σY at various tilts α.

Tilt α

tan θcr

θcr

θcr + α

Angles of slip lines

0◦

−1.1414; 1.1414

54.7◦ ; −54.7◦

54.7◦ ; −54.7◦

−35.3◦ ; 35.3◦

30◦

0.2169; 15.3716

12.2◦ ; 86.3◦

42.2◦ ; 116.3◦

−47.8◦ ; 26.3◦

45◦

0.0756; 3.7816

4.3◦ ; 75.2◦

49.3◦ ; 120.2◦

−40.7◦ ; 30.2◦

60◦

−0.0418; 1.9124

−2.4◦ ; 62.4◦

57.6◦ ; 122.4◦

−32.4◦ ; 32.4◦

Table 6 A strip under plane stress vertical stretching: Localization angles for σY,22 = 0.75σY at various tilts α.

Tilt α

tan θcr

θcr

θcr + α

Angles of slip lines

0◦

−1.1414; 1.1414

54.7◦ ; −54.7◦

54.7◦ ; −54.7◦

−35.3◦ ; 35.3◦

30◦

−3.8164; 0.6987

−75.3◦ ; 34.9◦

−45.3◦ ; 64.9◦

44.7◦ ; −25.1◦

45◦

0.2996; 26.700

16.7◦ ; 87.9◦

61.7◦ ; 132.9◦

−28.3◦ ; 42.9◦

60◦

−0.1606; 2.6219

−9.1◦ ; 69.1◦

50.9◦ ; 129.1◦

39.1◦ ; 39.1◦
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Table 7 A strip under plane strain vertical stretching: Localization angles for σY,11 = 1.50σY or σY,22 = 1.50σY at
various tilts α.
Tilt α

tan θcr

θcr

θcr + α

Angles of slip lines

0◦

−1.0000; 1.0000

45.0◦ ; −45.0◦

45.0◦ ; −45.0◦

−45.0◦ ; 45.0◦

30◦

−6.7251; 0.1487

−81.5◦ ; 8.5◦

−51.5◦ ; 38.5◦

38.5◦ ; −51.5◦

45◦

0; −∞

0.0◦ ; −90.0◦

45.0◦ ; −45.0◦

−45.0◦ ; 45.0◦

60◦

−0.1487; 6.7251

−8.5◦ ; 81.5◦

51.5◦ ; 141.5◦

−38.5◦ ; 51.5◦

Table 8 A strip under plane strain vertical stretching: Localization angles for σY,11 = 0.75σY or σY,22 = 0.75σY at
various tilts α.
Tilt α

tan θcr

θcr

θcr + α

Angles of slip lines

0◦

−1.0000; 1.0000

45.0◦ ; −45.0◦

45.0◦ ; −45.0◦

−45.0◦ ; 45.0◦

30◦

−2.9675; 0.3370

−71.4◦ ; 18.6◦

−41.4◦ ; 48.6◦

48.6◦ ; −41.4◦

0.0◦ ; −90.0◦

45.0◦ ; −45.0◦

−45.0◦ ; 45.0◦

−18.6◦ ; 71.4◦

41.4◦ ; 131.4◦

−48.6◦ ; 41.4◦

45◦
60◦

0; −∞
−0.3370; 2.9675

As shown in Figure 18, the material right under the rigid die is almost under uniaxial vertical loading in
the global axes, i.e., σxy = 0. In accordance with Remark 3.7, the localization angle θcr is determined from Eq.
(3.12) with the following ratio


G+H L
Λ12
1
=
tan(2α)
Λ11
2 F G + F H + GH

for the tilt α.

(4.9)
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Similarly as before, let us first consider the reference isotropic material of

J2 perfect plasticity, with Young’s modulus E0 = 1.0 × 107 MPa, Poisson’s ratio ν0 = 0.2 and the yield strength
σY = 1.0 × 104 MPa.
As shown in Figure 19, the localization angle is fixed θcr = 45◦ regardless of the elastic constants. It is
worthy noting that the failure modes are symmetric and corresponds to the claimed Prandtl’s solution.

4.3.2 Orthotropic Hill material with no tilt.

It follows from α = 0 that Λ12 /Λ11 = 0. Accordingly, the local-

ization angle is also fixed as θcr = 45◦ regardless of the material yield strength; see Figure 20 for the numerical
results.

4.3.3 Orthotropic Hill material with tilt.

As the localization angle depends only on the tilt, regardless of the

stresses, the results coincide with those for the slit under plane strain vertical stretching. Therefore, the analytical
localization angles summarized in Tables 7 and 8 also apply here. The numerical results presented in Figures
21 and 22 validate this conclusion.
As can be seen, due to the tilt of the material axes the failure modes are no longer symmetric. Note that
the results for α = 45◦ are identical to those for α = 0◦ and the results for α = 30◦ are symmetric to those for
α = 60◦ in both figures.
Note that in all cases the obtained results agree with those of Hill [5] for rigid-plastic materials.

5 Conclusions

In this work the strain localization analysis of Hill’s orthotropic plasticity is addressed. Similarly to our previous
work on isotropic plastic or damage models, the localization condition is derived from the boundedness of stress
rates together with Maxwell’s kinematics. That is, the plastic flow components perpendicular to the discontinuity
normal vector vanish upon strain localization. Compared to the classical work based on the discontinuous
bifurcation analysis, in the material axes the localization angles are independent from the elastic constants, but
rather, they depend exclusively on the material parameters involved in the plastic yield function. This turns out
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to be coincident with Hill’s results for strictly incompressible rigid-plastic problems, extending them to general
elasto-plastic materials.
In 2-D plane stress and plane strain situations, application of the above localization condition to Hill’s
orthotropic plasticity yields closed-form solutions of the localization angles. In particular, the discontinuity lines
in plane strain conditions are always perpendicular to each other, and the localization angle depends only on
the tite angle of the material axes for the case of shear stress free states.
The analytical results are validated independently by numerical simulations. Being the plastic flow purely
isochoric, the B-bar finite element is employed to deal with the incompressibility of the plastic flow. Regarding a
horizontal slit under vertical stretching and Prandtl’s punch test in plane strain, numerical results are presented
for both the isotropic plasticity and the orthotropic one with or without tilt angle between the material axes
and the global ones. In all cases, the critical angles predicted from the localization condition coincide with those
given by numerical simulations. Interestingly, as for Prandtl’s punch test in plane strain the material right under
the rigid footing is almost free of shear stresses, the localization angles are also independent from the stress
state and can be determined as those for a slit under vertical stretching.
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x

xS

x

(a) Velocity/strain rate fields around a strong disconti-

(b) Velocity/strain rate fields around a regularized dis-

nuity

continuity

Fig. 2 Kinematics of strong and regularized discontinuities
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Fig. 3 Definition of the localization angle θcr between the normal vector n of the discontinuity and the material local
axis 1.
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10m

2m
20m

Fig. 4 A strip under vertical stretching: Dimensions. The bottom and top edges are vertically stretched along opposite
directions but with equal magnitude.
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(a) E11 = 1.5E0

(b) E11 = E22 = E0
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(c) E22 = 1.5E0

Fig. 5 A strip under vertical stretching (plane stress): Influence of Young’s moduli on the localization angle θcr = 54.7◦

(a) ν0 = 0.0

(b) ν0 = 0.2

(c) ν0 = 0.4

Fig. 6 A strip under vertical stretching (plane stress): Influence of Poisson’s ratio on the localization angle θcr = 54.7◦
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(a) E11 = 1.5E0

(b) E11 = E22 = E0

(c) E22 = 1.5E0

Fig. 7 A strip under vertical stretching (plane strain): Influence of Young’s moduli on the localization angle θcr = 45◦

(a) ν0 = 0.0

(b) ν0 = 0.2

(c) ν0 = 0.4

Fig. 8 A strip under vertical stretching (plane strain): Influence of Poisson’s ratio on the localization angle θcr = 45◦
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(a) σY,11 = 0.75σY

(b) σY,11 = σY

(c) σY,11 = 1.50σY

(d) σY,22 = 0.75σY

(e) σY,22 = σY

(f) σY,22 = 1.50σY

Fig. 9 A strip under vertical stretching (plane stress): Influence of the yield strengths σY,11 and σY,22 on the localization
angle θcr = 54.7◦
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(a) σY,11 = 0.75σY

(b) σY,11 = σY

(c) σY,11 = 1.50σY

(d) σY,22 = 0.75σY

(e) σY,22 = σY

(f) σY,22 = 1.50σY

Fig. 10 A strip under vertical stretching (plane strain): Influence of the yield strength σY,11 and σY,22 on the localization
angle θcr = 45◦ .
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(a) α = 0◦

(b) α = 30◦
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(c) α = 45◦

(d) α = 60◦

Fig. 11 A strip under vertical stretching (plane stress): Influence of the yield strength σY,11 = 1.5σY on the localization
angle θcr .

(a) α = 0◦

(b) α = 30◦

(c) α = 45◦

(d) α = 60◦

Fig. 12 A strip under vertical stretching (plane stress): Influence of the yield strength σY,11 = 0.75σY on the localization
angle θcr .
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(a) α = 0◦

(b) α = 30◦

(c) α = 45◦

(d) α = 60◦

Fig. 13 A strip under vertical stretching (plane stress): Influence of the yield strength σY,22 = 1.5σY on the localization
angle θcr .

(a) α = 0◦

(b) α = 30◦

(c) α = 45◦

(d) α = 60◦

Fig. 14 A strip under vertical stretching (plane stress): Influence of the yield strength σY,22 = 0.75σY on the localization
angle θcr .
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(a) α = 0◦

(b) α = 30◦
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(c) α = 45◦

(d) α = 60◦

Fig. 15 A strip under vertical stretching (plane strain): Influence of the yield strength σY,11 = 1.5σY or σY,22 = 1.5σY
on the localization angle θcr .

(a) α = 0◦

(b) α = 30◦

(c) α = 45◦

(d) α = 60◦

Fig. 16 A strip under vertical stretching (plane strain): Influence of the yield strength σY,11 = 0.75σY or σY,22 = 0.75σY
on the localization angle θcr .
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4m

2m

4m

F

3m

Fig. 17 Indentation by a flat rigid die: Dimensions and loading. The bottom edge is fixed in both direction, while the
left and right edges are constrained along the horizontal direction.

Fig. 18 Indentation by a flat rigid die: Directions of principal stresses around the rigid footing.
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(a) E11 = 1.5E0

(b) ν0 = 0.0

(c) E11 = E22 = E0

(d) ν0 = 0.2

(e) E22 = 1.5E0

(f) ν0 = 0.4

Fig. 19 Indentation by a flat rigid die: Influence of Young’s modulus and Poisson’s ratio on the localization angle θcr .

(a) σY,11 = 0.75σY

(b) σY,22 = 0.75σY

(c) σY,11 = σY

(d) σY,22 = σY

(e) σY,11 = 1.50σY

(f) σY,22 = 1.50σY

Fig. 20 Indentation by a flat rigid die: Influence of the material yield strengths σY,11 and σY,22 on the localization angle
θcr .
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(a) α = 0◦

(b) α = 30◦

(c) α = 45◦

(d) α = 60◦

Fig. 21 Indentation by a flat rigid die: Influence of the material yield strengths σY,11 = 1.5σY or σY,22 = 1.5σY on the
localization angle θcr .

(a) α = 0◦

(b) α = 30◦

(c) α = 45◦

(d) α = 60◦

Fig. 22 Indentation by a flat rigid die: Influence of the material yield strengths σY,11 = 0.75σY and σY,22 = 0.75σY on
the localization angle θcr .
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