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LOCAL POINTS ON SHIMURA COVERINGS OF SHIMURA CURVES AT BAD

REDUCTION PRIMES

CARLOS DE VERA-PIQUERO

Abstract. Let XD be the Shimura curve associated with an indefinite rational quaternion algebra of
reduced discriminant D > 1. For each prime ` | D, there is a natural cyclic Galois covering of Shimura

curves XD,` → XD constructed by adding certain level structure at `. The main goal of this note is to

study the existence of local points at primes p 6= ` of bad reduction on the intermediate curves of these
coverings and their Atkin-Lehner quotients.
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Introduction

Let XD/Q be the Shimura curve associated with a maximal order OD in an indefinite rational quater-
nion algebra BD of reduced discriminant D > 1. The existence of points on XD rational over local fields
was studied by Jordan and Livné in [JL85]. At primes p | D (the primes of bad reduction for XD), their
results rely mainly on the p-adic uniformisation theory of Cherednik and Drinfeld (see [Dri76, BC91]),
together with the combinatorial description of the special fibre of admissible curves over Zp obtained by
Mumford uniformisation through their dual graphs, following previous work of Kurihara [Kur79]. Simi-
larly, Ogg [Ogg85] analysed the existence of local points on the Atkin-Lehner quotients of XD at primes
of bad reduction.

In contrast, a systematic approach to the problem of the existence of global points on Shimura curves
or their Atkin-Lehner quotients is not known so far, and in spite of this, they are expected to provide
non-trivial candidates to test cohomological obstructions to the Hasse principle. One strategy to tackle
this problem is to apply descent to étale coverings of these curves. Then the question is transferred to
these coverings and their twists, where one hopes to find a simpler resolution. In this direction, this
note addresses the study of local points at primes of bad reduction on the intermediate curves of a cyclic
Galois covering of Shimura curves XD,` → XD associated to a prime ` | D, which was first introduced by
Jordan [Jor81] in his investigations of the arithmetic of XD. As described in [dVP13], the curves XD,`

give rise to étale Galois coverings of the classical Shimura curves XD and their Atkin-Lehner quotients,
and hence play an important role in the understanding of the diophantine arithmetic of the latter curves
(cf. for example [Sko05],[Jor81, Ch. 5],[RdVP]).

CurvesXD,` admit a moduli interpretation in terms of abelian surfaces with quaternionic multiplication
and a suitable level structure at `, and they are of arithmetic interest also in other scenarios. For instance,
the Jacobian variety JD,` of XD,` provides a compatible system of Galois representations whose local
conductor at ` is `2. Further, the theory of Jacquet-Langlands on automorphic representations of twists
of GL2 shows that automorphic forms on the classical modular curve X0(`D) may be lifted to XD,`. This
affords a modular parametrisation

πD,` : JD,`−→E
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of any elliptic curve E/Q of conductor `D, which becomes particularly interesting for applications to the
theory of Heegner points and the conjecture of Birch and Swinnerton-Dyer when the local root number
of E at ` is −1 (cf. [LRdVP]).

In the next section we describe in some detail the results of this article. The main goal is to study the
local diophantine properties of the intermediate curves of the coverings XD,` → XD, and to characterise
the existence of local points on them at primes p of bad reduction. The reader may notice that we leave
aside the case p = `, and we do so not because that case lacks interest, but rather because the methods
required to approach that setting are strikingly different from the ones employed here. We hope to cover
this case elsewhere.

1. Statement of the main results

Let AQ and Af := AQ,f denote the ring of Q-adèles and finite Q-adèles, respectively. Write Ẑ :=
∏
v Zv

for the profinite completion of the ring of integers, and ÔD := OD ⊗Z Ẑ. Besides, fix once and for all an

isomorphism Ψ : BD ⊗Q R '→ M2(R), under which the group of units of norm 1 in B×D acts as conformal
transformations on the complex upper half plane H := {z ∈ C : Im(z) > 0}. Similarly, the group of units
B×D acts naturally by linear fractional transformations on H± := P1(C)− P1(R) = C− R.

For any compact open subgroup U ⊆ Ô×D, consider the topological space of double cosets

XU := B×D \ (H± × (BD ⊗Q Af )×/U),

where B×D acts simultaneously on the left on both H± and (BD ⊗Q Af )×, and U acts on the right on

(BD ⊗Q Af )×: that is, for z ∈ H±, β = (βv)v ∈ (BD ⊗Q Af )×, b ∈ B×D and u = (u`)v ∈ U ,

b · (z, β) · u = (bz, bβu) = (bz, (bβ`uv)v).

After the work of Shimura and Deligne (see, for example, [Shi63, Shi67, Del71, Mil04]), XU admits a
canonical model which is an algebraic curve over Q. We still denote this Shimura curve by XU , which
need not be geometrically connected. Indeed, the connected components of XU ×Q C are indexed by the
double coset space (see [Mil04, Lemmas 5.12, 5.13])

(1) C∞(U) := B×D,+ \ (BD ⊗Q Af )×/U.

Write n : BD → Q for the reduced norm on BD and, by slight abuse of notation, denote also by n the
reduced norm induced on the local quaternion algebras BD,v := BD ⊗Q Qv, where v is place of Q, and
on the adelisation BD ⊗Q Af . Since BD is indefinite, the reduced norm induces an isomorphism

(2) C∞(U) = B×D,+ \ (BD ⊗Q Af )×/U
'−→ Q>0 \ A×f /n(U) ' Ẑ×/n(U),

which allows us to identify C∞(U) with the finite set Ẑ×/n(U).
For β ∈ (BD ⊗Q Af )×, the stabiliser of the corresponding double coset with respect to the action of

B×D,+ on the left is easily seen to be Γβ := B×D,+ ∩ βUβ−1. By using the isomorphism Ψ, the groups Γβ
should be regarded as cocompact subgroups of GL2(R), and the quotients Γβ \H are connected compact
Riemann surfaces (we can even consider the image of Γβ in PGL2(R)). Letting β vary over a set of
representatives in C∞(U), one has

XU ×Q C '
⊔
[β]

Γβ \ H.

When taking U = Ô×D, the curve XD := XÔ×D
/Q is the usual Shimura curve associated with the

indefinite rational quaternion algebra BD, which is the coarse moduli scheme over Q classifying abelian
surfaces with quaternionic multiplication (QM) by OD, also called fake elliptic curves. That is to say,
pairs (A, ι) where A is an abelian surface and ι : OD ↪→ End(A) is a monomorphism of rings (see
[Shi63, Shi67]). The curve XD is projective and smooth, and it depends neither on the choice of OD nor
of Ψ, which are unique up to conjugation. In this case, XD/Q is geometrically connected, and XD(C)
is identified with the compact Riemann surface Ψ(O1

D) \ H, where O1
D is the group of units in OD of

reduced norm 1.
In general, as U varies, the algebraic curves XU form a projective system indexed by the compact

open subgroups U of (BD ⊗Q Af )×, as there is a natural projection XU ′ → XU whenever U ′ ⊆ U .
This projective system is endowed with a natural action of (BD ⊗Q Af )×: if b ∈ (BD ⊗Q Af )×, right
multiplication by b induces an isomorphism of algebraic curves

(3) ρU (b) : XU −→Xb−1Ub.
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Notice that if b ∈ Norm(BD⊗QAf )×(U), then the isomorphism ρU (b) is actually an automorphism of XU .
This leads to the definition of the so-called group of modular automorphisms of the Shimura curve XU ,
namely the group Autmod(XU ) := Norm(BD⊗QAf )×(U)/Q×U .

Let us fix for the rest of this note a prime ` > 3 dividing D. Associated with `, we define a compact

open subgroup UD ⊆ Ô×D in the following way. For all primes q 6= `, set UD,q := O×D,q, whereas for the

prime ` set UD,` := 1 + I` ⊆ O×D,`, where I` ⊆ OD,` is the unique maximal ideal of OD,`, consisting

of the non-invertible elements (that is, I` is the unique two-sided OD,`-ideal of reduced norm `Z`). We
emphasise that UD is maximal outside `, thus we are only adding a certain level structure at `.

We denote the canonical model over Q of the Shimura curve associated to UD by XD,`. As XD,
this curve has also a moduli interpretation. Namely, it is the coarse moduli scheme over Q for triplets
(A, ι, x`), where (A, ι) is an abelian surface with QM by OD and x` is a generator of the canonical torsion
subgroup of (A, ι) at the prime `, regarded as an OD-module (see [Jor81, p. 110], [Sko05, Section 2]).
However, the curve XD,` is not geometrically connected. Indeed, XD,`×QQ(µ`) decomposes as a disjoint
union of `−1 isomorphic geometrically connected components, defined over Q(µ`) and conjugated by the
action of Gal (Q(µ`)/Q), where Q(µ`) denotes the `-th cyclotomic field (cf. [dVP13] or Section 2 below).

The inclusion UD ⊆ Ô×D induces a natural finite flat morphism XD,` → XD defined over Q, which is
a cyclic Galois covering with Galois group isomorphic to (cf. [dVP13] and Section 2 below)

Ô×D/{±1}UD ' O×D,`/{±1}(1 + I`) ' F×`2/{±1}.

In particular, for every positive divisor d of (`2 − 1)/2, there is a unique intermediate cyclic Galois
covering Yd → XD of degree d. Namely, the curve Yd is the Shimura curve corresponding to the unique

intermediate compact open subgroup UD ⊆ Ud ⊆ Ô×D of index d in Ô×D, or, equivalently, to the unique

subgroup Hd ⊆ F×`2 of index d.
In [dVP13], we studied the geometry of these coverings and the group of modular automorphisms of the

Shimura curves Yd, which are described as a semidirect product of the group of covering automorphisms
of Yd → XD with the group of lifted Atkin-Lehner involutions from XD to Yd (ibid.). In particular,
if ωm denotes the Atkin-Lehner involution on XD attached to a positive divisor m of D and ω̂m is the
corresponding lifted involution on Yd, then we have an induced covering

Y
(m)
d := Yd/〈ω̂m〉 −→ X

(m)
D := XD/〈ωm〉.

The purpose of this note is to study the existence of local points at primes p dividing D/` on the
curves Yd and their Atkin-Lehner quotients. Curves Yd have bad reduction at these primes, and we
therefore require the theory of Cherednik and Drinfeld on the p-adic uniformisation of Shimura curves to
describe the formal completion along the closed fibre of the Zp-integral models of the curves Yd ×Q Qp
as quotients of Drinfeld’s p-adic upper half plane in the category of formal schemes. After a brief review
of the geometry and the arithmetic of the covering XD,` → XD and its intermediate curves in Section
2, we devote Section 3 to present this theory, following mainly [BC91] and with special emphasis on the
algebraisation of these formal schemes.

In order to state the main results of this paper, to be proved in Sections 4 and 5, fix a positive divisor
d of (`2 − 1)/2 and consider the corresponding curve Yd/Q as before. Write td := (`2 − 1)/d for the
order of Hd. Even in the cases where Yd is not geometrically connected, so that its geometric connected
components are defined over a non-trivial cyclic extension of Q (cf. Section 2.2 below), it may be the
case that the geometric connected components of Yd ×Q Qp are defined over Qp. When this happens, we
say that Yd decomposes completely over Qp. If this does not occur, one can prove the non-existence of
rational points over Qp (and in fact, over infinitely many extensions K/Qp) on Yd by elementary Galois-
theoretic arguments. We refer the reader to Section 4.1 for the details. In contrast, when Yd decomposes
completely over Qp, we need to invoke Cherednik-Drinfeld theory to describe a Zp-integral model Yd
of Yd ×Q Qp as a finite disjoint union of quadratic twists of Mumford curves. Namely, if c∞(d) is the
number of geometric connected components of Yd, there is a discrete cocompact subgroup Γd ⊆ GL2(Qp)
(obtained from the definite quaternion algebra whose local invariants at p and ∞ are the opposite from
those of BD) such that

(4) Yd '
c∞(d)⊔
i=1

YΓd
,
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where YΓd
/Zp is a quadratic twist of the Mumford curve1 MΓd,+

/Zp associated with an index two
subgroup Γd,+ of Γd.

In particular, YΓd
is an admissible curve over Zp in the sense of [JL85, Definition 3.1], and the

existence of Qp-rational points on YΓd
(hence on Yd) can be tackled via Hensel’s lemma by studying the

combinatorics of its dual graph. In Section 4 we prove the following statement (cf. Proposition 4.18 and
Corollary 4.20):

Theorem 1.1. Assume Yd decomposes completely over Qp. Let K/Qp be a finite extension, and write
fK := f(K/Qp), eK := e(K/Qp). Then:

a) If fK is even, then Yd(K) 6= ∅.
b) If fK is odd and eK is even, then Yd(K) 6= ∅ if and only if any of the following conditions holds:

i) Q(
√−p) splits BD/p and 4 | td,

ii) p = 2, 4 | td, Q(
√
−1) splits BD/p and Hd contains a root of x2 + 2x+ 2 = 0, or

iii) p = 3, 6 | td, Q(
√
−3) splits BD/p and Hd contains a root of x2 + 3x+ 3 = 0.

c) If both fK and eK are odd, then Yd(K) 6= ∅ if and only if p = 2, every prime dividing D/2 is
congruent to 3 mod 4 (in particular, ` ≡ 3 mod 4), 4 | td and either Q(

√
−2) splits BD/p or Hd

contains a root of x2 + 2x+ 2.

Combining this result with the work of Jordan and Livné in [JL85], we can find examples where
XD(K) 6= ∅ but Yd(K) = ∅ (cf. Corollaries 4.21 and 4.22 below).

After proving the previous theorem, in Section 5 we focus on the existence of Qp-rational points on
the Atkin-Lehner quotients of the curves Yd. Suppose that Yd(Qp) is empty (as otherwise Qp-rational
points obviously exist in every Atkin-Lehner quotient of Yd), and choose a positive divisor m of D.
Similarly as above, if Yd does not decompose completely over Qp or ω̂m does not act trivially on the set

of geometric connected components of Yd, then one can easily predict the emptiness of Y
(m)
d (Qp) in most

of the cases. Thus we may assume that Yd decomposes completely over Qp, and further that ω̂m acts as
an involution on each geometric connected component of Yd. Notice that this is clearly the case if Yd is
already geometrically connected.

In this setting, a Zp-integral model of Y
(m)
d is given from (4) as the union of c∞(d) copies of the

quotient of YΓd
by the action induced by ω̂m. In this way, the existence of Qp-rational points on Y

(m)
d

can be characterised by studying the action of ω̂m on the dual graphs of the Zp-admissible curve YΓd
.

When m = p, the quotient of YΓd
by ω̂p is isomorphic to the (untwisted) Mumford curve MΓd

/Zp
associated with Γd, and by studying the dual graph of this curve we deduce the criterion for the existence

of Qp-rational points on Y
(p)
d (cf. Section 5.2):

Theorem 1.2. Assume Yd decomposes completely over Qp. Then the set Y
(p)
d (Qp) is not empty if and

only if any of the following conditions holds:

i) Q(
√
−1) splits BD/p and 4 | td,

ii) Q(
√
−3) splits BD/p and 6 | td,

iii) Q(
√−p) splits BD/p and 4 | td,

In contrast, when m 6= p the criterion for the existence of Qp-rational points on the curve Y
(m)
d is

deduced in Sections 5.3 and 5.4 by studying the action of the lifted Atkin-Lehner involutions induced on
the dual graph of YΓd

. The next result summarises Theorems 5.24 and 5.28:

Theorem 1.3. Assume Yd decomposes completely over Qp and Yd(Qp) = ∅. Let m > 1 be a positive
divisor of D/p and assume ω̂m acts trivially on the set of geometric connected components of Yd. Then:

1) Y
(m)
d (Qp) is not empty if and only if any of the following conditions holds:
i) BD/p ' (−m,−p)Q, and either

a) 4 | td, or
b) p = 3, ` | m, 6 | td and Hd contains a root of x2 + 3x+ 3 = 0.

ii) BD/p ' (−mp,−1)Q and 4 | td.

2) Y
(pm)
d (Qp) is not empty if and only if any of the following conditions holds:
i) Q(

√−m) splits BD/p, and either
a) ` | m or 4 | td, or

1Strictly speaking, if the image of Γd,+ in PGL2(Qp) is not a Schottky subgroup, then MΓd,+
is not a Mumford curve,

but rather a quotient of a Mumford curve by a finite group. Some authors use the term Mumford quotient instead.
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b) m = 3, 6 | td and s3Hd contains a root of x2 + 3x+ 3 = 0, where s3 ∈ F×`2 is a square
root of 3 mod `.

ii) m = 2, 4 | td, Q(
√
−1) splits BD/p and s2Hd contains a root of x2 + 2x + 2 = 0, where

s2 ∈ F×`2 is a square root of 2 mod `.

We have not tackled in this note the existence of Qp-rational points on the intermediate curves Yd of
the covering XD,` → XD and their Atkin-Lehner quotients when p = `. The main difference with the
case p 6= ` is that one needs to apply Cherednik-Drinfeld theory for Shimura curves with level structure at

p (that is to say, the subgroups U ⊆ Ô×D to be considered are not maximal at p anymore), which requires
to replace Drinfeld’s p-adic upper half plane by certain étale Galois coverings of it (cf. [BC91, III.5.7],
[Dri76], or also [Te90]). We content here to mention that using the work of Teitelbaum in [Te90] it can
be shown that the curves Yd fail to have Q`-rational points very frequently. More details will appear in
[dVP].

2. Shimura coverings of XD

As in the Introduction, we fix once and for all a prime ` > 3 dividing D and consider the cyclic Galois
covering of Shimura curves XD,` → XD. The group of covering automorphisms of XD,` → XD is

isomorphic to the quotient Ô×D/{±1}UD, which in turn is isomorphic to O×D,`/{±1}(1 + I`) because UD
is locally maximal outside `. As in [Jor81, p. 4], one can regard OD,` as a matrix subring of M2(Z`2),

OD,` =

{(
x y
`x̄ ȳ

)
: x, y ∈ Z`2

}
⊆ M2(Z`2),

where x 7→ x̄ denotes the non-trivial automorphism in Gal (Qp2/Qp), hence we may fix an isomorphism

(5) ϕ : O×D,`/(1 + I`)
'−→ F×`2

by setting

ϕ(γ) := x mod `Z`2 ∈ F×`2 if γ =

(
x y
`x̄ ȳ

)
.

Therefore, ϕ provides an automorphism between the groups ∆ := Aut(XD,`/XD) and F×`2/{±1}. Fur-

thermore, notice that if γ ∈ O×D,` and ϕ(γ(1 + I`)) = x ∈ F×`2 , then

(6) n(γ) mod `Z` = NF×
`2
/F×`

(x).

Besides, the group of modular automorphisms Autmod(XD,`) is recovered from Autmod(XD) ' WD

and ∆. Indeed, the Atkin-Lehner involutions ωm ∈ WD can be lifted to involutions ω̂m on XD,`, and

they fit again into a group WD,` ' C2r
2 . The group Autmod(XD,`) is then a semidirect (and not direct)

product of the groups ∆ and WD,` (see [dVP13, Theorem 1.2] for further details).

2.1. Intermediate curves: geometry. The intermediate curves appearing in the covering XD,` → XD

arise as the Shimura curves XU associated with the intermediate subgroups UD ⊆ U ⊆ Ô×D. Since UD
is maximal outside `, the curves XU actually arise when varying U` through the subgroups of O×D,`
containing 1 + I`. If one of these subgroups does not contain −1, then the subgroup {±1}U` gives rise
to the same Shimura curve, thus we can restrict ourselves to those subgroups U` of O×D,` containing

{±1}(1 + I`). In turn, these subgroups are in one to one correspondence with the (cyclic) subgroups ΘU

of ∆: the curve XU defined by U` is the quotient of XD,` by the action of the subgroup of automorphisms
ΘU ⊆ ∆, the degree of XU → XD is equal to the index [∆ : ΘU ], and the group of covering automorphisms
of XU → XD is isomorphic to ∆U := ∆/ΘU .

Using the identification ∆ ' F×`2/{±1}, we see the above subgroups U` in correspondence with the

cyclic subgroups H of F×`2 containing {±1}. Then, the degree of XU → XD equals the index of H in F×`2 .

For simplicity, let us fix the following notation. For every positive divisor d of (`2 − 1)/2, we put:

Yd/Q : the unique intermediate curve with deg(Yd → XD) = d;
Hd : the unique (cyclic) subgroup of F×`2 with [F×`2 : Hd] = d;

td := |Hd| = (`2 − 1)/d;

Ud : the compact open subgroup Ud ⊆ Ô×D defining Yd, with −1 ∈ Ud,`;
C∞(d) := C∞(Ud), the set of geometric connected components of Yd;
c∞(d) := |C∞(d)|.
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From (1) and (2), the integer c∞(d) equals the cardinality of Ẑ×/n(Ud). After (5) and (6),

(7) c∞(d) = [F×` : N(Hd)] = (`− 1)/|N(Hd)|,
where N = NF×

`2
/F×`

: F×`2 → F×` is the norm map. The kernel of N is F1
`2 := {x ∈ F×`2 : x`+1 = 1}, the

unique subgroup of order `+ 1 in F×`2 , hence

(8) |N(Hd)| = |Hd/(Hd ∩ F1
`2)| = td/gcd(td, `+ 1).

Therefore, the number c∞(d) of geometric connected components of Yd can be easily computed solely in
terms of d and `. Indeed:

Lemma 2.1. With the above notations,

(9) c∞(d) = gcd(`− 1, d).

In particular:

a) c∞(d) = 1 if and only if d is an odd divisor of `+ 1;
b) c∞(d) = 2 if and only if d is an even divisor of 2(`+ 1) and either ` ≡ 3 (mod 4) or 4 - d;
c) c∞(d) is even if and only if d is even, or equivalently, if and only if N(Hd) ⊆ F×2

` .

Proof. The equality (9) follows by direct computation from (7) and (8). And then the three remaining
assertions are immediate, except probably the second part of (c). But notice that (7) tells us that c∞(d)
is even if and only if N(Hd) is contained in the unique subgroup of F×` of index 2, which is precisely the

subgroup F×2
` of quadratic residues modulo `. �

Considering the action of the lifted Atkin-Lehner involutions ω̂m on XD,`, as well as the induced
involutions on the curves Yd, we have commutative diagrams

XD,`

��

// Yd

��

// XD

��
X

(m)
D,`

// Y (m)
d

// X(m)
D ,

where the superscript (m) means quotient by ω̂m (or ωm, in the case of XD), and the vertical arrows are
the natural quotient maps.

Identifying the set of geometric connected components of XD,` with F×` , we know (see [dVP13]) that
the action of ω̂m on it is by multiplication by

(10) ε(m) :=

{(
m
`

)
if ` - m,

−
(
m/`
`

)
if ` | m.

If we consider an intermediate curve Yd, the action of the induced involution ω̂m on its set of geometric
connected components is by multiplication by εd(m) := ε(m) mod N(Hd) on F×` /N(Hd). Thus εd(m)
is non-trivial if and only if ε(m) = −1 and −1 6∈ N(Hd). Regarding the last condition:

Lemma 2.2. With the above notations, −1 ∈ N(Hd) if and only if ord2(d) < ord2(`− 1).

Proof. Since −1 ∈ F×` is the unique element of order 2 and F×` is cyclic, we have that −1 ∈ N(Hd) if and
only if |N(Hd)| is even. On the other hand, combining (7) and (9) we have that

|N(Hd)| =
`− 1

gcd(`− 1, d)
,

hence it is clear that |N(Hd)| is even if and only if ord2(d) < ord2(`− 1), thus the statement follows. �

After this lemma, we can easily determine whether a lifted Atkin-Lehner involution ω̂m acts trivially
on the set of geometric connected components of an intermediate curve Yd or not. In particular, we

can compute the number of geometric connected components of Y
(m)
d , which is either c∞(d) or c∞(d)/2,

respectively. For example, by combining Lemmas 2.1 and 2.2:

Lemma 2.3. The curve Y
(m)
d is geometrically connected if and only if either

i) d is an odd divisor of `+ 1, or
ii) d is an even divisor of 2(`+ 1), ε(m) = −1 and ` ≡ 3 (mod 4).



LOCAL POINTS ON SHIMURA COVERINGS AT BAD REDUCTION PRIMES 7

2.2. Intermediate curves: arithmetic. Although the Shimura curve XD,` is defined over Q, its geo-
metric connected components are only defined over the `-th cyclotomic extension Q(µ`). Indeed, the
choice of a model over Q for XD,` induces an action of Aut(C) on XD,`(C), which is compatible with the

action of Aut(C) through its quotient Gal (Qab/Q) ' Ẑ× on the set

C∞(UD) ' Ẑ×/n(UD) ' F×`
under the map

XD,`(C) = B×D,+ \ (H× (BD ⊗Q Af )×/UD) −→ C∞(UD) ' Ẑ×/n(UD)

given by [z, b] 7→ [n(b)]. The open subgroup Uc ⊆ Ẑ× ' Gal (Qab/Q) fixing the class [n(c)] corresponding
to a component c ∈ C∞(UD) is

Uc =
∏
q 6=`

Z×q × (1 + `Z`),

thus the number field contained in Qab fixed by the action of Uc is Q(µ`), the `-th cyclotomic field. It
follows that the `−1 geometric connected components of XD,`×Q̄ are defined over Q(µ`), and conjugated
by the action of Gal (Q(µ`)/Q). Hence we can write

(11) XD,` ×Q Q(µ`) '
⊔

σ∈Gal (Q(µ`)/Q)

σ(X0
D,`),

where X0
D,`/Q(µ`) is a geometrically connected curve, and the isomorphism is over Q(µ`).

Analogously, the field of definition of the geometric connected components of an intermediate curve
Yd is determined in the same way. Replacing XD,` by Yd and C∞(UD) by C∞(d), the open subgroup

Uc′ ⊆ Ẑ× ' Gal (Qab/Q) fixing the class [n(c′)] ∈ Ẑ×/n(Ud) of a component c′ ∈ C∞(d) is now

Uc′ =
∏
q 6=`

Z×q × n(Ud,`).

Using again the relationship between the reduced norm n on subgroups of O×D,` containing {±1}(1 + I`)

and the norm map N on subgroups of F×`2 given by (6), we see that the subfield of Qab fixed by the action
of Uc′ is the subextension Q ⊆ Kd ⊆ Q(µ`) corresponding, by Galois theory, to the unique subgroup
Gd of Gal (Q(µ`)/Q) ' F×` of index c∞(d). In particular, Gal (Kd/Q) ' Gal (Q(µ`)/Q)/Gd is cyclic of
order c∞(d), thus [Kd : Q] = c∞(d). Similarly as before, we obtain that the c∞(d) geometric connected
components of Yd are now defined over Kd, and Gal (Kd/Q) acts freely and transitively on C∞(d). Thus
we have a decomposition

(12) Yd ×Q Kd '
⊔

σ∈Gal (Kd/Q)

σ(Y 0
d )

over Kd, where now Y 0
d is a geometrically connected curve defined over Kd.

Now fix a prime p dividing D, p 6= `. We consider the curve XD ×Q Qp over Qp obtained from XD

through extension of scalars from Q to Qp, and also the curve XD,`×QQp obtained in the same way from
XD,`. Let us describe how the curve XD,`×QQp and its quotients decompose as a union of geometrically
connected curves over unramified extensions of Qp; this description motivates the p-adic uniformisation
of the curves XD,` and Yd that we will work out later.

The curve XD,` ×Q Qp still has ` − 1 geometric connected components, and they are defined over
Qp(µ`). Since p 6= `, the `-th cyclotomic extension Qp(µ`) of Qp is unramified, and the `-th cyclotomic
character χ` : Gal (Qp(µ`)/Qp)→ F×` maps the Frobenius automorphism to the inverse class of p mod `.

It follows that [Qp(µ`) : Qp] equals the order of p mod ` in F×` .
For each integer f ≥ 1, let us denote by Qpf the unique unramified extension of Qp of degree f . Recall

that Qpf is the cyclotomic extension Qp(µpf−1) obtained by adjoining to Qp the (pf − 1)-th roots of

unity. Hence, if we set f to be the order of p mod ` in F×` , then Qp(µ`) = Qpf is the unique unramified
extension of degree f of Qp. Since f divides `− 1, let us write `− 1 = fc, where c is a positive integer.

The geometric interpretation is the following. After extending scalars from Q to Qp, the geomet-
ric connected components of XD,` ×Q Qp are defined over Qpf . If c > 1, then the Galois action of
Gal (Qpf /Qp) ' Z/fZ is not transitive in the set of geometric connected components of XD,`×Q Qp, but
it defines c = (`− 1)/f Galois orbits instead, each of them having f components. Each of the geometric
components of XD,` ×Q Qp is then isomorphic to

X0
D,` ×Q(µ`) Qp(µ`) = X0

D,` ×Q(µ`) Qpf ,
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where X0
D,`/Q(µ`) is as above, hence the p-adic counterpart of (11) can be written as

XD,` ×Q Qpf '
c⊔
i=1

⊔
σ∈Gal (Q

pf
/Qp)

σ(X0
D,` ×Q(µ`) Qpf ).

Now we look at the intermediate curve Yd×QQp in the covering XD,`×QQp → XD×QQp. The field of
definition KdQp of the geometric connected components of this curve is a subfield of Qp(µ`) = Qpf , thus
it is an unramified extension of Qp contained in Qpf . Therefore, we can write KdQp = Qpfd for some
positive integer fd dividing f . In order to determine the integer fd, observe that the `-th cyclotomic
character induces, by passage to the quotient, a character Gal (Qpfd/Qp) → F×` /N(Hd). Similarly as

before, the integer fd = [Qpfd : Qp] is the order of p mod ` in F×` /N(Hd). In particular, fd divides c∞(d).

Equivalently, fd is the smallest positive integer such that pfd mod ` ∈ N(Hd). Writing c∞(d) = cp(d)fd,
we eventually find the p-adic counterpart of (12):

Yd ×Q Qpfd '
cp(d)⊔
i=1

⊔
σ∈Gal (Q

pfd
/Qp)

σ(Y 0
d ×Kd

Qpfd ).

3. Cherednik-Drinfeld theory

In this section we review the Theorem of Cherednik and Drinfeld on the p-adic uniformisation of
Shimura curves at primes p of bad reduction, assuming that there is no level structure at p. Especially in
Section 3.1, we have followed the exposition in [BC91]. By extending the moduli problems for Shimura
curves XU to moduli problems in the category of Z-schemes, curves XU admit a proper, flat, integral
(but not smooth) model over Z. We denote by XU/Zp the base change from Z to Zp of these Z-schemes,
so that XU is a Zp-integral model of the Shimura curve XU . In particular, we write XD, XD,p and Yd for
the Zp-integral models thus obtained for the curves XD, XD,p and Yd, respectively.

3.1. Statement of the Theorem of Cherednik and Drinfeld. Let p be a prime dividing D, and

assume we are given a compact open subgroup U ⊆ Ô×D of the form U0
pU

p, where U0
p = O×D,p and

Up ⊆ ∏q 6=pO×D,q (i.e. U is maximal at p). Let also BD/p be the definite rational quaternion algebra

of reduced discriminant D/p. One can think of BD/p as obtained from BD by interchanging the local
invariants at the primes p and ∞. We fix an isomorphism

(13) (BD ⊗Q Apf )×
'−→ (BD/p ⊗Q Apf )×,

obtained from an anti-isomorphism BD ⊗Q Apf −→BD/p ⊗Q Apf composed by the inversion. Having fixed

this isomorphism, by a slight abuse of notation the image of an element bp = (bpv)v 6=p ∈ (BD ⊗Q Apf )×

will be written as (bp)−1 = ((bpv)
−1)v 6=p ∈ (BD/p ⊗Q Apf )×. In particular, Up ⊆ (BD ⊗Q Apf )× can also be

regarded as a subgroup of (BD/p⊗QApf )×, so that we can compare the actions of Up by multiplication on

(BD⊗QApf )× and (BD/p⊗QApf )×: right multiplication by u ∈ Up on (BD⊗QApf )× corresponds with left

multiplication by u−1 on (BD/p⊗QApf )×. We also fix an isomorphismB×D/p,p = (BD/p⊗QQp)× ' GL2(Qp)
by identifying the local quaternion algebra BD/p,p with M2(Qp). Then GL2(Qp) acts naturally on the
left on the collection of double cosets

ZU := Up \ (BD/p ⊗Q Af )×/B×D/p.

This action has only finitely many orbits, thus the set

Cp(U) := GL2(Qp) \ ZU = Up \ (BD/p ⊗Q Apf )×/B×D/p

is finite. The integer cp(U) := |Cp(U)| is closely related to the number c∞(U) := |C∞(U)| of geometric
connected components of the Shimura curve XU . Indeed, the reduced norm induces now an isomorphism

GL2(Qp) \ ZU = Up \ (BD/p ⊗Q Apf )×/B×D/p
'−→ n(Up) \ (Apf )×/Q>0,

and using (Apf )× = Q>0(Ẑp)× and Q>0 ∩ (Ẑp)× = 〈p〉 = {pa : a ∈ Z} we identify the right hand side with

n(Up) \ (Ẑp)×/〈p〉.
But now observe that the maximality condition at p implies n(Up) = Z×p , so that we have

n(Up) \ (Ẑp)× ' n(U) \ Ẑ× ' C∞(U).
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Regarding 〈p〉 as a subgroup of (Ẑp)×, we therefore identify Cp(U) with the quotient of C∞(U) modulo
〈p〉/(n(Up) ∩ 〈p〉). The latter is a finite cyclic group, and its order is the smallest positive integer fp(U)

such that pfp(U) ∈ n(Up) ∩Q>0. In particular, we have a natural projection map C∞(U) → Cp(U) and

(14) c∞(U) = cp(U)fp(U).

Geometrically, the c∞(U) connected components of XU ×Q Q̄p are classified into cp(U) distinct classes,
each of them having fp(U) connected components. Two geometric connected components c, c′ ∈ C∞(U)
belong to the same p-class if c and c′ have the same image in Cp(U).

Finally, we remark that for Up small enough, the collections of double cosets ZU form a projective
system, as Up varies, on which (BD/p ⊗Q Apf )× acts naturally by multiplication on the left: if b ∈
(BD/p ⊗Q Apf )×, multiplication on the left by b induces an isomorphism (compare this with (3))

λU (b) : ZU −→ZbUb−1 .

Theorem 3.1 (Cherednik-Drinfeld). For every Up small enough, and with U = U0
pU

p as before, one has
an isomorphism of formal Zp-schemes

(15) X̂U ' GL2(Qp) \ [Ĥp⊗̂Ẑur
p × ZU ],

where X̂U is the formal completion of XU along its closed fiber. This isomorphism is compatible with the
natural projections as Up varies, and also with the action of (BD ⊗Q Apf )× ' (BD/p ⊗Q Apf )× on both
sides. It also lifts to an isomorphism between the special formal OD,p-modules associated with the two
formal schemes.

We refer the reader to [BC91, Dri76] for a proof of this theorem.

Remark 3.2. The group GL2(Qp) acts on Ĥp⊗̂Ẑur
p through the natural action on Ĥp and through

g 7→ F̃r
−valp(det g)

p on Ẑur
p , where F̃rp : Zur

p → Zur
p is the lift of the Frobenius automorphism Frp : F̄p → F̄p

to a Zp-automorphism. This action is defined over Zp. Similarly, the right action of an element bp ∈ B×D,p
on X̂U induced by the isomorphism

ρU (1, . . . , 1, bp, 1, . . . ) : XU −→ XU

is translated under (15) to the right hand side to the action on Ẑur
p through bp 7→ F̃r

−valp(n(bp))

p .

Remark 3.3. The compatibility of the isomorphism (15) with the right action of (BD ⊗Q Apf )× on the

left hand side and the left action of (BD/p⊗Q Apf )× on the right hand side requires to compare these two

actions by using the anti-isomorphism in (13). We elaborate more on this in paragraph 3.3 below.

Remark 3.4. The special formal OD,p-module associated with X̂U is the formal completion of the
universal abelian variety given by the moduli problem associated with U , whereas the special formal
OD,p-module associated to the right hand side of the isomorphism in the theorem arises from the moduli

description of Ĥp⊗̂Ẑur
p .

3.2. Algebraisation: decomposing XU as a union of Mumford curves. Even though (15) is an
isomorphism of formal Zp-schemes, the left hand side is the completion of an algebraic Zp-scheme along
its closed fibre, hence it is obviously algebraisable. As a consequence, the right hand side of (15) is
algebraisable as well, and a closer analysis will allow us to obtain an algebraisation. For every subgroup
G ⊆ GL2(Qp), we write ZG := G ∩Q×p and denote by G′ := G/ZG the image of G in PGL2(Qp).

First of all, choose representatives bi ∈ (BD/p ⊗Q Af )× for the distinct p-classes in Cp(U) such that
bi,p = 1, i = 1, . . . , cp(U). For each i, the stabilisers

Γi := StabGL2(Qp)(bi) = {gp ∈ GL2(Qp) : gp · bi ∈ UpbiB×D/p} = B×D/p ∩ b−1
i Upbi

are discrete and cocompact subgroups of GL2(Qp), and it is easy to check that they are conjugated one
to each other. Further, they contain some power of p ∈ Q×p ⊆ GL2(Qp). We assume throughout that the

groups Γi are closed under the canonical involution b 7→ b̄ induced from BD/p. It is enough to assume

this for one of the Γi’s, for example for Γ := Γ1 = B×D/p ∩ Up, and this amounts to assuming Ūp = Up.

Then the natural projection map

(16) pr : GL2(Qp) \ [Ĥp⊗̂Ẑur
p × ZU ] −→ Cp(U) = {[b1], . . . , [bcp(U)]}



10 CARLOS DE VERA-PIQUERO

induces a decomposition into p-classes

(17) GL2(Qp) \ [Ĥp⊗̂Ẑur
p × ZU ] =

cp(U)⊔
i=1

pr−1([bi]) '
cp(U)⊔
i=1

Γi \ (Ĥp⊗̂Ẑur
p ),

and using that the Γi are conjugated one to each other we conclude that each p-class is isomorphic to

(18) Γ \ (Ĥp⊗̂Ẑur
p ).

Now define k = k(Γ) ≥ 1 to be the positive integer such that valp(ZΓ) = kZ. Equivalently, since every
element in ZΓ = Γ ∩Q× is of the form pr for some integer r, k is the smallest positive integer such that
pk ∈ Γ. Similarly, define f = f(Γ) as the positive integer such that valp(n(Γ)) = fZ. In other words, f
is the smallest positive integer such that there is an element γ ∈ Γ with valp(n(γ)) = f .

Lemma 3.5. With notations as before, n(Γ) = n(Up) ∩Q>0. In particular, f(Γ) = fp(U) (cf. (14)).

Proof. The inclusion n(Γ) ⊆ n(Up) ∩ Q>0 is clear, because B×D/p is definite. So let t ∈ n(Up) ∩ Q>0,

regarded in Apf , and choose u ∈ Up with n(u) = t. Since n(B×D/p) = Q>0, we can choose b ∈ B×D/p
with n(b) = t. Therefore, bu−1 ∈ (BD/p ⊗ Apf )× has reduced norm 1. By the Eichler-Kneser strong

approximation theorem (see [Vig80, Ch. III, Théorème 4.3]), there are elements b1 ∈ B×D/p, u1 ∈ Up,
both of norm 1, such that bu−1 = b1u1. Therefore, b−1

1 b = u1u holds in Up ∩B×D/p = Γ and both sides of

the equality have norm t. This shows the inclusion n(Γ) ⊇ n(Up)∩Q>0, thus the first part of the lemma
follows. The second part is now a direct consequence of the definitions of f(Γ) and fp(U). �

Since Γ is closed under conjugation, we have n(Γ) ⊆ Γ ∩Q× = ZΓ, hence valp(n(Γ)) ⊆ valp(ZΓ). As
a consequence fZ ⊆ kZ, so that k divides f . Further, from ZΓ ⊆ Γ we deduce 2kZ = valp(det(ZΓ)) ⊆
valp(n(Γ)) = fZ, hence f divides 2k and we must have either f = k or f = 2k. Write

Γ+ := {γ ∈ Γ : valp(n(γ)) ∈ 2kZ}, W := Γ/Γ+.

If f = 2k, then Γ+ = Γ and W is trivial, whereas if f = k, then Γ+ has index 2 in Γ+ and W is cyclic of
order two, with its non-trivial element represented by any w ∈ Γ such that valp(n(w)) = f = k.

Proposition 3.6. Let X̂Γ be the formal Zp-scheme corresponding to the formal quotient (18), and let
MΓ+

/Zp be the Mumford curve associated with Γ+, whose formal completion along the closed fibre is the

formal quotient Γ+ \ Ĥp. Then X̂Γ is the formal completion along the closed fibre of a projective scheme
XΓ/Zp such that:

a) if f = 2k, then

XΓ × Zpf '
f⊔
i=1

MΓ+
×Zp

Zpf ,

the f copies of MΓ+
×Zp

Zpf being conjugated by the action of Gal (Qpf /Qp);
b) if f = k, then

XΓ × Zpf '
f⊔
i=1

(MΓ+
×Zp

Zpf )ξ,

where now the superscript ξ means that MΓ+ ×Zp Zpf is twisted by the 1-cocycle

ξ : Gal (Qp2f /Qpf )−→ Aut(MΓ+
×Zp

Zp2f /Zp2f ), F̃r
f

p 7→ w × id,

the f copies of this curve being conjugated by the action of Gal (Qpf /Qp).

Proof. By construction, Ĥp⊗̂Ẑur
p is the extension of scalars of the formal Zp-scheme Ĥp to Ẑur

p , thus we

can endow it with its natural Weil descent datum α. Since pk is the smallest power of p in ZΓ, and ZΓ

acts trivially on Ĥp,
Γ \ (Ĥp⊗̂Ẑur

p ) ' Γ′ \ (ZΓ \ (Ĥp⊗̂Ẑur
p )) ' Γ′ \ (Ĥp⊗̂Zp2k) ' Γ \ (Ĥp⊗̂Zp2k).

In other words, α2k is effective, and as a consequence of étale descent, α is effective as well. Therefore,
we may regard (18) as an algebraisable formal scheme over Zp, thus it is the formal completion of a
projective scheme XΓ/Zp along its special fibre.

From the above observation, using that Γ+ acts trivially on Zp2k we have therefore an isomorphism

X̂Γ⊗̂Zp2k ' [W \ ((Γ+ \ Ĥp)⊗̂Zp2k)]⊗̂Zp2k .
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Now the formal quotient Γ+ \ Ĥp is algebraisable (see [Mum72, Kur79]) by a geometrically connected
projective scheme MΓ+

of relative dimension one over Zp, (a finite quotient of) a Mumford curve. By
a slight abuse of notation, we call MΓ+

the Mumford curve associated with Γ+. If f = 2k, then W is
trivial, thus the base change to Zp2k of the Zp-scheme MΓ+ ×Zp Zp2k is isomorphic to f = 2k copies of
MΓ+ ×Zp Zp2k (now as a Zp2k -scheme) conjugated by Galois, hence item a) follows.

In contrast, when f = k we find that the formal Zp-scheme

W \ ((Γ+ \ Ĥp)⊗̂Zp2f ),

hence X̂Γ, is algebraisable by the quadratic twist (MΓ+
×Zp

Zpf )ξ as in the statement, regarded as a

scheme over Zp. Then XΓ ×Zp Zpf decomposes as f copies of (MΓ+ ×Zp Zpf )ξ (now regarded as a
Zpf -scheme), again conjugated by Galois. This completes the proof in case b). �

Remark 3.7. Proposition 3.6, together with (17), gives an arithmetic meaning to the the notion of
p-classes. Namely, the curve XU ×Q Qp ' XU ×Zp

Qp decomposes over Qp as a union of cp(U) copies
of the (not geometrically connected, in general) curve XΓ ×Zp

Qp. Each of these copies corresponds to a
p-class in the set Cp(U), and the f geometric connected components in each p-class, conjugated by the
action of Gal (Qpf /Qp), arise only after base change to Qpf .

3.3. p-modular automorphisms. Recall that the group Autmod(XU ) of modular automorphisms of
the Shimura curve XU/Q is defined as

Autmod(XU ) := Norm(BD⊗QAf )×(U)/Q×U ⊆ AutQ(XU ).

We now describe a group of automorphisms of XU closely related to Autmod(XU ) that can be defined
in a similar way from the p-adic counterpart of XU . Indeed, we have seen above that for U small enough
there is a left action of (BD/p ⊗Q Apf )× on the projective system ZU : every element b ∈ (BD/p ⊗Q Apf )×

induces an isomorphism λU (b) : ZU → ZbUb−1 . It follows that the elements in Norm(BD/p⊗QAp
f )×(Up)

induce automorphisms of ZU , hence automorphisms of X̂U . Actually, one has λU (b) ∈ AutZp
(XU ) for

every b ∈ Norm(BD/p⊗QAp
f )×(Up). On the other hand, if b ∈ (BD/p ⊗Q Apf )×, then λU (b) is the identity

on XU if and only if b ∈ Up. In view of this, we define

Autp-mod(XU ) := Norm(BD/p⊗QAp
f )×(Up)/Up ⊆ AutZp

(XU )

and call Autp-mod(XU ) the group of p-modular automorphisms of XU .

In order to exhibit the close relation between Autp-mod(XU ) and Autmod(XU ), write (BD ⊗Q Af )× '
(BD ⊗Q Apf )× ×B×D,p, so that (BD ⊗Q Apf )× is identified as a subgroup of (BD ⊗Q Af )× via the natural

monomorphism x 7→ (x, 1) into the first factor. Then, by using the anti-isomorphism in (13), we can also
regard (BD/p ⊗Q Apf )× as a subgroup of (BD ⊗Q Af )×.

Now let (bv)v 6=p ∈ Norm(BD/p⊗QAp
f )×(Up). Then its image ((b−1

v )v 6=p, 1) in (BD ⊗Q Af )× clearly nor-

malises U , and furthermore, ((b−1
v )v 6=p, 1) ∈ Q×U if and only if (bv)v 6=p ∈ Up (where here Up is regarded

as a subgroup in (BD/p⊗QApf )×). Hence, the group Autp-mod(XU ) of p-modular automorphisms of XU is

naturally a subgroup of Autmod(XU ). As Remark 3.3 points out, the modular automorphisms of XU of
the form ρU (((bpv)v 6=p, 1)) correspond with the p-modular automorphisms of XU of the form λU ((bpv)

−1
v 6=p).

As above, let Γ := B×D/p ∩ Up be regarded as a subgroup of GL2(Qp), so that

X̂Γ ' Γ \ (Ĥp⊗̂Ẑur
p ).

Then define
Γ∗ := NormB×

D/p
(Up),

which can also be regarded as a subgroup of GL2(Qp). The natural inclusion of B×D/p in (BD/p ⊗Q Apf )×

induces an inclusion Γ∗ ↪→ Norm(BD/p⊗QAp
f )×(Up). Furthermore:

Lemma 3.8. The quotient Γ∗/Γ is a subgroup of Autp-mod(XU ), and every p-modular automorphism in
Γ∗/Γ acts trivially on the set Cp(U).

Proof. From the definitions, if γ ∈ Γ∗, then γ ∈ Γ if and only if γ ∈ Up. Therefore, the natural inclusion
Γ∗ ↪→ Norm(BD/p⊗QAp

f )×(Up) induces by passing to the quotient a monomorphism of groups

Γ∗/Γ ↪→ Norm(BD/p⊗QAp
f )×(Up)/Up = Autp-mod(XU ).

As for the second part of the statement, every element in Γ∗ normalises Γ, hence its action on XU as
a p-modular automorphism preserves the fibres of (16). �
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4. Local points on the curves Yd

We keep the notations from the previous sections. Let XD,` → XD be the Shimura covering of XD

at a prime divisor ` > 3 of D, d be a positive divisor of (`2 − 1)/2 and Yd/Q be the unique intermediate
curve of degree d over XD. Let also p 6= ` be a prime divisor of D. The goal of this section is to study
the existence of K-rational points on Yd for finite extensions K of Qp. The main tool for this purpose is
Cherednik-Drinfeld theory described in Section 3.

4.1. p-adic uniformisation of the curves Yd. Let XD/Zp (resp. Yd/Zp) be the Zp-integral model for
XD (resp. Yd) as in Section 3. In particular, XD (resp. Yd) is a projective, but not smooth, curve over
Zp with generic fibre XD ×Q Qp (resp. Yd ×Q Qp). Since Ud is maximal at p (because p 6= `), we can
apply the Theorem of Cherednik and Drinfeld presented in the previous section to the curve Yd.

We write

ΓD := Ô(p)×
D/p ∩B×D/p = (OD/p ⊗Z Z[1/p])× = O(p)×

D/p and Γd := U
(p)
d ∩B×D/p,

regarded as subgroups of GL2(Qp) after fixing a monomorphism BD/p ↪→ BD/p⊗QQp and an isomorphism
BD/p ⊗Q Qp ' M2(Qp). Notice that Γd is naturally a subgroup of ΓD. Indeed, writing

(19) ν : ΓD ↪→ O×D/p,`
for the natural inclusion of ΓD into O×D/p,`, we clearly have Γd = ν−1(Ud,`). By a slight abuse of notation,

we will often just write Γd = ΓD ∩ Ud,`. Furthermore, fixing an anti-isomorphism O×D,` → O×D/p,`
compatible with (13), the isomorphism in (5) gives rise to an analogous isomorphism

(20) ψ : (1 + I`) \ O×D/p,`
'−→ F×`2 ,

where here we still denote by I` the unique maximal ideal of OD/p,`, consisting of the non-invertible

elements. If γ ∈ O×D/p,` and we set x = ψ((1 + I`)γ) ∈ F×`2 , then

(21) n(γ) mod `Z` = NF×
`2
/F×`

(x).

Lemma 4.1. Γd is a normal subgroup of ΓD, and [ΓD : Γd]cp(d) = d.

Proof. First of all, observe that since 1 + I` is normal in O×D/p,` and (1 + I`) \ O×D/p,` ' F×`2 is abelian,

Ud,` is also normal in O×D/p,`. Now we prove that Γd is normal in ΓD, which by means of the natural

inclusion ν from (19) is equivalent to proving that

ν(g−1γg) ∈ ν(Γd) = ν(ΓD) ∩ Ud,` for all g ∈ ΓD, γ ∈ Γd.

Since clearly ν(g−1γg) ∈ ν(ΓD), this holds if and only if ν(g−1γg) = ν(g−1)ν(γ)ν(g) ∈ Ud,`. And this is
true because Ud,` is normal in O×D/p,`, ν(g) ∈ O×D/p,` and ν(γ) ∈ Ud,`.

Besides, it is clear that ν(Γd) ⊆ Ud,`, thus composing ν with the natural quotient homomorphism
O×D/p,` → Ud,` \ O×D/p,` we obtain a monomorphism

ΓD/Γd ↪→ Ud,` \ O×D/p,`.

Furthermore, the quotient of Ud,`\O×D/p,` by ΓD/Γd can be identified with Cp(d), thus [ΓD : Γd]cp(d) =

d as claimed. Indeed, since

Ô(p)×
D/p \ (BD/p ⊗Q Apf )×/B×D/p

is trivial, it follows that every class in

Cp(d) = U
(p)
d \ (BD/p ⊗Q Apf )×/B×D/p

is represented by (1, . . . , 1, a`, 1, . . . ) for some a` ∈ O×D/p,` modulo Ud,`. Even more, ΓD acts transitively

on these classes, and the stabiliser of an arbitrary class is Γd ⊆ ΓD. �

While the integers k(ΓD) and f(ΓD) (defined before Lemma 3.5) are both equal to 1, this might not
be the case for the integers kd := k(Γd) and fd := f(Γd), but they are easily determined:

Lemma 4.2. kd is the smallest positive integer such that pkd mod ` belongs to Hd ⊆ F×`2 , and fd is the

smallest positive integer such that pfd mod ` belongs to N(Hd) ⊆ F×` .
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Proof. The integer kd is the smallest positive integer such that pkd ∈ Γd. Since clearly p ∈ B×D/p, kd is

actually the smallest positive integer such that pkd ∈ Upd . Further, as p ∈ O×D/p,q for all primes q 6= p,

we deduce that pkd ∈ Γd if and only if pkd ∈ Ud,`. But using the isomorphism ψ from (20), this is
equivalent to pkd mod ` ∈ Hd. As for the integer fd, by Lemma 3.5 we know that fd is the smallest
positive integer such that pfd ∈ n(Upd ). Since Ud is maximal outside `, this condition is equivalent to

saying that pfd ∈ n(Ud,`). By (21), this happens if and only if pfd ∈ N(Hd). �

Remark 4.3. Plainly, the integers kd and fd are explicitly computable from `, p and d. Indeed, let f
be the order of p mod ` in F×` . Equivalently, f is the order of the cyclic group 〈p mod `〉 in F×` ⊆ F×`2 .

Then kd is the order of the image of 〈p mod `〉 in F×`2/Hd, thus

kd =
f

gcd(f, td)
, where td := |Hd|.

Similarly, fd is the order of the image of 〈p mod `〉 in F×` /N(Hd), hence using (8) and (9) we have

fd =
f

gcd(f, |N(Hd)|)
, where |N(Hd)| =

td
gcd(td, `+ 1)

=
`− 1

gcd(`− 1, d)
.

Notice that the notation for the integer fd = f(Γd) is coherent with the notation used in Section
2.2. Indeed, once the integers kd and fd are determined, with c∞(d) = cp(d)fd, Proposition 3.6 (see also
Remark 3.7) provides the p-adic uniformisation of the curve Yd and makes more precise our digression in
Section 2.2. Namely, one has a decomposition (over Zp)

(22) Yd '
cp(d)⊔
i=1

YΓd

of Yd as a union of its p-classes, all of them isomorphic to a curve YΓd
/Zp: two geometric connected

components of Yd belong to the same p-class if and only if both are geometric connected components of
the same copy of YΓd

. Furthermore,

(23) YΓd
×Zp

Zpfd '
⊔

σ∈Gal (Q
pfd

/Qp)

σ(Y0
Γd

),

where Y0
Γd
/Zpfd is geometrically connected. Moreover, Y0

Γd
is isomorphic to either

a) the base change MΓd,+
×Zp

Zpfd of the Mumford curve MΓd,+
/Zp to Zpfd , if fd = 2kd, or

b) the quadratic Frobenius twist (MΓd,+
×Zp Zpfd )ξ, if fd = kd, where ξ is induced by the 1-cocycle

Gal (Qp2fd/Qpfd )−→ Aut(MΓd,+
×Zp

Zp2fd/Zp2fd ), F̃r
fd
p 7→ wp × id,

where wp ∈ Γd represents the non-trivial class in W = Γd/Γd,+ (i.e., wp ∈ Γd is any element with
valp(n(wp)) = fd).

As a direct consequence, we find:

Proposition 4.4. Assume fd > 1, and let K/Qp be a finite extension. If Qpfd 6⊆ K, then the set Yd(K)
is empty. In particular, Yd(Qp) = ∅. In contrast, when Qpfd is a subfield of K:

a) if fd = kd, then Yd(K) 6= ∅ if and only if (MΓd,+
×Zp Zpfd )ξ(K) 6= ∅.

b) if fd = 2kd, then Yd(K) 6= ∅ if and only if (MΓd,+
×Zp Zpfd )(K) 6= ∅.

Therefore, when fd > 1 we can prove the non-existence of K-rational points on Yd for infinitely many
finite extensions K/Qp (namely, for all K/Qp not containing Qpfd as a subfield), although the set XD(K)
may be non-empty. By combining Proposition 4.4 with [JL85], we can give explicit sufficient conditions
for Yd(K) = ∅ and XD(K) 6= ∅ to hold simultaneously. Because of its simplicity, let us point out the
following particular case:

Corollary 4.5. Assume fd > 1, and let K/Qp be a finite extension of Qp whose residual degree f(K/Qp)
is even and such that Qpfd 6⊆ K. Then Yd(K) = ∅ and XD(K) 6= ∅.
Proof. The assertion Yd(K) = ∅ follows from the previous proposition, whereas the non-emptiness of
XD(K) follows from [JL85, Theorem 5.1]. �

Focusing on the study of Qp-rational points, again using the work of Jordan and Livné we find the
following:
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Corollary 4.6. Assume ` ≡ 3 (mod 4) and D = 2`q1 · · · q2r for pairwise distinct primes qi ≡ 3 (mod 4),
1 ≤ i ≤ 2r, r ≥ 0. Let d be a positive divisor of (`2 − 1)/2. If the order of 2 in F×` does not divide
Nd := (`− 1)/gcd(`− 1, d), then Yd(Q2) = ∅, although XD(Q2) 6= ∅.
Proof. By [JL85, Theorem 5.6], the set XD(Q2) is non-empty because every prime divisor of D/2 is
congruent to 3 modulo 4. Hence, if we set f := ordF×`

(2), then we must show that Yd(Q2) is empty if f

does not divide Nd.
From (7) and (9), the integer Nd is precisely the order of N(Hd) in F×` , where Hd ⊆ F×`2 is the unique

subgroup of index d in F×`2 . From Remark 4.3, it is immediate that if f does not divide Nd then fd > 1
(and conversely), hence the claim follows by applying Proposition 4.4. �

As an example, for each prime ` ≡ 3 (mod 4) with 7 ≤ ` ≤ 23, the positive divisors d of (`2 − 1)/2
satisfying the conditions of the previous corollary are listed in Table 4.1. Therefore, for every pair (`, d)
in Table 4.1 we have Yd(Q2) = ∅ and XD(Q2) 6= ∅ for every D as in the statement of the corollary.

` n = (`2 − 1)/2 positive divisors d of n with fd > 1
7 24 3, 6, 12, 24
11 60 2, 4, 5, 6, 10, 12, 15, 20, 30, 60
19 180 2, 3, 4, 6, 9, 10, 12, 15, 18, 20, 30, 36, 45, 60, 90, 180
23 264 11, 22, 33, 44, 66, 88, 132, 264

Table 1. Some examples of pairs (`, d) for which Yd(Q2) = ∅ but XD(Q2) 6= ∅.

Henceforth, we focus on the case fd = 1 (in particular, kd = 1 as well). According to the p-adic
uniformisation of the curves Yd described above, studying the existence of K-rational points on Yd for
finite extensions K of Qp amounts to studying the existence of K-rational points on the twisted Mumford

curve Mξ
Γd,+

. As we show below, this can be done very much in the same way as it is done in [JL85] for

the Shimura curve XD. The rest of this section is thus devoted to prove Theorem 1.1.
Under the assumption fd = 1, from (22) and (23) we have an isomorphism of Zp-schemes

Yd '
cp(d)⊔
i=1

YΓd
,

where the curve YΓd
/Zp is isomorphic toMξ

Γd,+
/Zp, the quadratic twist of the Mumford curveMΓd,+

/Zp
by the 1-cocycle

ξ : Gal (Qp2/Qp)−→ Aut(MΓd,+
× Zp2/Zp2), Frp 7−→ wp × id.

In particular, YΓd
/Zp is an admissible curve in the sense of [JL85, Definition 3.1], and its special fibre is

therefore described by a graph with lengths (its dual graph). If K/Qp is a finite extension, with ring of
integers OK and residue field FK , by virtue of Hensel’s Lemma there exists a K-rational point on Yd if
and only if the special fibre of a regular model of YΓd

×Zp OK contains a smooth FK-rational point. The
latter problem can be tackled by studying the combinatorics of the dual graph of YΓd

.
Let us recall briefly some basic facts about admissible curves over Zp, following [JL85, Section 3]. If

X/Zp is an admissible curve over Zp, then its dual graph with lengths will be denoted by G(X/Zp),
and F (X/Zp) will stand for the automorphism of G(X/Zp) induced by the Frobenius automorphism
X0 ×Fp

F̄p → X0 ×Fp
F̄p, where X0 := X ×Zp

Fp is the special fibre of X . The curve XOK
:= X ×Zp

OK
is again admissible, and if we set fK := f(K/Qp) and eK := e(K/Qp), then

(G(XOK
/OK), F (XOK

/OK)) ' (G(X/Zp)eK , F (X/Zp)fK ),

where for a finite graph G and an integer e ≥ 1, Ge is the graph obtained by considering the same
underlying graph as G but whose length function `Ge : Ed(Ge) → Ed(Ge) is defined by setting `Ge(y) =

e`G(y) for every y ∈ Ed(Ge) = Ed(G). Further, if X̃OK
denotes a regular model of XOK

, obtained by
resolution of singularities, then

(G(X̃OK
/OK), F (X̃OK

/OK)) ' (G̃(XOK
/OK), F̃ (XOK

/OK)),

where now for a finite graph G, the graph G̃ is obtained from G by replacing every edge y of non-trivial

length in G such that ȳ 6= y by a chain of `G(y) edges, and for an automorphism F of G, we write F̃ for

the automorphism induced by F on G̃. Finally, twists of admissible curves are again admissible curves,
and the effect of twisting an admissible curve on its dual graph is described in [JL85, Proposition 3.7].
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The goal of Section 4.2 below is to determine and describe the dual graph G(YΓd
/Zp) of the admissible

curve YΓd
. Then in Section 4.3 we conclude with a proof of Theorem 1.1 by translating the existence of

a smooth FK-rational point on the special fibre of a regular model of YΓd
×Zp
OK into a combinatorial

condition on G(YΓd
/Zp).

4.2. Combinatorics of the dual graphs. As above, we fix a positive divisor d of (`2 − 1)/2 and the
corresponding intermediate curve Yd of the Shimura covering XD,` → XD. Let Ud be the intermediate

subgroup UD ⊆ Ud ⊆ Ô× defining the Shimura curve Yd (with the convention that −1 ∈ Ud). When

describing the p-adic uniformisation of Yd, recall that we regard Γd = U
(p)
d ∩ B×D/p as a subgroup of

GL2(Qp) through a fixed embedding BD/p ↪→ BD/p,p ' M2(Qp). We also defined the index two subgroup

Γd,+ = {γ ∈ Γd : valp(n(γ)) ∈ 2Z} ⊆ Γd,

so that the non-trivial class in Wd := Γd/Γd,+ is represented by an element wp ∈ Γd with valp(n(wp)) = 1.
If Tp denotes the Bruhat-Tits tree associated with GL2(Qp), then the quotients

Gd := Γd \ Tp, Gd,+ := Γd,+ \ Tp
are naturally finite graphs with lengths. Since the action of Z(GL2(Qp)) = Q×p is trivial on Tp, we can
replace the groups Γd and Γd,+ by their images Γ′d and Γ′d,+ in PGL2(Qp), respectively.

Observe that taking d = 1 we have Y1 = XD. In this case, Γ1 = Ô(p)×
D =: ΓD and the finite graphs

with lengths GD := G1, GD,+ := G1,+ are described in detail in [Kur79]. Let us write `D := `1 for the
length function on GD and GD,+. Since we will describe the finite graph with lengths Gd from GD, and
then we will obtain a description of Gd,+ from Gd in an analogous way as GD,+ is described from GD, let
us start by recalling briefly the description of GD (see ibid. for further details).

The set of vertices of Tp is by definition

Ver(Tp) = PGL2(Qp)/PGL2(Zp) ' B×D/p,p/Q×p O×D/p,p,
and it is in bijection with the set of maximal orders O in BD/p which are locally equal to OD/p at

every prime q 6= p. If ṽ ∈ Ver(Tp) is represented by g ∈ B×D/p,p ' GL2(Qp), then the maximal order

Oṽ corresponding to ṽ is the unique maximal order such that Oṽ,q = OD/p,q = OD/p ⊗Z Zq for every

finite prime q and Oṽ,p = gOD/p,pg−1. The set of vertices Ver(GD) is then ΓD \ Ver(Tp), where ΓD acts
naturally on Ver(Tp) by conjugation using the above description in terms of maximal orders.

The cardinality of Ver(GD) is h := h(BD/p), the class number of BD/p; write Ver(GD) = {v1, . . . , vh},
and choose maximal orders Oi := Oṽi corresponding to vertices ṽi in Tp above vi, for each i = 1, . . . , h.
The length `D(vi) of vi is defined to be the cardinality of StabΓ′D

(ṽi) = O×i /Z×. Unless D/p = 2 or 3,

it follows that `D(vi) = 1, 2, or 3. Further, deciding the number hj of vertices in GD of length j, for

j = 1, 2, 3, amounts to computing the number of optimal embeddings of Z[
√
−1] and Z[(1+

√
−3)/2] into

the orders O1, · · · ,Oh. By using Eichler’s embedding theorems, it turns out (see [Kur79, p. 291]) that

(24) h2 =
1

2

∏
q|D/p

(
1−

(−4

q

))
, h3 =

1

2

∏
q|D/p

(
1−

(−3

q

))
, h1 = h− h2 − h3.

Similarly as for vertices, the length `D(y) of an edge y ∈ Ed(GD) is by definition the cardinality of
StabΓ′D

(ỹ), where now ỹ is any edge in Tp above y. If v = o(y) is the origin of the edge y and we choose

lifts ỹ and ṽ = o(ỹ) in Tp of y and v, respectively, then StabΓ′D
(ỹ) is clearly a subgroup of StabΓ′D

(ṽ),

thus `D(y) divides `D(v). Further, fixed v ∈ Ver(GD), the number of edges emanating from v having a
given length is easily computed following the table in [Kur79, Proposition 4.2].

In order to describe the graph Gd from GD, recall from Lemma 4.1 that Γd is naturally a normal
subgroup of ΓD. Furthermore, under our assumption that fd = kd = 1, we have p ∈ Ud,`, so that
Γd = ΓD ∩ Ud,` contains ΓD ∩ Z(GL2(Qp)) = Z[1/p]×, hence Γd ∩ Z(GL2(Qp)) = Z[1/p]× as well. As a
consequence, since both Z[1/p]× and Γd are normal in ΓD we have

Γ′D/Γ
′
d = (ΓD/Z[1/p]×)/(Γd/Z[1/p]×) ' ΓD/Γd.

This implies that dG := [ΓD : Γd] is the degree of the natural projection map πd : Gd → GD (which is also
the degree of πd,+ : Gd,+ → GD,+). By Lemma 4.1, dGcp(d) = d.

However, let us remark that the natural maps πd and πd,+ might not preserve in general the lengths
of vertices and edges. Indeed, let x̃ be either a vertex or an edge in Tp as before, and let x (resp. x+) be
its image in Gd (resp. Gd,+). Then the length of x (resp. of x+) is defined to be

`d(x) := |StabΓ′d
(x̃)| (resp. `d,+(x+) := |StabΓ′d,+

(x̃)|).
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It is easily seen that this definition does not depend on the representative x̃ in Tp. Focusing first on the
description of Gd, we start by observing that the lengths `d(x) = |StabΓ′d

(x̃)| and `D(πd(x)) = |StabΓ′D
(x̃)|

are related by

`D(πd(x)) = |StabΓ′D/Γ
′
d
(x̃)|`d(x) =

|StabΓ′D
(x̃)|

|StabΓ′D
(x̃) ∩ Γ′d|

`d(x).

Under our assumption ` > 3, `D(πd(x)) = |StabΓ′D
(x̃)| is either 1, 2, or 3, hence

(25) `d(x) =

{
`D(πd(x)) if StabΓ′D

(x̃) ⊆ Γ′d,

1 if StabΓ′D
(x̃) ∩ Γ′d = {1}.

Lemma 4.7. Let ṽ be a vertex in Tp, and write v for its image in Gd.

a) If `D(πd(v)) = 1, then `d(v) = 1.
b) If `D(πd(v)) = 2, then `d(v) = 2 if and only if 4 | td. Otherwise, `d(v) = 1.
c) If `D(πd(v)) = 3, then `d(v) = 3 if and only if 6 | td. Otherwise, `d(v) = 1.

Proof. The statement in a) is clear, since `D(πd(v)) is divisible by `d(v). By (25), in order to prove b) and
c) we shall determine when StabΓ′D

(ṽ) ⊆ Γ′d. Equivalently, we shall determine when StabΓD
(ṽ) ⊆ Γd. If

Oṽ denotes the maximal order corresponding to ṽ, by using the monomorphism ν from (19) this inclusion
holds if and only if ν(O×ṽ ) is a subgroup of Ud,`. Now the isomorphism ψ : (1+I`)\O×D/p,` → F×`2 induces

an isomorphism Ud,` \ O×D/p,` ' F×`2/Hd, so that ν(O×ṽ ) is a subgroup of Ud,` if and only if

ψ((1 + I`)ν(O×ṽ ))

is a subgroup of Hd.
Assume that `D(πd(v)) = 2, so that StabΓD

(ṽ) = O×ṽ = {±1,±i}, where i ∈ O×ṽ satisfies i2 + 1 = 0.
By the above discussion we have `d(v) = 2 if and only if ψ((1 + I`)ν(i)) ∈ Hd. First of all, observe that
ν(i) 6∈ 1 + I`, because n(ν(i) − 1) = 2 6∈ `Z. And also notice that ν(i)2 = −1 6∈ 1 + I`, again because `
is odd. In other words, the image of ν(i) in (1 + I`) \ O×D/p,` has order 4, hence also ψ((1 + I`)ν(i)) has

order 4. Being F×`2 cyclic, it follows that ψ((1 + I`)ν(i)) ∈ Hd if and only if 4 divides td, the order of Hd.
This proves b).

If `D(πd(v)) = 3, then StabΓD
(ṽ) = O×ṽ = {±1,±ω,±ω2}, where ω ∈ O×ṽ satisfies ω2 + ω + 1 = 0,

and we can proceed similarly as before. Since ` > 3 and n(ν(ω) − 1) = n(ν(ω2) − 1) = 3, we see
that neither ν(ω) nor ν(ω2) belong to 1 + I` ⊆ O×D/p,`. Moreover, ω3 = −1, so that we also have

ν(ω3) 6∈ 1 + I`. Therefore, the image of ν(ω) in (1 + I`) \ O×D/p,` must still have order 6, thus also the

order of ψ((1 + I`)ν(ω)) in F×`2 is 6. Again, Hd is the unique (cyclic) subgroup of order td in F×`2 , thus we
conclude that ψ((1 + I`)ν(ω)) ∈ Hd if and only if 6 divides td. This proves c). �

From this lemma, we can determine how many vertices of given length are in Gd. Indeed, let v0 be
a vertex in GD, and let π−1

d (v0) ⊆ Ver(Gd) be the set of vertices of Gd above v0. If `D(v0) = 1, then it

is clear that π−1
d (v0) consists of dG vertices of length 1. Besides, if `D(v0) = 2 (resp. 3), then π−1

d (v0)
consists of dG vertices of length 2 (resp. 3) if 4 | td (resp. 6 | td), and dG/2 (resp. dG/3) vertices of length
1 otherwise. If for positive integers r, s, we set

φr(s) =

{
1 if r | s,
0 if r - s,

, φ′r(s) = 1− φr(s) =

{
0 if r | s,
1 if r - s,

then we can summarise the above computations as follows:

Corollary 4.8. Let hi denote the number of vertices in GD of length i, i = 1, 2, 3, as in (24). If hd,i
denotes the number of vertices in Gd of length i, i = 1, 2, 3, then

hd,2 = φ4(td)dGh2, hd,3 = φ6(td)dGh3, hd,1 = dG(h1 +
φ′4(td)h2

2
+
φ′6(td)h3

3
),

and therefore the total number of vertices in Gd is computed as hd = hd,1 + hd,2 + hd,3.

Corollary 4.9. With the above notations:

a) There is a vertex of length 2 in Gd if and only if Q(
√
−1) splits BD/p and 4 | td.

b) There is a vertex of length 3 in Gd if and only if Q(
√
−3) splits BD/p and 6 | td.



LOCAL POINTS ON SHIMURA COVERINGS AT BAD REDUCTION PRIMES 17

We can also compute the lengths of the edges in Gd. Fix a vertex v in Gd, and let ṽ be a vertex of Tp
above v. Then let Star(v) be the set of edges y of Gd with o(y) = v and, similarly, let also Star(ṽ) be the
set of edges ỹ of Tp with o(ỹ) = ṽ. Recall that |Star(ṽ)| = p+1. There is a natural map Star(ṽ)→ Star(v),
and `d(y) divides `d(v) for every y ∈ Star(v). Furthermore,

p+ 1 =
∑

y∈Star(v)

`d(v)

`d(y)
.

From this relation, it is clear that `d(y) = 1 for every y ∈ Star(v) if `d(v) = 1. Besides, if `d(v) = 2 or 3,
then the above equality can be rewritten as

p+ 1 = `d(v)|{y ∈ Star(v) : `d(y) = 1}|+ |{y ∈ Star(v) : `d(y) = `d(v)}|,
so that it is enough to determine how many edges of length `d(v) are in Star(v) to describe Star(v)
completely. But this is the same local problem as in [Kur79, p. 292], thus we deduce the following:

Proposition 4.10. Given a vertex v in Gd, its length `d(v) ∈ {1, 2, 3} can be computed by Lemma 4.7
and, according to the value of `d(v), the integers

sk(v) := |{y ∈ Star(v) : `d(y) = k}|, k = 1, 2, 3,

can be obtained from the following table, where (−4
· ) and (−3

· ) denote the Kronecker symbol:

s1(v) s2(v) s3(v)
`d(v) = 1 p+ 1 0 0
`d(v) = 2 1

2 (p− (−4
p )) 1 + (−4

p ) 0

`d(v) = 3 1
3 (p− (−3

p )) 0 1 + (−3
p )

We notice that the above table is the same as in [Kur79, Proposition 4.2], with the rows corresponding
to D/p = 2 and 3 removed, as we have assumed ` > 3. This proposition, together with Lemma 4.7 and
Corollary 4.8 gives a precise description of the combinatorics of Gd.
Corollary 4.11. With the above notations:

a) There is an edge of length 2 in Gd if and only if Q(
√
−1) splits BD/p, 4 | td and p 6≡ 3 (mod 4).

b) There is an edge of length 3 in Gd if and only if Q(
√
−3) splits BD/p, 6 | td and p 6≡ 2 (mod 3).

Now we describe the graph Gd,+ by using the natural map Gd,+ → Gd, in the same way as it is done in
[Kur79, Section 4] for GD,+ and GD. Namely, start by writing the set of vertices Ver(Tp) of the Bruhat-
Tits tree as Ver(Tp) = V1 t V2, in such a way that for every pair of vertices ṽi ∈ Vi, ṽj ∈ Vj , the distance
between ṽi and ṽj is even if and only if i = j. Then, observe that Γd,+Vi = Vi for i = 1, 2, whereas
γV1 = V2 and γV2 = V1 for every γ ∈ Γd − Γd,+. Equivalently, this can be reformulated by saying that
Γd,+Vi = Vi for i = 1, 2 and wpV1 = V2, wpV2 = V1.

Therefore, every fibre of the natural maps

Ver(Gd,+)→ Ver(Gd) and Ed(Gd,+)→ Ed(Gd)
consists of two elements, and by construction we find the following:

Proposition 4.12. There exists no edge y ∈ Ed(Gd,+) such that ȳ = y. In particular,

(G(MΓd,+
/Zp), F (MΓd,+

/Zp)) ' (Gd,+, id),

that is, Gd,+ is the dual graph of the Mumford curve MΓd,+
/Zp. Further, the dual graph of YΓd

/Zp is the
same graph with lengths Gd,+, but with Frobenius action given by wp. That is to say,

(G(YΓd
/Zp), F (YΓd

/Zp)) ' (Gd,+, wp).
Proof. The non-existence of edges y ∈ Ed(Gd,+) such that y = ȳ follows directly from the above con-
struction of Gd,+. This implies that (Gd,+)∗ = Gd,+, and therefore the isomorphism of pairs

(G(MΓd,+
/Zp), F (MΓd,+

/Zp)) ' (Gd,+, id),

is consequence of [Kur79, Proposition 3.2]. Finally, by applying [JL85, Proposition 3.7] we obtain that

(G(YΓd
/Zp), F (YΓd

/Zp)) ' (Gd,+, wp).
�

Also, since wp does not fix vertices or edges, it follows that the length of a vertex or an edge in Gd,+
is the same as the length of its image in Gd. In view of this, we will also write `d for the length function
on Gd,+. It will be clear from the context whether we use `d as the length function on Gd,+ or on Gd. In
particular:
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Lemma 4.13. The number of vertices of length i in Gd,+, for i = 1, 2, 3, is 2hd,i, where the integers hd,i
are as in Corollary 4.8. Further, if v ∈ Ver(Gd,+) is such that `d(v) = k, k ∈ {1, 2, 3}, then the number
of edges in Star(v) of length k is sk(v), where sk(v) is as in Proposition 4.10.

On the other hand, there may exist edges y in Gd such that ȳ = y. Observe that such an edge exists
if and only if there is an edge y′ in Gd,+ with wp(y

′) = y′. Let us define a set of quadratic equations
depending on p and d in the following way:

(26) Fp,d :=


{x2 + 2 = 0, x2 + 2x+ 2 = 0, x2 − 2x+ 2 = 0} if p = 2 and 4 | td,
{x2 + 3 = 0, x2 + 3x+ 3 = 0, x2 − 3x+ 3 = 0} if p = 3 and 6 | td,
{x2 + p = 0} otherwise.

Lemma 4.14. There exists an edge y ∈ Ed(Gd) such that ȳ = y if and only if Γd contains a root of some
equation in Fp,d.

Proof. Assume there exists an edge y ∈ Ed(Gd) such that ȳ = y. Write v = o(y), and let ṽ ∈ Ver(Tp)
be a vertex above v. Let also ỹ ∈ Star(ṽ) be an edge above y. Then there exists γ ∈ Γd such that
γ(ỹ) = ¯̃y. In particular, γ2 ∈ StabGL2(Qp)(ṽ) = Q×p O×ṽ,p, so that we can write γ2 = pnu, for some n ∈ Z
and u ∈ O×ṽ,p. Further, observe that valp(n(γ)) must be odd, because the distance between ṽ and γ(ṽ) is

odd, hence n is odd. If n = 2b + 1, we can replace p−bγ by γ (because p ∈ Γd), thus we have γ2 = pu,
where u ∈ O×ṽ ∩ Ud,` (locally at `, u ∈ Ud,` because both p and γ lie in Γd). Moreover, we have γ ∈ Oṽ.
Now, since u is a unit in Oṽ, we have the following possibilities:

i) u = ±1,
ii) u2 + 1 = 0, or
iii) u2 ± u+ 1 = 0.

As in [Kur79, p.295], the cases u = 1 and u2 +u+1 = 0 cannot occur. Furthermore, since (locally at `) u
must lie in Ud,`, the case u2 +1 = 0 (resp. u2−u+1 = 0) can only occur if 4 | td (resp. 6 | td). Therefore,
again proceeding as in ibid., the above three cases are translated, respectively, into the following three
options:

I) γ is a root of x2 + p = 0,
II) p = 2, 4 | td and γ is a root of x2 ± 2x+ 2 = 0, or

III) p = 3, 6 | td and γ is a root of x2 ± 3x+ 3 = 0.

Thus γ is a root in Γd of some equation in Fp,d.
Conversely, if γ ∈ Γd is a root of some equation in Fp,d, then either condition I), II) or III) holds. In

particular, choosing a vertex ṽ of Tp such that γ ∈ Oṽ, then clearly there is some edge ỹ ∈ Star(ṽ) such
that γ(ỹ) = ¯̃y, hence the image y of ỹ in Gd satisfies ȳ = y. �

For d = 1, so that Y1 = XD, Γ1 = O(p)×
D/p and G1 = GD, conditions 4 | td and 6 | td are obviously

satisfied, since td = (`2 − 1)/2. Thus the above lemma is just the computation in [Kur79, p. 295]. By
examining the equations in Fp := Fp,1, there is an edge y ∈ Ed(GD) such that ȳ = y if and only if one of
the following conditions holds:

i) p = 2 and either Q(
√
−2) or Q(

√
−1) splits BD/p,

ii) p > 2 and Q(
√−p) splits BD/p.

This is equivalent to saying that a quadratic order containing the roots of some equation in Fp embeds
into some maximal order in BD/p, and more precisely the number of edges y ∈ Ed(GD) such that ȳ = y
can be computed by counting the number of inequivalent optimal embeddings from such quadratic orders
into the maximal orders O1, . . . ,Oh (cf. loc. cit.).

Plainly, if Γd contains a root of some equation in Fp,d, then Γd′ contains a root of some equation in
Fp,d′ for every d′ | d. In terms of dual graphs, if Gd has an edge y satisfying ȳ = y, then its image y′ in

Gd′ also verifies ȳ′ = y′. In particular, if Γd contains a root of some equation in Fp,d, then O(p)×
D/p contains

a root of some equation in Fp = Fp,1.
In view of this, we shall study the existence of solutions in Γd of the quadratic equations in the set

Fp,d assuming the existence of such solutions in O(p)×
D/p . We carry out the details case by case in the next

lemmas, where we make use of the natural morphism

O(p)×
D/p ↪→ O×D/p,`−→ (1 + I`) \ O×D/p,`

ψ−→ F×`2

induced by ψ. If γ ∈ O(p)×
D/p is an arbitrary element, we write ψ(γ) for its image in F×`2 under the above

composition. In particular, notice that γ ∈ Γd if and only if ψ(γ) ∈ Hd.
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Lemma 4.15. Assume that O(p)×
D/p has a root of x2 +p. Then Γd has a root of x2 +p if and only if 4 | td.

Proof. Let τ,−τ ∈ F×`2 be the two roots of x2 + p in F×`2 . If γ ∈ O(p)×
D/p is a root of x2 + p, then either

ψ(γ) = τ or ψ(γ) = −τ , and since −1 ∈ Hd, we deduce that γ ∈ Γd if and only if τ ∈ Hd. Observe that

this condition does not depend on the choice of γ, hence assuming O(p)×
D/p has a root of x2 + p, we deduce

that Γd has a root of x2 + p if and only if τ ∈ Hd. Thus we shall prove that −p is a square in Hd if and
only if 4 | td.

Indeed, under our running assumption fd = 1, we have p mod ` ∈ N(Hd), thus there exists an element
a ∈ Hd such that a`+1 = p and being ` odd it follows that p is a square in Hd. We deduce that −p is a
square in Hd if and only if so is −1, and this is equivalent to saying that 4 divides td = |Hd|. �

Next we consider the quadratic polynomials F±p (x) := x2 ± px+ p when p is either 2 or 3.

Lemma 4.16. Assume p is either 2 or 3, and suppose O(p)×
D/p has a root of either F+

p (x) or F−p (x). Then

Γd has a root of either F+
p (x) or F−p (x) if and only if Hd has a root of F+

p (x) (or, equivalently, of F−p (x)).

Proof. Fix a root σ+ ∈ F×`2 of F+
p (x). Then the roots of F+

p (x) (resp. F−p (x)) in F×`2 are σ+ and
σ′+ := −σ+−p (resp. σ− := −σ+ and σ′− := σ+ +p). With these notations, it is straightforward to check

that the existence of a root γ ∈ O(p)×
D/p of either F+

p (x) or F−p (x) implies that there are elements γ+, γ′+,

γ−, γ′− ∈ O(p)×
D/p such that ψ(γ+) = σ+, ψ(γ′+) = σ′+, ψ(γ−) = σ− and ψ(γ+) = σ′− (for instance, if γ is a

root of F+
p (x), then one can set γ+ := γ, γ′+ := −γ − p, γ− := −γ and γ′− := γ + p).

Similarly as in the previous lemma, the fact that at least one of the roots σ+, σ′+, σ− and σ′− lies in

Hd does not depend on the choice of γ. Therefore, assuming that O(p)×
D/p has a root of either F+

p (x) or

F−p (x), then Γd has a root of either F+
p (x) or F−p (x) if and only if at least one of the roots σ+, σ′+, σ−

and σ′− belongs to Hd. Using that −1 ∈ Hd, since σ− = −σ+ and σ′− = −σ′+, this is in turn equivalent
to saying that either σ+ or σ′+ lies in Hd, and hence the statement follows. �

Corollary 4.17. Assume fd = 1 as before. Then Γd contains a root of some equation in the set Fp,d if
and only if any of the following conditions holds:

i) Q(
√−p) splits BD/p and 4 | td,

ii) p = 2, 4 | td, Q(
√
−1) splits BD/p and Hd contains a root of x2 + 2x+ 2 = 0, or

iii) p = 3, 6 | td, Q(
√
−3) splits BD/p and Hd contains a root of x2 + 3x+ 3 = 0.

4.3. Proof of Theorem 1.1. Finally, we can use now the description of the graphs Gd and Gd,+ from
the previous section to prove Theorem 1.1. Indeed, the curve YΓd

/Zp is admissible, and by Proposition
4.12 its dual graph is the finite graph with lengths Gd,+ with Frobenius action given by wp. Let K/Qp
be a finite extension of Qp, and write fK := f(K/Qp), eK := e(K/Qp). Write also OK and FK ' FpfK
for its ring of integers and residue field, respectively. In order to study the existence of K-rational points
on Yd, we may look at the base change YΓd,OK

:= YΓd
×Zp
OK . By Hensel’s Lemma, the set Yd(K) is

not empty if and only if the special fibre of a regular model of YΓd,OK
has a smooth FK-rational point.

We can obtain such a regular model by resolving singularities, and by [JL85, Propositions 3.4, 3.6] the

result is still an admissible curve over OK , whose dual graph is the finite graph with lengths G̃eKd,+, with

Frobenius action given by wfKp . The existence of a smooth FK-rational point on the special fibre is then
read out from this graph.

With these observations, the next statement accounts for item a) in Theorem 1.1:

Proposition 4.18. If fK is even, then Yd(K) 6= ∅.
Proof. If fK is even, then wfKp is the identity on Gd,+, thus it is also the identity on G̃eKd,+. In particular,

every vertex v in G̃eKd,+ is fixed by wfKp , hence every component of the special fibre of ỸΓd,OK
is rational

over FK . Since there are at most p + 1 edges emanating from v, there are at most p + 1 double points
on the corresponding component. But since fK > 1, this component has pfK + 1 > p+ 1 points rational
over FK , hence there is a smooth FK-rational point. By Hensel’s Lemma, this completes the proof. �

In contrast, when fK is odd the existence of a K-rational point is characterised in terms of the finite
graph Gd,+ as follows:

Proposition 4.19. If fK is odd, then Yd(K) 6= ∅ if and only if there is an edge y ∈ Gd,+ such that
eK`d(y) is even and wp(y) = ȳ. Equivalently, if and only if there is an edge y ∈ Ed(Gd) such that eK`d(y)
is even and ȳ = y.
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Proof. As explained above, by Hensel’s Lemma we shall characterise the existence of a smooth FK-rational

point on the special fibre (ỸΓd,OK
)0, whose dual graph is (G̃eKd,+, wfKp ).

If there is such a point, then (ỸΓd,OK
)0 has a component rational over FK , that is, G̃eKd,+ has a vertex

fixed by wfKp = wp. But since wp fixes no vertices on Gd,+, this happens if and only if GeKd,+ has an edge

y′ of even length such that wp(y
′) = ȳ′, which is the same as saying that Gd,+ has an edge y such that

eK`(y) is even and wp(y) = ȳ.
Conversely, suppose Gd,+ has en edge y with eK`(y) even and wp(y) = ȳ. Then GeKd,+ has an edge y′ of

even length with wp(y
′) = ȳ′. Again, we deduce that G̃eKd,+ has a vertex fixed by wp, which corresponds

to an FK-rational component of (ỸΓd,OK
)0 isomorphic to P1

FK
and having at most 2 double points. Since

2 < pfK + 1, it follows that this component must have a smooth FK-rational point.
The second assertion in the statement follows immediately from the fact that the length of an edge in

Gd,+ and the length of its image in Gd is the same. �

By applying our description of the graphs Gd,+ and Gd, we end up with a proof of items b) and c)
stated in Theorem 1.1.

Corollary 4.20. Assume fK is odd.

a) If eK is even, then Yd(K) 6= ∅ if and only if any of the following conditions holds:
i) Q(

√−p) splits BD/p and 4 | td,

ii) p = 2, 4 | td, Q(
√
−1) splits BD/p and Hd contains a root of x2 + 2x+ 2 = 0, or

iii) p = 3, 6 | td, Q(
√
−3) splits BD/p and Hd contains a root of x2 + 3x+ 3 = 0.

b) If eK is odd, then Yd(K) 6= ∅ if and only if p = 2, every prime dividing D/2 is congruent to 3
mod 4 (in particular, ` ≡ 3 mod 4), 4 | td and either Q(

√
−2) splits BD/p or Hd contains a root

of x2 + 2x+ 2.

Proof. When eK is even, Proposition 4.19 says that Yd(K) 6= ∅ if and only if there is an edge y ∈ Gd such
that wp(y) = ȳ. Then a) follows directly from Lemma 4.14 and Corollary 4.17.

As for b), suppose that eK is odd. Then we know that XD(K) is empty unless p = 2 or D = 2p. Since
` > 3, we can assume that p = 2, as otherwise XD(K) is empty and therefore Yd(K) is necessarily empty
as well (we could also deduce this by using Proposition 4.19 and our study of Gd,+).

If Yd(K) is not empty, Proposition 4.19 implies the existence of an edge y ∈ Gd such that `d(y) = 2 and
ȳ = y. By Corollary 4.11 and Lemma 4.14, this is equivalent to saying that Q(

√
−1) splits BD/p, 4 | td

and Γd contains a root of some equation in F2,d. Using Lemmas 4.15 and 4.16, this is equivalent to saying

that Q(
√
−1) splits BD/p, 4 | td and either Q(

√
−2) splits BD/p or Hd contains a root of x2 + 2x + 2.

Here notice that the condition that Q(
√
−1) splits BD/p is equivalent to saying that every prime dividing

D/p is congruent to 3 mod 4, thus we find b).
Conversely, suppose that Q(

√
−1) splits BD/p, 4 | td and either Q(

√
−2) splits BD/p or Hd contains a

root of x2 + 2x + 2. Since Q(
√
−1) splits BD/p and 4 | td, we can choose γ ∈ Γd satisfying γ2 + 1 = 0,

and there is a vertex ṽ ∈ Ver(Tp) such that γ(ṽ) = ṽ, so that StabΓ′d,+
(ṽ) = {[1], [γ]}. If v is the image

of ṽ in Gd (or in Gd,+), then `d(v) = 2.

Now if Q(
√
−2) splits BD/p, there is an element γ′ ∈ O(2)×

D/2 such that (γ′)2 + 2 = 0. Since 4 | td,
Lemma 4.15 implies that actually γ′ ∈ Γd. Having norm 2, γ′ induces the same element as w2 in Γd/Γd,+,
hence the image y in Gd of the edge ỹ := ṽ → γ′(ṽ) satisfies `d(y) = 2 and ȳ = y.

On the other hand, suppose Hd contains a root of the quadratic equation x2 + 2x+ 2. Since γ− 1 and

−γ − 1 are roots in O(2)×
D/2 of x2 + 2x + 2 = 0, and they map to the two distinct roots of this quadratic

equation in F×`2 , at least one of them lies in Hd by assumption, so either γ − 1 or −γ − 1 belongs to
Γd. Let us write γ′ = γ − 1 or −γ − 1 accordingly. Similarly as before, define ṽ′ := γ′(ṽ) and let
ỹ = ṽ → ṽ′ ∈ Ed(Tp). The element γ also fixes ṽ′, and therefore the image y of ỹ in Gd satisfies `d(y) = 2
and ȳ = y. This finishes the proof of b). �

Combining Theorem 1.1 with [JL85, Theorems 5.4, 5.6], we can give explicit conditions for the set
Yd(K) to be empty even in cases where XD(K) is not.

Corollary 4.21. Assuming fd = 1, suppose that one of the following conditions is satisfied:

a) p 6= 2, 3, Q(
√−p) splits BD/p and 4 - td;

b) p = 2, and either
i) Q(

√
−2) splits BD/2 and 4 - td, or

ii) Q(
√
−1) splits BD/2 and either 4 - td or Hd does not contain any root of x2 + 2x+ 2 = 0.
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c) p = 3, Q(
√
−3) splits BD/3, 4 - td and either 6 - td or Hd does not contain any root of x2+3x+3 =

0.

If K/Qp is any finite extension such that f(K/Qp) is odd and e(K/Qp) is even, then XD(K) 6= ∅ and
Yd(K) = ∅.
Corollary 4.22. Assuming fd = 1, suppose that p = 2, every prime dividing D/2 is congruent to
3 modulo 4 and either 4 - td or Q(

√
−2) does not split BD/2 and Hd does not contain any root of

x2 + 2x + 2 = 0. If K/Qp is any finite extension such that both f(K/Qp) and e(K/Qp) are even, then
XD(K) 6= ∅ and Yd(K) = ∅.

5. Qp-rational points on Atkin-Lehner quotients of Yd

After studying local points on the curves Yd, we now focus on the study of Qp-rational points on the
quotients of these curves by the lifted Atkin-Lehner involutions ω̂m attached to positive divisors m of
D. By analogy to the classical case, we call these curves Atkin-Lehner quotients of Yd, and we denote by

Y
(m)
d the quotient of Yd by the action of ω̂m. In order to simplify the discussion, we assume throughout

that Yd(Qp) = ∅, as otherwise the sets Y
(m)
d (Qp) are clearly non-empty for every positive divisor m of D

as well. Equivalently, we thus assume that YΓd
(Qp) = ∅.

Again, we exploit the p-adic uniformisation of the curves Yd worked out in Section 4.1. As it happens
when studying the curves Yd, there is a big difference between the cases fd = 1 and fd > 1. Moreover, in
cases where Yd is not geometrically connected we shall take into account whether εd(m) = 1 or not (i.e.,
whether ω̂m acts trivially on the set C∞(d) or not). After some considerations regarding these questions,
we will soon restrict ourselves to the case fd = 1 and εd(m) = 1. Our study of the existence of Qp-rational

points on the curves Y
(m)
d then borrows some of the ideas in Kurihara’s and Ogg’s work (cf. [Kur79],

[Ogg85]).

5.1. p-adic uniformisation of the curves Y
(m)
d and first considerations. We fix as usual a positive

divisor d of (`2−1)/2 and the corresponding intermediate curve Yd of XD,` → XD. Let also p be a prime
dividing D/`. Recall from Section 4.1 that Cherednik-Drinfeld theory applied to the curves Yd provides
us with isomorphisms

Yd '
cp(d)⊔
i=1

YΓd
, YΓd

×Zp
Zpfd '

fd−1⊔
j=0

F̃r
j

p(Y0
Γd

),

where YΓd
is defined over Zp and Y0

Γd
/Zpfd is isomorphic to either the base change of the Mumford curve

MΓd,+
to Zpfd or a quadratic twist of it (cf. (22) and (23)). From these isomorphisms we also recover

the fact that the c∞(d) = cp(d)fd geometric connected components of Yd, indexed by the set C∞(d), are
classified in cp(d) distinct p-classes, one for each element in Cp(d), corresponding to the cp(d) copies of
the curve YΓd

/Zp. This corresponds with the natural quotient map

C∞(d) ' F×` /N(Hd)−→Cp(d) ' F×` /N(Hd)〈p〉.
Fix a positive divisor m of D. If ω̂m acts trivially on the set C∞(d) of geometric connected components

of Yd, (i.e., εd(m) = 1) then it obviously acts trivially as well on the set Cp(d) of p-classes. And when

this is the case, we can predict easily the non-existence of Qp-rational points on Y
(m)
d in many instances:

Proposition 5.1. Assume that Yd(Qp) = ∅ and εd(m) = 1. If fd > 1, then Y
(m)
d (Qp) = ∅.

Proof. Under the hypothesis εd(m) = 1, the involution ω̂m induces an involution on each geometric

connected component of Yd, which we still denote by ω̂m. In particular, Y(m)
d still decomposes over Zp

as cp(d) copies of a curve Y(m)
Γd

(namely, the quotient of YΓd
by ω̂m), and each of these curves has fd

geometric connected components, which are only defined over Zpfd and conjugated by Gal (Qpfd/Qp). In

particular, Y(m)
Γd

(Qp) is empty, hence so is the set Y
(m)
d (Qp).

Alternatively, suppose there exists a point P ∈ Y (m)
d (Qp) = ∅. Then there must be a point Q ∈ Yd(Q̄p)

such that {Q, ω̂m(Q)} is stable under the action of Gal (Q̄p/Qp). But notice that both Q and ω̂m(Q) lie
in the same geometric connected component of Yd. However, if σ ∈ Gal (Q̄p/Qp) induces a non-trivial
automorphism in Gal (Qpfd/Qp), then σ(Q) lies in a different geometric connected component of Yd as
Q, hence σ(Q) 6∈ {Q, ω̂m(Q)}, a contradiction. �

Besides, if εd(m) 6= 1 it is important to distinguish whether ω̂m acts on each p-class of geometric
connected components or not. In this regard:
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Lemma 5.2. Assume εd(m) 6= 1. Then ω̂m acts trivially on the set Cp(d) of p-classes if and only if the
integer fd is even.

Proof. Suppose εd(m) 6= 1, that is to say, ε(m) = −1 and −1 6∈ N(Hd). In particular, this implies that
|N(Hd)| is odd. By construction, the action of ω̂m on the set Cp(d) ' F×` /N(Hd)〈p〉 is trivial if and only

if −1 ∈ N(Hd)〈p〉. Being F×` cyclic, this holds if and only if the order of N(Hd)〈p〉 is even. And since

|N(Hd)| is odd, this is in turn equivalent to saying that the order of p in F×` /N(Hd) is even. But this is
exactly the same as having fd even. �

Proposition 5.3. Assume that εd(m) 6= 1 and Yd(Qp) = ∅. If fd 6= 2, then Y
(m)
d (Qp) = ∅.

Proof. Suppose that εd(m) 6= 1 and Yd(Qp) = ∅, and assume first that fd is odd. By the previous lemma,

ω̂m acts non-trivially on the set Cp(d) (in particular, cp(d) is even), and therefore Y(m)
d /Zp is isomorphic

(over Zp) to cp(d)/2 copies of the curve YΓd
. Since Yd(Qp) = ∅ by hypothesis, YΓd

(Qp) is empty and

the statement follows. Alternatively, suppose there is a Qp-rational point P ∈ Y (m)
d (Qp). Then there is

a point Q ∈ Yd(Q̄p) such that the set {Q, ω̂m(Q)} is stable under the action of Gal (Q̄p/Qp). But since
Yd(Qp) is empty, there exists some σ ∈ Gal (Q̄p/Qp) such that σ(Q) = ω̂m(Q). However, this is not
possible, because σ(Q) lies in the same p-class as Q, whereas ω̂m(Q) does not.

Now assume that fd is even and fd 6= 2. By the previous lemma, ω̂m acts trivially on the set of
p-classes. Therefore, ω̂m induces an involution on each copy of YΓd

, which we still denote by ω̂m. But
since εd(m) 6= 1, ω̂m identifies the fd geometric connected components of YΓd

in pairs, and it follows that

Y(m)
Γd

:= YΓd
/〈ω̂m〉 decomposes over Zpfd/2 as the disjoint union of fd/2 geometrically connected curves,

all of them defined over Zpfd/2 and conjugated by Gal (Qpfd/2/Qp). As a consequence the set Y(m)
Γd

(Qp)
is empty because fd/2 > 1, so Y

(m)
d (Qp) is empty as well. �

Remark 5.4. Recall that both εd(m) and fd can be easily computed, by using (10) together with Lemma
2.2 and Remark 4.3, respectively. Therefore, by combining Theorem 1.1 with Propositions 5.1 and 5.3,

we can provide many concrete instances where the set Y
(m)
d (Qp) is empty.

Remark 5.5. When εd(m) 6= 1, Proposition 5.3 leaves open the question of determining whether

Y
(m)
d (Qp) is empty or not only in the case fd = 2. This corresponds to the situation where YΓd

de-
composes over Zp2 as the disjoint union of a geometrically connected curve Y0

Γd
/Zp2 and its Frobenius

conjugate Y1
Γd

:= F̃rp(Y0
Γd

), which are permuted also by the action of ω̂m. The Atkin-Lehner quotient

Y(m)
Γd

is therefore a model for Y0
Γd

over Zp. The twists of Mumford curves that one needs to deal with

in order to study the existence of Qp-rational points on Y(m)
Γd

in this setting are not in the scope of this
note, so we will not consider this particular case.

We thus assume for the rest of this note that fd = 1 and εd(m) = 1. In particular, notice that
Yd/Zp decomposes completely over Zp (that is to say, c∞(d) = cp(d)). Hence we have an isomorphism of
Zp-schemes

(27) Y(m)
d '

cp(d)⊔
i=1

Y(m)
Γd

,

where Y(m)
Γd

stands for the quotient of YΓd
by the action of the involution induced by ω̂m on YΓd

, which

we still denote ω̂m. Recall that YΓd
/Zp is the quadratic twist Mξ

Γd,+
of the Mumford curve over Zp

associated with Γd,+ by the cohomology class corresponding to the 1-cocycle

ξ : Gal (Qp2/Qp)−→ Aut(MΓd,+
×Zp Zp2/Zp2), F̃rp 7−→ wp × id.

As we did for the curve Yd, next we study the existence of Qp-rational points on the curve Y(m)
Γd

(hence

on Y(m)
d ) by studying the existence of smooth Fp-rational points on the special fibre of a regular model

and applying Hensel’s Lemma. And for this, we translate again the problem into a combinatoric issue on
the dual graph Gd,+ of the admissible curve YΓd

/Zp.

Remark 5.6. As pointed out in [dVP13, Remark 5.5], the Atkin-Lehner involutions on XD can be lifted

to XD,` in more than one way, although the structure of Autmod(XD,`) as an abstract group does not
depend on the choice of the involutions ω̂m.

When considering intermediate curves Yd and an Atkin-Lehner involution ωm, it might still be the
case that Autmod(Yd) contains more than one involution lifting ωm. And in certain cases, the action of
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these lifted involutions on the set C∞(d) can be different (this will not be the case, of course, if Yd is
geometrically connected, for example). Nevertheless, we remark that when this occurs, the quotients of
Yd by different lifts of ωm are different curves. Throughout this note, we always consider ω̂m to be the
lifted Atkin-Lehner involution as in [dVP13, Definition 4.3].

5.2. Qp-rational points on Y
(p)
d . We start by studying the Atkin-Lehner quotient of Yd by the involution

ω̂p, where we still assume p 6= `. First of all, we notice that the hypothesis fd = 1 already implies that
εd(p) = 1, thus we do not need to make this extra assumption:

Lemma 5.7. Under the hypothesis fd = 1, we always have εd(p) = 1. Furthermore, the action of ω̂p on

the curve YΓd
corresponds to the involution induced by wp on Mξ

Γd,+
.

Proof. Our assumption fd = 1 implies that cp(d) = c∞(d). If this integer is odd, then it must be
εd(p) = 1. Assume on the contrary that cp(d) = c∞(d) is even. This means that N(Hd) is a subgroup of

F×2
` ⊆ F×` , the subgroup of F×` consisting of the quadratic residues modulo `. Since fd = 1 is equivalent

to p mod ` being in N(Hd), it follows that (p` ) = 1, hence ε(p) = 1, so that εd(p) = 1 as well. This
proves the first assertion.

As for the second part, the action of the lifted involution ω̂p on Ŷd, the p-adic counterpart of Yd×Q Q̄,
is induced (through (15)) by the modular automorphism

ρUd
(1, . . . , 1,wp, 1, . . . , 1, αp, 1, . . . ) = ρUd

(wp)ρUd
(αp) : Yd−→Yd,

with

wp =

(
0 1
p 0

)
∈ OD,p and αp =

(
sp 0
0 s̄p

)
∈ O×D,`,

where sp ∈ Z×`2 reduces to a square root of p modulo ` in F×`2 , and a 7→ ā denotes the non-trivial
automorphism in Gal (Q`2/Q`). By the assumption fd = 1, the automorphism induced by ρUd

(wp) acts
on YΓd

as the involution induced by wp, via the isomorphism (15). Therefore, we need to show that
ρUd

(αp) induces the identity isomorphism, which is equivalent to showing that αp ∈ Ud,`. But since we
are assuming fd = 1, it turns out that p mod ` = x`+1 for some x ∈ Hd ⊆ F×`2 . Since ` is odd, in

particular p mod ` is the square of an element in Hd. Hence, the reduction of sp to F×`2 lies in Hd, which
implies that αp ∈ Ud,` and the statement follows. �

As a consequence of this lemma, an integral model Y(p)
d /Zp of the Atkin-Lehner quotient Y

(p)
d is

obtained by taking the quotient of each connected component by wp, thus

Y(p)
d '

cp(d)⊔
i=1

Y(p)
Γd
'
cp(d)⊔
i=1

MΓd
,

where in the last isomorphism we use that the quotient of the twisted Mumford curve Mξ
Γd,+

/Zp by the

involution wp is precisely the (untwisted) Mumford curve MΓd
/Zp associated with Γd ⊆ GL2(Qp). In

particular:

Corollary 5.8. Assuming fd = 1, Y
(p)
d (Qp) 6= ∅ if and only if MΓd

(Qp) 6= ∅.
Similarly as forMΓd,+

, now the dual graph ofMΓd
/Zp is the finite graph with lengths G∗d := (Γd\Tp)∗,

with trivial Frobenius action, and where the ∗ means that one has to remove from Gd those edges y with
ȳ = y (see [Kur79, Proposition 3.2]). In contrast to the case of Gd,+, now such edges may exist as we saw
in Lemma 4.14. We thus have the following:

Lemma 5.9. Assume fd = 1. The set Y
(p)
d (Qp) is not empty if and only if the graph Gd has a vertex of

non-trivial length or an edge y with ȳ = y.

Proof. “In general”, every vertex in the finite graph Gd has p+ 1 edges in its star, and a smooth rational

point on the special fibre of (a regular model of)MΓd
/Zp exists if and only if there is some vertex in G̃∗d

with less than p+1 edges emanating from it. But this happens if and only if there is a vertex v ∈ Ver(Gd)
such that either v has non-trivial length or there is some edge y in Gd emanating from v such that ȳ = y

(such an edge is removed in G∗d , hence the vertex corresponding to v in G̃∗d has less than p + 1 edges in
its star). Then the statement follows by applying Hensel’s Lemma. �

After our description of Gd, we conclude with the following criterion for the existence of Qp-rational

points on Y
(p)
d :
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Theorem 5.10. Assume fd = 1. Then the set Y
(p)
d (Qp) is not empty if and only if any of the following

conditions holds:

i) Q(
√
−1) splits BD/p and 4 | td,

ii) Q(
√
−3) splits BD/p and 6 | td,

iii) Γd contains a root of some equation in Fp,d.

Proof. It follows immediately from the previous lemma together with Corollary 4.9 and Lemma 4.14.
Indeed, condition i) (resp. ii)) is equivalent to Gd having an vertex of length 2 (resp. 3), whereas
condition iii) is equivalent to Gd having an edge y such that ȳ = y. �

By virtue of Corollary 4.17, Theorem 1.2 is now a direct consequence of this theorem.

From [Ogg85], we know that X
(p)
D (Qp) is not empty if and only if either Q(

√
−1), Q(

√
−3) or Q(

√−p)
splits BD/p. This obviously holds when either of the conditions in the previous result is satisfied, since

Y
(p)
d (Qp) 6= ∅ implies that X

(p)
D 6= ∅. Combining Theorem 1.2 with [Ogg85, p. 206], we point out the

following:

Corollary 5.11. Assume fd = 1, and suppose that either Q(
√
−1), Q(

√
−3) or Q(

√−p) splits BD/p.

Furthermore, in case that either Q(
√
−1) or Q(

√−p) splits BD/p, assume also 4 - td, whereas if Q(
√
−3)

splits BD/p, assume 6 - td. Then Y
(p)
d (Qp) = ∅ and X

(p)
D (Qp) 6= ∅.

Example 5.12. Take ` = 5, and let p be a prime such that (−p5 ) = 1. Set D = `p = 5p, and observe

that the quadratic fields Q(
√
−1) and Q(

√−p) do not split B5 = BD/p, whereas Q(
√
−3) does. Further,

let d be either 3 or 6 (so that 6 - 12/d) and assume that fd = 1. Then the previous corollary applies and

we conclude that Y
(p)
d (Qp) is empty but X

(p)
5p (Qp) is not.

We can illustrate this example by means of the corresponding dual graphs. The class number of B5

is 1, so that GD consists of only one vertex v of length 3. For simplicity, assume that (−3
p ) = −1,

so that Star(v) consists of (p + 1)/3 edges yi of length 1, all of them satisfying ȳi 6= yi. Under the
previous conditions, the graph Gd consists of dG/3 vertices of length 1 mapping to v. Further, each vertex
v′ ∈ Ver(Gd) has p + 1 edges y′i of trivial length in its star, all of them satisfying again ȳ′i 6= y′i. This

clearly implies that the special fibre of Y(p)
Γd

cannot have a smooth Fp-rational point.

y1

y2

y(p+1)/3

v
GD

`D(v) = 3
`D(yi) = 1

y′1
y′2

y′p+1

v′

Star(v′) ⊆ Gd

`d(v
′) = 1

`d(y
′
i) = 1

y′p
y′p−1

y′3

y′4

y′5

y′6

Figure 1. The graph GD and the star of any vertex v′ ∈ Ver(Gd).

For example, take p = 11. Then notice f = ordF×5
(11) = 1, so that fd = 1 for all d. Furthermore,

(−11
5 ) = 1 and (−3

11 ) = −1, hence the above conditions apply if we choose d to be either 3 or 6. In each
case, Yd has 1 or 2 geometric connected components, respectively.

5.3. Qp-rational points on Y
(m)
d : the case p - m. Next we consider the quotient of Yd by a lifted

Atkin-Lehner involution ω̂m associated with a positive divisor m of D/p, m > 1. We still assume that

fd = 1 and εd(m) = 1, thus we have a decomposition of Y(m)
d over Zp as in (27) and the set Y

(m)
d (Qp)

is not empty if and only if so is the set Y(m)
Γd

(Qp). In order to study the set Y(m)
Γd

(Qp) by looking at the
graph with lengths Gd,+, first we describe the action of ω̂m on it.

Recall that the involution ω̂m acting on Yd is defined as a modular automorphism, that is, ω̂m = ρUd
(b)

for some b ∈ (BD ⊗Q Af )× normalising Ud. Further, since we are assuming p - m we can choose b to
be of the form (bp, 1) ∈ (BD ⊗Q Apf )× × B×D,p. As in Section 3.3, this implies that the involution ω̂m
corresponds, in the p-adic counterpart of Yd, to the p-modular automorphism λUd

((bpv)
−1) acting on Yd.

We start by describing this p-modular automorphism.
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More precisely, assume first that m = q is a prime dividing D/p. If q 6= `, then

ω̂q = ρUd
(. . . , 1, . . . ,wq, . . . , 1, . . . , αq, . . . , 1, . . . ),

where

wq =

(
0 1
q 0

)
∈ OD,q and αq =

(
sq 0
0 s̄q

)
∈ O×D,`,

with sq ∈ Z`2 such that s2
q ≡ q mod `Z`2 . In contrast, ω̂` = ρUd

(w`) (cf. [dVP13, Definition 4.3]).
When m is not prime, ω̂m is obtained by composing the involutions ω̂q for all the primes q dividing

m. Since all the involutions ω̂q commute one with each other, this is well-defined, and without loss of
generality we can write the involution ω̂m acting on Yd as

ω̂m = ρUd
(αm) ·

∏
q|m,
q 6=`

ρUd
(wq),

where the elements wq are as above (notice that w2
q = q), and where αm ∈ B×D,` is given by

αm =

{∏
q|m αq if ` - m,

w`
∏
q|m` αq, if ` | m.

Notice that if ` - m, then val`(n(αm)) = 0, whereas if ` | m, then val`(n(αm)) = val`(n(w`)) = 1.
Since p - m, the action of ω̂m on the p-adic counterpart of the adèlic description of Yd, is then given

by the p-modular automorphism

λUd
(α−1
m ) ·

∏
q|m,
q 6=`

λUd
(w−1

q ).

Here we write w−1
q ∈ B×D/p,q and α−1

m ∈ B×D/p,` for the images of wq and αm, respectively, according to

our fixed anti-isomorphism between (BD ⊗Q Apf )× and (BD/p ⊗Q Apf )×. Thus the action of ω̂m on

GL2(Qp) \ [Ĥp⊗̂Ẑur
p × ZUd

]

is given by the rule

(28) [x, z, [(av)]] 7−→ [x, z, [(. . . , av, . . . ,w
−1
q aq, . . . , α

−1
m a`, . . . )]].

This gives therefore the action of ω̂m on Yd. In order to describe the action of ω̂m induced on each
copy of YΓd

, we may identify YΓd
with the p-class corresponding to the trivial element in Cp(d). Then,

the action of ω̂m on YΓd
is described just by restricting (28) to double cosets of the form

[x, z, [(1, 1, . . . , 1, . . . )]],

on which we have

[x, z, [(1, 1, . . . , 1, . . . )]] 7−→ [x, z, [(1, 1, . . . ,w−1
q , . . . , α−1

m , . . . , 1, . . . )]],

where α−1
m is in the `-th position. Since ω̂m acts trivially on the set Cp(d) of p-classes, there exist elements

g ∈ GL2(Qp), b ∈ B×D/p and u = (uv)v 6=p ∈ Upd such that

[gu(1, 1, . . . ,w−1
q , . . . , α−1

m , . . . , 1, . . . )b] = [(1, 1, . . . , 1, . . . )].

From this, we deduce the following:

i) gb = 1 (at the p-th place), so that g = b−1 ∈ B×D/p is in fact global;

ii) uvb = 1 for all v such that v 6= p, `, v - m, hence g = b−1 ∈ Ud,v = O×D/p,v for all such places;

iii) uqw
−1
q b = 1 for all primes q | m, q 6= `, thus in particular valq(n(g)) = −valq(n(b)) = −1 for all

these primes;
iv) u`α

−1
m b = 1, so that val`(n(g)) = −val`(n(b)) = −val`(n(αm)), hence val`(n(g)) is either −1 or 0,

according to whether ` | m or not, respectively.

Hence, the lifted Atkin-Lehner involution ω̂m acts on YΓd
via the action of g ∈ B×D/p ⊆ B×D/p,p '

GL2(Qp) through Hp, using that YΓd
is the algebraisation of the Mumford quotient

W \ ((Γd \ Ĥp)⊗̂Ẑp2).

Since Q× ↪→ Q×p = Z(GL2(Qp)) acts trivially on this quotient, we see that ω̂m acts on YΓd
via the

action of wm := mg through Hp as well. From i)-iv) above, we notice that wm ∈ O(p)
D/p normalises Γd

(so that wm ∈ Γ∗d), n(wm) = m and w2
m ∈ mΓd ⊆ Q×Γd. Further, locally at ` we have wm ∈ mα−1

m Ud,`.
Regarding this local condition, observe the following:
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Lemma 5.13. Locally at `, wm ∈ αmUd,`, thus in particular w2
m = mu for some u ∈ O(p)×

D/p ∩ Ud,`.

Proof. Since we know that wm ∈ mα−1
m Ud,`, it is enough to prove that m ∈ α2

mUd,`. We distinguish the
cases ` - m and ` | m. In the first case, we can write

αm =

(
s 0
0 s̄

)
∈ OD/p,`, s ∈ Z`2 , s2 ≡ m mod `Z`2 .

Therefore,

α2
m =

(
m+ `c 0

0 m+ `c̄

)
for some c ∈ Z`2 . Multiplying (on the right) by

u =

(
1 + `x 0

0 1 + `x̄

)
∈ 1 + I`, x = −c(m+ `c)−1 ∈ Z`2 ,

we find α2
mu = m, and since Ud,` ⊇ 1 + I`, the claim follows.

If ` | m, then αm is defined slightly different, namely

αm =

(
0 1
` 0

)(
s 0
0 s̄

)
∈ OD/p,`, s ∈ Z`2 , s2 ≡ m

`
mod `Z`2 .

Now, one checks that

α2
m = ±`

(
m
` + `c 0

0 m
` + `c̄

)
for some c ∈ Z`2 . Proceeding as before, and noting that we always have −1 ∈ Ud,` by our choice of the
subgroup Ud, it holds again that α2

mu = m for some u ∈ Ud,`, and the claim also follows in this case.
Finally, the last assertion in the statement is now easily obtained by using that αm normalises Ud,`,

its square is ±m and −1 ∈ Ud,`. �

Altogether, we have proved the following:

Proposition 5.14. The lifted Atkin-Lehner involution ω̂m acts on YΓd
as the automorphism induced

by the action of the element wm ∈ O(p)
D/p ∩ Γ∗d on Hp defined above. Further, wm has reduced norm m,

w2
m ∈ mΓd and, locally at `, wm ∈ αmUd,` and w2

m = mu for some u ∈ O(p)×
D/p ∩ Ud,`.

Observe that the action of wm ∈ Γ∗d on YΓd
depends only on the image of wm in Γ∗d/Q×Γd. It is

important to remark, however, that we can choose wm satisfying the properties stated in the above
proposition. On the other hand, the above proposition also describes the action of ω̂m on the dual graph
of the special fibre of YΓd

. Namely, it is naturally given by the action induced by wm on Tp.
Later we will make use of the following observation concerning the element wm:

Lemma 5.15. Let α ∈ O(p)
D/p be an element of reduced norm m normalising O(p)×

D/p . Then α ∈ wmΓd if

and only if locally at ` it holds that α ∈ αmUd,`.
Proof. Indeed, it is plain that the condition is local at `, as Ud is maximal outside `. And at the prime
`, using that wm ∈ αmUd,` we deduce that α ∈ wmUd,` if and only if α ∈ αmUd,`. �

Once the action of ω̂m on YΓd
(resp. on Gd,+) is described through the action of wm ∈ Γ∗d on Hp (resp.

on Tp), we are in position to study the existence of smooth Fp-rational points on the special fibre of a

regular model of Y(m)
Γd

by looking at the dual graph of YΓd
/Zp.

Let us consider the finite graph with lengths

G(m)
d,+ := 〈wm〉 \ Gd,+ = 〈Γd,+, wm〉 \ Tp.

Under our assumption that p - m, this turns to be the dual graph of Y(m)
Γd

:

Lemma 5.16. There is no edge y in G(m)
d,+ such that ȳ = y. As a consequence, the finite graph G(m)

d,+ is

the dual graph of Y(m)
Γd

, with Frobenius action given by wp.

Proof. This follows by a similar argument to the one we used when studying the graph Gd,+ from Gd.
Indeed, consider again the partition Ver(Tp) = V1 t V2 as before. Since Gd,+ does not have edges y such

that ȳ = y, such an edge exists in G(m)
d,+ if and only if there exists an edge y in Gd,+ with wm(y) = ȳ.

But since n(wm) = m and p - m, it follows that wm(Vi) = Vi for i = 1, 2, thus there cannot be such an
edge. �
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Further, we emphasise the following:

Lemma 5.17. There is no vertex in G(m)
d,+ fixed by wp.

Proof. Assume there is a vertex v in G(m)
d,+ such that wp(v) = v. Since wp fixes no vertex in Gd,+, a

preimage v′ of v in Gd,+ satisfies wp(v
′) = wm(v′). But therefore v′ is fixed by w−1

m wp, and this is not
possible because w−1

m wp switches the sets of vertices V1 and V2. �

In other words, the special fibre of Y(m)
Γd

has no component rational over Fp. If Y(m)
Γd

is already regular,

which is equivalent to saying that every edge of G(m)
d,+ has length 1, then Hensel’s Lemma implies that

Y(m)
Γd

(Qp) is empty, hence so is Y
(m)
d (Qp). In general:

Proposition 5.18. Assume fd = 1 and εd(m) = 1 as before. If Yd(Qp) = ∅ and p - m, then the set

Y
(m)
d (Qp) is not empty if and only if either

i) there exists an edge y in Gd,+ of odd length such that wm(y) = y and wp(y) = ȳ, or
ii) there exists an edge y in Gd,+ of even length such that wpwm(y) = ȳ.

Proof. By the above observations, the special fibre of a regular model of Y(m)
Γd

has a smooth Fp-rational

point if and only if the graph G̃(m)
d,+ has a vertex fixed by wp which is the origin of less than p+ 1 edges.

But in view of the previous lemma, this happens if and only if such a vertex has appeared during the

resolution of singularities, that is to say, if and only if there exists an edge ym of even length in G(m)
d,+ such

that wp(ym) = ȳm. By Hensel’s Lemma, this is therefore equivalent to the set Y(m)
Γd

(Qp) being non-empty,

and therefore to the non-emptiness of Y
(m)
d (Qp) as well.

If the morphism Gd,+ → G(m)
d,+ is ramified at ym, the previous condition is equivalent to saying that

there exists an edge y in Gd,+ satisfying wm(y) = y and wp(y) = ȳ. Observe that this edge is necessarily
of odd length because we are assuming Yd(Qp) is empty, thus i) is satisfied.

In contrast, if the morphism Gd,+ → G(m)
d,+ is not ramified at ym, the above condition holds if and only

if there is an edge y in Gd,+ of even length such that either wp(y) = ȳ or wpwm(y) = ȳ. The first case is
excluded because we are assuming that Yd(Qp) is empty, and therefore condition ii) holds. �

Now we translate the conditions of this proposition into explicit arithmetic conditions. For the first
one, we need a couple of lemmas whose essence is the same as that of Lemmas 4.15 and 4.16.

Lemma 5.19. Let α ∈ O(p)
D/p be a solution of x2 + m = 0. If ` | m, then α ∈ wmΓd, whereas if ` - m,

then α ∈ wmΓd if and only if 4 | td.

Proof. By Lemma 5.15, we know that α ∈ wmΓd if and only if, locally at `, it holds that α ∈ αmUd,`.
Assume first that ` | m. Then αm = w`α

′
m, where α′m ∈ O×D/p,` and τ ′ := ψ(α′m) ∈ F×`2 is a square

root of m/` in F×`2 . In this case, α ∈ αmUd,` is equivalent to w−1
` α ∈ α′mUd,`, and by applying ψ this is

in turn equivalent to ψ(w−1
` α) ∈ τ ′Hd. But now observe that w−1

` α is a square root of m/` in O×D/p,`,
hence its image by ψ is either τ ′ or −τ ′. Since −1 ∈ Hd, we deduce that ψ(w−1

` α) ∈ τ ′Hd, hence the
assertion follows.

Now suppose that ` - m. In this case, αm ∈ O×D/p,` and τ := ψ(αm) ∈ F×`2 is a square root of m in

F×`2 . Besides, we also have α ∈ O×D/p,`, but ψ(α) ∈ F×`2 is a square root of −m in F×`2 instead. Again,

α ∈ αmUd,` is now equivalent to ψ(α) ∈ τHd, hence we conclude that α ∈ αmUd,` if and only if −1 is a
square in Hd, which is equivalent to saying that 4 | td. �

The next lemma deals with the existence of roots in wmΓd of the quadratic polynomials F±m(x) :=
x2 ±mx+m, when m is either 2 or 3.

Lemma 5.20. Assume m is either 2 or 3, and suppose O(p)
D/p has a root of either F+

m(x) or F−m(x). Then

wmΓd has a root of either F+
m(x) or F−m(x) if and only if smHd contains a root of F+

m(x) (or, equivalently,
of F−m(x)), where sm ∈ F×`2 is a square-root of m.

Proof. First notice that since ` > 3 every root of either F+
m(x) or F−m(x) in O(p)

D/p can be regarded locally

at ` as an element in O×D/p,`, thus it can be mapped by ψ to F×`2 . Then one proves, as in Lemma

4.16, that assuming the existence of a root in O(p)
D/p of either F+

m(x) or F−m(x) is actually equivalent to

assuming that O(p)
D/p contains roots of F+

m(x) and F−m(x) mapping under ψ to each of the four roots in
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F×`2 of F+
m(x)F−m(x). Finally, using that ψ(αm) ∈ F×`2 is a square root of m in F×`2 and −1 ∈ Hd, so that

ψ(αm)Hd = smHd, one checks that one of such roots belongs to wmΓd if and only if its image under ψ
lies in smHd. �

We are now in position to translate condition i) in Proposition 5.18 by using the previous lemmas:

Lemma 5.21. Assume fd = 1, εd(m) = 1 and p - m, and let s3 ∈ F×`2 be a square root of 3 in F×`2 . Then
condition i) in Proposition 5.18 holds if and only if BD/p ' (−m,−p)Q and the following two conditions
are satisfied:

a) either 4 | td or p = 3, 6 | td and Hd has a root of x2 + 3x+ 3 = 0;
b) either ` | m, or 4 | td, or m = 3, 6 | td and s3Hd has a root of x2 + 3x+ 3 = 0.

Proof. Assume the hypotheses, and suppose first that condition i) in Proposition 5.18 holds, so that there
is an edge y ∈ Ed(Gd,+) such that `d(y) is odd (hence 1 or 3), wm(y) = y and wp(y) = ȳ. Let ỹ ∈ Ed(Tp)
be any edge above y, and set ṽ := o(ỹ).

As in the proof of Lemma 4.14, on the one hand there is an element βo ∈ Γd ∩Oṽ with βo(ỹ) = ¯̃y such
that β2

o = puβ , where uβ ∈ Γd ∩ O×ṽ . Since `d(y) is odd, we find out moreover that either uβ = −1 or
u2
β − uβ + 1 = 0. The second option implies, moreover, that 6 | td. It follows that either β2

o + p = 0 or

p = 3 and β2
o ± 3βo + 3 = 0, thus by Lemmas 4.15 and 4.16 condition a) holds. Further, we can assume

in the following that β2
o + 3βo + 3 = 0 (replace βo by −βo, if necessary). On the other hand, there is

an element γ ∈ Γd such that γwm(ỹ) = ỹ. Writing αo := γwm, we see that αo ∈ Oṽ ∩ wmΓd satisfies
αo(ṽ) = ṽ, hence also α2

o(ṽ) = ṽ. Similarly as in the proof of Lemma 4.14, we have α2
o = muα for some

uα ∈ Γd∩O×ṽ , and again using that `d(y) = 1 or 3, we have in fact that either uα = −1 or u2
α−uα+1 = 0.

The first case implies that α2
o + m = 0, whereas in the second case it follows that m = 3, 6 | td and

α2
o± 3αo + 3 = 0, hence condition b) holds as well by virtue of Lemmas 5.19 and 5.20. Again, we assume

henceforth that α2
o + 3αo + 3 = 0.

Now it remains to prove that BD/p ' (−m,−p)Q. Suppose first that uβ = uα = −1, and take α := αo,

β := βo. Then α2 = −m and β2 = −p, thus the claim will follow if we prove that αβ = −βα. Indeed, let
γ := α−1βα ∈ Γd. Then γ2 = −p, so that Q(γ) = Q(β) ' Q(

√−p), and it follows that either γ = β or
γ = −β. The first option is excluded, since Q(α) and Q(β) are two distinct quadratic subfields of BD/p,
hence γ = −β and consequently our claim is proved.

Suppose now that uβ = −1, but u2
α − uα + 1 = 0, thus in particular m = 3. Set β := βo and

α := 2αo + 3; we have β2 = −p and α2 = −m = −3. Defining as before γ := α−1βα, we see that
Q(γ) = Q(β) ' Q(

√−p), and again it follows that αβ = −βα, hence BD/p ' (−m,−p)Q. By symmetry,

the case where uα = −1 and u2
β − uβ + 1 = 0 (thus p = 3) is done in the same way. And finally, notice

that uα 6= −1 and uβ 6= −1 cannot occur simultaneously, since this would imply p = m = 3.
Conversely, suppose that BD/p ' (−m,−p)Q and both a) and b) hold. We have to prove that there is

an edge y ∈ Ed(Gd,+) of odd length such that wm(y) = y and wp(y) = ȳ. Indeed, let α, β ∈ BD/p be such

that α2 = −m, β2 = −p and αβ = −βα, and choose a maximal order Oṽ containing α and β, for some
vertex ṽ ∈ Ver(Tp). First we use condition a). By Corollary 4.17, Γd contains a root βo of some equation
in Fp,d. Indeed, if 4 | td, then it follows from Lemma 4.15 that β ∈ Γd: in this case, let us just write
βo := β. Otherwise, p = 3 and Hd contains a root of x2 + 3x + 3 = 0. As in Lemma 4.16, the elements

(β − 3)/2, (−β − 3)/2 ∈ O(3)×
D/3 are roots of x2 + 3x+ 3 = 0, mapping to the two roots of x2 + 3x+ 3 = 0

in F×`2 . Since one of them is in Hd either (β − 3)/2 or (−β − 3)/2 lies in Γd: set βo := (β − 3)/2 or
βo := (−β − 3)/2 accordingly. In any case, βo ∈ Γd is a root of an equation in Fp,d. Thus if we set
ṽ′ := βo(ṽ) and ỹ denotes the edge from ṽ to ṽ′, then βo(ỹ) = ¯̃y by Lemma 4.14 (actually, βo acts like wp
on Gd,+). As a consequence, if y denotes the image of ỹ in Gd,+, then wp(y) = ȳ. Since Yd(Qp) is empty
by hypothesis, the length of y is necessarily odd.

Secondly, we use now condition b). If ` | m or 4 | td, then by Lemma 5.19 we have that α ∈ wmΓd. In
this case, set αo := α. Otherwise, if m = 3 and s3Hd has a root of x2 + 3x + 3 = 0, similarly as before

one of the elements (α − 3)/2, (−α − 3)/2 ∈ O(p)
D/p lies actually in wmΓd: we write αo for any of them

satisfying this condition, and notice that αo is a root of x2 + 3x + 3 = 0. In any case, the element αo
induces the same action as wm on the graph Gd,+, because p - m. Therefore, it remains to prove that
wm(y) = y, which amounts to proving that the edge αo(ỹ) ∈ Ed(Tp) lies above y. First of all, observe
that locally at p we have αo ∈ O×ṽ,p, so that αo(ṽ) = ṽ. Thus it is enough to prove that αo(ṽ

′) is a

vertex above the end vertex of y, i.e. above the same vertex as ṽ′. For doing so, we translate the relation
αβ = −βα into a relation between αoβo and βoαo, depending on the expression of αo and βo in terms of
α and β, respectively. The details can be done case by case:
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1) Suppose that αo = α and βo = β. Then we have clearly αoβo = −βoαo. As a consequence,

αo(ṽ
′) = αoβo(ṽ) = −βoαo(ṽ) = β(ṽ) = ṽ′,

and therefore αo(ỹ) = ỹ, which obviously implies our claim.
2) Now suppose that m = 3 and αo := (±α − 3)/2. Then αo satisfies the quadratic equation

α2
o + 3α+ 3 = 0. In particular, observe that tr(αo) = −3 and n(αo) = 3. Since p - m, in this case

we necessarily have βo = β. Then from the relation αβ = −βα it follows that

αoβo =
1

2
(±α− 3)β =

1

2
(±αβ − 3β) =

1

2
(∓βα− 3β) = −βoαo + 3βo = −βo(αo + 3).

But notice that n(αo + 3) = 3, so that αo + 3 ∈ O×ṽ,p fixes ṽ. Therefore,

αo(ṽ
′) = αoβo(ṽ) = −βo(αo + 3)(ṽ) = βo(ṽ) = ṽ′,

and again this implies that αo(ỹ) = ỹ as we wanted.
3) When p = 3 and βo := (±β − 3)/2 ∈ Γd, one can proceed in the same way as in 2), we leave the

details to the reader.

�

Condition ii) in Proposition 5.18 is translated into a very explicit condition in Lemma 5.23 below. In
its proof, we use the following lemma, which is proved in the same way as Lemma 5.19 by using that the
assumption fd = 1 implies that Hd contains the square roots in F×`2 of p mod `.

Lemma 5.22. Let α ∈ O(p)
D/p be a solution of x2 + mp = 0. If ` | m, then α ∈ wmΓd, whereas if ` - m,

then α ∈ wmΓd if and only if 4 | td.

Lemma 5.23. Assume fd = 1, εd(m) = 1 and p - m. Then condition ii) in Proposition 5.18 holds if and
only if 4 | td and BD/p ' (−mp,−1)Q.

Proof. Assume the hypotheses, and suppose that condition ii) in Proposition 5.18 holds, so that there
is an edge y ∈ Ed(Gd,+) of length 2 such that wpwm(y) = ȳ. Choose an edge ỹ ∈ Ed(Tp) above y, and
let ṽ := o(y). Since `d(y) = 2, there is an element β ∈ Γd ∩ O×ṽ such that β2 + 1 = 0. This implies,
in particular, that 4 | td. On the other hand, since wpwm(y) = ȳ, there is an element γ ∈ Γd such that
γwm(ỹ) = ¯̃y, thus (γwm)2(ỹ) = ỹ. Write α := γwm, and observe that α ∈ Oṽ ∩ wmΓd normalises Γd.
Besides, since wm normalises Γd and w2

m ∈ mΓd, we have that α2 = mγ′ for some γ′ ∈ Γd. Now, since
p - m and dist(α(ṽ), ṽ) = 1, we deduce that valp(n(γ′)) is odd, thus as in the proof of Lemma 4.14 we
can assume it is 1. Then we can write α2 = pmu for some u ∈ O×ṽ , but observe that O×ṽ /Z× = {[1], [β]}.
If it were u = ±β, we would have Q(α) = Q(β), and this is not possible. Therefore, u = ±1, and since
BD/p is definite, the only option is u = −1 and this implies that α2 = −pm. Finally, observe that α−1βα

fixes ỹ, hence in particular α−1βα ∈ O×ṽ . Since β 6= ±1, it follows that α−1βα = ±β. But α−1βα = β is
not possible, hence we have αβ = −βα, and we conclude that BD/p ' (−1,−pm)Q.

Conversely, assume that 4 | td and BD/p = (−mp,−1)Q, and choose elements α, β ∈ BD/p satisfying

α2 = −pm, β2 = −1 and αβ = −βα. We can also choose a maximal order Oṽ containing α and β for
some vertex ṽ ∈ Ver(Tp). Let ṽ′ := α(ṽ) (which is at distance 1 from ṽ), ỹ be the edge from ṽ to ṽ′ and
v, y be their images in Gd,+, respectively. Since 4 | td, the element β actually lies in Γd (one can argue as
in the proof of Lemma 4.7, for example), and we deduce that StabΓ′d,+

(ṽ) = {[1], [β]}, hence `d(v) = 2.

On the other hand, β(ṽ′) = βα(ṽ) = −αβ(ṽ) = α(ṽ) = ṽ′, thus β fixes ỹ as well, hence `d(y) = 2. Finally,
α(ỹ) = ¯̃y, and from Lemma 5.22 we have α ∈ wmΓd because 4 | td. This implies that wm(y′) = ȳ′, where
y′ is the image of y in Gd, which means that either wm(y) = ȳ or wpwm(y) = ȳ. But since p - m, the first
option cannot occur, so that wpwm(y) = ȳ. Therefore, condition ii) in Proposition 5.18 is satisfied. �

As a direct consequence of Proposition 5.18 together with Lemmas 5.21 and 5.23, we conclude with the

following criterion for the existence of Qp-rational points on Y
(m)
d , which accounts for part 1) of Theorem

1.3. Notice that condition i) is indeed equivalent to the conditions in Lemma 5.21, since p = 3 and m = 3
cannot hold simultaneously.

Theorem 5.24. Assume fd = 1, εd(m) = 1 and p - m. If Yd(Qp) = ∅, then the set Y
(m)
d (Qp) is not

empty if and only if one of the following conditions holds:

i) BD/p ' (−m,−p)Q, and either
a) 4 | td, or
b) p = 3, ` | m, 6 | td and Hd contains a root of x2 + 3x+ 3 = 0.

ii) BD/p ' (−mp,−1)Q and 4 | td.
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Corollary 5.25. Assume fd = 1, εd(m) = 1, p - m and Yd(Qp) = ∅. If 4 - td and p 6= 3, then

Y
(m)
d (Qp) = ∅.

5.4. Qp-rational points on Y
(pm)
d . Lastly, we discuss the existence of Qp-rational points on the quo-

tients of Yd by lifted Atkin-Lehner involutions of the form ω̂pm, where m | D/p and m > 1. As above, we
assume fd = 1 and εd(pm) = 1. By Lemma 5.7 observe that our assumption is equivalent to fd = 1 and

εd(m) = 1. Similarly as before, ω̂pm induces an action on each copy of YΓd
in (22), and the set Y

(pm)
d (Qp)

is non-empty if and only if Y(pm)
Γd

(Qp) is non-empty.

Now, since ω̂pm = ω̂pω̂m = ω̂mω̂p, its action on YΓd
is induced by the action of wpwm (or wmwp) on

Ĥp. Besides, the action of ω̂pm on the graph Gd,+ = Γd,+ \Tp is naturally induced by the action of wpwm
on Tp, so we are lead to consider the finite graph with lengths

G(pm)
d,+ := 〈Γd,+, wpwm〉 \ Tp.

In contrast to the case of G(m)
d,+ (with p - m), where it holds that G(m)∗

d,+ = G(m)
d,+ , now it might be the case

that G(pm)∗
d,+ 6= G(pm)

d,+ , because G(pm)
d,+ can have edges y with ȳ = y. Thus G(pm)

d,+ is not necessarily the dual

graph of Y(pm)
Γd

.

Lemma 5.26. Let m > 1 be a divisor of D/p, and assume that fd = 1, Yd(Qp) = ∅ and εd(m) = 1.

Then Y
(pm)
d (Qp) is not empty if and only if there exists a vertex v in Gd,+ such that wm(v) = v.

Proof. Suppose first that Y
(pm)
d (Qp) is non-empty, hence so is Y(pm)

Γd
(Qp). Therefore, there is a vertex

x ∈ Ver(G̃(pm)
d,+ ) such that wp(x) = x. If x was already a vertex of G(pm)

d,+ , then a preimage v of x in Gd,+
would satisfy either wp(v) = v or wp(v) = wpwm(v). The first option is not possible because wp fixes no
vertex in Gd,+, hence wp(v) = wpwm(v), and as a consequence v = wm(v).

Otherwise, the vertex x has appeared during the resolution of singularities. This implies that G(pm)
d,+

has an edge y of even length such that wp(y) = ȳ. Now we claim that if y has two distinct preimages y1

and y2 = wpwm(y1) in Gd,+, then we have the same situation for both y1 and y2. Indeed, the length of

both y1 and y2 equals the length of y in G(pm)
d,+ , as the natural projection is not ramified at y, and the

identity wp(y) = ȳ implies that for i = 1, 2 we have either wp(yi) = ȳi or wp(yi) = wpwm(yi) = wpwm(ȳi).
But since p - m, the second option is not possible2. Then both y1 and y2 are edges of even length in Gd,+
such that wp(y1) = ȳ1 and wp(y2) = ȳ2 as claimed. But this contradicts our assumption that Yd(Qp) is
empty. Therefore we may assume that y has a unique preimage z in Gd,+ (i.e., wpwm is ramified at y).
But this means that wpwm(z) = z, which again is not possible because p - m.

Conversely, assume there is a vertex v ∈ Gd,+ such that wm(v) = v. Then the image x of v in G(pm)
d,+

is fixed by wp. Therefore, Y(pm)
Γd

(Qp), hence Y
(pm)
d (Qp), is non-empty, except possibly if the vertex x is

the origin of p+ 1 edges y such that wp(y) = ȳ. Let us work out this case.
Assume that x is in fact the origin of p + 1 edges y such that wp(y) = ȳ. First we claim that if

this is the case then the vertex v is the origin of p + 1 edges z such that wm(z) = z. Indeed, write
v′ := wp(v), and notice that v′ = wpwm(v), so that v and v′ are the two distinct preimages of x in
Gd,+. Observe that since x is the origin of p + 1 edges, then x has trivial length, and as a consequence
every edge y emanating from x has trivial length as well. In particular, every edge y ∈ Star(x) has
two distinct preimages of trivial length in Gd,+, one in Star(v) and the other one in Star(v′). Fix an
edge y ∈ Star(x), and let z be the unique edge in Star(v) above y. Since we are assuming wp(y) = ȳ,

we deduce that either wp(z) = z̄ or wp(z) = wpwm(z) = wpwm(z̄). The latter is not possible because
p - m, hence it is wp(z) = z̄. Besides, wm(z) maps to the same edge as wp(z) = z̄. Therefore, either
wm(z) = z̄ or wm(z) = wpwmwm(z̄) = wp(z̄) = z. Again, the first option is excluded because p - m,
so that wm(z) = z. The same argument applies for every edge y ∈ Star(x), thus our claim is proved.
Secondly, our claim implies in turn that wm fixes every vertex of Gd,+ at distance 1 of v. Being Gd,+
connected, this implies that wm acts trivially on Gd,+. Therefore, if we write gd (resp. g

(m)
d ) for the genus

of YΓd
(resp. Y(m)

Γd
), then it follows that gd = g

(m)
d , and by applying the Riemann-Hurwitz formula, we

deduce that gd ≥ (gd + 1)/2, hence gd is either 0 or 1. But this implies that there is some vertex in Gd,+
2The graph Gd,+ is bipartite: its set of vertices admits a decomposition as a disjoint union of two sets of vertices V 1

d , V 2
d ,

of the same cardinality, and there is no edge between vertices in the same set V i
d . Further, wp(V 1

d ) = V 2
d and wp(V 2

d ) = V 1
d ,

whereas wm(V i
d ) = V i

d for i = 1, 2, because p - m. Then for every edge y ∈ Ed(Gd,+), if o(y) ∈ V 1
d then o(wp(y)) ∈ V 2

d and

o(wpwm(ȳ)) ∈ V 1
d , so that wp(y) and wpwm(ȳ) cannot be the same edge (and analogously if o(y) ∈ V 2

d ).
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which has less than p+ 1 edges emanating from it, and therefore its image in G(pm)
d,+ is a vertex fixed by

wp and with less than p+ 1 edges in its star, thus by Hensel’s Lemma Y(pm)
Γd

(Qp) is not empty. Indeed,
if every vertex of Gd,+ were the origin of p+ 1 edges, then every vertex in Gd,+ would have degree p+ 1,
and we would have that

|Ver(Gd,+)|(p+ 1) = 2|Ed(Gd,+)|.
But on the other hand we know that the genus gd of YΓd

satisfies the relation 1 − gd = |Ver(Gd,+)| −
|Ed(Gd,+)|. And when gd is either 0 or 1, this is not compatible with the above relation. �

Next we translate the existence of a vertex in Gd,+ fixed by wm into the existence of solutions in
wmΓd of certain quadratic equations. We do this in the following lemma, where Fm,d denotes the set of
quadratic equations defined in the same way as we defined Fp,d in (26) replacing p by m.

Lemma 5.27. Let m > 1 be a divisor of D/p, and assume that fd = 1 and εd(m) = 1. Then there is
a vertex v ∈ Ver(Gd,+) such that wm(v) = v if and only if there exists an element α ∈ wmΓd satisfying
some quadratic equation in Fm,d.

Proof. Suppose there is a vertex v ∈ Ver(Gd,+) fixed by wm, and let ṽ ∈ Ver(Tp) be a vertex above v.
Then there is an element γ ∈ Γd such that γwm(ṽ) = ṽ. Writing α = γwm ∈ Γdwm = wmΓd, we have
α(ṽ) = ṽ. In particular, α2(ṽ) = ṽ as well, but notice that α2 = γwmγwm = w2

mγ
′ = mu for some

elements γ′, u ∈ Γd, where we have used that w2
m ∈ mΓd. But therefore u fixes ṽ as well, because m

acts trivially on Tp. Then u ∈ StabΓd
(ṽ) = O×ṽ , and it thus follows that either u = ±1, u2 + 1 = 0 or

u2 ± u+ 1 = 0. As in the proof of Lemma 4.14, we deduce that one of the following holds:

i) u = −1 and α2 +m = 0,
ii) u2 + 1 = 0, m = 2, 4 | td and α2 ± 2α+ 2 = 0,
iii) u2 − u+ 1 = 0, m = 3, 6 | td and α2 ± 3α+ 3 = 0.

And this implies that α is a root of some equation in Fm,d.
Conversely, assume that there exists a root α of some equation in Fm,d such that α ∈ wmΓd. Since

wmΓd ⊆ OD/p, we can choose a maximal order Oṽ corresponding to some vertex ṽ of Tp such that α ∈ Oṽ.
But now notice that n(α) = m, and since p - m this implies that α is invertible in Oṽ, thus it fixes ṽ. In
particular, writing α = γwm for some γ ∈ Γd (recall that wmΓd = Γdwm), it follows that γwm(ṽ) = ṽ. If
v denotes the image of ṽ in Gd,+, then v is fixed by wm. �

Finally, we conclude with the following criterion for the existence of Qp-rational points on Y
(pm)
d ,

which corresponds to part 2) of Theorem 1.3. It is a direct consequence of the previous lemmas: indeed,
one only has to translate the existence of solutions in wmΓd of equations in the set Fm,d into explicit
conditions by using Lemmas 5.19 and 5.20:

Theorem 5.28. Let m > 1 be a divisor of D/p, and assume that fd = 1, Yd(Qp) = ∅ and εd(m) = 1.

Then Y
(pm)
d (Qp) is not empty if and only if any of the following conditions holds:

i) Q(
√−m) splits BD/p, and either

a) ` | m or 4 | td, or
b) m = 3, 6 | td and s3Hd contains a root of x2 + 3x + 3 = 0, where s3 ∈ F×`2 is a square root

of 3.
ii) m = 2, 4 | td, Q(

√
−1) splits BD/p and s2Hd contains a root of x2 + 2x + 2 = 0, where s2 is a

square root of 2 in F×`2 .
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