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Abstract

In this paper, an efficient sectional model for the nonlinear analysis of re-
inforced concrete elements sensible to 3D stress-components effects is pre-
sented. The classic plane-sections kinematic hypothesis is enhanced with a
warping-distortion displacement field, which enables the model to reproduce
the interaction between normal and tangential forces. The complementary
field is obtained explicitly considering the inter-fiber equilibrium. This is
solved using b-splines interpolation on the cross-section domain. The pro-
posed method significantly reduces the number of unknowns compared with
a finite element solution. The model is able to reproduce the interaction
of longitudinal and transverse reinforcement with the concrete matrix. The
validation shows that the presented model reproduces accurately complex
failure modes as pure shear and coupling between bending and torsion. Fur-
ther, as the transverse reinforcement is considered explicitly, confinement can
be simulated in an objective manner. The presented model is an efficient tool
for nonlinear analysis of reinforced concrete sections under general loading.
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1. Introduction

Structural elements where one dimension is much larger than the others
can be assimilated as linear elements, this is the case of most slender beams
and columns. The overall element behaviour can be obtained by integration
of the sectional response on each cross section along the elements axis [1–3].
This type of elements allows a simple representation of complex structural
systems and lead to efficient pre- and post-processing compared with the
alternative solid three-dimensional models. Further, 1D elements are closer
to the engineering practice, as most codes and provisions [4–6] are orientated
to the design or assessment of one dimensional elements as beams or columns,
and its cross section domain. Guidelines on the design of structural elements
under 3D states are scant.

The accuracy of 1D elements depends on the proper representation of
the behaviour of each cross section. Traditionally, the plane-section kine-
matic hypothesis of Navier-Bernoulli is made in conjunction with uniaxial
fiber discretization of the cross-section [3; 7; 8]. This enables the model to
efficiently reproduce the interaction between bending moments and the axial
load. Robust beam models were developed following this approach [2; 3; 7–
9], and were applied to the analysis of reinforced concrete structures where
the failure was principally due to axial loads or bending moments.

The main shortcoming of this type of models is that the interaction be-
tween normal (axial load and bending moments) and tangential (shear loads
and torsion) forces is neglected [10–12]. This causes a loss of accuracy in
elements with high shear forces or torsional moment, especially if anisotropic
materials are involved. It has also been shown in [13; 14] that anisotropy leads
to an explicit dependency of axial stresses on the shear force. In particular,
in this paper the applications are focused on the problem of cracked-induced
anisotropy of concrete, which controls the interaction between normal and
shear stresses, as described in [12; 15–17].

Moreover, classic fiber-beam models only consider longitudinal fibers. In
typical reinforced concrete sections they represent the concrete mass and
longitudinal reinforcements, and do not consider transverse elements, as stir-
rups or jackets. These transverse elements provide different shear strength
mechanisms. Further, they constrain the concrete transverse expansion in
compressive cases, providing a confining pressure, which increases both the
strength and ductility of concrete. In classic-fiber-beam models [3; 7; 8], the
transverse reinforcements is accounted for at the material level by means of
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reinforcement ratios in empirically based 1D constitutive laws.
The need of reproducing different failure modes, as shear or torsional

failures, as well as capturing the role of transverse reinforcements, became
of special interest the last years with the assessment and reinforcement of
existing structures and with the increasing demand of nonlinear analysis by
the new codes and provisions [11]. This motivated several researchers to
study the coupling between normal and tangential forces and to develop
models that take into account different degrees of interaction, [11; 18–26].

In this paper, the sectional model proposed by [20–22] is modified using a
novel numerical technique, which substantially improves the computational
performance and requires less number of internal degrees of freedom for a
similar accuracy. Here, a complementary displacement field which enables
the model to reproduce the total interaction, is obtained as a weighted sum
of b-splines functions defined in the cross-section domain. In this way, the
number of degrees of freedom involved is significantly reduced in comparison
with a finite element (FE ) solution. The presented model is then validated
through a series of tests cases where the capabilities to reproduce tangen-
tial forces are shown. Further, the model is applied to study confinement
in reinforced concrete sections where the interaction between concrete and
transverse reinforcements is essential. Finally, main conclusions are drawn.

2. Multiaxial interaction in frame elements

The robustness of fiber-beam elements, and the increasing need of repro-
ducing complex failure modes that involve the coupling between normal and
tangential internal forces, have motivated researchers to extend the classical
fiber-beam models to include different degrees of interaction between internal
forces. Extended state of the art reviews can be found in Ceresa et al. [11]
and Bairán and Maŕı [12]. Here, only models based on inter-fiber equilib-
rium are briefly reviewed as they showed to be able to accurately reproduce
different failure modes.

Vecchio and Collins [18] developed a dual-section analysis for the case
of 2D frame elements. The coupling between longitudinal and transverse
stresses is obtained by explicitly considering the equilibrium between fibers,
which involves the analysis of two adjacent cross-sections to approximate the
longitudinal stress gradient. The dual-section model is a non local model, as
it needs information from adjacent points, so an ad-hoc element formulation
is needed. To overcome this problem, Bentz [19] introduced the Longitudinal
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Stiffness Method, where the longitudinal stress gradient was calculated locally
considering equilibrium equations at the beam level. This method is a local
sectional model, but only for 2D elements.

Later, Bairán and Maŕı [20, 21, 22] presented a sectional model called
TINSA (Total Interaction Nonlinear Sectional Analysis). It is based on the
enhancement of the kinematic field of the Navier-Bernoulli theory by means
of a warping-distortion displacement field which is obtained by solving the
inter-fiber equilibrium in the section domain with a 2D FE model. The
warping-distortion field considered is independent of the x -coordinate ne-
glecting its variation along the beam length, this leads to a sectional model
that is completely independent of the frame formulation, thus there is no
need for additional degrees of freedom at the beam level. A consequence of
this assumption is that the effect of non-uniform warping and shear lag ef-
fects are neglected, but this is relevant in thin-walled sections rather than in
compact cross sections as is the case of most reinforced concrete beams and
columns. This formulation proved to capture the interaction between the six
possible internal forces in sections of any shape and takes into account both
longitudinal and transverse reinforcements explicitly. Its main drawback is
the higher computational demand compared with traditional beam models.

Mohr et al. [23], presented a modification of the TINSA model for the
case of 2D frames. The complementary displacement field is calculated as
a weighted sum of Taylor’s polynomials defined in the section height. This
method avoids the FE solution, reducing the computational cost of the origi-
nal model. The sectional model was implemented on a flexibility-based frame
element and tested in beams with bending moment and shear. As it was de-
veloped for 2D frames, no torsion or bidirectional shear flows can be analysed
with this model.

Le Corvec [24] and Di Re [25] presented 3D frame elements based also on
the displacement decomposition. As an additional hypothesis to the origi-
nal formulation, they presented a complementary displacement field, which
only produces warping neglecting the distortion of the cross-section. The out
of plane displacement is obtained by interpolation over the section domain
but also on the beam length, this allows the model to capture non uni-
form warping and shear lag effects. As interpolation function over the cross
section domain, Le Corvec [24] used Lagrange’s polynomials, while Di Re
[25] included Hermite’s polynomials. Both models were implemented in 3D
force-based elements based on the Hu-Washizu variational principle. These
models can capture the interaction of the internal forces in a tri-dimensional
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element, but the hypothesis of considering a complementary field with only
warping has the drawback that distortion of the section is not captured, so
transverse reinforcement is not considered explicitly. Besides, as the comple-
mentary field is interpolated on the beam length, a special frame formulation
is developed with more degrees of freedom at the beam level that have to be
considered or properly condensed.

Kagermanov and Ceresa [26], presented a 3D frame element based on the
Timoshenko beam theory that accounts for warping effects with the Saint-
Venant theory of torsion. There, the warping sectional function was obtained
by means of solving the boundary value problem with a FE sectional model.
The model is able to capture interaction between the internal forces, but it
relies on a fixed strain pattern so it neglects inter-fiber equilibrium.

Based on the previous analysis, the following aspects on the enhanced
1D elements for non-linear concrete analysis are still open; their robustness
and computational demand, their ability to trace different failure modes,
such as shear and confinement failures, in an objective manner for different
geometries and reinforcement arrangements. This motivates the development
of a new sectional model, which is the main objective of this research.

3. Proposed model formulation

3.1. Basic features

In the following, the sectional model proposed by [20–22] is modified
by the introduction of a novel numerical technique in order to reduce its
computational demand. The problem is focused on a frame element where
the x coordinate coincides with the frame axis and the cross-section is defined
on the y-z plane. The proposed model neglects the boundary effects, so
the hypothesis that the domain is far enough of the discontinuity regions is
made. The main hypothesis is the decomposition of the displacement field
into two parts: a displacement field that follows the plane-sections kinematic
hypothesis of the Navier-Bernoulli theory (ups), and a complementary field
that captures the sections distortion and warping (uw). Thus, the total
displacement field is obtained as follows:

u = ups + uw =


ups
vps
wps

+


uw
vw
ww

 (1)
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This decomposition can be done straightforwardly in strains, as small
strains are assumed, see Eq.(2). Regarding stresses, in the case of nonlinear
materials, the same decomposition is valid in an incremental format, and
after the integration along the load steps the decomposition can be done
without losing generality as in Eq.(3).

ε = εps + εw (2)

σ = σps + σw (3)

As it was previously stated, to obtain the complementary field, the inter-
fiber equilibrium is considered explicitly. To do so, first the 3D equilibrium
equation of a beam is posed in its weak form, as in Eq.(4). Then, the equi-
librium residual of a differential element R(x) can be identified, see Eq.(5)∫∫∫

Ω

div (σ) δu dΩ (4)

intended ∫ L

0

(∫∫
A

div (σ) δu dA

)
dx =

∫ L

0

R (x) dx (5)

The projection of the residual into both displacements fields allows the
identification of two equilibrium levels: the beam level represented by the
projection of the residual in the plane-section displacement field Rps, and
the sectional level which implies the projection of the residual in the com-
plementary field Rw.

Rps (x) =

∫∫
A

div (σ) δups dA = 0 (6)

Rw (x) =

∫∫
A

div (σ) δuw dA = 0 (7)

In order to solve the system in Eqs.(6-7), first Rw = 0 is posed at each
cross-section of the beam, and then the beam equilibrium Rps = 0 is solved.
Solving the equilibrium in this way, leads to the full 3D stress tensor, taking
into account explicitly the inter-fiber equilibrium.

The main unknown of the sectional model is the warping-distortion dis-
placement field (uw). To assure the uniqueness of the solution, it is estab-
lished that the two types of displacement fields should be orthogonal to each
other [20]. In order to approximate the complementary field, an additional
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hypothesis is made; namely, the warping-distortion field is independent of
the x -coordinate neglecting its variation along the beam length, see Eq.(8).

uw = uw (y, z) =


uw(y, z)
vw(y, z)
ww(y, z)

 (8)

This enables the definition of a cross-sectional model that can be used as
a response model of any standard 1D frame formulation. The model solves
the sectional equilibrium, Eq.(7), and relates the generalized beam strains
with the internal forces, or generalized stresses, see Eq.(9).

εs =



ε0

γy
γz
φx
φy
φz


⇔ ss =



N
Vy
Vz
Tx
My

Mz


(9)

Once the sectional equilibrium is achieved, the full stress tensor is ob-
tained on each material point of the cross-section. To obtain the internal
forces ss, the integration of stresses on the section domain is made consid-
ering the virtual work principle. This definition assures that the obtained
generalized stresses are energetically conjugated to the generalized strains,
see Eq.(10).

ss =

∫∫
A

BT
psσdA+ ΩTΞTA∗T

∫∫
A

BT
wσdA (10)

Where Bps and Bw are strain interpolation matrix that relate the gener-
alized beam strains with the strains on each material point of the section, see
Eq.(11). A∗, Ξ and Ω are transformation matrices that stands for internal
equilibrium conditions, condensation of redundant degrees of freedom and
definition of generalized shear strains, respectively. A detailed derivation of
the matrices for the general case of non-isotropic materials can be found in
[20; 22].

εps = Bpsεs

εw = Bwεs
(11)
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The use of the sectional model as a response model on any point of a beam
needs the definition of a sectional stiffness matrix Ks, which is computed as
in Eq.(12). Where D is a general material constitutive matrix.

Ks =

∫∫
A

BT
psDBpsdA+

(∫∫
A

BT
psDBwdA

)
AΞΩ

+ ΩTΞTA∗T
(∫∫

A

BT
wDBpsdA

)
+ ΩTΞTA∗T

(∫∫
A

BT
wDBwdA

)
AΞΩ

(12)

3.2. Numerical solution

Solving the sectional problem needs a proper space discretization. The
original model proposed by [20], solved the problem using a standard 2D FE
model, where bidimensional elements represented the solid matrix, linear el-
ements represented transverse reinforcements and point element represented
longitudinal reinforcements. The FE solution involves a high number of de-
grees of freedom (DOF) to solve the sectional problem in most applications,
increasing the computational demand. A different approach is proposed here
to reduce the DOF involved in the solution.

The warping-distortion complementary field in Eq.(8) is approximated
by a weighted sum of predefined functions, see Eq.(13). This reduces sig-
nificantly the number of degrees of freedom involved to solve the sectional
problem compared with the FE solution.

uw =


uw
vw
ww

 =


∑
aiFi(y, z)∑
biFi(y, z)∑
ciFi(y, z)

 (13)

The weight factors (ai,bi,ci) represent the unknowns of the problem. The
most classical interpolation functions relies on Lagrange’s functions. For a
given interpolation grid, the interpolation is performed first independently on
each geometric coordinate, then the surface in the section domain is obtained
by the tensor product. This method produces one function for each point
of the interpolation grid. However, when the number of points of the inter-
polation grid increases, the order of the Lagrange polynomial increases as
well. This may lead to high order polynomials in practical cases, introducing
undesired oscillations augmenting the interpolation error locally.
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In order to overcome this issue, piecewise polynomials are used which
allows controlling the order of the polynomial in spite the number of grid
points. A family of these polynomials are known as splines, they account
for continuity conditions in the boundary of the intervals defined by the
interpolation grid, and has proven to be efficient and robust [27]. Thanks
to that, their use in FE element frameworks has increased in the last years
[28–30].

B-splines (basis splines) are constructed from a knot vector which contains
their coordinates in increasing order, Z = {ζ1, ζ2, . . . , ζn+p+1}, where p is the
polynomial order and n+ 1 is the number of basis functions. In Eq.(14) the
recursive form proposed by [31] is formulated for the i -th basis function.

Ni,p(ζ) =
ζ − ζi
ζi+p − ζi

Ni,p−1(ζ) +
ζi+p+1 − ζ
ζi+p+1 − ζi+1

Ni+1,p−1(ζ)

Ni,0 =

{
1 if ζi ≤ ζ < ζi+1

0 otherwise

(14)

If the value of a function in the boundaries of the knot vector is to be in-
terpolated, an open knot vector with multiplicity of the first and last value is
needed. In this work, cubic polynomials are used. Then, for an interpolation
grid of n non-repeated elements n+ 2 basis functions can be constructed on
each coordinate. Further, the interpolation surface is obtained by the tensor
product, see Eq.(15).

Fij,pq(y, z) = PijNi,p(y)Mj,q(z) (15)

For a given cross-section geometry, a number of points has to be selected
in order to build the interpolation grid. The b-spline functions are con-
structed using Eq.(14). The set of b-spline functions constitutes the shape
functions defined over the cross section. Fig.(1) shows the grid point selected
for a square section and one of the basis functions used in the interpolation.
This process is done for each component of the complementary displacement
field.

The midpoint integration rule is used to solve the sectional problem as
in classical fiber-beam models. Each integration point represents a material
point or a fiber. The solid part of the cross section is represented by fibers
with 3D constitutive laws and are defined by their geometrical coordinates
(y, z) and their projected area on the section. The transverse and longi-
tudinal reinforcements are represented by fibers with uniaxial constitutive
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(a) (b)

Figure 1: Bspline Interpolation a) Interpolation grid, b) Basis function

laws. Furthermore, fibers are defined by their position, their projected area
in the cross-section plane, and by their inclination with respect to the beam
axis. This allows the model to include inclined transverse or longitudinal
bars indistinctly. The sectional model algorithm can be seen in Appendix
A.

4. Validation

In order to verify the accuracy and test the capabilities of the proposed
model, two validation sets are presented in the following. The first vali-
dation set involves three sections under tangential forces, namely: a trian-
gular elastic section in pure torsion, a reinforced concrete section tested in
pure shear and a reinforced concrete box section under combined bending
and torsion moments. These three cases are numerically simulated with the
proposed model. The FE solution with the TINSA model [20] is also pre-
sented. In the case of the elastic triangle in torsion, the obtained response is
compared against a theoretical result. In both reinforced concrete sections,
experimental results available in literature are contrasted with the numerical
simulations.

The second set of validation comprises three sections under axial loading
with different confining materials and transverse reinforcement arrangements.
First, a reinforced concrete circular section winch is transversally reinforced
by a steel spiral is tested. Further, a circular section wrapped with a CFRP
jacket is simulated. Finally, a rectangular concrete filled tube is analyzed.
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The results obtained with the proposed model are compared against experi-
mental data available in literature.

In the five cases concerning reinforced concrete sections, perfect bond
is assumed. The constitutive law for the steel fibers is a 1D elastic-plastic
model with kinematic hardening. Concerning the constitutive modelling of
concrete, it is worth mentioning that the presented sectional model can be
used with any tri-dimensional constitutive law. If different failures modes
are to be reproduced, the constitutive model has to be able to trace a wide
range of loading conditions namely shear stresses and high confinement. To
this end, the plastic-damage model with evolutive dilatancy introduced in
[32] is used in this work. The evolutive dilatancy parameter presented there,
proved to be able to reproduce shear softening and passive confinement with
different confining materials in an accurate manner without recalibration of
dilatancy parameters.

The material properties are obtained from the experimental reported data
on each case. The rest of the parameters needed to define the constitutive
behavior are addressed in Appendix B.

4.1. Sections under shear or torsion

4.1.1. Elastic triangle under pure torsion

An equilateral triangular elastic section is tested under pure torsion,
whose closed-form analytical solution was obtained in [33]. The section height
is 200 mm, four points are selected as interpolation grid to construct the b-
splines leading to 83 degrees of freedom, and 219 isotropic elastic fibers with
the material properties described in Table 1 are used. See Fig.(2).

Table 1: Material properties validation case 4.1.1

E [MPa] G [MPa] ν
30000 12500 0.2

A torsional curvature of φx = 1e−6 rad/mm is applied on the centroid
of the section. It can be seen, in Fig.(3), that by means of the warping-
distortion displacement field, the tangential stresses and the bi-dimensional
shear stress flow are obtained and agree with the theoretical stress pattern.

The maximum tangential stresses as well as the torsional moment are
obtained with the presented model and with the model FE TINSA [21]. Be-
sides, four additional b-spline models are analyzed varying first the number
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(a) (b)

Figure 2: Triangular section: a) Interpolation grid, b) Fiber distribution.

(a) (b)

Figure 3: Triangle under pure torsion: a) τxz stresses [MPA], b) Shear stress flow.

of fibers and then the number of degrees of freedom involved in the solu-
tion. Table 2 presents numerical results compared against the theoretical
solution obtained by [33]. The computational time of each numerical model
is addressed as well.

A good agreement with the theoretical solution is obtained regarding the
predicted torsional moment. Concerning the maximum stress value all the
numerical solutions predict a smaller value than the closed-form solution.
This difference can be explained as the maximum value on the theoretical
solution is obtained exactly on the edge of the section, while the numerical
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Table 2: Triangular Section in Torsion

Analyticala FE TINSA B-Splines B-Splines B-Splines B-Splines B-Splines

DOF 767 83 83 83 56 134
Fibers 219 219 1007 91 219 219

Tx [KNm] 0.770 0.764 0.759 0.767 0.731 0.758 0.764
Error [%] 0.78 1.43 0.39 5.06 1.56 0.78

τmaxxz [MPa] 1.250 1.128 1.129 1.192 1.044 1.131 1.153
Error b [%] 9.76 9.68 4.64 16.5 9.52 7.76
Error c [%] 0.18 0.27 0.04 0.32 0.05 0.49
Time [sec] 10.7 0.37 1.54 0.17 0.31 1.02

a Theoretical solution by Timoshenko and Goodier [33]
b Error with respect to the maximum theoretical stress value.
c Error with respect to the theoretical stress value on the same location of the fiber.

solutions calculate stresses on discrete locations which are inside the cross-
section. The stress field presented by [33] varies quadratically with the y
coordinate, which explains that small distances from the edge produce sig-
nificant variations on the stresses. In Table 2, the error calculated against
the theoretical stress value on the exact same location of the fiber shows that
the proposed model captures the stress field in a good manner.

In this case, it can be seen that the most effective way to improve the
numerical solution is increasing the number of fibers. This is due to the fact
that the displacement field on the theoretical solution [33] has a cubic shape,
which can be represented with a reduced number of b-spline functions.

A significant reduction in the number of internal degrees of freedom used
can be seen in comparison with the FE solution using the TINSA model.
However, results remain on the same level of accuracy. The reduction is
translated to the computational time, the b-splines model is faster than the
FE model in identical computational conditions.

4.1.2. Reinforced concrete section in pure shear

In the following, the response of a reinforced concrete section tested by
Kani [34] under pure shear loading, is simulated with the proposed model.
The analyzed cross-section is situated on the inflection point of a beam in
order to reproduce the pure shear load. The geometry and reinforcement
arrangement can be seen in Fig.(4a). In addition, the reported values of the
material properties are indicated in Table (3).
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Table 3: Material properties validation case 4.1.2

Concrete

fc 28.2 MPa
ft 1.75 MPa
Ec 25600 MPa
ν 0.2

Longitudinal Steel
fy 442 MPa
Es 200000 MPa

Transverse Steel
fy 400 MPa
Es 200000 MPa

(a) (b) (c)

Figure 4: Specimen: a) Cross-section, b) Interpolation grid, c) Fiber distribution.

The interpolation grid consist on 9 points, 180 material points were used
consisting on 140 concrete fibers, 32 fibers for the stirrups and 8 for the lon-
gitudinal reinforcement, see Fig.(4b) and (4c). The simulation is performed
applying shear strains to the section instead of shear loads in order to capture
eventual softening. A total of 70 steps are used to apply the shear strains.

The numerical shear force-strain curve obtained with the presented model
is compared against the experimental response in Fig.(5). Further, the nu-
merical response obtained with the model FE TINSA [20] is plotted. Good
prediction of the ultimate load was obtained with the presented model. Small
differences between both numerical responses exists even though the number
of degrees of freedom is appreciably less in the proposed model (83 DOF)
than in the FE TINSA model with the same number of fibers (503 DOF).
The computational time is reduced nearly 3 times using the B-spline model
compared to the FE solution in similar computational conditions. It is worth
to mention that the computational time depends not only on the number of
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DOF but also on the number of material points or fibers.

Figure 5: Shear force-strain curve. Experimental results by [34]

Fig.(6) shows part of the information obtained with the presented model.
In particular, Fig.(6a) presents the stress distribution on the stirrups at a
load level where the vertical branches of the stirrups begin to yield. On
Fig.(6b) the tangential stress τxz pattern is shown. It can be seen that it
varies along the vertical axis and on the horizontal one, stresses concentrate
where the theoretical compressive strut intersects the section.

(a) σst [MPa] (b) τxz [MPa]

Figure 6: a) Stirrups stresses, b) Concrete tangential stresses
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4.1.3. Reinforced concrete section under combined torsion and bending mo-
ments

The response of a reinforced concrete section under the combined action
of torsion and bending moments tested by Onsongo [15] is simulated using
the proposed approach. The selected specimen, named TBU2, was part of
a larger experimental campaign where different bending to torsion ratios
were studied. The main features of the studied cross-section can be seen in
Fig.(7a), the material properties are summarized in Table(4).

(a) (b) (c)

Figure 7: Specimen: a) Cross-section, b) Interpolation grid, c) Fiber distribution.

Table 4: Material properties validation case 4.1.3

Concrete fc 34.8 MPa

Longitudinal Steel

∅25 fy 436 MPa
∅12 fy 393 MPa
∅10 fy 552 MPa
Es 200000 MPa

Transverse Steel
∅10fy 379 MPa
Es 200000 MPa

The interpolation grid can be seen in Fig.(7b). The fibers distribution is
shown in Fig.(7c); it consists of 500 concrete fibers, 104 stirrup fibers and 16
fibers representing the longitudinal reinforcement.

The analysis of the section is performed controlling the torsional curvature
and constraining the internal force vector to represent the bending to torsion
ratio of the selected specimen which was R = T/M = 0.261. A total of 220
increments are applied to the section before it reaches the ultimate curvature.
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(a) (b)

Figure 8: a)Torsion-curvature and b) Moment-curvature curves. Experimental results by
[15]

Fig.(8) shows the response curves obtained with the proposed model, the
experimental curves and the obtained with the TINSA model by [22] are
traced as well, with good agreement with the experimental results. Good
predictions of both the ultimate load and curvature are obtained. The re-
sponse predicted by the proposed model shows numerical oscillations near
the ultimate load. These are due to the failure of some material points. On
the contrary, the TINSA model fails to converge once the ultimate load is
reached. The convergence test in the TINSA model is performed evaluat-
ing the unbalanced nodal forces of the finite element mesh. The proposed
model performs the convergence test using energetically conjugated forces to
the weight factors of the b-splines in Eq.(13), which are obtained integrating
over the whole cross-section. This makes the proposed model less sensitive
to the failure of a single material point than the TINSA model.

As in the previous cases, a significant decrease of the degrees of freedom
used by the proposed model (243 DOF) with respect to the FE model of
TINSA [22] with the same number of fibers (1808 DOF) is made. A speedup
of around 5 is obtained with the proposed model in comparison with the FE
model in similar computational conditions.

The section state at the ultimate load is shown in Fig.(9). Figs.(9a) and
(9b) shows the shear stresses, it can be seen that the upper flange carries
slightly bigger stresses than the bottom flange, this is due to the bending
moment that produces compression on the upper flange, see Fig.(9c), and
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(a) τxz [MPa] (b) τxy [MPa]

(c) σxx [MPa] (d) Concrete Damage

(e) σst [MPa] (f) Shear stress flow

Figure 9: Section state for ultimate load: a) Shear stresses τxz, b) Shear stresses τxy, c)
Longitudinal stresses σxx, d) Concrete tensile damage, e) Stirrups stress, f) Shear stress
flow

tension in the lower flange which is also fully damaged as it is shown in
Fig.(9d); consequently, the upper flange is less damaged than the bottom one.
Besides, the presence of shear stresses in the bottom flange is an evidence
of the aggregate interlock phenomena. This is reproduced at the material
level by means of the evolutive dilatancy parameter introduced in [32]. The
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contribution of the stirrups, see Fig.(9e), shows that the horizontal lower
branch has fully yielded, also the vertical branches have reached the yielding
stress but plasticity is not developed in its full length.

4.2. Study of confinement of concrete sections

As it was previously stated, the complementary displacement field re-
produces the distortion of the section. This enables the model to capture
explicitly the contribution of transverse reinforcements. A particular prob-
lem where this takes relevance is the case of confinement in concrete sections.

Confinement is of major importance in the design and assessment of new,
existing, and repaired reinforced concrete structures, as it increases both
strength and ductility. Confinement effects are consequence of the interaction
between concrete and transverse reinforcement; when compression is applied
to concrete, it has a transverse expansion, which is constrained by the trans-
verse reinforcement providing the confinement pressure that increases the
strength and ductility of the material. Transverse reinforcement are usually
provided by steel stirrups or spirals in the case of new structures, or by steel
or fiber-reinforced-polymers (FRP) jackets typically in the reinforcement of
existing structures.

Classic fiber-beam models simulate confinement through 1D constitutive
models that include transverse reinforcement by means of reinforcements
ratios at the material level. Currently, those constitutive laws have to be
calibrated for different confining materials or for different arrangements of
the transverse reinforcement [35; 36]. This approach is not objective, as it
masks the 3D behavior of concrete while it interacts with the confinement
material. Hence, if different confinement materials are used, the model needs
to be recalibrated.

In order to test the capabilities of the presented model to represent con-
finement in an objective manner, three concrete sections with different con-
fining materials and arrangements are simulated under pure axial loading.

4.2.1. Confinement of a circular column with steel spiral

In the following, a circular section of a reinforced concrete column tested
by Mander et al. [37] is simulated with the presented model. This specimen is
the unit number 4 of a larger experimental campaign which was the basis of
the well-known 1D constitutive model for confined concrete of Mander et al.
[35]. Table (5) shows the material properties.
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Table 5: Material properties validation case 4.2.1

Concrete fc 28 MPa

Longitudinal Steel
fy 295 MPa
Es 200000 MPa

Transverse Steel
fy 320 MPa
Es 200000 MPa

The test setup can be seen in Fig.(10a), the interpolation grid consisting
on 5 points is shown in Fig.(10b). The interpolation grid is set to trace the
higher strain gradient that it is produced on the perimeter of the section.
The fiber distribution in Fig.(10c) consists of 484 concrete fibers, 60 stirrup
fibers and 12 fiber representing the longitudinal reinforcement. The test is
performed applying axial strains in 45 increments, then the model fails to
converge.

(a) (b) (c)

Figure 10: Specimen: a) Cross-section, b) Interpolation grid, c) Fiber distribution.

Three pairs of numerical and experimental curves are presented in Fig.(11a).
The total axial load carried by the whole section is plotted against the axial
strain, also the axial load carried by the longitudinal reinforcements and by
the concrete cover are plotted as well. Fig.(11b) shows the predicted strains
on the transverse reinforcements compared against the experimental curve.

The model shows to predict in a good way the strength and the post-peak
stiffness. However, it can be seen that the model fails to converge before the
ultimate experimental strain is reached. The total axial load, the load carried
by the reinforcements and the strains in the transverse reinforcement have a
good agreement with the experimental data. In the case of the concrete cover,
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(a) (b)

Figure 11: (a) Axial force-strain curves. (b) Spiral strains. Experimental results by [37]

it can be seen that the maximum strength is well captured but the post-
peak behavior predicted by the proposed model differs from experimental
evidence. This can be explained by the fact that the proposed model solves
the equilibrium equations at the sectional level in a weak form as in Eq.(4),
thus the local error in a single fiber could be greater than the error at the
sectional level, as it is evidenced in this case.

Fig.(12a) shows the longitudinal stress field and Fig.(12d) shows the lon-
gitudinal stress along a radius of the section. It can be seen that longitudinal
stresses are higher on the section core than on the perimeter of the section,
being minimum in the section cover, this coincides with the observed re-
sponse. In Fig.(12c) the stresses on the steel spiral are presented at the
ultimate state, it can be seen that the spiral has fully yielded. Fig.(12b)
shows the radial strains are bigger on the cover than on the core of the
section, this is evidence of the existance of more damage in that region or
spalling of concrete.

Fig.(12e) shows the confining stresses in the radial (σrr) and circumferen-
tial (σθθ) directions at different distances from the center. Theoretically, this
curves should be constant, but it can be seen that oscillations appear as the
distance from the center increases. The reason of the oscillations is the fact
that the interpolation functions in Eq.(15) are constructed in a Cartesian
reference system rather than in a cylindrical one, which in this case would
be more suitable. Nevertheless, the average σrr at radius of r/R = 0.9,
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(a) σxx [MPa] (b) εrr (c) σst [MPa]

(d) (e)

Figure 12: Section state: a) Longitudinal stresses, b) Radial strains, c) Stirrups stresses,
d) Longitudinal stresses-radius curve, e) σrr and σθθ - θ curves.

which coincides with the position of the transverse reinforcement, is equal to
0.90MPa. This almost coincides with the lateral confining stress predicted
by [35] which was 0.85MPa.

The proposed model shows to be able to predict well the overall behavior
with a single definition of the concrete properties. In contrast, classical fiber-
beam models [8] define different zones in the cross-section with different
material parameters in order to capture the confinement phenomena.

4.2.2. Confinement of a circular section with a CFRP jacket

A circular concrete section wrapped with a CFRP sheet tested by Micelli
and Modarelli [38] is simulated with the proposed model. The specimen,
named CC1, is part of a larger experimental campaign studying the behaviour
of FRP confined concrete. The test setup can be seen in Fig.(13a), and the
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material properties are shown in Table (6). The interpolation points and the
fiber distribution can be seen in Figs.(13b) and (13c). The axial strain is
applied in 50 increments when the ultimate strain is reached.

Table 6: Material properties validation case 4.2.2

Concrete fc 28 MPa

CFRP
fu 3070 MPa
E 221000 MPa

(a) (b) (c)

Figure 13: Specimen: a) Cross-section, b) Interpolation grid, c) Fiber distribution.

The numerical axial force-strain curve is compared against the experi-
mental one in Fig.(14). Good prediction of the ultimate load is obtained.
The increase on the ductility is also well captured. The analysis stopped
when the transverse jacket reached its ultimate stress and softening starts to
develop, as it is evident in Fig.(15b), this coincides with the observed experi-
mental failure. Hence, the model allows assessing the capacity of the element
without the need of the empirical effective strain concept in the FRP [39].

Figs.(15a) and (15b) show the behaviour of the section at the ultimate
load. The longitudinal stresses are almost constant over the cross-section
as the confining element is on the perimeter of the section giving a uniform
confinement to the whole section, small variations of the stress are due to
the interpolation.

4.2.3. Confinement of a concrete filled steel tube column

In the following, a rectangular concrete filled steel tube (CFST) is simu-
lated and compared against the experimental results of the specimen HSS1
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Figure 14: Axial force-strain curve. Experimental results by [38]

(a) σxx [MPa] (b) σst [MPa]

Figure 15: Section state: a) Longitudinal stresses, b)Stirrups stresses.

tested by Uy [40]. The test setup can be seen in Fig.(16a) and the material
properties are addressed in Table (7). The analysis is performed applying 45
axial strain increments.

The numerical simulation is performed using the interpolation grid as in
Fig.(16b) and the fiber distribution as in Fig.(16c). In the experimental test,
both the steel and concrete were submitted to the axial load. To model the
steel plates, a classic Von-Mises constitutive law with isotropic hardening is
used.

Fig.(17) shows both the numerical and experimental axial force-strain
curves. Good agreement is achieved by the sectional model. The enhance-
ment in strength and ductility is well captured.
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Table 7: Material properties validation case 4.2.3

Concrete fc 28 MPa

Steel jacket
σy 750 MPa
E 200000 MPa
ν 0.3

(a) (b) (c)

Figure 16: Specimen: a) Cross-section, b) Interpolation grid, c) Fiber distribution.

Figure 17: Axial force-strain curve. Experimental results by [40]

The longitudinal stresses at the ultimate state in the steel jacket and in
the concrete core can be seen in Fig.(18a). The nonuniform confinement given
by the jacket causes regions with different degrees of compressive damage in
concrete, this can be seen in Figs.(18b-18c).
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(a) σxx [MPa] (b) σyy [MPa] (c) κc

Figure 18: Section state: a) Longitudinal stresses, b) Transverse stresses, c) Compression
damage in concrete fibers.

5. Conclusions

A new sectional model for the nonlinear analysis of reinforced concrete
elements is proposed. The model is based on the original model of Bairán and
Maŕı [20, 21, 22], which proposed a formulation based on the decomposition
of the displacement field of a beam into a plane-section displacement field
and a complementary warping-distortion field. The complementary field is
obtained by considering explicitly the inter-fiber equilibrium which in the
original model was solved by means of a 2D FE model. In order to make
a more efficient sectional formulation, an alternative solution is proposed in
this paper.

The displacement field is here calculated as a weighted sum of b-splines
functions defined on the cross-section domain, this method avoids the FE
solution reducing significantly the number of unknowns involved in the sec-
tional problem.

The model considers a displacement field independent of the beam-axis
coordinate, which allows the formulation of a completely local model, which
can be used as a cross-section constitutive model on each integration point
of any standard frame formulation without the need of additional degrees of
freedom at the frame level.

The model is validated through a series of experiments where the capa-
bilities of the model are tested and compared against experimental results.
It is shown that the model is able to trace the response of reinforced concrete
section under complex loading until failure. Pure shear loading and coupling
between torsion and bending is accurately reproduced.

A remarkable reduction in the DOFs involved in the solution compared
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with the FE model is obtained. This enabled the model to have significant
speedups proving its lower computational demand with respect to the FE
solution.

The sectional model is used to study confinement in reinforced concrete
sections. As the formulation considers the distortion of the section, it is
able to capture the interaction of transverse reinforcements and the concrete
mass. Then confinement is simulated in an objective manner for different
confining materials, section shape and reinforcement arrangements.

The sectional model presented in this work constitutes and efficient frame-
work capable of reproducing the nonlinear behaviour of concrete elements
under different loading states and reproducing complex failure modes. This
in conjunction with its reduced computational demand, in comparison with
other solution methods, makes it suitable for the analysis of complete struc-
tures.
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Appendix A. Sectional Algorithm

The structure of the algorithm that computes the sectional state is shown
in Fig.(A.19). The value of the force tolerance used in all numerical cases is
equal (in Newtons) to tol = 0.001Ac, where Ac is the area of the cross-section.

Appendix B. Material Parameters

The concrete constitutive law presented in [32] requires the following ma-
terial parameters, see Eq.(B.1).
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E =

(
0.8 + 0.2

fc + 8

88

)
3
√
fc + 8 [MPa] (B.1.1)

ft = 0.302fc
2/3 [MPa] (B.1.2)

Gt = 0.073fc
0.18 [N/mm] (B.1.3)

Gc =

(
fc
ft

)2

Gt [N/mm] (B.1.4)

ν = 0.2 (B.1.5)

D̄c = 0.423

(
1− fc

ε0E

)
(B.1.6)

D̄t = 0.5 (B.1.7)

φmax = 65◦ (B.1.8)

ψmax = 32◦ (B.1.9)

Where E is the elastic modulus; fc is the uniaxial compressive strength;
ft is the tensile uniaxial strength; Gt is the fracture energy and Gc is the com-
pressive counterpart; ν is the Poisson’s coefficient; D̄c and D̄t are the stiffness
degradation variables in tension and compression uniaxial cases respectively;
ε0 is the axial strain corresponding to the peak compressive strength in uni-
axial conditions; φmax and ψmax are the maximum internal friction and dila-
tancy angles respectively.

In the case of steel, the only parameters needed to the define the material
behavior are the elastic modulus E, the yielding stress fy and the hardening
ratio, which in all cases is equal to b = 0.001.
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Figure A.19: Sectional model flow chart
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