
 Analytical and approximate formulations applicable to predict flexural stiffness reduction of 

stainless steel beam-columns are provided.

 Extension the formulations for evaluating the elastic second order effects to the inelastic range. 

 Verification of Geometrically Nonlinear Analysis with stiffness reduction for the in-plane stability 

deign of stainless steel elements.
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5 Abstract: 

6 This paper focuses on the development of beam-column flexural stiffness reduction factor (τMN) applicable to the in-plane 

7 stability design of stainless steel beam-columns and frames with compact cold-formed square and rectangular hollow 

8 sections. The proposed τMN accounts for the deleterious influence of material non-linearity, residual stresses and member 

9 out-of-straightness. The use of a Geometrically Non-linear Analysis (GNA) with the proposed τMN eliminates the need for 

10 member buckling strength checks and thus, only cross-sectional strength checks are required. The proposed approach, 

11 aligned to AISC standards, is aimed at facilitating greater and more efficient use of stainless steel.

12 Two types of τMN are proposed: analytical and approximate. The analytical τMN presumes knowing the maximum internal 

13 second order moment (Mr2) within a member. It is developed by means of extending the formulations for evaluating the 

14 elastic second order effects to the inelastic range. The accuracy of the analytical τMN is verified for beam-columns and sub-

15 assemblages. Since in practical design Mr2 is not known in advance, an approximate expression of τMN, which is more 

16 likely to be used relative to the analytical τMN, is proposed by fitting variables to the analytically determined MN. The 

17 accuracy of the approximate τMN is verified for frames with different geometrical and loading configurations. Furthermore, 

18 the proposed approach is compared against the Direct Analysis Method (DM). Results show that, compared to the DM, 

19 GNA coupled with the approximate τMN provides improved estimations, since the proposed τMN can more accurately 

20 capture stiffness reduction resulted from material non-linearity and well capture additional second order effects due to 

21 material non-linearity.

22 Keywords: Geometrically Non-linear Analysis; stiffness reduction; second order effects; stability; stainless steel

23 Notation

24 c :  Column slenderness

25 ∆/h:  Out-of-plumbness

26 δ/L:  Out-of-straightness

27 τb:  Flexural stiffness reduction factor derived from the CRC column strength curve

28 τM:  Flexural stiffness reduction factor for beam with compact sections

29 τN:  Flexural stiffness reduction factor derived from the AISC-based stainless steel column strength curve

30 τMN :  Flexural stiffness reduction factor for beam-column with compact sections
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31 B1-E :  Amplification factor evaluates P-δ effects on elastic beam-columns 

32 B1-P :  Amplification factor evaluates P-δ effects on inelastic beam-columns 

33 B2-E :  Amplification factor evaluates P-∆ effects (including P-δ effects) on elastic beam-columns 

34 B2-P :  Amplification factor evaluates P-∆ effects (including P-δ effects) on inelastic beam-columns 

35 Cm :  Equivalent uniform moment factor 

36 DM:  Direct Analysis Method provided in AISC 360-16

37 GMNIA:  Geometrically and Materially Non-linear Analysis with Imperfections

38 GNA:  Geometrically Non-linear Analysis 

39 GNA-τMN : Geometrically Non-linear Analysis with τMN 

40 GNA-τN:  Geometrically Non-linear Analysis with τN   

41 K :  Effective length factor of the column

42 Ksw :  Second order sway effects factor provided in Eurocode 3: Part 1-1

43 LA:  Linear Elastic Analysis

44 M1 and M2: Applied external end moments, |M1| ≤ |M2|.

45 Mn :  Nominal flexural strength 

46 Mr1:  Maximum internal first order moment within the member

47 Mr2:  Maximum internal second order moment within the member

48 Mr2-E:  Maximum internal second order elastic moment within the member

49 Mr2-P:  Maximum internal second order inelastic moment within the member

50 Mr2-GMNIA: Mr2 determined by GMNIA

51 Mr2-τMN:  Mr2 determined by GNA-τMN 

52 Mr2-τN:  Mr2 determined by DM

53 Mu-GMNIA:  Ultimate external moment of the member determined by GMNIA

54 MP :  Moment at full cross-section yielding 

55 My :  Moment at yielding of the extreme fiber

56 Pe :  Elastic critical buckling strength of the member

57 Pe1:  Elastic critical buckling strength (non-sway mode) of the member with K=1

58 Pes:  Elastic critical buckling strength (sway mode) of the member with effective length (KL)

59 Pe-τN:  Elastic critical buckling load determined by the reduced flexural stiffness: τN times EI

60 Pn:  Nominal compressive strength 



3

61 Pe*-story:  Elastic critical buckling (sway mode) strength of the story (without RM)

62 Pr1:  Maximum internal first order axial force within the member

63 Pr2:  Maximum internal second order axial force within the member

64 Pr2-τMN:  Pr2 determined by GNA-τMN

65 Pr2-τN:  Pr2 determined by DM

66 Pr2-GMNIA:  Pr2 determined by GMNIA

67 Pstory:  Total vertical load transferred by the story (from Linear Elastic Analysis)

68 Py :  Cross-section yield strength

69 Pu:  Ultimate axial load of the member 

70 Pu-GMNIA:  Pu determined by GMNIA

71 Pu-τMN:  Pu determined by GNA-τMN 

72 Rc:  Demand-capacity ratio determined by interaction design equations provided in ASIC 360-16

73 Rc-GMNIA:  Rc with second order axial force and moment determined by GMNIA 

74 Rc-τMN:  Rc with second order axial force and moment determined by GNA-τMN  

75 Rc-τN:  Rc with second order axial force and moment determined by DM

76 RM:  Factor accounts for P-δ effects on the global behavior of the structure

77 Wel:  Elastic cross-section modulus

78 Wpl:  Plastic cross-section modulus

79 1. Introduction

80 Using a Geometrically Nonlinear Analysis (GNA) coupled with stiffness reduction to determine internal forces and 

81 moments for ultimate limit state design checks has become a significant alternative for member-based design. GNA with 

82 stiffness reduction captures second order effects at system and member levels (P-∆ and P-δ), considers initial global sway 

83 imperfection, and adopts reduced stiffness to account for the influence of material non-linearity and residual stresses. For 

84 GNA coupled with stiffness reduction, initial member out-of-straightness (δ/L) can be accounted for by four ways: 

85  By geometrically modelling out-of-straightness directly

86  By applying equivalent horizontal loads appropriately 

87  By reducing stiffness implicitly using reduction factors

88  By checking bucking resistance of members. 

89 A representative example of GNA with stiffness reduction is the Direct Analysis Method (DM). DM first appeared in AISC 

90 360-05 [1] as an alternative to Effective Length Method (ELM) for frame stability design, was upgraded in AISC 360-10 
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91 [2] and reorganized in AISC 360-16 [3] as the primary method for frame stability design (ELM was moved to Appendix 7 

92 of [3]). 

93 Compared with ELM, a significant advantage of GNA with stiffness reduction is that it eliminates the need of calculating 

94 effective length of the column. The calculation of effective length factor (K) may be both difficult and inaccurate for 

95 geometrically irregular frames. Another main advantage is that it provides more accurate internal moment, which is a great 

96 concern for the design of connections. In most cases, GNA with stiffness reduction gives an improved representation of 

97 internal moments at member-based ultimate strength limit state [4-6], which is closer to the values obtained by more 

98 advanced analysis such as plastic-zone analysis.

99 Currently, comparable methods to GNA with stiffness reduction are provided in other design codes. Methods M3, M4, and 

100 M5 for elastic global analysis provided in EN 1993-1-1:2015 (E) [7], which is the next generation of EN 1993-1-1: 2005 

101 [8], from less complex to more complex, depends on the type of second order effects and imperfections considered in 

102 global analysis. However, there is a significant difference between GNA with stiffness reduction and these other methods, 

103 as the former adopts reduced stiffness values. The reduction in stiffness will produce more deformations, which will in 

104 turn result in increased internal forces and moments due to second order effects.

105 AISC Design Guide 27, Structural Stainless Steel [9], which is aligned to AISC 360-16, provides guidance for the design 

106 of stainless steels structures [10]. It states that the GNA with stiffness reduction method (DM) can be a reference to stability 

107 design of stainless steel frames provided that the member strengths are determined in accordance with AISC-based 

108 provisions provided in [9]. DM in AISC 360-16 [3] conservatively adopts the maximum allowable out-of-plumbness (∆/h) 

109 of 0.002 specified in [11] to account for initial global sway imperfection of the system. The influence of member out-of-

110 straightness (δ/L) is considered by member buckling strength check where the column is taken as pinned at both ends 

111 (K=1). A general flexural stiffness reduction factor 0.8τb is suggested in section C2.3 of AISC 360-16 [3]. The factor τb, 

112 derived from Column Research Council (CRC) column strength curve [12], is intended to account for partial yielding 

113 (accentuated by the presence of residual stresses) under high axial load [13]. The factor 0.8, originally proposed by 

114 Surovek-Maleck and White [14-15], accounts for additional stiffness reduction under combined axial loading and bending 

115 moment (Commentary on section C2.3 of AISC 360-16 [3]). 

116 Although calibration studies have shown that the flexural stiffness reduction factor 0.8τb is appropriate to stability design 

117 of carbon steel beam-columns and frames, it may not be appropriate to the stainless steel counterparts. Stainless steel is 

118 softer than carbon steel in the stress range of proportional limit and 0.2% proof strength, and column buckling curve of 

119 stainless steel differs from carbon steel. Therefore, to use GNA with stiffness reduction for the stability design of stainless 

120 steel members and frames, an appropriate stiffness reduction factor is needed.
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121 Previous research on determination of beam-column flexural stiffness reduction factor is available for carbon steel. 

122 Kucukler et al. [6, 16], Kucukler and Gardner [17-19] developed a function of beam-column flexural stiffness reduction 

123 factor for using GNA to the stability design of in-plane carbon steel beam-columns and frames with compact sections. The 

124 main variables of the function include first order maximum axial force, first order maximum bending moment, column 

125 flexural stiffness reduction factor, beam flexural stiffness reduction factor, and a moment gradient factor Cm. In [6, 16-19], 

126 column stiffness reduction factor is derived from column buckling curves given in EN 1993-1-1: 2005 [8], while beam 

127 flexural stiffness reduction factor for beams sufficiently restrained against lateral-torsional buckling (LTB) under pure 

128 bending, is developed using a similar empirical formulation to the one proposed by Zubydan [20] for compact cross-

129 sections subjected to combined axial loading and bending moment. For the proposed flexural stiffness reduction 

130 formulations in [6, 16-20] , strain-hardening after achieving full plastic strength of the cross-section is not considered and 

131 residual stresses pattern recommended by the European Convention for Construction Steelwork (ECCS) [21] is adopted 

132 for compact I or H sections. 

133 Furthermore, White et al. [13] proposed a simple interpolation equation to represent beam-column flexural stiffness 

134 reduction factor (referred to as τMN,White) for using direct buckling analysis to the stability design of carbon steel members 

135 and frames with I-sections. The general expression of the interpolation equation is τMN,White = *τa(/90o)+ τM,AISC (1-/90o), 

136 where the angle  represents the position of the current force point within a normalized interaction plot of the axial and 

137 moment strength ratios for a given cross-section. For the interpolation equation, * accounts for local buckling effects, and 

138 τa is derived from column buckling curves given in AISC 360-16 [3] and, while τM,AISC is derived from lateral-torsional 

139 buckling (LTB) curve of beams given in AISC 360-16 [3]. For using second order refined plastic hinge method to frame 

140 stability design, Kim and Chen [22] extended the column flexural stiffness reduction factor derived CRC column strength 

141 curve, to be applicable to beam-columns with compact I cross-sections. 

142 Different to the above studies, in this paper, the formulation of beam-column flexural stiffness reduction factor (τMN) for 

143 stainless steel beam-columns and frames with compact cold-formed rectangular hollow section (RHS) and square hollow 

144 section (SHS) is developed through analytical and numerical study. Compact sections in the current paper, which are in 

145 accordance with AISC Design Guide 27, Structural Stainless Steel [9], refer to sections that are not prone to local buckling 

146 reductions. These sections effectively cover Class 1 and 2 in European notation and can develop full plastic moment 

147 resistance before local buckling occurs.

148 Two types of τMN formulations are proposed (analytical expression and approximate expression). The analytical expression 

149 of τMN, includes the unknown maximum internal second order moment (Mr2). It is developed by an extension of the 

150 formulations for evaluating second order elastic effects. The approximate expression of τMN, independent from Mr2, is 
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151 proposed by fitting relevant variables to the analytically determined expression. The proposed τMN accounts for member 

152 out-of-straightness, residual stresses and material non-linearity. 

153 Besides developing flexural stiffness reduction factors that are applicable to stainless steel members, another contribution 

154 of this paper is that the formulations of evaluating second order elastic effects are extended to determine the maximum 

155 inelastic second order moment within beam-columns, through incorporating τMN into elastic critical buckling load. This 

156 contribution is presented in Section 5.

157 In the following sections of the paper, the adopted finite element modelling approach is first presented, followed by a brief 

158 description of the AISC-based interaction design curves for stainless steel members. Derivation of the column flexural 

159 stiffness reduction factor (τN) and of the beam flexural stiffness reduction factor (τM) are then presented in Section 4. 

160 Development and verification of the analytical τMN is presented in Section 5. Development and verification of the 

161 approximate τMN is presented in Section 6.

162 2. Numerical modelling

163 The in-plane structural behavior of stainless steel structures is studied through finite element (FE) analysis. 

164 Abaqus/Standard (implicit solver) [23] is employed for FE analysis. The simulations are performed with two-dimensional 

165 linear beam element (B21), which uses the shear-flexible Timoshenko formulation. The cross-section is defined as box 

166 section (without rounder corners). A B21 box section has 5 default Simpson integration points in the two walls of the 

167 section. Two iterative methods, the Newton method (load controlled) [24] and Arc-length method [25] are employed to 

168 compute the solution of nonlinear equilibrium equations. Based on preliminary mesh convergence study, the adopted mesh 

169 density is 100 elements per member. Spread of plasticity through cross-section and along member length is traced by a 

170 distributed plasticity approach. 

171 2.1. Stress-strain curve of the material

172 The material behavior of stainless steel is modelled based on the nonlinear two-stage stress-strain curve provided in EN 

173 1993-1-4:2015 [26], given by Eq.(1) and (2) and shown in Fig.1, which is essentially the expression proposed by Ramberg-

174 Osgood [27].

175                              for (1)ε =
𝜎
𝐸 + 0.002( 𝜎

𝑓𝑦)𝑛
𝜎 ≤ 𝑓𝑦

176                 for (2)ε = 0.002 +
𝑓𝑦

𝐸 +
𝜎 ‒ 𝑓𝑦

𝐸𝑦
+ 𝜀𝑢(

𝜎 ‒ 𝑓𝑦

𝑓𝑢 ‒ 𝑓𝑦
)

𝑚
𝑓𝑦 < 𝜎 ≤ 𝑓𝑢

177 where E is Young’s Modulus;  is 0.2% proof stress; n is the first stage strain hardening exponent; Ey is the tangent 𝑓𝑦

178 modulus at the 0.2% proof stress; Ey=E/(1+0.002nE/fy); m is the second stage strain hardening exponent; εu is the ultimate 

179 strain; fu is the ultimate stress. 
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180 The expression of the two-stage stress-strain curve involves three basic parameters (E, fy, n) for σ ≤ fy and three additional 

181 parameters (εu, fu, m) for σ > fy. The additional parameters can be determined in terms with E, fy and n [27]. Although the 

182 full stage Ramberg-Osgood curve is adopted in FE modeling, the ultimate strengths from FE analysis in this paper are 

183 limited to full plastic strength of the cross-section, and thus strain hardening that results in strengths greater than the full 

184 plastic strength of the cross-section is not considered. Currently strain-hardening after the formation of first plastic hinge 

185 is not permitted to be considered in the stability design of stainless steel structures [26, 28-29], even though stainless steel 

186 has considerable strain hardening behavior. 

187 The weighted material property method proposed by Hradil and Talja [30] is adopted to account for the enhanced material 

188 properties of the corner regions (including the extended area) in cold-formed stainless steel cross sections. In this method, 

189 the material parameters are weighted in accordance with the flat or corner area compared to the whole cross-section area, 

190 and the weighted average material properties are assigned to the whole cross-section. The study of Arrayago [31] showed 

191 that the weighted average material property method provided excellent results for cold-formed stainless steel columns, 

192 beams, and beam-columns with cold formed RHS and SHS. For FE models described in this paper, the considered 

193 enhancement amplitude for yield strength and ultimate strength of the corner regions are based on the available test data 

194 reported in [31-33].

195 2.2 Residual stresses 

196 Residual stresses of cold formed cross-sections comprise bending residual stresses, membrane residual stresses, and layer 

197 residual stresses (for the case of thick plates) [34-35]. These stresses are developed when plastic deformation occurs in 

198 cold-working process such as uncoiling, leveling and rolling to form a section. Residual stress patterns for cold formed 

199 stainless steel box sections are found to be typically comparable to those for carbon steel box sections [34-38]. The report 

200 of Jandera and Machacek [38] showed that for global behavior of stainless steel members with box sections, the effect of 

201 through-thickness longitudinal bending residual stresses is dominant and the effect of other residual stress components is 

202 negligible. Similar conclusion for carbon steel members and frames with cold formed box sections has been reported in 

203 [34, 39]. Therefore, only longitudinal residual stresses are considered in this paper. Longitudinal residual stresses are 

204 accounted for by modifying the stress-strain curve, where the procedure of modifying the stress-strain curve is similar to 

205 the one presented in [39], and the amplitude of longitudinal residual stresses is based on the residual stress model suggested 

206 in [35].

207 2.3 Geometric imperfections

208 The maximum allowable out-of-plumbness (∆/h) of 0.002 specified in [11] is adopted in FE modelling to account for initial 

209 sway imperfection, while the maximum allowable out-of-straightness (∆/L) of 0.001 specified in [11] is adopted to account 
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210 for initial local member imperfection. For isolated sway-restrained members and sway-restrained sub-assemblages, out-of-

211 straightness (δ/L) is modelled directly by introducing the same Eigenmode shape obtained from preliminary buckling 

212 analysis. Buckling analysis is conducted prior to GNA in the identical models. For sway permitted structures, instead of 

213 direct modelling geometric imperfection, the effects of out-of-plumpness (∆/h) and out-of-straightness (δ/L) are accounted 

214 for by means of applying notional loads (equivalent horizontal loads). Notional loads are applied to the directions that 

215 produces the most destabilizing effect, where out-of-plumbness is modelled in the direction of sway deformation, while 

216 out-of-straightness is modelled in the mostly deformed direction obtained from a preliminary buckling analysis. The 

217 procedure of applying notional load is similar to the one presented by Ziemian [40]. To avoid additional shear force due to 

218 notional loads, corresponding horizontal reaction forces are applied. 

219 2.4 Validation of finite element models

220 The developed FE models are validated against the experimental results on stainless steel beam-columns reported in [41]. 

221 The specimen S1-EC1 (SHS) and S3-EC1 (RHS), which are not susceptible to local buckling effects, are considered. The 

222 details of the dimensions and the weighted average material properties of the two specimens are shown in Table 1. L is the 

223 length of the specimen. D,W, and t are the depth, width, and thickness of the cross-section, respectively. δ0 is the initial 

224 member bow imperfection. For the validation study, the full stage Ramberg-Osgood curves are adopted. In addition, 

225 longitudinal bending residual stresses are not modelled, since they are implicitly included in the tested material parameters. 

226 Comparison of the numerical results against experimental results for the two beam-columns is shown in Fig.2. It can be 

227 seen that the numerical results are in very close agreement with experimental results. 

228 Table 1 Geometric and material parameters of the tested specimen reported in [41]
Dimensions Weighted average material properties 

Specimen L
(mm)

D
(mm)

W
(mm)

t
(mm)

δ0

(mm)
E

(GPa)
fy 

(MPa)
fu

(MPa)
εu

(%)
n m

S1-EC1 1495 80.1 80.3 3.9 1.25 173 539 587 5.8 8.8 2.6
S3-EC1 1500 80 40.2 3.8 0.89 183 529 554 2.5 12.9 2.7

229

230 3. AISC-based interaction design curves for stainless steel members

231 As the proposed approach is aligned to AISC standards, AISC-based interaction design equations, given by Eq. (3) and 

232 (4), are adopted in this paper. The two design equations are also adopted in AISC Design Guide 27 [9] for the design of 

233 stainless steel elements and frames. The equations are established mainly based on analyzed results of 82 second order 

234 inelastic beam-columns [42]. For stainless steel, the nominal compressive strength (Pn) of a column and nominal flexural 

235 strength (Mn) of a beam have to be determined in accordance with [9]. 

236       for (3)
𝑃𝑟2

𝜙𝑐𝑃𝑛
+

8
9

𝑀𝑟2

𝜙𝑏𝑀𝑛
≤ 1

𝑃𝑟2

𝜙𝑐𝑃𝑛
≥ 0.2
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237       for (4)
𝑃𝑟2

2 𝜙𝑐𝑃𝑛
+

𝑀𝑟2

𝜙𝑏𝑀𝑛
≤ 1

𝑃𝑟2

𝜙𝑐𝑃𝑛
< 0.2

238 In Eq.(3) and (4), Pr2 and Mr2, are the maximum internal second order axial force and moment, respectively; Pn and Mn are 

239 the nominal compressive strength and nominal flexural strength, respectively; for in-plane beam-columns with compact 

240 cross-sections, Mn is equal to full plastic bending moment (Mp); Mp=Wplfy; Wpl is plastic gross section modulus; ϕc is 

241 resistance factor for compression and ϕb for bending; ϕc = ϕb =0.9. The value of Pr2/(ϕc Pn )+8/9 Mr2/(ϕb Mn ) or Pr2/(2 ϕc 

242 Pn )+Mr2/(ϕb Mn ) is hereafter referred to as Demand-capacity ratio (Rc).

243 It should be noted that, for ultimate limit design checks, if internal axial forces and moments are determined by advanced 

244 analysis that considers rigorously second order effects (P-∆ and P-δ) and relevant initial geometric imperfections (out-of-

245 plumbness, out-of-straightness), only cross-section strength check is needed and member buckling strength check is 

246 eliminated. 

247 4. Flexural stiffness reduction factor for stainless steel columns and beams 

248 In this section, column flexural stiffness reduction factor (τN) and beam flexural stiffness reduction factor (τM) are derived 

249 from stainless steel column strength curve and moment-curvature relationship, respectively. The accuracy of both τN and 

250 τM is subsequently verified.

251 4.1 Flexural stiffness reduction factor for stainless steel columns

252 The flexural stiffness reduction factor (τN) for cold-formed stainless steel columns with RHS and SHS is derived from 

253 stainless steel column strength curve provided in Section 5.3 of AISC design guide 27 [9]. This curve is established by 

254 modifying relevant coefficient of AISC LRFD carbon steel column strength curve and calibrated against experimental data. 

255 The AISC LRFD-based stainless steel column strength curve (for compact section), shown in Fig.3 (a), is given by:

256 When     (5)𝜆𝑐 ≤ 1.2 𝑃𝑛 = 0.5𝜆𝑐
2
𝑃𝑦

257 When     (6)𝜆𝑐 > 1.2 𝑃𝑛 = 0.531𝑃𝑒 =
0.531

𝜆𝑐
2 𝑃𝑦

258 where Pn is the nominal compressive strength; Pn is equal to the nominal global buckling strength for a column with compact 

259 section; c is column slenderness; c= (Py / Pe)^0.5; Pe is the elastic critical buckling strength of a column with effective 

260 length factor (K); Py is cross -section yield strength; Py=Afy ; A is cross-section area; fy is 0.2% proof stress. Eq. (5) 

261 corresponds to inelastic buckling while Eq. (6) corresponds to elastic buckling. 

262 The derivation of the column stiffness reduction factor is based on Eq. (7), as illustrated in Fig.3 (b).

263 (7) 𝜏𝑁 =
𝑃𝑛

0.531𝑃𝑒

264 For the elastic buckling case, τN=1. For the inelastic buckling case, τN is less than 1. Rewriting Eq. (7), the following 

265 equation for both elastic and inelastic buckling is obtained.
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266 (8)𝑃𝑒 =
𝑃𝑛

0.531𝜏𝑁

267 Substituting c= (Py / Pe)^0.5 into Eq. (5) gives

268 (9)𝑃𝑛 = 0.5
𝑃𝑦
𝑃𝑒𝑃𝑦

269 Substituting Eq.(8) into Eq.(9) gives 

270 (10)
𝑃𝑛

𝑃𝑦
= 0.5

0.531𝜏𝑁𝑃𝑦
𝑃𝑛

271 (11)ln
𝑃𝑛

𝑃𝑦
= 0.531𝜏𝑁

𝑃𝑦

𝑃𝑛
ln 0.5

272 (12)𝜏𝑁 =‒ 2.717
𝑃𝑛

𝑃𝑦
𝑙𝑛

𝑃𝑛

𝑃𝑦

273 For λc=1.2, Pn/Py =0.37. Thus 

274 when     (13)
𝑃𝑛

𝑃𝑦
≤ 0.37 (𝜆𝑐 ≥ 1.2) 𝜏𝑁 = 1

275 when     (14)
𝑃𝑛

𝑃𝑦
> 0.37 (𝜆𝑐 < 1.2) 𝜏𝑁 =‒ 2.717

𝑃𝑛

𝑃𝑦
𝑙𝑛

𝑃𝑛

𝑃𝑦

276 It should be noted that for the determination of τN under different axial load, the nominal compressive strength Pn should 

277 be replaced by the maximum internal axial force (Pr1) that corresponds to the applied axial load. Thus, the expression of τN 

278 is given by Eq. (15) and (16). A plot of τN against Pr1/Py is shown in Fig. 4.

279 When        (15)
𝑃𝑟1

𝑃𝑦
≤ 0.37 𝜏𝑁 = 1

280 When        (16)
𝑃𝑟1

𝑃𝑦
> 0.37 𝜏𝑁 =‒ 2.717

𝑃𝑟1

𝑃𝑦
𝑙𝑛

𝑃𝑟1

𝑃𝑦

281 4.2 Verification of the column flexural stiffness reduction factor

282 The accuracy of the column flexural stiffness reduction factor (τN) for predicting the compressive strength of members 

283 subjected to axial load is assessed in this section. A total of 23 simply supported columns with section 120x80x6 (basic 

284 material parameters: E=175 GPa, fy=350MPa and n=6) subjected to axial loads are studied. The applied axial load is 

285 factored load. The length of the columns varies from 50mm to 7000 mm. L= [50, 100, 200, 300, 350, 400, 450, 500, 600, 

286 700, 1000, 1500, 2000, 2500, 3000, 3500, 4000, 4500, 5000, 5500, 6000, 6500, 7000](mm). For each column, 

287 Geometrically and Materially Non-linear Analysis with Imperfections (GMNIA), Linear Elastic Analysis (LA) and GNA 

288 with τN (GNA-τN) are conducted.

289 The procedure of verification is shown in Fig.5. Firstly, GMNIA is conducted to determine ultimate axil load (Pu) of the 

290 columns, where the introduced out-of-straightness is 0.001. Pu predicted by GMNIA is denoted by Pu-GMNIA. Secondly, LA 

291 is conducted to obtain the maximum first order axial force, where the applied load is Pu-GMNIA. The introduced out-of-
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292 straightness is 0.001 in implementing LA. The maximum first order axial force obtained from LA is referred to as Pr1. For 

293 all the studied simply supported columns, Pr1 is equal to Pu-GMNIA. τN is calculated according to Eq.(15) and (16). Lastly, 

294 GNA-τN is conducted to predict ultimate axil load of the columns. Ultimate axil load predicted by GNA-τN is denoted by 

295 Pu-τN. . It should be mentioned that, even though τN includes out-of-straightness of 0.001, an imperfection value much 

296 smaller than 0.001is introduced into the columns to ensure that these columns can buckle in GNA (columns without any 

297 imperfection would not buckle in GNA). If the proposed τN expression is “perfect”, the ultimate axial load determined by 

298 GNA-τN should be equal to the ultimate axial load determined by GMNIA. The discrepancy between them shows the 

299 quality of τN. 

300 It is found that, the ultimate load Pu-τN of the simply supported columns predicted by GNA-τN matches the elastic critical 

301 buckling load determined by the reduced flexural stiffness (τN times EI).

302 The elastic critical buckling load (Pe-τN), shown in Fig.6, is given by 

303 (17)𝑃𝑒 ‒ 𝜏𝑁 =
𝜋2(𝜏𝑁𝐸𝐼)

(𝐿)2

304 where EI is initial flexural stiffness; L is unbraced length of the column.

305 Comparison of predicted results from GNA-τN against those determined by GMNIA is shown in Fig.7, where the ultimate 

306 axial load (Pu) predicted by different methods is normalized by full cross-section yield strength (Py). It is observed that the 

307 ultimate axial loads predicted by GNA-τN agree very well with those predicted by GMNIA. The discrepancy between Pu-

308 τN and Pu-GMNIA relies on the ability of the adopted AISC LRFD-based stainless steel column strength curve to capture 

309 accurately the actual behavior of the studied columns. Since AISC LRFD-based stainless steel column strength curve 

310 provided in [9] is calibrated against experimental data, further verification of column flexural stiffness reduction factor (τN) 

311 for other columns is not needed.

312 4.3 Flexural stiffness reduction factor for stainless steel beams

313 Bending stiffness reduction for in-plane beams refers to influence of spread of plasticity through cross-section and along 

314 the member. Bending stiffness reduction factor (τM) can be determined by the ratio of tangent flexural stiffness (EI)t to the 

315 initial flexural stiffness EI, given by: 

316 (18)𝜏𝑀 =
(𝐸𝐼)𝑡

𝐸𝐼 =

𝑑𝑀𝑟1
𝑑𝜅

𝐸𝐼

317 where dMr1/dκ is derived from a moment-curvature (M-κ) curve.

318 The adopted moment-curvature relationship prior to outer fibers yielding is based on the moment-curvature relationship 

319 for stainless steel beams with cold formed RHS and SHS, proposed in [43]. It considers material non-linearity and it is 

320 fitted by an analytical expression similar to the Ramberg-Osgood equation. The moment-curvature relationship is given by 
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321 Eq.(19) (symbols are not identical to those employed in [43]). 

322 (19)𝜅 =
𝑀𝑟1

𝐸𝐼 + [2
𝐷(𝑓𝑦

𝐸 + 0.002) ‒
𝑀𝑦

𝐸𝐼 ](𝑀𝑟1

𝑀𝑦 )𝑛 ‒ 1

323 In Eq. (19), EI is the initial flexural stiffness; D is the height of the cross-section; My is moment at yielding of the extreme 

324 fiber; My=Welfy; Wel is elastic gross section modulus. It should be mentioned that the cross-section already undergoes 

325 plastic straining before internal moment reaches to My, due to the nonlinear stress-strain behavior of stainless steel.

326 Eq.(19) is an implicit equation. Differentiating with respect to κ on both sides of this equation gives

327 (20)
𝑑𝑀𝑟1

𝑑𝜅 = [ 1
𝐸𝐼 + (𝑛 ‒ 1)

1
𝑀𝑦(2

𝐷(𝑓𝑦

𝐸 + 0.002) ‒
𝑀𝑦

𝐸𝐼 )(𝑀𝑟1

𝑀𝑦 )𝑛 ‒ 2]
‒ 1

328 Substituting Eq. (20) into Eq. (18) gives                        

329 (21)𝜏𝑀 = [1 + (𝑛 ‒ 1)(2
𝐷

1
𝑀𝑦

(𝑓𝑦𝐼 + 0.002𝐸𝐼) ‒ 1)(𝑀𝑟1

𝑀𝑦 )𝑛 ‒ 2]
‒ 1

330 Substituting 2I/D=Wel into Eq. (21) gives

331 (22)𝜏𝑀 = [1 + (𝑛 ‒ 1)(𝑊𝑒𝑙

𝑀𝑦
(𝑓𝑦 + 0.002𝐸) ‒ 1)(𝑀𝑟1

𝑀𝑦 )𝑛 ‒ 2]
‒ 1

332 Substituting Wel fy=My into Eq. (22), the τM formulation is given by

333 (23)𝜏𝑀 = [1 + (𝑛 ‒ 1)
0.002𝐸

𝑓𝑦 (𝑀𝑟1

𝑀𝑦 )𝑛 ‒ 2]
‒ 1

334 Eq. (23) can be written in terms of the ratio of Mr1/Mp as follows:

335 (24)𝜏𝑀 = [1 + (𝑛 ‒ 1)
0.002𝐸

𝑓𝑦 (𝑀𝑟1

𝑀𝑝

𝑊𝑝𝑙

𝑤𝑒𝑙 )
𝑛 ‒ 2]

‒ 1

336 τM determined by Eq.(24) is assumed to be applicable to the deformation range when My<Mr1≤ Mp. To evaluate the ability 

337 of τM to capture spread of plasticity through cross-section and along member length, simply supported beams (with a wide 

338 range of cross-sections and material properties) subjected to varied load cases are studied. τM determined by Eq.(24) are 

339 compared against flexural stiffness reduction derived from M-k curves of GMNIA. The derivation of flexural stiffness 

340 reduction is based on Eq. (18), where dMr1/dκ is the slope of the tangent at a given point on the M-k curve. The calculation 

341 of tangent slope is conducted through MATLAB 2017b [44].

342 Two examples, a beam with cross-section 200x100x10 (basic material parameters: E=175GPa, fy=400MPa, n=6, 

343 Wpl/Wel=1.27, and Mp=140.8 kN*m) subjected to a pair of identical end moments, and a beam with cross-section 120x80x6 

344 (E=190GPa, fy=370MPa, n=7, Wpl/Wel=1.23, Mp=33.2 kN*m) subjected to uniform distributed load, are presented. For the 

345 two beams, the M-k curves determined by GMNIA are shown in Fig.8 (a) and (c). Comparison of τM derived from M-k 
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346 curves of GMNIA (denoted by τM-GMNIA) and τM determined by equations (denoted by τM-Eq) is shown in Fig.8 (b) and (d).

347 It is observed that, τM determined by Eq. (24) is lower than τM determined by GMNIA. The discrepancy between τM-Eq and 

348 τM-GMNIA relies on the ability of the adopted moment-curvature relationship (based on Ramberg-Osgood curve) to capture 

349 accurately the moment-deflection behavior of the studied beams. Further analysis shows that, for the deformation range 

350 when 0 <Mr1≤ My, replacing the term (n-1) by (n-1)/2 generates more accurate results. Thus, the modified τM formulation, 

351 given by Eq. (25), is adopted to predict flexural stiffness reduction before extreme fiber of the cross-section yields 

352 (Corresponding to My).

353 (25)𝜏𝑀 = [1 + (𝑛 ‒ 1)
0.002𝐸

2·𝑓𝑦 (𝑀𝑟1

𝑀𝑝

𝑊𝑝𝑙

𝑤𝑒𝑙 )
𝑛 ‒ 2]

‒ 1

354 After extreme fiber of the cross-section yielding, plastic strain may increase at a high rate, and results in rapid increase of 

355 plastic curvature (κ). For the deformation range when My<Mr1≤ Mp, the flexural stiffness reduction factor, given by Eq. 

356 (26) is proposed in this paper. The development of Eq. (26) is based on the moment-curvature relationship (determined by 

357 GMNIA) of beams with a wide range of cross-sections and material properties. 

358 (26)𝜏𝑀 = [(1 ‒
𝑀𝑟1

𝑀𝑝 ) 1

1 ‒
𝑊𝑒𝑙
𝑊𝑝𝑙

]0.9

[1 + (𝑛 ‒ 1)
0.002𝐸

2·𝑓𝑦 ] ‒ 1

359 From Fig.8 (b) and (d), it is seen that τM-Eq determined Eq. (25) and (26) is in very close agreement with τM-GMNIA, which 

360 shows that the adopted stiffness reduction formulations accurately captures spread of plasticity through cross-section and 

361 along member length. 

362 5 Analytically determined beam-column flexural stiffness reduction factor

363 In this section, formulations that evaluate the maximum second order elastic moment (Mr2-E) within sway-restrained and 

364 sway-permitted beam-columns are first described. The analytical expression of τMN for beam-columns (elastic and inelastic) 

365 is then developed. The formulations that determine maximum second order elastic moments are assumed to be applicable 

366 to determine maximum second order inelastic moment (Mr2-P), if flexural stiffness reduction factor τMN is incorporated into 

367 the elastic critical buckling load. Lastly, the accuracy of GNA coupled with analytical τMN is verified for stainless steel 

368 beam-columns and structural sub-assemblages. 

369 5.1 Maximum second order elastic moment within sway-restrained beam-columns

370 For elastic beam-columns with no relative lateral displacement between member ends (sway-restrained), the maximum 

371 second order elastic moment (Mr2-E) within the member can be calculated by amplifying maximum first order moment 

372 (Mr1), as shown in Eq.(27). The derivation of this equation is shown in Appendix A.  

373 (27)
𝑀𝑟2 ‒ 𝐸

𝑀𝑟1
≈

𝐶𝑚

1 ‒
𝑃𝑟1
𝑃𝑒1

= 𝐵1 ‒ 𝐸 ≥ 1
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374 (28)𝑃𝑒1 =
𝜋2𝐸𝐼

𝑙2

375 The amplification factor B1-E evaluates P-δ the effects on maximum second order elastic moment (Mr2-E). B1-E has the same 

376 definition as the amplification factor B1 provided in Appendix 8 of AISC 360-16 [3]. Equivalent uniform moment factor 

377 Cm accounts for the beneficial effects of moment gradient for beam-columns. The theoretical expression of Cm for sway-

378 restrained beam-columns without transverse loadings is given by Eq. (A.4) in Appendix A. Pe1 (K=1) is elastic critical 

379 buckling strength of the member with unbraced length. Since the theoretical expression of Cm is impracticable for 

380 engineering design, a simplified linear expression for Cm has been proposed by Austin [45], given by

381 Cm= 0.6-0.4(M1/M2) (29)

382 where M1 and M2 are the applied external end moments, |M1| ≤ |M2|.  

383 For sway-restrained beam-columns with transverse loadings in this study, the Austin equation is adopted. It does not 

384 consider material non-linearity, however, according to the research findings of Chen (Chapter 2 of [46]), the derived Cm 

385 considering material non-linearity is always lower than the solutions of Austin equation, which means Cm determined by 

386 Eq.(29) is conservative and safe for design. For sway-restrained beam-columns with transverse loadings between member 

387 ends, Cm is determined by equation C-A-8-4 provided in Commentary on Appendix 8 of AISC 360-16 [3].

388 5.2 Maximum second order elastic moment within sway-permitted beam-columns

389 For sway-permitted elastic beam-columns, the maximum internal elastic moment (for a storey) within different columns 

390 caused by P-∆ effects and together with P-δ effects may be determined by amplifying maximum first order moment (Mr1) 

391 through the factor B2-E, given by Eq.(30). It is essentially the expression of evaluating P-∆ effects provided in [47]. The 

392 amplification factor B2-E in this paper is based on a similar definition of factor B2 provided in Appendix 8 of AISC 360-16 

393 [3] for frames with lateral displacement between stories, where the influence of P-δ effects on the global behavior of the 

394 frame (including isolated beam-column) is considered indirectly through the factor RM given by Eq. (32).

395 (30)                                                         
𝑀𝑟2 ‒ 𝐸

𝑀𝑟1
≈

1

1 ‒
𝑃𝑠𝑡𝑜𝑟𝑦

𝑅𝑀𝑃
𝑒 ∗‒ 𝑠𝑡𝑜𝑟𝑦

= 𝐵2 ‒ 𝐸 ≥ 1

396 (31)𝑃𝑒 ∗‒ 𝑠𝑡𝑜𝑟𝑦 =
𝐹𝐻ℎ

Δ

397 (32)𝑅𝑀 = 1 ‒ 0.15
𝑃𝑚𝑓

𝑃𝑠𝑡𝑜𝑟𝑦

398 where Pstory is total vertical load transferred by the story (Pstory =∑Pr1); Pe*-story is elastic critical buckling (sway mode) 

399 strength of the story without RM (Pe*-story in this paper is slightly different to Pe-story provided in [3]); Pe*-story can be 

400 determined by side-sway buckling analysis or Eq.(31); FH and Δ are first order total story shear force and relative story 

401 drift due to FH, respectively; h is storey height; the factor RM , accounts for P-δ effects on the overall response of the 
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402 structure, 0.85≤ RM ≤1; Pmf is total vertical load in columns of the story that are part of moment frames. For isolated sway-

403 permitted elastic beam-column, Pe*-story is equal to Pes; Pes = (π^2 EI)/(KL)^2 ; RM=0.85.

404 It should be mentioned that Pe*-story/Pstory corresponds to the definition of αcr,sw provided in EN 1993-1-1:2015 (E) [7]; If RM 

405 is taken as 1, B2-E then corresponds to second order sway effects factor Ksw provided in [7].

406 (33)𝐾𝑠𝑤 =
1

1 ‒
1

 𝛼𝑐𝑟, 𝑠𝑤

407 5.3 Development of the analytical τMN

408 Analytical expressions of τMN for beam-columns are developed through extending the formulations (Eq.(27) and Eq.(30)) 

409 that evaluate second order effects for elastic beam-columns to inelastic range. These formulations are assumed to be 

410 applicable to determine maximum second order inelastic moment (Mr2-P) of beam-columns provided that flexural stiffness 

411 reduction factor τMN is incorporated into elastic critical buckling load. 

412 For sway-restrained beam-columns including material non-linearity, through incorporating τMN into Eq.(27), it gives

413 (34)
𝑀𝑟2 ‒ 𝑃

𝑀𝑟1
≈

𝐶𝑚

1 ‒
𝑃𝑟1

𝑃𝑒 ‒ 𝜏𝑀𝑁

= 𝐵1 ‒ 𝑃 ≥ 1

414 where

415 (35)                                                                 𝑃𝑒 ‒ 𝜏𝑀𝑁 = 𝜏𝑀𝑁𝑃𝑒1 =
𝜋2(𝜏𝑀𝑁𝐸𝐼)

𝑙2

416 The amplification factor B1-P evaluates P-δ effects on maximum second order inelastic moment (Mr2-P).

417 Rewriting Eq.(34), the analytical solution of τMN can be expressed by

418 (36)𝜏𝑀𝑁 ≈
𝑃𝑟1

(1 ‒ 𝐶𝑚
𝑀𝑟1

𝑀𝑟2 ‒ 𝑃
)(𝑃𝑒1)

419 Similarly, for sway-permitted beam-columns including material non-linearity, through incorporating τMN into Eq.(30), it 

420 gives

421 (37)
𝑀𝑟2 ‒ 𝑃

𝑀𝑟1
≈

1

1 ‒
𝑃𝑠𝑡𝑜𝑟𝑦

𝑃𝑒 ∗‒ 𝑠𝑡𝑜𝑟𝑦 ‒ 𝜏𝑀𝑁

= 𝐵2 ‒ 𝑃 ≥ 1

422 where 𝑃𝑒 ∗‒ 𝑠𝑡𝑜𝑟𝑦 ‒ 𝜏𝑀𝑁 = 𝜏𝑀𝑁𝑅𝑀𝑃𝑒 ∗‒ 𝑠𝑡𝑜𝑟𝑦

423 (38)                                                            

424 In Eq.(37), the amplification factor B2-P evaluates P-∆ effects and together with P-δ effects on Mr2-P; Mr2-P (for a storey) is 

425 the maximum internal second order moment within different columns in a storey. 

426 Rewriting Eq.(37), τMN for sway-permitted inelastic beam-columns can be expressed by 

427 (39)𝜏𝑀𝑁 ≈
𝑃𝑠𝑡𝑜𝑟𝑦

(1 ‒
𝑀𝑟1

𝑀𝑟2 ‒ 𝑃
)(𝑅𝑀𝑃𝑒 ∗‒ 𝑠𝑡𝑜𝑟𝑦)



16

428 τMN determined by Eq.(36) and Eq.(39) accounts for the influence of member out-of-straightness, residual stresses and 

429 spread of plasticity, provided that the maximum second order inelastic moment (Mr2-P) in these equations are obtained from 

430 an analysis that includes corresponding out-of-straightness, residual stresses and material non-linearity. 

431 Note that although an equivalent uniform moment factor Cm is explicitly used in Eq. (36) and Cm is implicitly included in 

432 Eq.(39), Eq.(39) is essentially the same as Eq.(36). It should be stressed that, the concept of Cm is, by amplifying the 

433 maximum first-order moment of pinned beam-column subjected to a pair of equal and opposite end moments, to obtain the 

434 maximum total second order moment of beam-columns with different loading conditions (varied moment distribution along 

435 member) and different boundary conditions, as illustrated in Appendix A. In Eq.(39), the influence of different loading 

436 conditions (moment distribution) and different boundary conditions is implicitly included in the ratio of Pstory/Pe*-story (or 

437 Pr1/Pes), where the accuracy of Pe*-story (or Pes) depends on the column effective length (K) that amplifies the length of 

438 pinned column.

439 It is worth noting that although second order moments caused by P-δ or P-∆ effects may have different distribution to first 

440 order elastic moments (altering the location of maxima), one should keep in mind that member sizes are governed by the 

441 value of the maximum moment rather than the location of the maximum moment in practical design.

442 5.4 Verification of the analytical τMN

443 The accuracy of GNA with the analytically determined τMN is verified in this section. A series of beam-columns including 

444 simply supported beam-columns, cantilever beam-columns, and beam-columns in structural sub-assemblages, are studied. 

445 All members bend about major axis (except the cases specified with minor axis bending).

446 The maximum second order moment within a member obtained from GMNIA and that obtained from GNA with τMN are 

447 denoted by Mr2-GMNIA
 and Mr2-τMN, respectively. The target of the verification study in this section is that Mr2-τMN provided 

448 by GNA with analytical τMN, should tend towards, or close to Mr2-GMNIA provided by GMNIA. 

449 5.4.1 Steps for verification

450 Verification study for sway-restrained beam-columns and sway-permitted beam-columns are carried out through the 

451 following steps, as illustrated in Fig.9. 

452 (1) Perform GMNIA analysis for beam-columns subjected to factored loading. 

453 Out-of-straightness of 0.001 is introduced to simply supported beam-columns and sway-restrained sub-assemblages 

454 while out-of-plumbness of 0.002 and out-of-straightness of 0.001 are introduced to cantilever beam-columns and 

455 sway-permitted sub-assemblages. The maximum second order moment and axial force within a member determined 

456 by GMNIA are denoted by Mr2-GMNIA
 and Pr2-GMNIA, respectively. 

457 (2) Perform Linear Elastic Analysis (LA)
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458 The applied loads are same to those in GMNIA. Pr1, Mr1, Cm, Pstory , Pe*-story and RM are obtained. 

459 (3) Calculate analytically determined τMN.

460 For sway-restrained and sway-permitted beam-columns that experience inelastic stage, τMN is calculated according to 

461 Eq. (36) and Eq. (39), respectively. In such calculation, Mr2-P is taken as Mr2-GMNIA. Note that for beam-columns in 

462 elastic stage, analytical solution of τMN is equal to unity. 

463 (4) Perform GNA with τMN analysis

464 Under the same load applied in GMNIA, GNA with τMN (denoted by GNA-τMN) is conducted. The maximum second 

465 order moment and axial force within a member obtained from GNA-τMN are denoted by Mr2-τMN
 and Pr2-τMN, 

466 respectively. Out-of-straightness is not introduced in GNA-τMN, since the influence of out-of-straightness of 0.001 is 

467 intended to be included in the above τMN. Thus, when conducting GNA-τMN, only out-of-plumbness of 0.002 is 

468 considered for cantilever beam-columns and sway-permitted sub-assemblages, while no geometric imperfection is 

469 considered for sway-restrained beam-columns. The material stress-strain curve for GNA-τMN does not include the 

470 effect of residual stress, because the influence of residual stresses is included in τMN. Mr2-τMN are verified against Mr2-

471 GMNIA.

472 Note that Mr2-GMNIA
 contains both maximum second order elastic moment and maximum second order inelastic moment. 

473 In the elastic range, Mr2-GMNIA
 refers to Mr2-E of the member and the analytical solution of τMN is actually equal to 1, since 

474 both internal axial force and moments are small. With Pr1 and Mr1 increasing, the beam-column reaches to inelastic range, 

475 and consequently Mr2-GMNIA
 represents Mr2-P of the member. 

476 5.4.2 Verification study for simply supported beam-columns and cantilever beam-columns

477 Simply supported beam-columns (shown in Fig.10.) with cross-section 120x80x6 (basic material parameters: E=175GPa, 

478 fy=350MPa, and n=7; c=0.65) are first studied. The beam-columns are subjected to a combination of axial load (P) and 

479 moments (M1, M2) at the ends. P is a continuously factored load; M2=e*P; “e” ranges from 5 to 150 ( e= 

480 [5,10,20,30,50,100,150]) and the unit of e is mm; M1=s*M2; the non-dimensional factor s ranges from -1 to 1(s= [-1,-0.5,0, 

481 0.5, 1]) ; |M2|≥|M1|. For the simply supported beam-columns, one focus is whether the influence of non-uniform bending 

482 moments (moment gradient) on inelastic maximum second order moments is well captured by τMN. Non-uniform bending 

483 moments are produced by applying varied end moments. End moment variation is controlled by the non-dimensional factor 

484 s. 

485 The normalized strength curves (Mu-GMNIA/Mp versus Pu-GMNIA/Py) provided by GMNIA are shown in Fig 10 (a), where Pu-

486 GMNIA is the ultimate axial load for a given factor e and s, and the corresponding ultimate external moment (denoted by Mu-

487 GMNIA) is equal to M2. By varying “s”, it is observed that the benefit of moment gradient is considerable for the studied 
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488 beam-columns. 

489 Comparison of Mr2-GMNIA against Mr2-τMN for the studied beam-columns is shown in Fig 10 (b). In this figure, Mr2-GMNIA
 and 

490 Mr2-τMN are normalized by the maximum first order internal bending moment Mr1 obtained from Linear Elastic Analysis 

491 (LA). Similarly, the maximum second order internal axial force Pr2-GMNIA and Pr2-τMN are normalized by cross-section yield 

492 strength (Py). It is observed that for the case of uniform bending (s= -1), Mr2-τMN values are in very close agreement with 

493 Mr2-GMNIA. For the cases of non-uniform bending moment (s ≠-1), a slight discrepancy between Mr2-GMNIA
 and Mr2-τMN

 occurs 

494 in the inelastic range. For the studied simply supported beam-columns, it can be concluded that GAN coupled with τMN 

495 determined by Eq.(36) gives accurate predictions. It indicates the above-described assumption for sway-restrained beam-

496 columns is sound, and the influence of moment gradient on the maximum second order inelastic moment is well captured 

497 by the analytical τMN.

498 Cantilever beam-columns (shown in Fig.11) with cross-section 100x100x5 (E=180 GPa, fy=370MPa, and n=6), subjected 

499 to a combination of axial (P) and transverse (0.1P) loads at the cantilever end, are then studied. The applied load P is 

500 discretely factored, where P=i·Pu-GMNIA ; i is less than 1 and it has 7 different values for each cantilever beam-column; Pu-

501 GMNIA is the ultimate axial load of a cantilever beam-column under the combined loading determined by GMNIA. The 

502 cantilever beam-columns have different column slenderness (c): 0.73, 0.95, 1.1, 1.25, and 1.47. 

503 Comparison of Mr2-GMNIA
 and Mr2-τMN is shown in Fig.11. Mr2-GMNIA

 and Mr2-τMN are normalized to Mr1 and Pr2-GMNIA
 and Pr2-

504 GNA-τMN are normalized by cross-section yield strength (Py). Compared to Py, the ultimate axial load of the studied cantilever 

505 beam-columns is relatively small, and consequently the ratio of Pr2 to Py is small, as observed. For cantilever beam-columns 

506 with varied column slenderness (c), the maximum second moments obtained from GNA-τMN agree well with those 

507 obtained from GMNIA. As the applied axial load P increases, a slight discrepancy between Mr2-GMNIA
 and Mr2-τMN occurs 

508 in the inelastic range. For the studied cantilever beam-columns, it can be concluded that GAN with τMN determined by 

509 Eq.(39) gives accurate predictions. It demonstrates that the above assumption for sway-permitted beam-columns is 

510 reasonable and the analytically determined τMN is accurate.

511 Lastly, a series of simply supported and cantilever beam-columns with varied cross-sections and material properties, 

512 (shown in Table 2) are studied. 3 different column slenderness (c), where 0.5 ≤ c ≤ 1.5, are considered for each cross-

513 section. The loading cases are shown in Fig.12, where the applied axial load is factored load for all the cases, and the unit 

514 of the e is mm for the simply supported beam-columns. Some minor axis bending moment cases are studied for RHS beam-

515 columns. The accuracy of GNA-τMN is assessed using the newly defined parameter ε. ε= Mr2-τMN / Mr2-GMNIA. The predicted 

516 results are shown in Table 2, where Nε is the total number of ε for a particular group; εav and εcov indicate average values of 

517 ε and the coefficient of variation (COV). ε+ and ε- are the maximum and minimum value of ε in the group. 
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518

519

520

521

522

523

524 Table 2. The studied beam-columns with varied cross-sections and basic material parameters, and the predicted results

Beam-
column Cross-section Load 

case
Bending

axis
E

(GPa)
fy

(MPa) n Wel/
Wpl

Nε εav εcov ε+ ε-

80x80x4 Major 200 300 6 0.85 105 0.99 0.008 1.03 0.97
150x100x8 Major 175 350 8 0.85 105 1.01 0.010 1.03 0.96
150x100x8

SL
Minor 175 350 8 0.85 105 0.98 0.008 1.02 0.97

160x80x8 Major 190 450 5 0.84 48 0.97 0.017 1.07 0.93
160x80x8 Minor 190 450 5 0.84 48 0.96 0.013 1.04 0.93

Simply 
supported

150x150x8

SL-
T

Major 190 400 7 0.79 48 1.05 0.021 1.08 0.95
80x60x4 Major 175 350 5 0.85 63 0.98 0.013 1.05 0.94
80x60x4 Minor 175 350 5 0.85 63 1.04 0.022 1.05 0.93

200x200x10 Major 175 450 9 0.82 63 1.03 0.010 1.06 0.95
Cantilever

150x120x10

CL

Major 190 400 6 0.82 63 0.99 0.019 1.05 0.94

525 It can be seen that, the COVs for the studied beam-columns are about 0.008-0.022, which indicates a small scatter of the 

526 ratio of Mr2-τMN / Mr2-GMNIA. The εav for all the beam-columns are about 0.96 –1.05, which demonstrates that the maximum 

527 internal second order moment determined by GNA-τMN are in very close agreement with those determined by GMNIA. 

528 The maximum ε+ and ε- are 1.08 and 0.93, respectively. From the perspective of practical design, the maximum error of 

529 overestimation and underestimation of Mr2-GMNIA are in acceptable range. GNA-τMN gives good results for both minor axis 

530 bending cases and major axis bending cases. This is because the proposed τMN does not rely on which axis the member 

531 bent about and GNA-τMN applies to both major and minor axis bending cases. From Table 2, it confirms again that GAN 

532 coupled with the analytically determined τMN gives accurate predictions and indicates that the above-described assumption 

533 for both sway-restrained and sway-permitted beam-columns is sound. 

534 5.4.3 Verification study for beam-columns in structural sub-assemblages

535 Further verification study is conducted for beam-columns in structural sub-assemblages. The studied beam-columns present 

536 double curvature in sway-restrained sub-assemblages (C1, shown in Fig. 13 (a)), single curvature in sway-restrained sub-

537 assemblages (C2, shown in Fig. 13 (b)), and double curvature in sway-permitted sub-assemblages (C3, shown in Fig. 13 

538 (c)). 

539 The details of cross-section and basic material parameters (additional material parameters are determined in terms with 
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540 basic parameters [27]) are shown in Table 3. Geometry and boundary conditions are shown in Fig. 13. Factored uniformly 

541 distributed loads (q) are applied on beams, concentrated loads (P) and bending moment (M) are applied on top and bottom 

542 of the columns, where P=qL; M=100mm*P; L is the length of the beam.

543

544

545

546 Table 3. Cross-sections and basic material parameters for the studied sub-assemblages

Sub-assemblage Beam-column Curvature Cross-section E
(GPa)

fy
(Mpa) n Wpl/Wel

double 120x80x6 200 300 6 1.23
Sway-restrained (a)  C1

double 120x80x6 200 350 6 1.23
single 200x100x10 190 350 7 1.27

Sway-restrained (b) C2
single 200x100x10 175 455 7 1.27
double 150x100x10 190 400 7 1.25

Sway-permitted (c) C3
double 150x100x10 200 450 7 1.25

547 Comparison of Mr2-GMNIA against Mr2-τMN for the studied beam-columns in structural sub-assemblages is shown in Fig.14. 

548 In this figure, the vertical axis represents selected load ratios (). Mr2-GMNIA and Mr2-τMN are normalized by Mr1 (determined 

549 by LA). It is observed that for all the cases, the maximum second moments obtained from GNA-τMN is in close agreement 

550 with those obtained from GMNIA in both elastic and inelastic ranges. For beam-column C2, it seems that the discrepancy 

551 between Mr2-τMN and Mr2-GMNIA increases as the load ratio () increases. However, it can be seen that the maximum error is 

552 within 5%. It can be concluded that GNA coupled with τMN determined by the above-described two analytical expressions 

553 provides accurate predictions for the studied beam-columns in structural sub-assemblages. It further demonstrates the 

554 extension of formulations for evaluating elastic second order effects to determine inelastic maximum second order moment 

555 is sound, provided that τMN is incorporated into elastic critical buckling load. 

556 6. Approximately determined beam-column stiffness reduction factor

557 6.1 Development of the approximate τMN

558 Since the maximum second order internal moment (Mr2-P) is unknown in the actual design cases, the analytically determined 

559 τMN can not be applied directly. The aim of proposing the analytically determined τMN is to develop an approximate 

560 expression for τMN (has no relationship with Mr2-P) which can be applied in practice.

561 As flexural stiffness reduction factor of a carbon steel beam-column can be determined by a function that includes relevant 

562 variables without Mr2-P [6, 13, 16-19], a function (approximate expression) independent of Mr2-P, which matches analytical 

563 expression of τMN, is proposed. The variables in the proposed approximate expression consist of Pr1 , Mr1, Cm, Wel/Wpl 

564 (cross-section shape factor), B2-E, τN (τN depends on Pr1), and τM (τM depends on Mr1 and basic material parameters). 
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565 The approximate expression of τMN is developed by fitting variables to the analytical expressions determined by Eq.(36) 

566 and Eq.(39), as illustrated in Fig.15. The fitting process is carried out through running codes in MATLAB (2017b) [44]. 

567 Since member out-of-straightness of 0.001, residual stresses and spread of plasticity are take into consideration in the 

568 analytically determined τMN, these factors are consequently included in the approximately determined τMN.

569 The approximate expression of τMN is given by Eq.(40). It is based on the numerical study of stainless steel beam-columns 

570 with a wide range of cross-sections, length, material properties, and boundary conditions. Uncertainty in material strength 

571 and stiffness is not considered here, since it is intended to be accounted for through the resistance factor ϕc and ϕb.in beam-

572 column interaction design equations (shown in section 3).

573 (40)𝜏𝑀𝑁 = 𝛾Ω𝑀𝜏𝑁𝜏𝑀[1 ‒ (𝑃𝑟1

𝑃𝑦 )0.9(𝐶𝑚
𝑀𝑟1

𝑀𝑝 )
𝑊𝑒𝑙
𝑊𝑝𝑙]

574    for 1≤ B2-E <1.1 (41)0.8 ≤ 𝛾 = 2(𝐵2 ‒ 𝐸 ‒ 0.6) < 1

575                       for 1.1 ≤ B2-E (42)𝛾 = 1 

576                      for (43)Ω𝑀 = 1 0 ≤
𝑀𝑟1

𝑀𝑝
< 0.4

577            for (44)Ω𝑀 = (0.6 +
𝑀𝑟1

𝑀𝑝 )1.4
0.4 ≤

𝑀𝑟1

𝑀𝑝
≤ 1

578 It should be noted that, for sway-restrained beam-columns, the factor B2-E is taken as 1. The proposed equation is affected 

579 by B2-E factor (B2-E≥1). B2-E <1.1 means the increase of internal forces and moments due to P-∆ effects and together with 

580 P-δ effects may be no more than 10%.

581 For the cases of 1≤ B2-E <1.1, when Mr1 and Pr1 are close to 0, the upper bound for τMN would be γ·τN and γ·τM, respectively. 

582 For the cases of 1.1 ≤ B2-E, when Mr1 and Pr1 are close to 0, the asymptotic upper bound of τMN is τN and τM, respectively. 

583 When γ=1 and Mr1/Mp ≤ 0.4, Eq.(40) has the similar formation to beam-column stiffness reduction expression proposed 

584 by Kucukler et.al [6, 16], Kucukler and Gardner [17-19].

585 A three-dimensional (3D) plot of τMN determined by Eq. (40) for beam-columns with two typical cross-sections is shown 

586 in Fig. 16. For the beam-column with cross-section 150x100x8 (basic material parameters: n=6, fy=350MPa and 

587 E=200GPa), B2-E is assumed to be equal to 1.0 (sway-restrained, γ =0.8) and moment gradient factor Cm is assumed to be 

588 equal to 1.0 (subjected to a pair of equal but opposite end moments). For the beam-column with cross-section 150x150x10 

589 (basic material parameters: n=7, fy=450MPa and E=190GPa), B2-E is assumed to be larger than 1.1 (sway-permitted, γ =1) 

590 and Cm is assumed to be equal to 0.6 (subjected to only one end moment).

591 6.2 Verification of the approximate τMN

592 The accuracy of GNA with the approximately determined τMN (GNA-τMN) is verified for three statically indeterminate 
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593 frames. Moreover, the proposed method is compared against the direct analysis method (DM). In implementing DM, the 

594 reduced flexural stiffness 0.8τN is adopted. The predicted results of GNA-τMN and DM are compared against those 

595 determined by GMNIA.

596 6.2.1 Geometries and loads of the studied stainless steel frames

597 Two-bay two-storey frames with pinned end and a two-bay five-storey frame with fixed end, are studied. All beam-to-

598 column joints of the studied frames are rigid. The geometry of the studied frames are shown in Fig.17, where the frames 

599 shown in (a), (b), and (c) are referred to as Frame-2X2-G, Frame-2X2-GW and Frame-2X5-GW, respectively. Members 

600 of the two-bay two-storey frames have varied cross-sections, while all members of Frame-2X5-GW have the same cross- 

601 250x150x10. The use of the same cross-section for all members is intended to obtain widely dispersed flexural stiffness 

602 reduction factor τMN. All beams and columns for the studied frames bend about major axis. The details of design load 

603 combinations and basic material parameters (additional parameters are determined in terms with basic parameters [27]) are 

604 provided in Table. 4. 

605 Table. 4 Details of the studied frames

Frame Load combination Cross-section E(GPa) fy (MPa) n
Frame-2X2-G 1.2Dn +1.6Ln Varied 200 400 7

Frame-2X2-GW 1.2Dn+0.5Ln+1.6Wn Varied 200 400 7
Frame-2X5-GW 1.2Dn+0.5Ln+1.6Wn 250x150x10 190 450 7

606

607 For the two-bay two-storey frames, two types of load combination provided in [48] are considered: (a) Gravity load 

608 combination 1.2Dn +1.6Ln, in which Dn and Ln denote nominal dead (gravity) load and nominal live (gravity) load, 

609 respectively, and the typical nominal live-to-dead load ratio Ln/Dn= 1.5. (b) Combination of wind load and gravity load 

610 1.2Dn+0.5Ln+1.6Wn, in which Wn denotes nominal wind load; live-to-dead load ratio Ln/Dn= 1.0, and wind-to-gravity load 

611 ratio Wn /(Ln+Dn)=0.1. For the 2x5 frame, one load case (wind load and gravity load 1.2Dn+0.5Ln+1.6Wn) is considered. 

612 For all the frames, the combined load applied on the top-storey is half of that applied on other storeys. 

613 6.2.2 Procedure of implementing GNA-τMN, GNA-τN and GMNIA

614 The procedure of implementing GNA-τMN, DM and GMNIA, involves the following steps:

615 (1) Define the design load

616 Given an assumed factored load, a GMNIA analysis is conducted. The applied load is defined as a design load when the 

617 Demand-Capacity ratio (Rc) of the critical member is equal to 1.0. 

618 (2) Perform Linear Elastic Analysis (LA)

619 A Linear Elastic Analysis (LA) under the design load is conducted to obtain Pr1, Mr1, Pstory, and Pe*-story. Then τN, τM, Cm, 

620 RM, and B2-E are calculated according to related equations. The flexural stiffness reduction factor τMN determined by Eq.(40) 
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621 is subsequently calculated. 

622 (3) Perform GNA-τMN and DM

623 Under the design load, GNA-τMN and DM are conducted to obtain the maximum internal second order forces and moments, 

624 and Demand-Capacity ratios of the members. In implementing DM, the reduced flexural stiffness 0.8τN is adopted. 

625 In the implementation of GMNIA, out-of-plumbness of 0.002 and out-of-straightnes of 0.001 are introduced, and residual 

626 stress is considered through modified stress-strain curves. For GNA-τMN and DM, since the influence of out-of-straightness 

627 of 0.001 and residual stresses are included in the flexural stiffness reduction factor (τMN for GNA-τMN; 0.8τN for DM), only 

628 out-of-plumbness of 0.002 is introduced to the frame models.

629 6.2.3 Comparison of predicted results. 2X2-G and 2X2-GW

630 For the studied two-bay two-storey frames, since the ratio of axial force to cross-section yield strength of all the members 

631 is very small, the Demand-Capacity ratio (Rc) of these members is very close to the ratio of maximum second moment to 

632 plastic moment (Mr2/MP). Comparison of the predicted results from different methods is focused on the ratio of Rc-τMN /Rc-

633 GMNIA and Rc-τN /Rc-GMNIA, where Rc-GMNIA, Rc-τMN and Rc-τN represent Rc determined by GMNIA, GNA-τMN and DM, 

634 respectively, as shown in Table. 5.  represents mean value and COV represents coefficient of variation.

635 Table. 5: Predicted results for the two-bay two-storey frames

Frame-2X2-G Frame-2X2-GW
GMNIA GNA-τMN DM GMNIA GNA-τMN DM

Member
Rc-GMNIA τMN

Rc-τMN /
Rc-GMNIA

0.8τN
Rc-τN /

Rc-GMNIA
Rc-GMNIA τMN

Rc-τMN /
Rc-GMNIA

0.8τN
Rc-τN /

Rc-GMNIA

C11 0.24 0.81 1.11 0.80 1.03 0.88 0.72 1.05 0.80 0.99
C12 0.42 0.79 1.04 0.80 0.82 0.87 0.76 1.16 0.80 1.00
C13 0.27 0.72 1.18 0.80 0.89 0.90 0.68 0.99 0.80 1.03
B11 0.33 0.79 0.98 0.80 1.02 0.96 0.76 1.12 0.80 0.96
B12 0.87 0.76 1.07 0.80 0.97 1.00 0.64 1.04 0.80 0.99
C21 0.49 0.84 1.09 0.80 1.03 0.32 0.90 1.00 0.80 0.93
C22 0.68 0.77 1.16 0.80 0.99 0.16 0.90 0.99 0.80 0.86
C23 0.96 0.67 0.96 0.80 0.93 0.78 0.67 1.00 0.80 1.02
B21 0.50 0.7 1.09 0.80 1.01 0.64 0.69 1.12 0.80 0.99
B22 1.00 0.66 1.06 0.80 0.96 0.67 0.63 1.00 0.80 1.02

 1.07 0.97 1.05 0.98
COV 0.07 0.06 0.06 0.05
Max 1.18 1.03 1.16 1.03
Min 0.96 0.82 0.99 0.86

636

637 In Table 5, the value of τMN (determined by the approximate expression) for different members is mainly dominated by the 

638 ratio of maximum first order moment to plastic moment (Mr1/MP) and τM, since the ratio of axial force to cross-section 
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639 yield strength of all the members is very small (τN =1) . For all members, the value of 0.8τN is equal to 0.8. The critical 

640 members of both frames are beams whose failure is governed by the formation of first-plastic hinge (no elastic global 

641 buckling occurs in advance).

642 It is observed that Rc-τMN is in close agreement with Rc-GMNIA for the two frames, while Rc-τN underestimates Rc-GMNIA for 

643 most members, which means that DM provides unsafe predictions for these members. It should be pointed out that, under 

644 the same design load, safe prediction and unsafe prediction refer to overestimating Rc-GMNIA and underestimating Rc-GMNIA, 

645 respectively. If Rc-τMN (Rc-τN) is larger than Rc-GMNIA, it means that the predicted internal moments or axial forces are 

646 overestimated compared against those predicted by GMNIA. For the critical members (B22 of Frame-2X2-G and B12 of 

647 Frame-2X2-GW), GNA-τMN gives accurate and safe predictions, while DM underestimates Rc-GMNIA of the critical members 

648 to some extent (within 5%). 

649 The difference in the predicted results may be explained as follows. Firstly, τMN can more accurately capture stiffness 

650 reduction caused by spread of plasticity through cross-sections and along members. The accurate stiffness reduction for 

651 different members leads to reasonable distribution of internal force and moment. Secondly, since the two frames are very 

652 sensitive to second order effects, where the maximum value of B2-E is 1.60 and 1.41 for Frame-2X2-G and Frame-2X2-

653 GW, respectively, the increase of internal forces and moments resulted from additional second order effects (due to material 

654 nonlinearity) are considerable. For GNA-τMN, the influence of additional second order effects due to material nonlinearity 

655 is well captured by the flexural stiffness reduction factor τMN. From Table 5, τMN is smaller than 0.8τN for most members 

656 and τMN for different members is not widely dispersed. It indicates that, for the two frames that are very sensitive to second 

657 order effects, a reduced flexural stiffness factor smaller than 0.8τN should be adopted when using DM.

658 6.2.4 Comparison of predicted results. 2X5-GW

659 Predicted results for Frame-2X5-GW are shown in Fig. 18. In this figure, the horizontal axis represents specific member 

660 in the frame (for example, 1 correspondents to C11, and 25 correspondents to B52); Pr2, Mr2 and Rc determined by GNA-

661 τMN and DM are compared against those determined by GMNIA. Pr2 determined by GMNIA, GNA-τMN and GNA-τN, are 

662 denoted by Pr2-GMNIA, Pr2-τMN and Pr2-τN, respectively. For this frame, the maximum value of B2-E is 1.32, and the critical 

663 member is C12.

664 It is observed that, from the 3rd storey up to the top storey, the distribution of Rc-τMN/ Rc-GMNIA (or Rc-τN/ Rc-GMNIA) is in 

665 very close agreement with the distribution of Mr2-τMN/ Mr2-GMNIA (or Mr2-τN/ Mr2-GMNIA). This is because the ratio of axial 

666 force to cross-section yield strength is small for the columns in these storeys, and thus Rc is dominated by Mr2. 

667 It is observed that, compared to DM, the predicted results of GNA-τMN have lower deviation from the predicted results of 

668 GMNIA. It indicates that GNA-τMN provides improved estimation for the studied frame. This is because τMN (determined 
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669 by the analytical expression) can more accurately capture stiffness reduction owing to material non-linearity, and well 

670 capture additional second order effects due to material non-linearity. For the critical member (C12), both GNA-τMN and 

671 DM provide accurate and safe predictions. Nevertheless, DM produces large errors for a few of other members. The 

672 maximum error of overestimation of Rc-GMNIA is within 13% for GNA-τMN and 20% for DM.

673 It is found that, for most members, the value of Mr2-τMN/ Mr2-GMNIA and Rc-τMN/ Rc-GMNIA is larger than 1. This may be 

674 explained that τMN determined by the approximate expression is conservative. The conservative stiffness reduction 

675 produces more deformations, which in turn results in increased second order effects (P-∆ and P-δ) and subsequently 

676 increased internal bending moment and Demand-capacity ratio.

677 In addition, it should be mentioned that all the studied frames have not significant capacity for load redistribution. The 

678 proposed approach may be very conservative for frames that significantly benefit from load redistribution and strain 

679 hardening after the formation of the first plastic hinge. Furthermore, the applicability of the proposed approach for large 

680 redundant structural systems that have complex interactions between members should be assessed.

681 Conclusion

682 In this paper, the flexural stiffness reduction factor for applying Geometrically Non-linear Analysis (GNA) to in-plane 

683 stability design of stainless steel elements and multi-storey regular frames is proposed through analytical and numerical 

684 study. The proposed beam-column flexural stiffness reduction factor (τMN) accounts for deleterious influence of spread of 

685 plasticity, residual stresses and member out-of-straightness of 0.001. Two main aspects of developing τMN are: (1) Develop 

686 the analytical expression of τMN through extending formulations that evaluate second order effects of beam-columns. These 

687 formulations are extended to determine maximum second order inelastic moment of beam-columns by incorporating τMN 

688 into elastic critical buckling load. (2) Develop the approximate expression of τMN (more likely to be used relative to the 

689 analytical τMN in practice) by fitting relevant variables to the analytically determined τMN based on the results of numerical 

690 study.

691 The accuracy of τMN determined by analytical expression are verified through comparison of the maximum bending 

692 moments within members determined by GNA coupled with analytical τMN against those obtained from GMNIA. It is 

693 observed that predicted results from GNA with analytical τMN are in very close agreement with those provided by GMNIA. 

694 The accuracy of τMN determined by approximate expression is verified for frames with different geometrical and loading 

695 configurations. It is found that, the predicted results from GNA coupled with the approximate τMN are in close agreement 

696 with those provided by GMNIA. Compared to the Direct Analysis Method (DM), the proposed approach provides improved 

697 estimations. One reason is the proposed τMN can more accurately capture stiffness reduction resulted from material non-

698 linearity and well capture additional second order effects due to material non-linearity.
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703 Appendix A

704 Maximum moment within an elastic beam-column is derived from differential equations governing the in-plane behavior 

705 of the member. Differential equations can be found in Chapter 2 of [39].

706 Maximum moment within an elastic beam-column subjected to varied end moments (shown in Fig. A.1 (a)) is determined 

707 by

708 𝑀𝑚𝑎𝑥 = 𝑀2[ (𝑀1 𝑀2)2
+ 2(𝑀1 𝑀2)𝑐𝑜𝑠𝑘𝑙 + 1

𝑠𝑖𝑛𝑘𝑙 ]
709 (A.1)

710 where  ; |M2|≥|M1|; l is the length of the beam-column.=
𝑃
𝐸𝐼

711 Maximum moment within an elastic beam-column subjected to a pair of equal and opposite end moments (shown in Fig. 

712 A.1 (b)) is determined by

713 (A.2)𝑀𝑚𝑎𝑥 = 𝑀𝑒𝑞[ 2(1 ‒ 𝑐𝑜𝑠𝑘𝑙)
𝑠𝑖𝑛𝑘𝑙 ]

714 Setting Eq. (A.2) equal to Eq. (A.1), it gives

715 (A.3)𝑀𝑒𝑞 = 𝑀2[ (𝑀1 𝑀2)2
+ 2(𝑀1 𝑀2)𝑐𝑜𝑠𝑘𝑙 + 1

2(1 ‒ 𝑐𝑜𝑠𝑘𝑙) ]
716 The expression in brackets is regarded as equivalent uniform moment factor (Cm)

717 (A.4)
(𝑀1 𝑀2)2

+ 2(𝑀1 𝑀2)𝑐𝑜𝑠𝑘𝑙 + 1

2(1 ‒ 𝑐𝑜𝑠𝑘𝑙) = 𝐶𝑚

718 (A.5)𝑀𝑒𝑞 = 𝑀2𝐶𝑚

719 Substituting Eq. (A.5) back into Eq. (A.2), it gives

720 (A.6)𝑀𝑚𝑎𝑥 = 𝑀2𝐶𝑚[ 2(1 ‒ 𝑐𝑜𝑠𝑘𝑙)
𝑠𝑖𝑛𝑘𝑙 ]

721 Substituting   back into the expression in brackets, it gives𝑘 =
𝑃
𝐸𝐼

722 (A.7)
2(1 ‒ 𝑐𝑜𝑠𝑘𝑙)

𝑠𝑖𝑛𝑘𝑙 =
2(1 ‒ 𝑐𝑜𝑠(𝜋 𝑃 𝑃𝑒))

𝑠𝑖𝑛(𝜋 𝑃 𝑃𝑒) = sec (𝜋
2

𝑃 𝑃𝑒) ≈
1

1 ‒
𝑃

𝑃𝑒
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723 Therefore, Eq. (A.6) can be approximately expressed by 

724 (A.8)
𝑀𝑚𝑎𝑥

𝑀2
≈

𝐶𝑚

1 ‒
𝑃

𝑃𝑒

725 Note that Mmax , M2, and P respectively correspondents to Mr2-E , Mr1 and Pr1 in section 5.1.
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