Conformal transformation of Dyakonov surface waves into boundstates of cylindrical metamaterials
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We put forward the use of transformation optics to map surface waves that exist as
one-dimensional modes supported by anisotropic structures into bound states in twodimensional geometries. Specifically, we show the conformal mapping of Dyakonov
waves existing in infinite planar surfaces separating birefringent media into bound
modes supported by a cylindrical structure made of suitable metamaterials. In contrast
with the original Dyakonov waves, the resulting fiber-like modes are highly dispersive,
may exist as fundamental as well as higher-order states, feature helical wavefronts, and
exhibit a lower and upper frequency cut-off. The program we put forward can be
applied to all wave phenomena currently known to occur only in planar geometries in
different types of anisotropic media.

Transformation optics (TO) is a powerful mathematical method based on the form invariance of
Maxwell’s equations upon coordinate transformation [1, 2]. The transformation relies on the physical
equivalence between wave propagation in a curved space and in media with general inhomogeneous
and anisotropic properties. It provides an approach to control the flow of light in a material with
spatially varying constitutive parameters closely related to a coordinate transformation, enabling the
exploration of spectacular effects, such as partial invisibility cloaks [3-7], optical illusion [8,9], the
optical analogue of gravitational lensing [10,11] and event horizons around black holes [12], as well as
the design of a variety of photonic devices [13]. For example, TO has been applied to the design of
optical waveguides and cavities in order to achieve multimode waveguide bends with minimal intermode coupling [14] and highly directional emission of whispering gallery modes [15], respectively, as
well as omni-directional optical concentrators for solar applications [16,17], metallic nanostructures
for ultra-sensitive spectroscopy [18-20], and nonlocal effects and van der Waals interactions in
plasmonic systems [18-20], among other optical phenomena and applications.

To date, the presence of anisotropy in the original space has been usually avoided in TO analysis in
order to simplify the models and, also, the anisotropy of the resulting metamaterials inherently
introduced by the transformation is seen as an unwanted side effect [21]. In contrast, here we start
from an anisotropic medium with the goal to explore how wave phenomena that occur in planar
structures (i.e., where guided waves are described by only one transverse dimension) because of the
presence of anisotropy, transform into states guided in cylindrical structures under the conformal
mapping. Specifically, we study the conformal transformation of so-called Dyakonov surface waves
(DSWs) from one-dimensional states into fiber-like modes.
Dyakonov surface waves are a special type of surface states in the sense that in contrast, e.g., to
plasmons, they form in lossless materials. Importantly, material anisotropy is a necessary ingredient
for their existence. They were first observed experimentally [22] at the surface of the biaxial
birefringent crystal of potassium titanyl phosphate after the original theoretical prediction in 1988
[23]. In their simplest form, Dyakonov surface waves exist at the interface between an isotropic
cladding with refractive index nc , and a uniaxial birefringent substrate with ordinary, no , and

extraordinary, ne , refractive indices. When no < nc < ne and the optical axis (OA) of the birefringent

crystal lies on the interface plane, rigorously-bounded (i.e., fully guided) surface waves exist within a

narrow angular existence domain ∆θ around a central angle θ0 . The bound states are always hybrid

modes, containing both transverse electric and transverse magnetic waves in the isotropic media, as
well as both ordinary and extraordinary waves in the birefringent material.
During the last two decades, the existence and properties of Dyakonov-like surface states have been
addressed in a variety of materials, including different dielectric crystals [22,25], negative-index
materials [26], magnetic materials [27], chiral materials [28], natural [29] and nanostructured van der
Waals materials [30], and general elliptic [31,32] and hyperbolic [33-35] metamaterials. However,
studies have been always restricted to planar geometries. Here we make use of TO techniques to
address their generalization to settings with higher-dimensional confinement. Our finding reveals that
the transformed states exhibit properties reminiscent of the one-dimensional modes and also acquire
new characteristics dictated by the transformation. In particular, we show that the transformation
enforces a change in the topology of the eigenmodes and introduces new modal dispersion properties.
For the transformation, we use the complex exponential mapping function [36], which is conformal,
and thus retains the birefringent uniaxial nature of the original media [37], as
z

w = ReR ,

(1)

where z = x+iy and w = u+iv are complex variables that describe the spatial coordinates in the original

and transformed complex spaces, respectively, and R is a radius that determines the mapping of the
surface x = 0 to the transformed space. Basically, the mapping connects the horizontal and vertical

grids of the Cartesian coordinates (x, y, Z) in the original space [Fig. 1(a)] to concentric circles and
radial lines of the cylindrical coordinates (ρ, ϕ, Z′) in the transformed space [Fig. 1(b)], respectively,
x

according to the mathematical relationship of ρ = ReR and ϕ = 2πp+y/R where p is an integer so

that ϕ ∈ [0, 2π) for any value of y.

We consider a planar interface located at x = 0 between a semi-infinite isotropic medium and a
uniaxial crystal with its OA chosen to be oriented along the Z direction [Fig. 1(c)]. The refractive indices

no , ne , and nc are set to be 1.25, 2, and 1.3, respectively, resulting in a DSW propagating within the

angular range ∆θ = (17.8°,24.7°). The electric-field amplitude and phase of the y component of the

DSW propagating at an angle θ = 18.04° are shown in Figs. 1(e) and 1(g), respectively. The plots show

that the mode is confined at the interface and that there is a periodic phase variation along the y

direction associated with a tilted planar wavefront of the DSW. The spatial periodicity TD of the phase

pattern along the y direction is associated with the mode propagation constant through TD =
2π⁄(Nk 0 sinθ), where N is the effective mode index and k 0 is the wavenumber in vacuum.

Upon the two-dimensional (Z′= Z) coordinate transformation (1), the infinitely extended planar

interface located at x=0 in the original space [Fig. 1(c)] is wrapped in the transformed space into a

cylindrical interface located at ρ=R of a fiber-like structure with a central axis aligned along the Z
direction [Fig. 1(d)]. As a result, the periodicity of the ϕ coordinate in the transformed space requires

a field periodicity TT = 2πR along the y direction in the original space. To ensure the field existence

(constructive interference), TD must be a non-zero integer multiple m of TT , resulting in the
wavelength selection rule for the mode transformation,
λr
R

=

2π
m

· Nsinθ.

(2)

Following [38], this equation is therefore the embedding of the transformed configuration onto the
original one, which for ϕ = [0,2π) covers only a portion of the plane where periodicity is imposed.

At the resonant wavelength (λr ), the DSW in the original space, which is a plane wave, acquires a

topological change after the transformation resulting in a bound state supported by the cylindrical

interface with a helical phase front given by eimϕ , where m describes a winding number or topological

charge associated with a phase twist [m=+4 in Fig. 1(h)]. Note that a DSW propagating at a symmetric
angle (–θ) is transformed into a helical wave with a charge –m under the resonant condition.

The field amplitude and phase shown in Figs. 1(f) and 1(h) were obtained by exploiting the connection
of the electric and magnetic fields in the original (𝐄𝐄, 𝐇𝐇) and transformed spaces (𝐄𝐄 ′ , 𝐇𝐇′):
−1

−1

𝐄𝐄′ = �ΛT � 𝐄𝐄; 𝐇𝐇′ = �ΛT � 𝐇𝐇,

(3)

where Λ denotes the Jacobian transformation matrix [39], which for our transformation writes:
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Similarly, in the TO formulation, the material permittivity and permeability tensors in the transformed
(ε′ , μ′) and the original space (𝜀𝜀, 𝜇𝜇) are related through:
ΛεΛT

ΛμΛT

ε′ = |detΛ|; μ′ = |detΛ|,

resulting in:
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μcladding = μcore

; ρ ≤ R,

(6)

; ρ > R.

(7)

Figure 2(a) shows the radial dependence of each element of the permittivity and permeability tensors.
A design of a possible practical realization may be obtained by using the effective medium theory
[31,32], from which the desired material inhomogeneity and anisotropy may be realized by
distributing rods with radially varying diameter, within a unit cell with dimensions 𝑎𝑎 ≪ 𝜆𝜆, embedded
into a core and a cladding with the same refractive index as the substrate and cladding in the original

space. Figure 2(b) shows the rod radius normalized with respect the unit cell (𝑟𝑟𝑎𝑎 /𝑎𝑎) for a particular
configuration with hexagonal lattices, composed of magnetic dielectric rods in the core and magnetic

metals in the cladding. Such structures may be made at the microwave frequency range by using
embedded magnetic ionic liquids [40] or magnetic nanocomposites [41].
To elucidate the existence of generalized Dyakonov-like surface states in the two-dimensional
geometry, we used a finite-element (FE) mode solver (Comsol Multiphysics) to find the modes of a
cylindrical structure (R=1 μm) with the magneto-dielectric properties given by (6) and (7) at the

operating wavelength 𝜆𝜆0 = 632.8 nm. Subsequently, we compared the numerical results with the

mode obtained by directly transforming the one-dimensional counterpart using (3). When comparing
with FE results, note that the numerically computed effective mode index in the cylindrical structure,
NZ , corresponds to the Z component of the effective index N of the original DSW, i.e., NZ = N · cosθ,

resulting in NZ = 1.236 for θ= 18.05°. In addition, the different field components shown in Fig. 3 are

associated with the superposition of two helically phased Dyakonov-like states with m=±4. The results

share a common field structure with small dissimilarities in the vicinity of the center of the core. The

minor difference in the mode structure is interpreted as a consequence of the truncation of the
infinitely large value of the tensor element εzz and μzz near the center of the core performed in the
FE-based calculations.

In contrast to the dispersionless nature of DSWs in the original one-dimensional space, the finite
dimension of the cylindrical metamaterial structure in the transformed space introduces a wavelength
dependent mode dispersion. As the form invariance of Maxwell equations under coordinate
transformation yields the form invariance of the eigenvalue equation, the new dispersion
characteristics is a direct consequence of the existence condition (2). This equation establishes the
relation between θ and λ at a fixed m, so that the angular dispersion N = f(θ) of the original DSW [see

Fig. 4(a)] translates into a wavelength modal dispersion NZ = N cos θ = g(λ) of the transformed mode

[see Fig. 4(b)]. As m varies, different mode branches are formed within a range between a lower
(λc,min,m ) and upper (λc,max,m ) cut-off wavelength that are related to the lower (θc,min ) and upper
(θc,max ) cut-off angle of the original DSW, respectively, so that m represents mode order and charge.

We now examine the mapped field amplitudes to determine whether the transformation affects the
existence condition for surface waves. Using (3), the field amplitude at the core of the metamaterial
cylinder can be written in a compact form as:
Eρ = Cρ,o ργo k0 R−2 + Cρ,e ργe k0 R−2

�Eϕ = Cϕ,o ργo k0 R−2 + Cϕ,e ργe k0 R−2
γo k0 R

Ez = Cz,o ρ

+ Cz,e ρ

(8)

γe k0 R

where Ci,o and Ci,e are the amplitude coefficients, and γo and γe are the transverse decay constants

of the ordinary (o) and extraordinary (e) evanescent waves in the birefringent substrate of the original

one-dimensional DSW. Surface guiding requires the power of ρ in (8) to be positive in the core. Since

0 < γe < γo for the original one-dimensional DSW [23], the condition γe k 0 R > 0 for Ez is always

fulfilled. In turn, the same condition for transversal components Eρ and Eϕ require γe k 0 R − 2 > 0 for

surface guiding, which establishes the threshold condition:

λ0
R

< πγe .

(9)

This condition results in a wavelength upper bound for surface guiding of Dyakonov-like modes,
denoted by the orange dashed line in Fig. 4(b). When the condition (9) is met, the fields Eρ and Eϕ are

localized at the cylindrical interface [see Fig.4(c)]. When (9) is unmet, the one-dimensional DSW in
the original space is mapped into field components Eρ and Eϕ highly localized at the core center in

the transformed space [see Fig. 4(d)] due to the infinite value of the tensor element εzz and μzz at this

location [Fig. 2(a)]. This phenomenon can happen in each mode branch by either transforming loosely
confined modes (low γe ) or decreasing the effective optical size of the core (small R⁄λ0 ). An important

physical consequence of this effect is that lower order modes [m=1, 2 in Fig. 4(b)] do not exist as
surface waves even for metamaterial fibers with relatively large R⁄λ0 .

Similarly, the transversal field amplitudes in the transformed cladding region are characterized by the
factor ρ−γc k0 R−2 , where γc is the transverse decay constant in the cladding of the original DSW, with
γc > 0. In this case, the condition −γc k 0 R − 2 < 0 is always fulfilled and the field mapping into the
cladding does not enforce any additional condition for surface guiding.

An important physical result, revealed by Fig. 4(b), is that the number of helical surface modes (existing
above the orange dashed line) is either zero or one within the wavelength range of 0.49μm-0.84μm,
whereas at shorter λ the different mode branches start to overlap and the number of modes can be
greater than one. To prevent multi-mode existence over a broader wavelength range, the
birefringence of the substrate can be reduced to further limit an angular range of propagation of the
one-dimensional DSW leading to a narrower existence range of the two-dimensional generalized DSW
in the cylindrical metamaterial and thus well-separated mode branches. The existence of an upper
and lower cut-off for each mode allows for the broadband single-mode operation of high order modes
in this novel guiding structure.
Next, we study how the transformation affects the mode confinement of the two-dimensional bound
modes. We define the localization length (L) as the full-width at half-maximum (FWHM). The
localization length at FWHM for the y component of the one-dimensional DSW, Lo , is estimated to be

14 λ0 for the original planar structure used in Fig. 1(e) and θ=18.04°. The angular field component of

the transformed DSW, Eϕ , obtained by direct field mapping is chosen for the localization
measurement because of both its relatively large field amplitude (it is mainly related to Ey in the

original space) and simply characterized mode profile. Figure 5 shows the normalized localization
length L⁄Lo as a function of the normalized core radius R⁄λ0 associated with the transformed modes

with NZ = 1.236 and mode order m being an integer multiple of 4 [according to (2)]. The results

indicate that the two-dimensional surface modes of the cylindrical metamaterial structure exhibit a
tunable and higher localization of light. For instance, at R⁄λ0 = 1.58 the localization is ~8 times
smaller than Lo .

As mentioned above, the original DSW is mapped into the two-dimensional surface mode when the
core radius is above the threshold value given by (9) (for our example, R th ⁄λ0 = 1⁄πγe ~1.17). Then,
the non-uniformly distributed and highly dense coordinate mesh in the vicinity of the central core

governed by the exponential transformation [see Fig. 1(b)] facilitates the mapping of the spatially
extended DSWs between the one- and the two-dimensional spaces, resulting in a higher degree of
localization of the two-dimensional DSW. Physically, the index guiding shown in Fig. 2(a) enables the
energy redistribution of the spatially extended one-dimensional DSW to the core of the twodimensional geometry. As the core radius increases, the effect of index guiding is progressively
reduced leading to an increase in localization length. As R⁄λ0 → ∞, the localization of the two-

dimensional modes resembles the one of the one-dimensional DSWs (L⁄Lo → 1) because the spatial
variation of the material properties associated with the coordinate transformation is negligible within
the wave extension near the interface.
In summary, we have shown that applying a complex conformal exponential mapping, onedimensional Dyakonov surface guided modes that exist in anisotropic media transform into
generalized two-dimensional helical waves supported by a cylindrical surface of a metamaterial with
transformed electric and magnetic properties. The transformed, two-dimensional modes feature a
richer topology, new dispersion properties, upper and lower cut-offs for each mode branch and a
tunable localization degree. Fabrication of the cylindrical metamaterial that accompanies the
conformal transformation appears to be challenging, as it requires engineered electric and magnetic
properties. However, such metamaterials may be achievable by using embedded rods with magnetic
and metallo-dielectric properties into a suitable dielectric host. From a broader point of view, we
stress that the concept we have put forward here motivates the generalization to higher-dimensional
geometries of other types of phenomena that are known to exist only in one-dimensional settings and
where anisotropy – of different types - is a necessary ingredient. Salient examples of high current
topical interest include hyperbolic plasmons [42], modes of photonic crystal slabs [43], anisotropyinduced bound states in the continuum [44] and metasurfaces [45].
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FIG. 1. Conformal transformation of one-dimensional surface states. (a) and (b) conformal map used
to transform DSWs existing at planar interfaces of an anisotropic substrate and suitable isotropic
cladding (c) into bounds modes existing at the interface of a cylindrical metamaterial (d). Amplitude
(e) and phase (g) of the original DSW mapped into an amplitude (f) and helical phase (h) with
charge m = −4 in the transformed space.

FIG. 2. (a) Radial distribution of the relative permittivity and permeability tensor elements of the
cylindrical metamaterial obtained by using Eqs. (6) and (7), with no = 1.25, ne = 2, and nc = 1.3 in
the original space. (b) The inset shows a potential practical realization constructed by distributing

rods with radius 𝑟𝑟𝑎𝑎 in a hexagonal lattice with unit cell dimension 𝑎𝑎 made with different electric and

magnetic properties in the core and cladding regions with a radially-varying filling factor embedded
in a host dielectric core and cladding with the same refractive indices as in the original space. The
changing radius of the rods, normalized with respect the cell unit size, are shown as a blue line,

corresponding to rods composed of paramagnetic dielectrics with μr = 6 and εr = 20. The changing

rods radius in the cladding is shown as red lines, and corresponds to rods composed of diamagnetic
metals with μr = −10 and εr = − 20.

FIG. 3. Electric-field amplitudes of the generalized two-dimensional Dyakonov-like surface states.
Electric-field amplitudes of each component, (a) Eρ , (b) Eϕ and (c) EZ , obtained by direct field
mapping described by (3). (d)-(f) numerical FE results. The black circular line represents the interface
between the core and the cladding regions located at ρ=R=1 μm. The comparison between the two
sets of results was performed over an equally sized window.

FIG. 4. Mode dispersion of the two-dimensional generalized Dyakonov-like modes. (a) Angular
dispersion for the effective index N of the original DSW. The lower (θc,min ) and upper (θc,max ) cut-off

angles indicate angular positions for radiation into the cladding (γc = 0) and substrate (γe = 0),

respectively. (b) Wavelength dispersion of the transformed DSW showing the effective index, NZ , for

different modes with order m (blue solid line). Blue markers indicate FE results. The grey dashed lines

represent the lower and upper cut-off wavelengths, λc,min,m and λc,max,m , which are related with

θc,min and θc,max , respectively, through (2). The orange dashed line denotes the threshold for surface

guiding. At wavelength above the orange line, DSWs in the original space are mapped into highly

localized field at the core center. Power flow calculated with the FE of two EM modes (a) below (λ =

0.633 μm) and (b) above (λ = 0.75 μm) the threshold for surface guiding (indicated by the gold

markers in (b)).

FIG. 5. Normalized localization length L⁄Lo of the two-dimensional generalized Dyakonov-like states
as a function of a normalized core radius R⁄λ0 of the cylindrical structure.

