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Abstract—This paper deals with the problem of trajectory
generation with a motion law in joint space for a flexible single-
link manipulator. To this aim, we propose a smooth motion
profile based on polynomial function for a flexible manipulator.
This motion law is tested with a dynamic model of the
manipulator that is controlled using a model-free approach so
that the robot can follow the desired trajectory.
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I. INTRODUCTION

Trajectory generation is a very important topic of research
in robotics. The planning of movements determines the robot
instructions to realize the desired task. A rich scientific
literature is devoted to this subject as e.g. ([1], [2]). The motion
law plays a very important role either to obtain certain
performances such as the time optimization, to avoid residual
vibrations and to optimize the energy or to choose the actuators
needed to perform the rotational and translational movements.

For trajectory generation, we need a motion profile or a
motion law, so we need a mathematical function that describes
the path of the robot between two positions. The final result of
a motion planning problem is thus a trajectory that will then
serve as an input to the real-time position/velocity controllers.
This mathematical function can be a parabolic function [3], a
trigonometric function, or a polynomial function [4].
Regardless of the chosen function, the selected trajectory has to
satisfy some conditions that ensure the continuity of movement
and that it is sufficiently configurable.

In spite of the important results obtained so far, one can
distinguish two open issues: First, the case of the flexible
robots and their need for the performances of the law of
movement should be studied. Second, the optimization
considers only one parameter that is the time, the energy or the
limitation of the jerk (the derivative of the acceleration) and the
snap (the derivative of jerk). The generalization of the results
of motion law existing for rigid mechanical structures to
flexible ones considering that the response of the system can
lead to indescribable effects such as residual vibration. Thus, it
is important to develop a model that takes into account the
complex dynamics of the flexible systems.

The polynomial functions remain a solution which proved
their effectiveness to satisfy the need to generate a soft

trajectory. This type of trajectory called limited jerk trajectory
is essential in order to have continuous torque. This softness of
trajectory poses a problem of time optimization since there is
no saturation of the actuators during the movement. Hence,
there is a need to find the optimal duration while maintaining
the smoothness of the trajectory. The proposed motion law is a
polynomial of degree 7, but unlike classical approaches, the
duration of motion is optimal by a kinematic scaling.

The main goal of this work is to determine a smooth motion
profile in order to avoid the excitation of the normal modes of
the mechanical structure of the robot and to avoid the
phenomenon of resonance. For this purpose, this paper deals
with the issue of trajectory generation with a motion law in
joint space for a flexible single-link manipulator. To this aim,
we propose a smooth motion profile based on polynomial
function for a flexible manipulator. This motion law is tested
with a dynamic model of the manipulator that is controlled
using a model-free approach so that the robot can follow the
desired trajectory.

The remainder of this paper is organized as follows:
Section II presents a general overview about trajectory
generation. Section III presents the proposed smooth motion
law. Section IV is dedicated to the motion control by using a
model-free controller. Simulation results are presented in
Section V. Finally, concluding remarks are given in Section VI.

II. TRAJECTORY GENERATION OVERVIEW

The choice of the profile is strongly related to the desired
performance of a robot. As the first techniques of trajectory
planning, algorithms operating at minimum time were closely
related to the need for increased productivity in the industrial
field. This kind of motion profiles called bang-bang were
formulated by Hermes using the mathematical optimal
principle [3]. The transition from a beginning position to a
terminal position in minimum time requires the use at any time
of the maximum power leading to the saturation of the
actuators. This is why for a bang-bang motion profile, the
saturation of the system control should be variable, or one of its
derivatives should be required, by switching several times
between the maximum to the minimum allowable levels.

However, the excitation degree of vibrational modes of the
considered robot was directly related to the regularity order of
motion profiles. A trajectory causing high and discontinuous
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acceleration provides a high and vibrational excitation of some
joints or all the structure of the robot during the motion. So, it
is important to ensure a motion profile characterized by its
continuous speed. As an improvement in the bang-bang profile,
the trapezoidal profile allows producing a continuous motion
speed which guarantees a minimum time by saturating both
acceleration and speed.

In order to minimize the vibrations of the terminal
elements, a constraint can be now conventionally added to the
acceleration's derivative (Jerk) [4]. Another motion profile
formulated by Hermes using mathematical principle is
recommended to remedy the s-curve discontinuity. As
described in [5], the trapezoidal motion profile is characterized
by a jerk having large peaks, unlike the s-curve motion profile
which exhibits a finite jerk distributed over a period of time.

Some applications need more smoothness in motion as in
the case of the complex flexible arm mechanical mechanisms,
for example, the motion trajectory planning may involve
polynomial or trigonometric relationships. Our purpose is to
achieve a motion with continuous snap (the jerk's derivative).
In this case, the motion laws are presented by the sinusoidal
profiles being characterized by a continuous motion during
snap, jerk, and acceleration. However, it is necessary to choose
the sinusoidal function and its parameters according to the joint
position of departure and that of arrival. The three most
common methods of polynomial profiles are linear
interpolation, the third-degree polynomial interpolation, and
the fifth-degree polynomial interpolation.

III. SMOOTH MOTION LAW

Once the desired trajectory has been planned, it is
frequently required to scale it in order to verify the constraints
on the actuation system emerging in terms of saturations. In
our work, we will consider the kinematic scaling in which the
trajectory requires the satisfaction of the constraints on the
maximum acceleration and velocity [6].

In order to kinematically scale the desired trajectory, it is
convenient to represent this trajectory in a parametric form

using a function of a suitable normalized parameter o =0 (t).

Let consider the trajectory ¢(¢) defined between two
points ¢; and g, varying in a period of time 7" =17, —¢;. This

trajectory can be expressed in normalized form as follows:
q(t)=q;+ho(7) )

where h=g,—q; and the normalized time is given by
t—t
T=T’, so 0<7<] then 0<o(r)<].

The maximum values of velocity, acceleration and jerk can
be obtained in correspondence to the maximum values of the

derivatives of functions O'(t) . By varying the period of time

T of the desired trajectory ¢(t), a satisfaction of the
constraints on the kinematic saturations will be possible. This

trajectory is parametrized using seventh-degree polynomial
function expressed as follows ([1], [7])

o(t)= a0 +a;0° +as0 a0l a0 a0 vagva, (D

The constraints allowing the satisfaction of the required angles
with a smooth motion can be described by the boundary
conditions as follow

() |_alts)

q(0)=q;; 4(0)=0; §(0)=0; ¢ 5 5 3

a(ty)=as: altr)=0: d(ey)=0
Let define respectively with v,, v;, j,and j, the velocities
and jerks in the initial and final positions.

After applying these conditions, the coefficients of the
seventh-degree polynomial function are deduced as follows

) .
ay=q;; a;=v,; a, :70; as :%) 4)
|:2]0h—T((4j0+j1)T2+(30qi—15VO)T+12()V0+90V1)_ )
a,= i
‘ (67")
{168h—T((2j0+j1)T2+(20qi—14v0)T+90v0+78v1)_ ©)
as= i
’ r°)
(08T ((4jy+3)) T H{45q-30w) T+2i6w+200w] | o
5= )
(67°)
_[120;,_]"((]'0+j1) T’ +12¢,~12v)) T+60v0+60v1)_ )
a7: i

(67")

IV. MODEL-FREE CONTROL OF FLEXIBLE MANIPULATOR ROBOT

A. Description and Dynamic Modeling of Flexible Single-
Link Manipulator

Before presenting the modeling steps of flexible single-link
manipulator robot, let begin with its description. It is composed
of a flexible single-link arm, pivotally related to one extremity
with a base via a rotary motion 7(¢) which is achieved by a

DC motor and fixed on its second one a mass load ( [8], [9]).

Based on a simplified representation of the flexible single-
link mechanism described in Figure 1, where

e ] isthe area moment,
e FE isthe modulus of Young,

e [, isthe inertia moment of the base,

e A is the section of the single-link arm,
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e p isthe mass density per unit volume,

o is the revolution angle of the manipulator relative to
the origin,

e @(t) is the angular translation of the link in the x ,0y,
coordinates,

e g is the centre of gravity,

e xoy and x,0y, are respectively the moving frame and
the stationary one,

e [ is the length of the single-link arm where the
elementary lengths L, and L, verify L, =2L,,

e W(x,t) 1is the elastic deflection of the flexible

manipulator at a distance x from the base which is

measured along the ox, axis.
vl yOa

Load (m)
P
Flexible single-link (E,LA,p,L)

Rigid base (Im)

T(t) Cg ¥

Fig. 1. Flexible manipulator robot with load scheme.

From [10], the following modelling assumptions are
considered:

e The shear strain, the rotational inertia and the effect of
the axial force are negligible,

o The length of this single-link manipulator is supposed to
be constant to avoid the problems appeared when this
length is variable,

e Its depth is supposed to be smaller than its length
allowing that the arm can vibrate in the horizontal
direction.

The dynamic modelling of the considered mechanism
presented by the Bernoulli-Euler beam is performed using the
Euler-Lagrange formulation and the finite elements approach
([11-16]). Remember that in all expressions, a number between
parentheses in the power of such a function means a time
derivative.

The dynamic equation described the dynamic of the
considered mechanism is given by

Mg +Kq, =7 ©)

where M, K, 7 and ¢, represent respectively the system
mass matrix, the system stiffness matrix, 7 the torque applied

to the manipulator, and the vector of generalized coordinates

((131, [17D).

B. Model-Free Control

The principle of the model-free control also called ultra-
local model control consists in a local modeling, instantly
updated using only the information received from the input-
output behavior. In the first step, let begin with the
representation of a linear or nonlinear system by an unknown
differential equation as follows

H[y(t),y(“(t),....,y(“)(t),u(t),u(“(z),...,u(b)(r)]=0 (10)

where H presents appropriately a smooth function of its
arguments, # and y represent respectively the input and the

output of the system. We suppose that, for an

. oH
integer,0 <v<a, ——#0.
ay( v)
In the second step, using the implicit function theorem we
obtain an equation which approximately details the input-
output behaviour as follows

(v-1)

W =gly S ] (D

y

Based on the input and the output measurements, the
considered control try to estimate the parameters to obtain a
good tracking of desired trajectory. Then, a numerical model of
the system can be constructed as follows

y(U) =F+ou (12)

where v presents the order of derivative that should be equal to
1 or 2, o are a non-physical constant and undefined
previously parameter and F present the model-free model
parameters containing the structural information, including
disturbances and their derivatives.

In the third step, the estimation of F is performed using an
on-line estimation approach called an algebraic derivation
method ([18], [19]) which is given by

7 A (1) 13
Fe=Y )

_auk_I
where u;_; is the control input, j/,({[ /" is the estimate of first
derivative of the output of the considered system.

Finally, for v =1, the desired closed-loop behavior can be
deduced thanks to the structure of PID controller suggested in
[18]. So, the control signal can be rewritten by

; da” (1
~F(t)+y (t)+KPe(t)+K,je(t)+KDe (t) (14

o

u(t)=

where Kp, K; and K are the tuned gains of the PID

controller that are manually adjusted, yd (t) is the output of

. (1) . .
reference trajectory, yd (t) is the derivative of yd (t), e(t)



is the tracking error that is evaluated asthe difference between
y'(1) and y(1).

In closed-loop and without taken into account noise and
disturbances, the block diagram of the flexible single-link
manipulator controlled by ultra-local model control is
presented in Figure 2.

i

Tk
v )
- Model of flexible
Reference Model-free u . .
»  single-link
trajectory 8 control o
"y Manipulator robot

il

Fig. 2. Representation of model-free control applied to flexible single-link
robot

V. SIMULATIONS RESULTS AND DISCUSSION

After obtaining the dynamic model of flexible single-link
manipulator robot described by (9) and the model-free control
described by (14), the torque will be applied to each joint for a
seventh-degree polynomial motion profile. The numerical

Table 1. Dynamic parameters of flexible manipulator.
Parameter Value Unit
E 196 GPa
! 1.67x10712 m?
A 0.02 w2
P 3.25 Kg /m®
1, 0.04 Kg.m 2
L 0.15 m
L, 0.30 m
" 5x1073 Kg
Table 2. Model-free controller parameters.
Parameter Value Unit
KP 3 -
K; 15%107° -
Kp 1073 -
« 5x107" -

values of parameters of the considered mechanism and that of
the considered control are respectively detailed in Table 1 and
in Table 2.

The boundary conditions related to the seventh-degree
polynomial function is described as follows
a(ty)

4(0)=10; 4(0)=0; §(0)=0; g (%) =L

q(ty)=50; 4(ty)=0. (1)=0

where 1, =2.455. After ignoring the jerks and velocities in
initial and final positions, the coefficient of this motion profile
are given by

ay =10; a; =0; a, =5; a; =0

a, =30.4362; a;=-31.1529

a; =10.8200; a, = -1.2771

(16)

After applying the torque to second joint considering a
seventh-degree polynomial profile, the response of flexible
manipulator mechanism is presented by the variation of joint
acceleration with respect to the time as described by Figure 3.

55 I I Desired trajectory

For ultra-local model control

50

45

© w ~
S vy >

o
o3

Joint acceleration(rad/s?)

20

0 0.5 1 1.5 2
Time(s)
Fig. 3. System response for torque applied to joint for seventh-degree
polynomial profile

We note that the acceleration is chosen as a proof of
smoothness of motion profile because as presented in (9), the

variation of the torque (T) is principally proportional to the

variation of the term ( Mqg(?) 1) which contains the

acceleration.

It is clear that after a small time difference, the system
response follows a smooth trajectory described by the seventh-
degree profile considering the flexibility of the structure.
Thus, the goal of this work has been achieved by improving
the smoothness of the desired trajectory as an input signal and
by ensuring optimality in terms of time.

Take for example the case of the fifth-polynomial motion
profile detailed in [19], by comparing this motion profile with
that of our case (seventh-polynomial motion profile), we note
that the first profile whose acceleration curve contains
fluctuations requires more time to reach the desired endpoint
while the second profile whose acceleration curve does not
contain any fluctuation allows reaching the desired endpoint in
a minimum time. Hence, it can be said that the seventh-
polynomial motion profile is optimal in time with respect to
the fifth-polynomial motion profile for example.



VI. CONCLUSION

This paper has considered problem of obtaining a smooth
motion profile for trajectory planning of a flexible manipulator
robot. For this purpose, this flexible mechanism is dynamically
modelled considering several motions profiles.

The main contribution of this paper is to describe a new
joint space trajectory generation method using a single
polynomial function. The single link flexible robot requires a
smooth and continuous motion as input to improve the
performance of the flexibility structure. To this aim, a seventh-
polynomial was developed by imposing seven boundaries
conditions. With this new approach of trajectory generation,
the associate jerk function will have a finite spike along the
period time. Consequently, the vibration phenomena are
reduced and the considered robot ensuring the following
trajectory.

In this work, we are interested in studying the system
behavior for a smooth and time optimal input profile presented
by seventh-polynomial motion profile. In the future work, we
will focus on improving the system's response in terms of
saving energy by optimizing the parameters of this polynomial
motion profile.
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