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Rows of closely adjacent buildings with similar dynamic characteristics are common building arrangements in
residential areas. In this paper, we present a vibration control strategy for the seismic protection of this kind of multibuilding
systems. The proposed approach uses an advanced Linear Matrix Inequality (LMI) computational procedure to carry out the
integrated design of distributed multiactuation schemes that combine interbuilding linking devices with interstory actuators
implemented at different levels of the buildings. The controller designs are formulated as static output-feedback H-infinity
control problems that include the interstory drifts, interbuilding approachings and control efforts as controlled-output variables.
The advantages of the LMI computational procedure are also exploited to design a fully-decentralized velocity-feedback
controller, which can define a passive control system with high-performance characteristics. The main ideas are presented by
means of a system of three adjacent five-story identical buildings, and a proper set of numerical simulations are conducted to
demonstrate the behavior of the different control configurations. The obtained results indicate that interstory-interbuilding
multiactuation schemes can be used to design effective vibration control systems for adjacent buildings with similar dynamic
characteristics. Specifically, this kind of control systems is able to mitigate the vibrational response of the individual buildings
while maintaining reduced levels of pounding risk.
Abstract.
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1. Introduction
Multibuilding systems formed by a row of closely
adjacent buildings with similar dynamic characteristics is a
common building arrangement in residential areas. In order
to provide seismic protection to this kind of building
clusters, a twofold objective needs to be considered: (i) the
vibrational response of the individual buildings must be
mitigated and (ii) interbuilding impacts (pounding) must be
avoided. More specifically, large interstory-drift peakvalues need to be suppressed and, simultaneously,
interbuilding separations must be kept within safe limits. It
should be noted that pounding events between closely
adjacent buildings depend on the overall lateral
displacement of the buildings, and can take place as the
result of the cumulative effect of small interstory-drift
values.
In the Connected Control Method (CCM), adjacent
buildings are linked by means of interbuilding actuation
devices. This idea has been extensively applied to the
seismic protection of two-building systems using a wide
variety of passive, semiactive and active interbuilding
linking devices. Thus, for example, studies of passive
interbuilding linking devices include different kinds of fluid
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dampers (Xu et al. 1999, Zhang and Xu 2000, Yang et al.
2003, Cimellaro and Reinhorn 2008), viscous dampers
(Bhaskararao and Jangid 2007, Patel and Jangid 2010,
2014), viscoelastic dampers (Zhang and Xu 1999,
Cimellaro and Lopez-Garcia 2011, Yang and Lam 2014),
friction dampers (Bhaskararao and Jangid 2006a, b) and
nonlinear hysteretic devices (Ni et al. 2001, Basili and De
Angelis 2007). Ideal semiactive links are studied by
Christenson et al. (2007), semiactive linking devices with
variable damping are proposed by Cundumi and Suárez
(2008), and semiactive magnetorheological linking elements are investigated by Bharti et al. (2010) and Motra et
al. (2011). The usage of shared tuned mass-dampers as
linking elements are proposed by Abdullah et al. (2001) and
Kim (2016). The effectiveness of active links are studied by
Xu and Zhang (2002) and Christenson et al. (2003). The
behavior of swing structures connected to moment-resistant
frames is investigated in Jia et al. (2018). Additionally,
hybrid control strategies that combine actuation devices
implemented in the individual buildings with interbuilding
actuators have been proposed to obtain an improved
performance. In this line, the combined usage of base
isolation systems with different kinds of dissipative linking
devices are studied by Matsagar and Jangid (2005), Murase
et al. (2013), Fathi and Bahar (2017) and Dumne et al.
(2017). Hybrid actuation schemes that combine different
kinds of interstory and interbuilding actuators have been
proposed by Shahidzadeh et al. (2011), Palacios-Quiñonero
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et al. (2012b, c, 2017) and Park and Ok (2015a, b).
It should be highlighted that the vast majority of the
works in the literature are focused on the case of adjacent
buildings with dissimilar dynamic characteristics. In this
case, proper control forces can be easily generated by
passive and/or semiactive interbuilding linking devices by
taking advantage of the out-of-phase vibrational response of
the adjacent buildings. In contrast, control strategies for
seismic protection of adjacent buildings with similar
dynamic characteristics have only been investigated in a
reduced number of works. In this second case, the
effectiveness of dissipative interbuilding links can be
compromised by the synchronized vibrational response of
the adjacent buildings, and more sophisticated actuation
schemes are required in non-active implementations of the
CCM. Two good instances of passive CCM implementations for similar adjacent buildings are the vertical
cantilever linking structure presented by Makita et al.
(2007), and the interbuilding linking schemes proposed by
Patel and Jangid (2010, 2014) that implement damping
links between stories located at different height levels of the
adjacent buildings. Improved solutions to the problem of
vibration control of adjacent buildings with similar dynamic
characteristics can be obtained by considering hybrid
actuation schemes, which can take advantage of the actuators implemented in the buildings to modify their dynamical
response (Park and Ok 2015a, Fathi & Bahar 2017).
In this work, we investigate the effectiveness of hybrid
interstory-interbuilding multiactuation schemes for the
seismic protection of adjacent buildings with identical
dynamic characteristics. The proposed approach uses an
advanced Linear Matrix Inequality (LMI) computational
procedure to carry out the integrated design of distributed
high-performance multiactuation schemes that combine
interbuilding linking devices with interstory actuators
implemented at different levels of the buildings. The
controller designs are formulated as static output-feedback
H∞ control problems (Rubió-Massegú et al. 2013, PalaciosQuiñonero et al. 2014, 2016) that include the interstory
drifts, interbuilding approachings and control efforts as
controlled-output variables. The advantages of the LMI
computational procedure are exploited to design fullydecentralized velocity-feedback controllers, which allow
defining high-performance distributed actuation schemes
that can be passively implemented with viscous dampers
(Palacios-Quiñonero et al. 2012a). Particular attention has
been paid to the behavior of incomplete actuation schemes
that include non-instrumented buildings. Also, a particular
effort has been made to extend the study beyond the twobuilding configuration. Thus, a general formulation of the
multibuilding problem is provided, and a particular system
of three adjacent five-story identical buildings is used in the
controller designs and numerical simulations (see Fig.1).
This multibuilding layout makes it possible to carry out a
detailed discussion of the main elements and, at the same
time, provides a clear portrait of the richness and
complexity of the considered problem. Specifically, two
different interstory actuation schemes are discussed: (i) a
one-sided actuation scheme with interstory actuation
devices implemented only in one of the external buildings

Fig. 1 Uncontrolled multibuilding system formed by
three five-story identical buildings
(see Fig. 4) and (ii) a two-sided actuation scheme with
interstory actuation devices implemented in both external
buildings (see Fig. 9). These interstory actuation schemes
are complemented with interbuilding actuation devices to
define high-performance hybrid interstory-interbuilding
control strategies for the seismic protection of the overall
multibuilding system (see Figs. 5 and 10). To demonstrate
the behavior of the different control configurations, a proper
set of numerical simulations are conducted using the fullscale North-South El Centro 1940 seismic record as groundacceleration input (see Fig. 2).
The rest of the paper is organized as follows: In Section
2, a general dynamical model for systems of adjacent
identical buildings is provided. The design and performance
of linked and unlinked one-sided actuation schemes are
considered in Section 3. Two-sided actuation schemes are
examined in Section 4. Some conclusions and future
research lines are briefly discussed in Section 5. Finally, a
summary of the LMI controller-design procedure and the
particular values of the building parameters used in the
controller designs and numerical simulations are collected
in the appendices.

2. Mathematical model
2.1 Uncontrolled system
Let us consider a system of 𝑛𝑛𝑏𝑏 adjacent identical
buildings as the three-building system schematically depicted in Fig. 1. The lateral motion of the jth building 𝐵𝐵 (𝑗𝑗) can
be described by the second order differential equation
� 𝑞𝑞̈ (𝑗𝑗) (𝑡𝑡) + 𝐶𝐶̃𝑑𝑑 𝑞𝑞̇ (𝑗𝑗) (𝑡𝑡) + 𝐾𝐾
�𝑞𝑞 (𝑗𝑗) (𝑡𝑡) = 𝑇𝑇�𝑤𝑤 𝑤𝑤(𝑡𝑡)
𝑀𝑀

where

(1)
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𝑞𝑞

(𝑗𝑗)

(𝑡𝑡) =

𝑇𝑇
𝑗𝑗
𝑗𝑗
�𝑞𝑞1 (𝑡𝑡), … , 𝑞𝑞𝑛𝑛𝑠𝑠 (𝑡𝑡)�

(2)

is the vector of story displacements of building 𝐵𝐵 (𝑗𝑗) ,
𝑗𝑗
𝑗𝑗
𝑞𝑞𝑖𝑖 (𝑡𝑡) is the displacement of the ith story (denoted as 𝑠𝑠𝑖𝑖
𝑗𝑗
in Fig. 1) with respect to the building ground level 𝑠𝑠0 , 𝑛𝑛𝑠𝑠
� ∈ ℝ𝑛𝑛𝑠𝑠×𝑛𝑛𝑠𝑠 is the building mass
is the number of stories, 𝑀𝑀
𝑛𝑛𝑠𝑠 ×𝑛𝑛𝑠𝑠
̃
is the building damping matrix,
matrix, 𝐶𝐶𝑑𝑑 ∈ ℝ
� ∈ ℝ𝑛𝑛𝑠𝑠×𝑛𝑛𝑠𝑠 is the building stiffness matrix, 𝑤𝑤(𝑡𝑡) ∈ ℝ is
𝐾𝐾
the ground-acceleration disturbance and 𝑇𝑇�𝑤𝑤 ∈ ℝ𝑛𝑛𝑠𝑠×1 is the
building disturbance-input matrix. The building mass
matrix has the diagonal form
𝑚𝑚1
�
(3)
𝑀𝑀 = � ⋱
�
𝑚𝑚𝑛𝑛𝑠𝑠
where 𝑚𝑚𝑖𝑖 is the mass of the 𝑖𝑖th story, and the building
stiffness matrix has the following tridiagonal structure:
𝑘𝑘1 + 𝑘𝑘2
− 𝑘𝑘2
0
⎡
⎤
−𝑘𝑘2
𝑘𝑘2 + 𝑘𝑘3
− 𝑘𝑘3
⎢
⎥
⋱
⋱
⋱
�=
𝐾𝐾
⎢
⎥
−𝑘𝑘𝑛𝑛𝑠𝑠−1 𝑘𝑘𝑛𝑛𝑠𝑠−1 + 𝑘𝑘𝑛𝑛𝑠𝑠 −𝑘𝑘𝑛𝑛 𝑠𝑠 ⎥
⎢
𝑘𝑘𝑛𝑛𝑠𝑠 ⎦
0
− 𝑘𝑘𝑛𝑛𝑠𝑠
⎣

(4)

where 𝑘𝑘𝑖𝑖 is the stiffness coefficient of the 𝑖𝑖th story. When
the values of the story damping coefficients 𝑐𝑐𝑖𝑖 are known,
a building damping matrix 𝐶𝐶̃𝑑𝑑 with the tridiagonal
structure in Eq. (4) can be computed by substituting the
stiffness coefficients 𝑘𝑘𝑖𝑖 by the corresponding damping
coefficients 𝑐𝑐𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑛𝑛𝑠𝑠 . Quite frequently, however, it
is not possible to properly determine the values of the story
damping coefficients and an approximate building damping
matrix is computed using other computational methods
�,
(Chopra 2017). The particular values of the matrices 𝑀𝑀
̃
�
𝐶𝐶𝑑𝑑 and 𝐾𝐾 used in the numerical simulations and controller
designs discussed in this paper are collected in Appendix B.
The building disturbance-input matrix has the following
form:
� [1]𝑛𝑛 ×1
𝑇𝑇�𝑤𝑤 = −𝑀𝑀
𝑠𝑠

(5)

where [1]𝑚𝑚×𝑛𝑛 denotes a matrix of dimensions 𝑚𝑚 × 𝑛𝑛
with all its entries equal to one.
A more convenient description of the vibrational
response of building 𝐵𝐵 (𝑗𝑗) can be obtained by considering
the vector of interstory drifts
𝑗𝑗

𝑗𝑗

𝑟𝑟 (𝑗𝑗) (𝑡𝑡) = �𝑟𝑟1 (𝑡𝑡), … , 𝑟𝑟𝑛𝑛𝑠𝑠 (𝑡𝑡)�

𝑗𝑗

𝑇𝑇

(6)

where 𝑟𝑟𝑖𝑖 (𝑡𝑡) is the relative displacement between the
𝑗𝑗
𝑗𝑗
consecutive stories 𝑠𝑠𝑖𝑖 and 𝑠𝑠𝑖𝑖−1 of 𝐵𝐵 (𝑗𝑗) , which can be
defined as
𝑗𝑗

𝑗𝑗

𝑟𝑟 (𝑡𝑡) = 𝑞𝑞1 (𝑡𝑡),
� 1𝑗𝑗
𝑗𝑗
𝑗𝑗
𝑟𝑟𝑖𝑖 (𝑡𝑡) = 𝑞𝑞𝑖𝑖 (𝑡𝑡) − 𝑞𝑞𝑖𝑖−1 (𝑡𝑡),

The vector of interstory drifts of 𝐵𝐵
the form
𝑟𝑟

(𝑗𝑗)

1 < 𝑖𝑖 ≤ 𝑛𝑛𝑠𝑠

(𝑗𝑗)

(𝑡𝑡) = 𝐶𝐶̃𝑟𝑟 𝑞𝑞 (𝑗𝑗) (𝑡𝑡)

(7)

can be computed in
(8)

where the matrix 𝐶𝐶̃𝑟𝑟 ∈ ℝ𝑛𝑛𝑠𝑠×𝑛𝑛𝑠𝑠 has the following lowerdiagonal band structure:
1
⎡ −1 1
⎤
⎢
⎥
̃
𝐶𝐶𝑟𝑟 = ⎢
⋱ ⋱
⎥
⎢
−1 1 ⎥
⎣
−1 1⎦

(9)

The possible interaction between the adjacent buildings
𝐵𝐵 (𝑗𝑗) and 𝐵𝐵 (𝑗𝑗+1) can be modeled using the vector of interbuilding approachings
𝑎𝑎(𝑗𝑗) (𝑡𝑡)

𝑗𝑗

𝑗𝑗

= �𝑎𝑎1 (𝑡𝑡), … , 𝑎𝑎𝑛𝑛𝑠𝑠 (𝑡𝑡)�

𝑇𝑇

≜ −(𝑞𝑞 (𝑗𝑗+1) (𝑡𝑡) − 𝑞𝑞 (𝑗𝑗) (𝑡𝑡))

(10)

𝑗𝑗
where the element 𝑎𝑎𝑖𝑖 (𝑡𝑡) describes the approaching
𝑗𝑗
𝑗𝑗+1
between the stories 𝑠𝑠𝑖𝑖 and 𝑠𝑠𝑖𝑖
placed at the 𝑖𝑖th level in
(𝑗𝑗)
the adjacent buildings 𝐵𝐵
and 𝐵𝐵 (𝑗𝑗+1) . It should be noted
that, due to the initial negative sign, a positive value of the
𝑗𝑗
interbuilding approaching 𝑎𝑎𝑖𝑖 (𝑡𝑡) corresponds to a reduc𝑗𝑗
tion in the interbuilding separation between the stories 𝑠𝑠𝑖𝑖
𝑗𝑗+1
and 𝑠𝑠𝑖𝑖 . The maximum approaching peak-value
𝑗𝑗

(𝑗𝑗)
= max � max 𝑎𝑎𝑖𝑖 (𝑡𝑡)�
𝑎𝑎max

(11)

𝑀𝑀𝑞𝑞̈ (𝑡𝑡) + 𝐶𝐶𝑑𝑑 𝑞𝑞̇ (𝑡𝑡) + 𝐾𝐾𝑞𝑞(𝑡𝑡) = 𝑇𝑇𝑤𝑤 𝑤𝑤(𝑡𝑡)

(12)

1≤𝑖𝑖≤𝑛𝑛𝑠𝑠 0≤𝑡𝑡≤𝑇𝑇

indicates the maximum reduction of the interbuilding
separation between buildings 𝐵𝐵 (𝑗𝑗) and 𝐵𝐵 (𝑗𝑗+1) in the time
interval [0, 𝑇𝑇]. To avoid the huge computational complexity associated to interbuilding collisions (Khatiwada and
Chouw 2014, Kharazian and López-Almansa 2019, Shi et
al. 2018, Bamer et al. 2018, Impollonia and Palmeri 2018,
Chinmayi 2019), the numerical simulations presented in this
paper are carried out assuming that the interbuilding gap is
(𝑗𝑗)
can
large enough to prevent pounding. In this context, 𝑎𝑎max
be understood as a lower bound of safe interbuilding gap
between 𝐵𝐵 (𝑗𝑗) and 𝐵𝐵 (𝑗𝑗+1) .
The overall dynamical response of the uncontrolled multibuilding system can be described by the second-order
differential equation
where 𝑞𝑞(𝑡𝑡) ∈ ℝ
ments

𝑛𝑛

is the overall vector of story displace-

𝑞𝑞(𝑡𝑡) = �{𝑞𝑞 (1) (𝑡𝑡)}𝑇𝑇 , ⋯ , {𝑞𝑞 (𝑛𝑛𝑏𝑏) (𝑡𝑡)}𝑇𝑇 �

𝑇𝑇

(13)

𝑛𝑛 = 𝑛𝑛𝑏𝑏 × 𝑛𝑛𝑠𝑠 is the total number of degrees of freedom;
𝑀𝑀 ∈ ℝ𝑛𝑛×𝑛𝑛 , 𝐶𝐶𝑑𝑑 ∈ ℝ𝑛𝑛×𝑛𝑛 , 𝐾𝐾 ∈ ℝ𝑛𝑛×𝑛𝑛 are the overall mass,
damping and stiffness matrices, respectively; and
𝑇𝑇𝑤𝑤 ∈ ℝ𝑛𝑛×1 is the overall disturbance-input matrix. The
matrices 𝑀𝑀, 𝐶𝐶𝑑𝑑 and 𝐾𝐾 have the following block-diagonal
structure:
�
𝑀𝑀
𝑀𝑀 = � ⋱

�
𝑀𝑀

� , 𝐶𝐶𝑑𝑑 = �

𝐶𝐶̃𝑑𝑑

⋱

�
𝐾𝐾
� , 𝐾𝐾 = � ⋱ �
�
𝐶𝐶̃𝑑𝑑
𝐾𝐾

and 𝑇𝑇𝑤𝑤 can be written in the form

𝑇𝑇𝑤𝑤 = −𝑀𝑀[1]𝑛𝑛×1

(14)

(15)
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and 𝑟𝑟 (3) (𝑡𝑡), respectively, and the plots in Figs. 3(d) and
3(e) show the maximum values reached by the components
of the interbuilding-approaching vectors 𝑎𝑎 (1) (𝑡𝑡) and
𝑎𝑎(2) (𝑡𝑡), respectively. The plots in the upper Figs. 3(a)-3(c)
demonstrate the identical dynamical characteristics of the
buildings and indicate that a maximum interstory-drift
peak-value of about 5.3 cm is produced at the buildings’
second-story level. The plots in the lower Figs. 3(d)-3(e)
illustrate the null interbuilding-approaching peak-values
produced by the synchronized vibrational response of the
identical buildings.
Fig. 2 Full-scale North-South El Centro 1940 accelerogram
The overall vector of interstory drifts
𝑟𝑟(𝑡𝑡) = �{𝑟𝑟 (1) (𝑡𝑡)}𝑇𝑇 , ⋯ , {𝑟𝑟 (𝑛𝑛𝑏𝑏 ) (𝑡𝑡)}𝑇𝑇 �

𝑇𝑇

(16)

can be computed as

𝑟𝑟(𝑡𝑡) = 𝐶𝐶𝑟𝑟 𝑞𝑞(𝑡𝑡)

where the matrix 𝐶𝐶𝑟𝑟 ∈ ℝ
diagonal structure:

𝑛𝑛×𝑛𝑛

𝐶𝐶𝑟𝑟 = �

⋱

𝐶𝐶̃𝑟𝑟

(17)

has the following block-

𝐶𝐶̃𝑟𝑟

�

(18)

𝑎𝑎(𝑡𝑡) = �{𝑎𝑎(1) (𝑡𝑡)}𝑇𝑇 , ⋯ , {𝑎𝑎(𝑛𝑛𝑏𝑏 −1) (𝑡𝑡)}𝑇𝑇 �

𝑇𝑇

(19)

has dimension 𝑛𝑛𝑎𝑎 = (𝑛𝑛𝑏𝑏 − 1) 𝑛𝑛𝑠𝑠 and it can be computed
as
𝑎𝑎(𝑡𝑡) = 𝐶𝐶𝑎𝑎 𝑞𝑞(𝑡𝑡)

(20)

using the matrix 𝐶𝐶𝑎𝑎 ∈ ℝ𝑛𝑛𝑎𝑎×𝑛𝑛 with the following banddiagonal block structure:
⎤
⎥
⎥
− 𝐼𝐼𝑛𝑛𝑠𝑠 ⎦

𝑎𝑎(𝑡𝑡) = �{𝑎𝑎 (1) (𝑡𝑡)}𝑇𝑇 , {𝑎𝑎 (2) (𝑡𝑡)}𝑇𝑇 �
− 𝐼𝐼5
𝐼𝐼5

(24)

𝑛𝑛𝑢𝑢

where 𝑢𝑢(𝑡𝑡) ∈ ℝ is the vector of control actions, 𝑛𝑛𝑢𝑢 is
the overall number of actuation devices and 𝑇𝑇𝑢𝑢 ∈ ℝ𝑛𝑛×𝑛𝑛𝑢𝑢 is
the control-input matrix, which can be written in the
following form:

𝑇𝑇

(22)

[0]5×5
�
− 𝐼𝐼5

(23)

where [0]𝑚𝑚×𝑛𝑛 is a null matrix of dimensions 𝑚𝑚 × 𝑛𝑛. The
uncontrolled seismic response of this multibuilding system
corresponding to the building parameters presented in
Appendix B and the full-scale North-South El Centro 1940
ground acceleration seismic record (see Fig. 2) are
presented in Fig. 3, where the plots in Figs. 3(a), 3(b) and
3(c) display the maximum absolute values attained by the
components of the interstory-drift vectors 𝑟𝑟 (1) (𝑡𝑡), 𝑟𝑟 (2) (𝑡𝑡)

𝑇𝑇𝑢𝑢
𝑇𝑇𝑢𝑢 = � ⋮ �
(𝑛𝑛 )
𝑇𝑇𝑢𝑢 𝑏𝑏

(25)

where 𝑇𝑇𝑢𝑢 ∈ ℝ𝑛𝑛𝑠𝑠×𝑛𝑛𝑢𝑢 is a matrix that models the effect of
the overall actuation system on building 𝐵𝐵 (𝑗𝑗) . Thus, for
example, the unlinked one-sided actuation scheme of the
controlled three-building system in Fig. 4 includes four
interstory force-actuation devices implemented at the
bottom levels of building 𝐵𝐵 (1) . In this case, we have
𝑛𝑛𝑢𝑢 = 4 and the control-input matrix is
(𝑗𝑗)

(1)

with

has dimension 𝑛𝑛𝑎𝑎 = 10 and the corresponding matrix 𝐶𝐶𝑎𝑎
has the form
𝐼𝐼5
[0]5×5

𝑀𝑀𝑞𝑞̈ (𝑡𝑡) + 𝐶𝐶𝑑𝑑 𝑞𝑞̇ (𝑡𝑡) + 𝐾𝐾𝑞𝑞(𝑡𝑡) = 𝑇𝑇𝑢𝑢 𝑢𝑢(𝑡𝑡) + 𝑇𝑇𝑤𝑤 𝑤𝑤(𝑡𝑡)

(21)

where 𝐼𝐼𝑛𝑛 denotes an identity matrix of dimension 𝑛𝑛. For
the three-building system in Fig. 1, the overall vector of
interbuilding approachings

𝐶𝐶𝑎𝑎 = �

To describe the seismic response of controlled multibuilding systems, as those schematically depicted in Figs. 4,
5, 9 and 10, we consider the second-order differential
equation

(1)

and 𝐶𝐶̃𝑟𝑟 is the local interstory output-matrix defined in Eq.
(9). Finally, the overall vector of interbuilding approachings

𝐼𝐼𝑛𝑛 − 𝐼𝐼𝑛𝑛𝑠𝑠
⎡ 𝑠𝑠
𝐼𝐼𝑛𝑛𝑠𝑠 − 𝐼𝐼𝑛𝑛𝑠𝑠
𝐶𝐶𝑎𝑎 = ⎢
…
…
⎢
𝐼𝐼𝑛𝑛 𝑠𝑠
⎣

2.2 Controlled system

{𝑇𝑇𝑢𝑢 }I
{𝑇𝑇𝑢𝑢 }I = � [0]5×4 �
[0]5×4

1
⎡0
⎢
(1)
{𝑇𝑇𝑢𝑢 }I = ⎢0
⎢0
⎣0

−1
1
0
0
0

0
0
−1
0⎤
⎥
1 −1⎥
0
1⎥
0
0⎦

(26)

(27)

For the controlled system in Fig. 5, the actuation scheme
includes four interstory actuation devices implemented in
𝐵𝐵(1) plus two interbuilding actuators: 𝑑𝑑5 that links 𝐵𝐵 (1)
and 𝐵𝐵 (2) at the fourth story level, and 𝑑𝑑6 that links 𝐵𝐵 (2)
and 𝐵𝐵 (3) at the third story level. In this case, the overall
number of actuation devices is 𝑛𝑛𝑢𝑢 = 6 and the structure of
the control-input matrix is
(1)

⎡{𝑇𝑇𝑢𝑢 }II ⎤
{𝑇𝑇𝑢𝑢 }II = ⎢{𝑇𝑇𝑢𝑢(2) }II ⎥
⎢ (3) ⎥
⎣{𝑇𝑇𝑢𝑢 }II ⎦

(28)
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Fig. 3 Time response of the uncontrolled three-building system: (a) maximum absolute interstory-drift values of building 1,
(b) maximum absolute interstory-drift values of building 2, (c) maximum absolute interstory-drift values of building 3, (d)
maximum interbuilding approachings between buildings 1 and 2, (e) maximum interbuilding approachings between buildings
2 and 3. The full-scale North-South 1940 ground acceleration record has been used as seismic disturbance
with
⎡
⎢
(1)
{𝑇𝑇𝑢𝑢 }II = ⎢
⎢
⎣

⎡
⎢
(2)
{𝑇𝑇𝑢𝑢 }II = ⎢
⎢
⎣

⎡
⎢
(3)
{𝑇𝑇𝑢𝑢 }II = ⎢
⎢
⎣

1 −1
0
1
0
0
0
0
0
0

0
−1
1
0
0

0
0
−1
1
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
−1
0

0
0⎤
⎥
0⎥
0⎥
0⎦

0
0
0
0⎤
⎥
0 −1 ⎥
1
0⎥
0
0⎦
0
0
0
0
0

By considering the state vector

0
0⎤
⎥
1⎥
0⎥
0⎦

𝑞𝑞(𝑡𝑡)
𝑥𝑥(𝑡𝑡) = �
�
𝑞𝑞̇ (𝑡𝑡)

(29)

(30)

2𝑛𝑛×2𝑛𝑛

where the matrices 𝐴𝐴 ∈ ℝ
, 𝐵𝐵 ∈ ℝ
𝐸𝐸 ∈ ℝ2𝑛𝑛×1 have the following form:
𝐴𝐴 = �

[0]𝑛𝑛×𝑛𝑛
−𝑀𝑀−1 𝐾𝐾

𝐼𝐼 𝑛𝑛
�
−𝑀𝑀−1 𝐶𝐶𝑑𝑑

[0]𝑛𝑛×1
�
𝐸𝐸 = �
−[1]𝑛𝑛×1

(35)

The overall vector of interstory drifts can be computed from
the state vector in the form
𝑟𝑟(𝑡𝑡) = 𝐶𝐶̂𝑟𝑟 𝑥𝑥(𝑡𝑡)

(36)

𝐶𝐶̂𝑟𝑟 = [𝐶𝐶𝑟𝑟 [0]𝑛𝑛×𝑛𝑛 ]

(37)

𝑎𝑎(𝑡𝑡) = 𝐶𝐶̂𝑎𝑎 𝑥𝑥(𝑡𝑡)

(38)

𝐶𝐶̂𝑎𝑎 = �𝐶𝐶𝑎𝑎 [0]𝑛𝑛𝑎𝑎×𝑛𝑛 �

(39)

where 𝐶𝐶̂𝑟𝑟 ∈ ℝ𝑛𝑛×2𝑛𝑛 has the block structure

and 𝐶𝐶𝑟𝑟 is the matrix defined in Eq. (18). Analogously, the
overall vector of interbuilding approaches can be computed
in the form
(31)

(32)

where 𝐶𝐶̂𝑎𝑎 ∈ ℝ𝑛𝑛𝑎𝑎×2𝑛𝑛 has the block structure
and 𝐶𝐶𝑎𝑎 is the matrix defined in Eq. (21).
3. One-sided actuation schemes

we can obtain a first-order state-space model
𝑥𝑥̇ (𝑡𝑡) = 𝐴𝐴 𝑥𝑥(𝑡𝑡) + 𝐵𝐵 𝑢𝑢(𝑡𝑡) + 𝐸𝐸 𝑤𝑤(𝑡𝑡)

[0]𝑛𝑛×𝑛𝑛
𝐵𝐵 = � −1 𝑢𝑢 � ,
𝑀𝑀 𝑇𝑇𝑢𝑢

(33)
2𝑛𝑛×𝑛𝑛𝑢𝑢

and

(34)

In this section, we consider the actuation schemes AS1
and AS2 schematically depicted in Figs. 4 and 5,
respectively. These actuation schemes contain a set of ideal
force-actuation devices implemented at selected places of
the multibuilding structure. The actuation devices can be of
two different kinds: interstory actuators, which are
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In this case, we want to design a static output-feedback
controller
𝑢𝑢I (𝑡𝑡) = 𝐺𝐺I 𝐺𝐺I (𝑡𝑡)

(42)

𝐺𝐺I (𝑡𝑡) = [𝑟𝑟̇11 (𝑡𝑡), 𝑟𝑟̇21 (𝑡𝑡), 𝑟𝑟̇31 (𝑡𝑡), 𝑟𝑟̇41 (𝑡𝑡)]𝑇𝑇

(43)

𝐺𝐺I (𝑡𝑡) = {𝐶𝐶𝑦𝑦 }I 𝑥𝑥(𝑡𝑡)

(44)

{𝐶𝐶𝑦𝑦 }I = � [0]4×15 {𝑇𝑇𝑢𝑢 }𝑇𝑇I �

(45)

that computes the control actions from the feedback
information provided by the vector of measured outputs

which contains the interstory velocities corresponding to the
instrumented levels of 𝐵𝐵 (1) . Using the state vector 𝑥𝑥(𝑡𝑡) in
Eq. (32), 𝐺𝐺I (𝑡𝑡) can be written in the form
with the observed-output matrix

Fig. 4 Unlinked one-sided actuation scheme AS1.
Controlled multibuilding system with four interstory
actuators implemented in building 𝐵𝐵 (1) . Buildings
𝐵𝐵 (2) and 𝐵𝐵 (3) are non-instrumented unlinked buildings

implemented between consecutive stories of the same
building, and interbuilding actuators, which are allocated
between adjacent stories of neighboring buildings.
Buildings with no interstory actuators are considered noninstrumented, as the control system implementation could
be carried out with minor impact on these buildings.
Buildings that are not affected by interbuilding actuators are
called unlinked. Linked actuation schemes contain only
linked buildings; otherwise, the actuation scheme is
unlinked. The actuation schemes AS1 and AS2 comprise
one instrumented building and two non-instrumented
buildings. AS2 is a linked scheme and AS1 is unlinked.
As schematically indicated in the figures, the actuator
𝑑𝑑𝑖𝑖 produces a pair of opposite forces of magnitude |𝑢𝑢𝑖𝑖 (𝑡𝑡)|
on the associated stories. We also assume that each
actuation device incorporates a collocated sensor that
provides the relative velocity of the stories associated to the
actuator. For a given control configuration, we want to
design a static output-feedback controller of the form
𝑛𝑛𝑢𝑢

𝑢𝑢(𝑡𝑡) = 𝐺𝐺𝐺𝐺(𝑡𝑡)

(40)

where 𝑢𝑢(𝑡𝑡) ∈ ℝ
is the vector of control actions,
𝐺𝐺(𝑡𝑡) ∈ ℝ𝑛𝑛𝑢𝑢 is the vector of measured outputs and
𝐺𝐺 ∈ ℝ𝑛𝑛𝑢𝑢 ×𝑛𝑛𝑢𝑢 is a constant control gain matrix. The unlinked
actuation scheme AS1 includes four interstory forceactuation devices 𝑑𝑑𝑖𝑖 , 𝑖𝑖 = 1, … ,4 , implemented at the
lowest levels of the instrumented building 𝐵𝐵 (1) . The
seismic response of the controlled three-building system
with this actuation scheme can be described by the statespace model given in Eq. (33) with the control vector
𝑢𝑢I (𝑡𝑡) = [𝑢𝑢1 (𝑡𝑡), 𝑢𝑢2 (𝑡𝑡), 𝑢𝑢3 (𝑡𝑡), 𝑢𝑢4 (𝑡𝑡)]𝑇𝑇

(41)

and the control-input matrix {𝑇𝑇𝑢𝑢 }I given in Eqs. (26)-(27).

where {𝑇𝑇𝑢𝑢 }𝑇𝑇I is the transpose of the control-input matrix.
Assuming that the controller design objectives are mitigating the buildings vibrational response and reducing the risk
of pounding events by means of moderate control efforts,
we consider a controlled-output vector that includes the
overall interstory drifts, interbuilding approachings and
control efforts
𝛼𝛼𝑟𝑟 𝑟𝑟(𝑡𝑡)
𝑧𝑧(𝑡𝑡) = �𝛼𝛼𝑎𝑎 𝑎𝑎(𝑡𝑡)�
𝛼𝛼𝑢𝑢 𝑢𝑢(𝑡𝑡)

(46)

where 𝛼𝛼𝑟𝑟 , 𝛼𝛼𝑎𝑎 and 𝛼𝛼𝑢𝑢 are suitable scaling factors. Using
the matrices 𝐶𝐶̂𝑟𝑟 and 𝐶𝐶̂𝑎𝑎 defined in Eqs. (37) and (39),
respectively, the vector of controlled outputs can be written
in the form
𝑧𝑧(𝑡𝑡) = 𝐶𝐶𝑧𝑧 𝑥𝑥(𝑡𝑡) + 𝐷𝐷𝑧𝑧 𝑢𝑢(𝑡𝑡)

where

(47)

[0]3𝑛𝑛𝑠𝑠×𝑛𝑛𝑢𝑢
𝛼𝛼𝑟𝑟 𝐶𝐶̂𝑟𝑟
� , 𝐷𝐷𝑧𝑧 = �[0]2𝑛𝑛𝑠𝑠×𝑛𝑛𝑢𝑢 �
𝐶𝐶𝑧𝑧 = �𝛼𝛼𝑎𝑎 𝐶𝐶̂𝑎𝑎
𝛼𝛼𝑢𝑢 𝐼𝐼𝑛𝑛𝑢𝑢
[0]𝑛𝑛𝑢𝑢 ×2𝑛𝑛

(48)

To compute the gain matrix 𝐺𝐺I in Eq. (42), we apply the
LMI controller design procedure presented in Appendix A
with the system matrices 𝐴𝐴, 𝐵𝐵 and 𝐸𝐸 in Eqs. (34)-(35)
� , 𝐾𝐾
� and 𝐶𝐶̃𝑑𝑑
corresponding to the building matrices 𝑀𝑀
given in Appendix B and the control-input matrix {𝑇𝑇𝑢𝑢 }I ; the
observed-output matrix {𝐶𝐶𝑦𝑦 }I in Eq. (45); and the
controlled-output matrices 𝐶𝐶𝑧𝑧 and 𝐷𝐷𝑧𝑧 in Eq. (48) with
𝑛𝑛𝑢𝑢 = 4, 𝑛𝑛 = 15, 𝑛𝑛𝑠𝑠 = 5 and the scaling factors
𝛼𝛼𝑟𝑟 = 15,

𝛼𝛼𝑎𝑎 = 1,

𝛼𝛼𝑢𝑢 = 10−7.4

(49)

As a result, we obtain the control gain matrix
𝐺𝐺I =

106

−9.089
−6.582
×�
−4.990
−4.369

−7.639
−6.611
−4.284
−3.662

−4.833
−5.104
−4.235
−2.268

−0.844
−1.402
�
−2.550
−1.843

(50)

Next, we consider the linked one-sided actuation scheme
AS2 displayed in Fig. 5, which includes two additional
interbuilding actuators: 𝑑𝑑5 that links 𝐵𝐵 (1) and 𝐵𝐵 (2) at the
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Fig. 5 Linked one-sided actuation scheme AS2. Controlled
multibuilding system with four interstory actuators
implemented in building 𝐵𝐵 (1) and two linking
interbuilding actuators. Buildings 𝐵𝐵 (2) and 𝐵𝐵 (3) are noninstrumented linked buildings

fourth story level, and 𝑑𝑑6 that links 𝐵𝐵 (2) and 𝐵𝐵(3) at the
third story level. In this case, the overall control vector
𝑢𝑢II (𝑡𝑡) contains two new components 𝑢𝑢5 (𝑡𝑡) and 𝑢𝑢6 (𝑡𝑡) ,
which indicate the control actions corresponding to the
interbuilding actuators 𝑑𝑑5 and 𝑑𝑑6 , respectively. Analogously, the observed-output vector 𝐺𝐺II (𝑡𝑡) ∈ ℝ6 contains
the interstory velocities
𝐺𝐺𝑖𝑖 (𝑡𝑡) = 𝑟𝑟̇𝑖𝑖1 (𝑡𝑡),

𝑖𝑖 = 1, … ,4

(51)

plus the relative interbuilding velocities

𝐺𝐺5 (𝑡𝑡) = 𝑞𝑞̇ 42 (𝑡𝑡) − 𝑞𝑞̇ 41 (𝑡𝑡), 𝐺𝐺6 (𝑡𝑡) = 𝑞𝑞̇ 33 (𝑡𝑡) − 𝑞𝑞̇ 32 (𝑡𝑡)

(52)

{𝐶𝐶𝑦𝑦 }II = � [0]6×15 {𝑇𝑇𝑢𝑢 }𝑇𝑇II �

(53)

𝑢𝑢II (𝑡𝑡) = 𝐺𝐺II 𝐺𝐺II (𝑡𝑡)

(54)

The control-input matrix {𝑇𝑇𝑢𝑢 }II corresponding to this
actuation scheme has the form indicated in Eqs. (28)-(31),
and the observed-output matrix can be written as

By applying the LMI controller design procedure with the
same building parameters, the matrices {𝑇𝑇𝑢𝑢 }II and {𝐶𝐶𝑦𝑦 }II ,
and the controlled-output matrices 𝐶𝐶𝑧𝑧 and 𝐷𝐷𝑧𝑧 in Eq. (48)
with dimensions 𝑛𝑛𝑢𝑢 = 6, 𝑛𝑛 = 15, 𝑛𝑛𝑠𝑠 = 5 and the scaling
factors in Eq. (49), we obtain a static velocity-feedback
controller
with the control gain matrix presented in Fig. 6.
To illustrate the behavior of the proposed control
configurations, we have conducted a set of numerical
simulations using the full-scale North-South El Centro 1940
seismic record as ground acceleration disturbance. The
obtained results are presented in Fig. 7, where the dashed
green lines with asterisks display the response of the

unlinked actuation scheme AS1 with the velocity-feedback
controller 𝑢𝑢I (𝑡𝑡) = 𝐺𝐺I 𝐺𝐺I (𝑡𝑡), the solid red lines with squares
show the response of the linked actuation scheme AS2 with
the velocity-feedback controller 𝑢𝑢II (𝑡𝑡) = 𝐺𝐺II 𝐺𝐺II (𝑡𝑡), and the
solid black lines with triangles present the uncontrolled
response. The control-effort peak-values corresponding to
the different actuation devices are displayed in Fig. 8, where
the plain green bars represent the unlinked actuation scheme
AS1 and the red bars with dashed pattern correspond to the
linked actuation scheme AS2.
Looking at the upper plots in Figs. 7(a) -7(c), it can be
appreciated that the unlinked actuation scheme AS1
provides a significant reduction of the interstory-drift peakvalues in the instrumented building 𝐵𝐵 (1) but it is totally
ineffective on the non-instrumented buildings 𝐵𝐵 (2) and
𝐵𝐵 (3) . Moreover, the plots in Fig. 7(d) clearly indicate that
the actuation scheme AS1 can have a detrimental effect on
the interbuilding pounding by producing interbuilding
approaches of more than 16 cm between buildings 𝐵𝐵 (1)
and 𝐵𝐵 (2) . Looking at the plots corresponding to the
actuation scheme AS2, it can be appreciated that this linked
configuration provides a relevant reduction of the
interstory-drift peak-values in all the buildings, with
maximum interbuilding approachings that are small
between buildings 𝐵𝐵 (1) and 𝐵𝐵(2) (less than 2 cm) and
moderate between buildings 𝐵𝐵 (2) and 𝐵𝐵 (3) (less than
5 cm). The overall performance of the actuation scheme
AS1 is clearly unsatisfactory as it produces only a partial
reduction of the vibrational response and increases the
pounding risk. In contrast, the linked control configuration
AS2 provides an overall mitigation of the buildings
vibrational response with a reduced risk of pounding.
However, it should be noted that the overall vibration
control of the multibuilding system attained by the linked
configuration AS2 produces also a remarkable increase of
the control-effort peak-values, which can be clearly
appreciated in Fig. 8.
Remark 1. The proposed velocity-feedback controllers
can operate with the partial state information provided by
the system of collocated sensors. However, these controllers
are centralized, in the sense that the complete observedoutput vector is required to compute the control actions. For
a linked actuation scheme, this fact implies that a wide
communication system covering the overall multibuilding
structure will be required to implement the control system.
Remark 2. Looking at the solid black lines with triangles
in Figs. 7(d)-7(e), it can be observed that the interbuilding
approaches produced by the uncontrolled system are null.
This fact is the result of the synchronized dynamical
response of the idealized multibuilding model and implies
that the pounding risk in the free response is null. In this
sense, the action of the control system defined by the linked
configuration AS2 can produce an increment of the
pounding risk. The data obtained in the numerical
simulations indicate that the interbuilding approachings
produced by the actuation scheme AS2 are all inferior to
5 cm. This means that, for the considered seismic excitation,
no pounding events would have been taken place in this
case with an interbuilding separation gap of 5 cm.
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−1.463
⎡−1.188
⎢
−1.016
𝐺𝐺II = 106 × ⎢
⎢−0.809
⎢−0.587
⎣−0.095

Fig. 6

−1.220
−1.180
−0.960
−0.774
−0.594
−0.104

−0.807
−0.927
−0.943
−0.728
−0.596
−0.117

−0.388
−0.531
−0.697
−0.722
−0.569
−0.116

−0.026
−0.094
−0.206
−0.409
−0.633
−0.073

−0.098
−0.073⎤
⎥
−0.023⎥
0.020⎥
−0.012⎥
−0.388⎦

Gain matrix for the static output-feedback controller 𝑢𝑢II (𝑡𝑡) = 𝐺𝐺II 𝐺𝐺II (𝑡𝑡)

Fig. 7 Time response of the controlled three-building system corresponding to the unlinked actuation scheme AS1 with
the control matrix 𝐺𝐺I (dashed green line with asterisks) and the linked actuation scheme AS2 with the control matrix 𝐺𝐺II
(solid red line with squares): (a) maximum absolute interstory-drift values of building 1, (b) maximum absolute
interstory-drift values of building 2, (c) maximum absolute interstory-drift values of building 3, (d) maximum
interbuilding approachings between buildings 1 and 2, (e) maximum interbuilding approachings between buildings 2 and
3. The solid black line with triangles corresponds to the uncontrolled system
4. Two-sided actuation schemes
In this section, we consider the actuation schemes AS3
and AS4 schematically depicted in Figs. 9 and 10,
respectively. The unlinked scheme AS3 contains six
interstory actuators implemented in the first three storylevels of the external buildings 𝐵𝐵 (1) and 𝐵𝐵 (3) . The controlinput matrix for this actuation scheme has the form
(1)

{𝑇𝑇𝑢𝑢 }III
{𝑇𝑇𝑢𝑢 }III = � [0]5×6 �

(55)

(3)

1
⎡0
⎢
(1)
{𝑇𝑇𝑢𝑢 }III = ⎢0
⎢0
⎣0

−1
1
0
0
0

0
−1
1
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0⎤
⎥
0⎥
0⎥
0⎦

1
0
0
0
0

−1
1
0
0
0

0
−1⎤
⎥
1⎥
0⎥
0⎦

(57)

The observed-output vector 𝐺𝐺III (𝑡𝑡) ∈ ℝ6 that contains the
interstory velocities provided by the collocated sensors has
the following components:
𝐺𝐺 (𝑡𝑡) = 𝑟𝑟̇𝑖𝑖1 (𝑡𝑡),
� 𝑖𝑖
3
𝐺𝐺𝑖𝑖 (𝑡𝑡) = 𝑟𝑟̇𝑖𝑖−3
(𝑡𝑡),

and can be computed as

{𝑇𝑇𝑢𝑢 }III

with

0
⎡0
⎢
(3)
{𝑇𝑇𝑢𝑢 }III = ⎢0
⎢0
⎣0

𝑖𝑖 = 1, 2, 3
𝑖𝑖 = 4, 5, 6

(58)

𝐺𝐺III (𝑡𝑡) = {𝐶𝐶𝑦𝑦 }III 𝑥𝑥(𝑡𝑡)

(59)

{𝐶𝐶𝑦𝑦 }III = � [0]6×15 {𝑇𝑇𝑢𝑢 }𝑇𝑇III �

(60)

with the observed-output matrix
(56)

Considering the controlled-output matrices 𝐶𝐶𝑧𝑧 and 𝐷𝐷𝑧𝑧 in
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Fig. 8 Control-effort peak-values (MN) corresponding to
the unlinked actuation scheme AS1 with the control matrix
𝐺𝐺I (plain green bars) and the linked actuation scheme AS2
with the control matrix 𝐺𝐺II (red bars with dashed pattern)

Eq. (48) with proper dimensions and the scaling factors
given in Eq. (49), and following the same controller design
procedure used in the previous section, we obtain a
velocity-feedback controller
𝑢𝑢III (𝑡𝑡) = 𝐺𝐺III 𝐺𝐺III (𝑡𝑡)

(61)

for the actuation scheme AS3 with the control gain matrix
𝐺𝐺III presented in Fig. 11. The linked actuation scheme AS4
includes two additional interbuilding actuators that link the
buildings at the four-story level. The corresponding controlinput matrix has the form

Fig. 9 Unlinked actuation scheme AS3. Controlled multibuilding system with three interstory actuators implemented
in buildings 𝐵𝐵 (1) and 𝐵𝐵 (3) . The building 𝐵𝐵 (2) is a noninstrumented unlinked building

(1)

⎡{𝑇𝑇𝑢𝑢 }IV ⎤
{𝑇𝑇𝑢𝑢 }IV = ⎢{𝑇𝑇𝑢𝑢(2) }IV ⎥
⎢ (3) ⎥
⎣{𝑇𝑇𝑢𝑢 }IV ⎦

with
1
⎡0
⎢
(1)
{𝑇𝑇𝑢𝑢 }IV = ⎢0
⎢0
⎣0

0
⎡0
⎢
(2)
{𝑇𝑇𝑢𝑢 }IV = ⎢ 0
⎢0
⎣0

(3)
{𝑇𝑇𝑢𝑢 }IV

⎡
⎢
=⎢
⎢
⎣

0
0
0
0
0

(62)

−1
1
0
0
0

0
−1
1
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
−1
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
1
0

0
0
0
0
0

0
0
0
0
0

1
0
0
0
0

−1
1
0
0
0

0
−1
1
0
0

0
0
0
0
0

0
0⎤
⎥
0⎥ (63)
0⎥
0⎦

0
0⎤
⎥
0⎥ (64)
−1⎥
0⎦

8

0
0⎤
⎥
0⎥ (65)
1⎥
0⎦

and the observed-output vector 𝐺𝐺IV (𝑡𝑡) ∈ ℝ contains the
six initial components indicated in Eq. (58) plus the interbuilding velocities
𝐺𝐺7 (𝑡𝑡) = 𝑞𝑞̇ 42 (𝑡𝑡) − 𝑞𝑞̇ 41 (𝑡𝑡), 𝐺𝐺8 (𝑡𝑡) = 𝑞𝑞̇ 43 (𝑡𝑡) − 𝑞𝑞̇ 42 (𝑡𝑡)

(66)

For the actuation scheme AS4, following the same control

Fig. 10 Linked actuation scheme AS4. Controlled multibuilding system with three interstory actuators
implemented in the lateral buildings 𝐵𝐵 (1) and 𝐵𝐵 (3) and
two linking interbuilding actuators
design procedure used in the previous cases, we obtain a
velocity-feedback controller
𝑢𝑢IV (𝑡𝑡) = 𝐺𝐺IV 𝐺𝐺IV (𝑡𝑡)

(67)

with the gain matrix 𝐺𝐺IV displayed in Fig. 11. Additionally,
we take advantage of the possibility of setting sparsity
patterns on the optimization matrices provided by the LMI
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−7.174
⎡−4.406
⎢
−2.139
𝐺𝐺III = 106 × ⎢
⎢−0.658
⎢−0.649
⎣−0.864

Fig. 11

−5.459
−4.489
−1.082
−0.466
−0.431
−0.531

−3.054
−3.537
−2.272
0.234
0.039
−0.168

−0.710
−0.602
−0.888
−7.181
−4.404
−2.140

−0.405
−0.394
−0.590
−5.472
−4.493
−1.083

0.187
−0.019⎤
⎥
−0.185⎥
−3.056⎥
−3.539⎥
−2.275⎦

−1.061 −0.863 −0.425 −0.334 −0.278 −0.106
0.362
0.190
⎡−0.618 −0.681 −0.486 −0.206 −0.192 −0.148
0.316
0.176⎤
⎢
⎥
−0.312 −0.278 −0.324 −0.071 −0.052 −0.061
0.211
0.171
⎢
⎥
−0.353 −0.260 −0.069 −1.058 −0.852 −0.404 −0.175 −0.367⎥
𝐺𝐺IV = 107 × ⎢
⎢−0.185 −0.166 −0.118 −0.609 −0.668 −0.470 −0.176 −0.312⎥
⎢−0.042 −0.026 −0.044 −0.307 −0.270 −0.316 −0.158 −0.202⎥
⎢−0.185 −0.190 −0.184
0.099
0.057 −0.001 −0.265
0.002⎥
⎣−0.109 −0.067 −0.016
0.176
0.176
0.166
0.000 −0.265⎦
Gain matrices for the static output-feedback controllers 𝑢𝑢III (𝑡𝑡) = 𝐺𝐺III 𝐺𝐺III (𝑡𝑡) and 𝑢𝑢IV (𝑡𝑡) = 𝐺𝐺IV 𝐺𝐺IV (𝑡𝑡)

solvers and, by constraining the matrices 𝑋𝑋𝑅𝑅 and 𝑌𝑌𝑅𝑅 to
diagonal form in the LMI optimization problem 𝒫𝒫2 given in
Eq. (73), we obtain for AS4 a fully-decentralized velocityfeedback controller
𝑢𝑢�IV (𝑡𝑡) = 𝐺𝐺�IV 𝐺𝐺IV (𝑡𝑡)

(68)

with a diagonal control gain matrix 𝐺𝐺�IV . As indicated in
Palacios-Quiñonero et al. (2012a), if all the diagonal
elements [𝐺𝐺�IV ]𝑖𝑖,𝑖𝑖 are negative then the fully-decentralized
velocity-feedback controller in Eq. (68) admits a passive
implementation by means of viscous dampers with damping
constants
𝑐𝑐𝑖𝑖 = − [𝐺𝐺�IV ]𝑖𝑖,𝑖𝑖 ,

𝑖𝑖 = 1, … , 8

(69)

The particular values of the damping constants that we have
obtained following this approach are collected in Table 1.
As in the previous section, we have conducted a proper
set of numerical simulations to illustrate the behavior of the
actuation schemes AS3 and AS4, using also the full-scale
North-South El Centro 1940 seismic record as ground
acceleration disturbance. The obtained results are presented
in Fig. 12, where the dashed green lines with asterisks show
the response of the unlinked actuation scheme AS3 with the
velocity-feedback controller 𝑢𝑢III (𝑡𝑡) = 𝐺𝐺III 𝐺𝐺III (𝑡𝑡), the solid
red lines with squares present the response of the linked
actuation scheme AS4 with the velocity-feedback controller
𝑢𝑢IV (𝑡𝑡) = 𝐺𝐺IV 𝐺𝐺IV (𝑡𝑡), the dash-dotted blue lines with circles
display the response of the linked actuation scheme AS4
with the fully-decentralized velocity-feedback controller
𝑢𝑢�IV (𝑡𝑡) = 𝐺𝐺�IV 𝐺𝐺IV (𝑡𝑡) and the solid black lines with triangles
present the uncontrolled response. The corresponding
control-effort peak-values are displayed in Fig. 13 using
plain green bars for the unlinked actuation scheme AS3, red
bars with dashed pattern for the linked actuation scheme
AS4 with the full control matrix 𝐺𝐺IV , and blue bars with
crossed pattern for the linked actuation scheme AS4 with
the diagonal control matrix 𝐺𝐺�IV .
The plots in Figs. 12(a)-12(c) show that the actuation
scheme AS3 attains a significant reduction of the interstorydrift peak-values in the instrumented buildings 𝐵𝐵 (1) and
𝐵𝐵 (3) , but this unlinked control configuration has null effect

Table 1 Damping coefficients 𝑐𝑐𝑖𝑖 = − [𝐺𝐺�IV ]𝑖𝑖,𝑖𝑖 defined by the
diagonal control gain matrix 𝐺𝐺�IV (× 107 Ns/m)
Building 1

Building 3

Links

𝑐𝑐1 = 3.545

𝑐𝑐4 = 3.542

𝑐𝑐7 = 0.218

𝑐𝑐2 = 2.124
𝑐𝑐3 = 0.766

𝑐𝑐5 = 2.123
𝑐𝑐6 = 0.764

𝑐𝑐8 = 0.219

on the interstory drifts of the non-instrumented building
𝐵𝐵 (2) . Moreover, the plots in Figs. 12(d)-12(e) indicate that
the unlinked actuation scheme AS3 has a clear detrimental
effect on the pounding risk by producing large values of the
maximum interbuilding approachings, which are superior to
16 cm between the buildings 𝐵𝐵 (1) and 𝐵𝐵 (2) and larger
than 18 cm between the buildings 𝐵𝐵 (2) and 𝐵𝐵 (3) . In
contrast, the control configurations with the linked actuation
scheme AS4 are able to achieve a good level of reduction in
the interstory-drift peak-values of all the buildings with
maximum interbuilding approachings inferior to 4 cm.
Additionally, looking at the plots in Fig. 13, it can be
appreciated that the positive results of the linked control
configurations are attained with a moderate increase of the
control-effort peak-values. It should also be highlighted the
good behavior of the decentralized velocity-feedback
controller defined by the diagonal control matrix 𝐺𝐺�IV ,
which attains a level of performance similar to that obtained
by the velocity-feedback controller defined by the full
matrix 𝐺𝐺IV and can be implemented by a system of viscous
dampers with the damping coefficients indicated in Table 1.

Remark 3. The 𝐻𝐻∞ system norm (see Eq. (80)) of the
velocity-feedback controllers defined by 𝐺𝐺IV and 𝐺𝐺�IV are
𝛾𝛾𝐺𝐺IV = 1.1096 and 𝛾𝛾𝐺𝐺�IV = 1.1107, respectively. This fact
indicates that, compared with the non-structured centralized
controller, the obtained passive control system is practically
optimal.

Remark 4. The LMI control design procedure used in
this paper can present feasibility issues for some particular
actuation schemes. Consequently, a more robust computational procedure will be necessary for a complete exploration of all possible actuation schemes.
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Fig. 12 Time response of the controlled three-building system corresponding to the unlinked actuation scheme AS3 with the
control matrix 𝐺𝐺III (dashed green line with asterisks), the linked actuation scheme AS4 with the full control matrix 𝐺𝐺IV (solid
red line with squares), and the linked actuation scheme AS4 with the diagonal control matrix 𝐺𝐺�IV (dash-dotted blue line with
circles): (a) maximum absolute interstory-drift values of building 1, (b) maximum absolute interstory-drift values of building
2, (c) maximum absolute interstory-drift values of building 3, (d) maximum interbuilding approachings between buildings 1
and 2, (e) maximum interbuilding approachings between buildings 2 and 3. The solid black line with triangles corresponds to
the uncontrolled system
Remark 5. All the computations in this paper have been
carried out using Matlab© R2017b. Specifically, the LMI
optimization problems have been solved with the function
mincx included in the Robust Control ToolboxTM.

5. Conclusions and future directions
In this paper, we have investigated the design of
vibration control strategies for the seismic protection of
multibuilding systems formed by a row of closely adjacent
identical buildings. The proposed approach considers
multiactuation schemes that combine interstory actuators
implemented at different levels of the buildings and
interbuilding linking actuation devices. The objective of the
considered control systems is to mitigate the negative
seismic effects on the overall multibuilding system,
including both the reduction of the vibrational response of
the individual buildings and the avoidance of interbuilding
collisions (pounding). Particular attention has been paid to
three relevant aspects: (i) the behavior of incomplete
actuation schemes that include non-instrumented buildings,
(ii) the effect of unlinked actuation schemes that contain
adjacent buildings with no interbuilding actuation links, and
(iii) the advantages provided by properly linked actuation

Fig. 13 Control-effort peak-values (MN) corresponding to
the unlinked actuation scheme AS3 with the control matrix
𝐺𝐺 (plain green bars), the linked actuation scheme AS4 with
the full control matrix 𝐺𝐺IV (red bars with dashed pattern),
and the linked actuation scheme AS4 with the diagonal
control matrix 𝐺𝐺�IV (blue bars with crossed pattern)
III

schemes. The main ideas have been presented by means of
a system of three adjacent five-story identical buildings, for
which several linked and unlinked control configurations
have been designed following an advanced static outputfeedback 𝐻𝐻∞ controller design methodology. A passive
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control system with high-performance characteristics has
also been designed by computing a fully-decentralized
velocity-feedback controller. To demonstrate the response
of the different control configurations, a proper set of
numerical simulations has been conducted using the fullscale North-South El Centro 1940 seismic record as ground
acceleration input. After considering the behavior of the
different control configurations, the following points can be
highlighted: (i) Linked actuation schemes with properly
distributed interbuilding actuators can mitigate the
vibrational response of both instrumented and noninstrumented buildings while maintaining reduced levels of
pounding risk. (ii) Actuation schemes with unlinked nonactuated buildings can produce a significant increase of the
pounding risk and are ineffective in reducing the vibrational
response of the unlinked non-instrumented buildings. (iii) A
well-balanced control action with moderate actuation-force
peak-values can be obtained with a reduced set of properly
distributed actuators. (iv) A remarkable performance level
can be attained with passive actuation devices. Due to the
simplicity and robustness of passive control systems, this
can be a fact of singular relevance. (v) Decentralized
control strategies with severe feedback information
constraints should be considered for an effective
implementation of the widely distributed actuation system.
(vi) Even for a moderate number of medium-size buildings,
the overall dimension of the multibuilding system can
become very large and, consequently, the computational
cost can be a serious issue in designing effective controllers
for a given actuation scheme. (vii) Using actuation schemes
with a reduced system of interstory and interbuilding
actuators leads to consider a huge variety of possible
control configurations.
In summary, the observed results indicate that hybrid
interstory-interbuilding actuation schemes can be used to
design effective vibration control systems for adjacent
buildings with similar dynamic characteristics. After the
insightful perspectives provided by the three-building setup
considered in this paper, a natural next step is extending the
study to systems with a larger number of buildings. To carry
out this research extension in a meaningful way, two main
problems need to be addressed: (i) finding computationally
effective controller-design strategies for large-dimension
distributed actuation systems, and (ii) obtaining effective
procedures for determining optimal actuation schemes. The
latter is a particularly interesting and challenging problem
that includes both finding optimal combinations of actuated
and non-actuated buildings and obtaining optimal configurations of the distributed interstory-interbuilding actuation
schemes. Finally, it should be observed that actual
implementation of the proposed vibration control strategy
will require 3D analyses and more accurate numerical
simulations, including the effects of nonlinear elements,
pounding events and soil-structure interactions.

Appendix A. LMI controller design procedure

Acknowledgments

with an asymptotically stable closed-loop matrix

This work was partially supported by the Spanish
Ministry of Economy and Competitiveness under Grant
DPI2015-64170-R/FEDER.

In this appendix, we summarize the computational
procedure used in the design of the static output-feedback
𝐻𝐻∞ controllers presented in sections 3 and 4. A more
detailed discussion can be found in Rubió-Massegú et al.
(2013) and Palacios-Quiñonero et al. (2014, 2016). Let us
consider the state-space linear model
𝑥𝑥̇ (𝑡𝑡) = 𝐴𝐴 𝑥𝑥(𝑡𝑡) + 𝐵𝐵 𝑢𝑢(𝑡𝑡) + 𝐸𝐸 𝑤𝑤(𝑡𝑡)
�𝑧𝑧(𝑡𝑡) = 𝐶𝐶𝑧𝑧 𝑥𝑥(𝑡𝑡) + 𝐷𝐷𝑧𝑧 𝑢𝑢(𝑡𝑡)
𝐺𝐺(𝑡𝑡) = 𝐶𝐶𝑦𝑦 𝑥𝑥(𝑡𝑡)

(70)

where 𝑥𝑥(𝑡𝑡) is the state, 𝑢𝑢(𝑡𝑡) is the control action, 𝑤𝑤(𝑡𝑡)
is the external disturbance, 𝑧𝑧(𝑡𝑡) is the controlled output,
and 𝐺𝐺(𝑡𝑡) is the observed output. A static output-feedback
𝐻𝐻∞ controller of the form
𝑢𝑢(𝑡𝑡) = 𝐺𝐺𝐺𝐺(𝑡𝑡)

(71)

can be computed by solving the Linear Matrix Inequality
(LMI) optimization problems 𝒫𝒫1 and 𝒫𝒫2 defined below.
maximize 𝜂𝜂1
s.t. 𝑋𝑋 > 0, 𝜂𝜂1 > 0,
𝒫𝒫1 : �
sym(𝐴𝐴𝑋𝑋 + 𝐵𝐵𝑌𝑌) + 𝜂𝜂1 𝐸𝐸𝐸𝐸 𝑇𝑇
�
𝐶𝐶𝑧𝑧 𝑋𝑋 + 𝐷𝐷𝑧𝑧 𝑌𝑌

∗
�<0
−𝐼𝐼

(72)

where 𝑋𝑋 and 𝑌𝑌 are the optimization variables, sym(𝑀𝑀)
denotes the matrix 𝑀𝑀 + 𝑀𝑀𝑇𝑇 and ∗ represents the
transpose of the symmetric entry.
maximize 𝜂𝜂2
⎧s.t. 𝑋𝑋 > 0, 𝑋𝑋 > 0, 𝜂𝜂 > 0,
𝑄𝑄
𝑅𝑅
2
𝒫𝒫2 :
𝑇𝑇
∗
⎨ �𝛯𝛯1 + 𝜂𝜂2 𝐸𝐸𝐸𝐸
�<0
⎩
𝛯𝛯2
−𝐼𝐼

where 𝛯𝛯1 and 𝛯𝛯2 have the following form:

𝛯𝛯1 = sym(𝐴𝐴𝐴𝐴𝑋𝑋𝑄𝑄 𝐴𝐴𝑇𝑇 + 𝐴𝐴𝐴𝐴𝑋𝑋𝑅𝑅 𝐴𝐴𝑇𝑇 + 𝐵𝐵𝑌𝑌𝑅𝑅 𝐴𝐴𝑇𝑇 )
𝛯𝛯2 = 𝐶𝐶𝑧𝑧 𝐴𝐴𝑋𝑋𝑄𝑄 𝐴𝐴𝑇𝑇 + 𝐶𝐶𝑧𝑧 𝐴𝐴𝑋𝑋𝑅𝑅 𝐴𝐴𝑇𝑇 + 𝐷𝐷𝑧𝑧 𝑌𝑌𝑅𝑅 𝐴𝐴𝑇𝑇

(73)

(74)

𝑋𝑋𝑄𝑄 , 𝑋𝑋𝑅𝑅 and 𝑌𝑌𝑅𝑅 are the optimization variables; 𝐴𝐴 is a
matrix whose columns contain a basis of Ker(𝐶𝐶𝑦𝑦 ); and the
matrix 𝐴𝐴 has the form
𝐴𝐴 = 𝐶𝐶𝑦𝑦† + 𝐴𝐴𝐴𝐴 † 𝑋𝑋�𝐶𝐶𝑦𝑦𝑇𝑇 (𝐶𝐶𝑦𝑦 𝑋𝑋�𝐶𝐶𝑦𝑦𝑇𝑇 )−1

(75)

𝐺𝐺� = 𝑌𝑌�𝑅𝑅 (𝑋𝑋�𝑅𝑅 )−1

(76)

where 𝐶𝐶𝑦𝑦† =𝐶𝐶𝑦𝑦𝑇𝑇 (𝐶𝐶𝑦𝑦 𝐶𝐶𝑦𝑦𝑇𝑇 )−1 , 𝐴𝐴† =(𝐴𝐴𝑇𝑇 𝐴𝐴)−1 𝐴𝐴𝑇𝑇 and 𝑋𝑋� is the
optimal 𝑋𝑋-matrix of the optimization problem 𝒫𝒫1 . If an
optimal value 𝜂𝜂�2 is attained in the optimization problem
𝒫𝒫2 for the matrices 𝑋𝑋�𝑄𝑄 , 𝑋𝑋�𝑅𝑅 and 𝑌𝑌�𝑅𝑅 , then the output gain
matrix
defines a static output-feedback controller
𝑢𝑢(𝑡𝑡) = 𝐺𝐺� 𝐺𝐺(𝑡𝑡)

and the 𝛾𝛾-value

𝐴𝐴𝐺𝐺� = 𝐴𝐴 + 𝐵𝐵𝐺𝐺� 𝐶𝐶𝑦𝑦

(77)

(78)
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𝛾𝛾� = (𝜂𝜂�2 )−1/2

(79)

provides an upper bound of the closed-loop system 𝐻𝐻∞
norm, that is:
‖𝑧𝑧(𝑡𝑡)‖2
≤ 𝛾𝛾�
‖𝑤𝑤‖2 ≠0 ‖𝑤𝑤(𝑡𝑡)‖2

𝛾𝛾𝐺𝐺� = sup

(80)

Appendix B. Building parameters

In this appendix, we collect the particular values of the
� ( × 108 N/m) and 𝐶𝐶̃𝑑𝑑
� ( × 105 kg), 𝐾𝐾
building matrices 𝑀𝑀
5
(× 10 Ns/m) that have been used to compute the different
control matrices and numerical simulations discussed in the
paper.
2.152
⎡ 0
� = ⎢⎢ 0
𝑀𝑀
⎢ 0
⎣ 0

2.60
⎡−1.13
� = ⎢⎢ 0
𝐾𝐾
⎢ 0
⎣ 0

2.602
⎡−0.924
⎢
𝐶𝐶̃𝑑𝑑 = ⎢ 0
⎢ 0
⎣ 0

0
2.092
0
0
0

0
0
2.070
0
0

0
0
0
2.048
0

−1.13
2.12
−0.99
0
0

0
−0.99
1.88
−0.89
0

0
0
−0.89
1.73
−0.84

−0.924
2.196
−0.810
0
0

0
−0.810
1.995
−0.728
0

0
0 ⎤
⎥
0 ⎥
0 ⎥
2.661⎦

0
0 ⎤
⎥
0 ⎥
−0.84⎥
0.84⎦

0
0
0
0 ⎤
⎥
−0.728
0 ⎥
1.867 −0.687⎥
−0.687
1.274⎦

The values of the mass and stiffness coefficients have been
taken from the five-story building presented in Kurata et al.
(1999). The building damping matrix 𝐶𝐶̃𝑑𝑑 has been
computed as a Rayleigh damping matrix with 2% of relative
damping in the first and fifth modes (Chopra 2017).
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