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Abstract. A fatigue constitutive model valid for the composite constituent will be presented in this paper. 
The composite behaviour will be obtained by means of the serial/parallel mixing theory that is also used as 
a constitutive equation manager. The constitutive formulation is coupled with a load advancing strategy in 
order to reduce the computational cost of the numerical simulations. Validation of the constitutive 
formulation is done on pultruded glass fiber reinforced polymer profiles. Special emphasis is made on the 
comparison between the experimental and the numerical failure mode. 
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1. INTRODUCTION 

The need to apply continuum damage mechanics-based models to composite materials has been widely 
recognized.  Efforts to conduct fatigue analysis of large structures have been hindered by excess 
computational time and the inability to separate differences in constitutive behaviour exhibited by each 
constituent of the composite. Historically, only micromechanical models have been able to treat the 
constituent separately. Thus, handling component material failure at a large-scale structural level was nearly 
impossible. 

In general, the lack of understanding regarding composite structural fatigue is a significant setback for 
many industries.  Fatigue failures represent the greatest uncertainty with regard to the long term service 
lifetime of the major structural components of a wind turbine [1].  

The failure mode that will be addressed in this paper is the life prediction of composites when they are 
subjected to cyclic loads. The effect of fatigue in composites is a controverted issue due to the fact that 
fatigue is a concept traditionally associated to the crystalline structure.  

From a phenomenological point of view, if we understand fatigue as damage accumulation due to an 
increase in the number of loading cycles, the concept can be extended to composite materials.  

There are three commonly used approaches when assessing life duration for a composite material [2]: 
• Strength reduction models 
• Stiffness reduction models 
• Effective damage models 
Assuming that the strains and stresses at constituent level can be determined either by a micromodel or 

by simplifying theories (among which mixing theory can be considered), strength reduction models require 
a large number of experimental failure tests. Even so, they are traditionally the most commonly used 
methods [2]. 
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Stiffness reduction models have the advantage that, although a large number of experimental data is still 
needed, the testing can be done without fracturing the samples. 

Effective damage models are developed starting from the early work of Kachanov [3] under the CDM 
framework for ductile damage. 

In  a  composite material,  fatigue  damage  can  take the  form  of  any  or  all  of  the  following: 
delamination,  matrix  cracking, matrix  crazing,  fiber/matrix  debonding  and  void growth [2]. 

There are numerous studies, most of them experimental, that address this problem showing that the life 
prediction varies depending on the composite constituents (there is a difference between using glass or 
carbon fibers [4]); as well as it also varies depending on the composite configuration, such as fiber 
orientation [4] or in case of ply-drops [5]. This variability proves that the life prediction of composites 
subjected to cyclic loads cannot be addressed just with an S/N curve but it requires a detailed simulation 
capable to take into account all dependencies. 

To meet the needs of composite structural evaluation, an effective solution to accurately model 
composite fatigue should [6]: 

• Consider fatigue damage to a particular constituent material within the composite, not damage to 
the homogenized composite. 

• Require a minimal input data set for characterization of fatigue behaviour. 
• Apply to multiple types of loading and load histories. 
• Apply to any composite laminate layup. 
Early studies in predicting composite fatigue such as Hashin et al. [7] relied on macroscopic composite 

strengths. This approach requires a minimal data set, but satisfies none of the other requirements.  
Microstructural modelling of a composite can yield high-fidelity constituent stresses and strains but is 

too computationally intensive for large-scale structural analyses. The different micromechanical damage 
modes that appear in composites after fatigue loading are considered in this approach. A first attempt 
considering dominant crack propagation has been presented by Halpin [8]. Reifsnider [9]-[13] developed a 
model based on critical and subcritical elements in the laminate, investigated by researchers like Song and 
Otani [14], trying to correlate critical strengths of the composite with various microdamage mechanisms, 
while the Charewicz and Daniel [15] approach in predicting residual strength uses an unidentified damage 
function. An interesting experimental study suggesting a possible correlation of damage mechanisms with 
load sequence effects and their impact on lifetime prediction was developed by Gamstedt and Sjögren [16]. 

The microstructural models claim to offer a long-term promise and to be applicable to a wide variety of 
materials, lay-ups and loadings with a minimal amount of experimentally obtained input. At present 
however, they are either in their infancy or have been applied to simple fatigue loading or else include 
micromechanical parameters, which are difficult to obtain in structural engineering reality [17]. 

More complex macroscopic approaches, such as calculating residual strength or residual stiffness, have 
also been used, but they require much more experimental data and still apply only to a particular laminate. 
The results suggest that some of the models are able to describe in several cases the phenomenon of strength 
degradation, while others fail to provide consistently a good prediction of this behaviour, i.e. for the various 
tested life fractions of the coupons under different loading conditions and for all the laminate cases studied. 
For instance, the linear strength degradation model of Broutman and Sahu [18], modified to account for 
material non-linear degradation behaviour by introducing an additional parameter as shown in [17] and the 
deterministic model by Harris and co-workers [19], also enhanced with statistical features models, in most 
cases predict satisfactorily the residual strength of the materials considered. However, they require a 
considerable experimental effort for implementation and do not consistently produce safe predictions. From 
the point of view of the designer, the approach of the linear model of Broutman and Sahu [18] appears as a 
strong candidate for either glass/epoxy or carbon/epoxy laminates, at least when tensile fatigue is 
considered. 

It is important to note that it seems that no residual strength model can be safely used universally. This 
is mainly due to the large scatter of the residual strength data and the simultaneous initiation and 
propagation of several damage mechanisms in the composite under fatigue loading. 

Moreover, nearly all of these techniques require a large amount of experimental data to characterize the 
material. Most predictive theories pertain to a specific load history at a specific temperature and are not 
easily generalized to capture multiaxial load states or variable amplitude loading. In addition, any general 
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solution must be able to be implemented into finite element codes, with computational efficiency. 
The chosen approach in the present work is a strength reduction model at constituent constitutive level 

based on the formulation adopted for metals under cyclic loading condition [20][21]. The stresses and 
strains of the composite constituents are calculated using a modified serial/parallel mixing theory (SP RoM) 
[22], which allows different constitutive behaviour for each of the composite components and can 
accurately model delamination effects, which are expected to be a consequence of fatigue damage. This 
theory is based on the definition of some compatibility equations between the strain–stress states of the 
composite constituent materials. In the case of a composite made of fibre and matrix, what the 
Serial/Parallel mixing theory does is to impose an iso–strain condition on the parallel direction, chosen 
usually as the fibre direction, and an iso–stress condition on the serial direction, usually the remaining 
directions of the stress and strain tensors. With this scope, if the matrix structural capacity is lost, the 
Serial/Parallel mixing theory will reduce the structural capacity of fibre material in the serial directions due 
to the iso–stress condition. Thus, it will be impossible for the composite layer to develop shear or transversal 
stresses, less to transmit them to the surroundings elements. It has been already proved by Martinez et al. 
[23] that the structural failure just described is equivalent to a delamination failure. The approach presented 
here is valid for unidirectional composites that are in fact at the basis of composite laminates. Therefore, 
this procedure is suitable for assessing damage in laminates. A parallel behaviour is considered in between 
the laminae in that case, meaning that all of them share the same strain tensor. This strain tensor is then the 
input for the SP RoM analysis conducted inside the laminae. The formulation then is capable of taking into 
account different damage behaviours for each of the components of the laminae and in each component a 
different stress state is found as o consequence of the decomposition performed by the SP RoM.  

The fatigue damage model used for each component is described in detail herein. It is based on the S-
N curves at component level. After solving the FE system of equations and deriving the displacements at 
each node of the structure, the strains at each integration point are computed for each composite material. 
With the help of the SP RoM this strain state is decomposed into strain tensors for each component and 
afterwards with each component constitutive model the stresses are integrated. Therefore, at each 
integration point in the FE model, inside its composite material different stress reversion factors will be 
computed for both components at each time step. An associated S-N curve will be automatically derived 
for the composite component at that moment in time and for that level of stress. 

 At this point, it is important to specify that the formulation developed in this work is not valid for 
woven composites as it is not able to capture the complex interaction occurring at microstructural level 
between its components. No thermal effects were taken into account in the formulation.  

The basis of the fatigue constitutive model was initially developed by Oller et al. [24]. The model 
establishes a relationship between the residual material strength and the damage threshold evolution, 
controlled by the material internal variables and by a new state variable of fatigue that incorporates the 
influence of the cyclic load.  

This constitutive model has been posteriorly developed for high cycle fatigue (HCF) in steel and 
included a load - advance strategy that allowed advancing by large loading steps. This work is focused on 
assessing its life prediction capability for HCF in composites while taking advantage of the load-advancing 
strategy.  An overview of the constitutive formulation for the HCF case is provided in order to clarify the 
material behaviour exhibited in the numerical examples. Several model assumptions are to be made. Defect 
concentration on the microscale occurs during the whole period of cyclic loading. This is reflected in the 
model in a continuous reduction of material strength, occurring even in the elastic stage. Stiffness 
degradation occurs only in the post critical stage, once the S-N curve has been passed and, therefore, only 
in the final stage before failure.  The damage parameter has a phenomenological significance indicating the 
irreversibility of the fatigue process. 

Regarding the high cycle fatigue (HCF) phenomenon, it is known that the type of fracture involved at 
macroscale level occurs with little or no plastic deformation [20]. Therefore, HCF does not introduce 
macroscopic plastic strain, but it introduces porosity [25]. These are the reasons that have led to describe 
this failure mode by means of damage models. These can be categorized into five groups: damage curve 
approach, crack growth-based approach, life curve modification approach, energy based damage theories 
and continuum damage mechanics (CDM) approaches [26]. However, in spite of the great number of 
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models proposed in the HCF field, there is not yet a universally accepted one. 
In particular, the CDM approach is based on the original concepts of Kachanov [3], [27] for treating 

creep damage problems. The posterior work of Chaboche [28], [29], Chaboche and Lemaitre  [30], [31], 
Wang [32], Wang and Lou [33], Li et al. [34] and Oller et al. [24] established the CDM framework as a 
valid alternative to the fracture mechanics formulations in order to assess in a unified way both crack 
initiation and propagation. Furthermore, they enhanced the study of fatigue problems by recognizing that 
the theoretical structure of continuum mechanics, such as damage, is suitable for the study of nonlinear 
fatigue problems and that the mechanical effect known as fatigue produces a loss of material strength as a 
function of the number of cycles, load amplitude, reversion index, etc.  

As stated by Li et al.[35], the first known treatment of damage characterization by internal variables in 
a CDM formulation for composites was that of Talreja [36] who recognized that in fibre-reinforced 
composite materials, individual micro-cracks have specific orientations. A more recent CDM formulation, 
[38] continued this approach to damage characterization. 

Other approaches have used a consequence of damage, e.g. the change in the Young’s modulus as a 
damage variable. A comparative study of several damage descriptions is given in Voyiadjis and Kattan 
[37]. The damage mechanics field remains active to this day, as evidenced by recent publications such as 
[39]-[42]. 

An alternative way for dealing with fatigue crack growth problems is using the cohesive zone model.  
This model is commonly adopted for the simulation of quasi static fracture problems, especially in the case 
of interface cracks such as in bonded joints and delamination in composites [46]. The possibility to simulate 
the growth of a crack without any remeshing requirements and the relatively easy possibility to manipulate 
the constitutive law of the cohesive elements makes the cohesive zone model attractive also for the fatigue 
crack growth simulation such as Turon et al.[43], Khoramishad et al. [44], Harper and Hallett [45] and 
Giuliese et al. [46]. However, cohesive zone models do not take into account different specific behaviors 
for each component of the composite and do not take into account the load history which is an important 
factor in considering damage evolution. A comprehensive review on the topic and on different linear and 
nonlinear damage models for composite materials can be found in Rubiella et al.[47]. 

Regarding fatigue life prediction, many different approaches have been proposed such as the early 
methods of stress-life approach and strain-life approach [48]. One of the most used models is based on the 
Palmgren-Miner linear damage law [49], [50]. However, such models do not recognize the effects of prior 
history of loading, or the load sequence on the subsequent life, either. Strain-life models, on the other hand, 
account for the local plasticity effects at stress concentrations regions [51]. Information is abundant in 
literature, as there are many different crack initiation models [52], with a large number of empirical models 
proposed for the long crack growth prediction [53] or, recently, crack density under static and fatigue 
loading in Llobet et al. [54]. 

The new formulation this paper presents is validated on pultruded glass fiber reinforced polymer profiles 
by comparing experimental values with the values obtained from a numerical simulation. The following 
section describes the serial/parallel mixing theory used, the SP RoM, and how it is implemented in a finite 
element code. The next section then presents the damage formulation, capable of taking into account the 
residual strength of a delaminated composite due to the friction between the delaminated surfaces. The 
following section describes the test simulated. The results obtained from the simulation are studied and 
compared to the experimental ones. Finally, last section presents the conclusions drawn from the simulation 
performed. 
 

2. FATIGUE DAMAGE MODEL 

A brief description of the constitutive model used in this paper is offered in this section. The 
fundamentals of a fatigue continuum damage model are presented with a clear emphasis on the model’s 
dependence on S-N curves. An exhaustive description of the formulation used can be found in Oller et al. 
[24], where the complete thermo-mechanical constitutive model for the prediction of fatigue effects in 
structures is formulated. The model is capable of taking into account the combined effect of mean stress 
and multi-axial stress states. The treatment of the highly complex processes generated by fatigue is made 
from a phenomenological point of view. 
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2.1. Mechanical damage formulation 

The free Helmholtz energy is formulated in the reference configuration for elastic Green strains,
e
ijij EE   , as [55], [56] 

)(
2

1
)1(),( 0

0 klijklijij ECE
m

ddE   (1) 

where 0m  is the material density, e
ijij EE  is the total strain tensor, 10  d is the internal damage variable 

taking values between its initial value 0 and its maximum value 1 and 0
ijklC   is the original constitutive 

tensor.  
Considering the second thermodynamic law (Clausius-Duhem inequality –  [57], [58], [59]), the 

mechanical dissipation can be obtained as [55]  

0
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d
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The accomplishment of this dissipation condition (Equation (2) demands that the expression of the stress 
should be defined as (Coleman method; see [59])  
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Also, from the last expressions, the secant constitutive tensor s
ijklC  can be obtained as:  
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  (4) 

where ijS is the stress tensor for a single material point. 

2.2. Threshold damage function oriented to fatigue analysis. Phenomenological approach 

The effects caused by applying an increasing number of loading cycles are taken into account by means 

of a proposed ),,( max RSNfred  function. This function is introduced in the above formulation in the 

expression of the damage threshold surface, ),( dSF ij
D , proposed by [59], [60] and [61]. The number of 

cycles N can then be incorporated as a new variable. This enables the classical constitutive damage 
formulation to account for fatigue phenomena by translating the accumulation of number of cycles into a 
readjustment and/or movement of the damage threshold function. 

The non-linear behaviour caused by fatigue is introduced in this procedure implicitly, by incorporating 

a fatigue state variable ),,( max RSNfred ,  that is irreversible and depends on the number of cycles, the 

maximum value of the equivalent stress in the material maxS , and on the factor of reversion of the equivalent 

stress, 
max

min

S

S
R  . This new variable affects the residual strength of the material by modifying the damage 

threshold, ),,( NdSF ij
D , either on the equivalent stress function  )( ij

D Sf  ( equation (5a), or on the damage 

strength threshold ),( dSK ij
D (equation 5b) [24].   

0),(
),,(

)(
),,(

),,(

max

'

'

 dSK
RSNf

Sf
NdSF ij

D

RNSf

red

ij
D

ij
D

ij
D

  

 (5a) 



 

6 
 

0),,(),()(),,(

),,(

max
''

'


  

NdSK

redij
D

ij
D

ij
D

ij
D

RSNfdSKSfNdSF  (5b) 

In the above, ),,(/ max
' RSNfff red

DD  , is the reduced equivalent stress function in the undamaged 

space, ),,(' NdSK ij
D  is the fatigue damage strength threshold, and dtdd

t


0

 the damage internal variable. 

In the following, the formulation in equation (5a has been used for the damage threshold criterion.  
Usually, instead of working with equations (5), the damage criterion is converted to an equivalent one 

by using a scalar function G which is positive and with its derivative positive, monotonously increasing 
and invertible: 
 

    0),(),,(),,( ''  dSKGRNSfGNdSF ij
D

ij
D

ij
D  (6) 

 
The evolution of the damage variable is defined as  
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being µ the consistency damage factor, which is equivalent to the consistency plastic factor defined in [55]. 
Consequently, for the isotropic damage case,  

redf
d

   (8) 

2.3. Particularization of the damage threshold function for exponential softening 

The type of softening to be defined in the general damage criterion depends on the problem to be solved. 
The scalar function   defining the evolution of the damage threshold must be monotonous and with a value 
ranging from 0 to 1. In various publications about the scalar damage problem, the stress behaviour with 
softening is represented in a variety of forms. Particularly, in Oliver et al. [61] the following function is 
proposed:           
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This function can also be expressed as 
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where A  is a parameter that depends on the fracture energy of the material and  
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S  . The value of max
0

'
0 ),( DD KNf S   is obtained from the fulfilment of the 

damage criterion for the first threshold of degradation. This complies with     0),( max
0

'
0  DD KGNfG S   

and     0),( max
0

'
0  DD KGNfG S . 

The A parameter is calculated from the dissipation expression shown in equation 00  d , 

particularized for a uniaxial process subjected to a growing monotonic load. The parameter deduction can 
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be obtained from [62] and has the following expression for exponential softening: 
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2.4. Function of residual strength reduction for fatigue – Wöhler curve definition 

Wöhler or “Stress-Num. of cycles” (S-N) curves (Figure 1)  are experimentally obtained by subjecting 
identical smooth specimens to cyclic harmonic stresses and establishing their life span measured in number 
of cycles. The curves depend on the level of the maximum applied stress and the ratio between the lowest 
and the highest stresses (R=Smin/Smax). In Figure 1b Slim is the endurance limit for a reversion factor of -1 

and 0
fS is the material elastic limit. In Figure 1a the instantaneous stress level is depicted, while in Figure 

1b the cyclic stress is represented only by the maximum value it reaches in every cycle. Usually, S-N curves 
are obtained for fully reversed stress (R=Smin/Smax=-1) by rotating bending fatigue tests. 

 
Figure 1 a: Stress evolution at a single point; b: S-N (Wöhler’s) Curves 

S-N curves are, therefore, fatigue life estimators for a material point with a fixed maximum stress and 
a given ratio R.   If, after a number of cycles lower than the cycles to failure, the cyclic load stops, a change 
in the material’s elastic threshold is expected due to accumulation of fatigue cycles. Furthermore, if the 
number of cycles exceeds Nf, being Nf the fatigue life as resulting from Figure 2, the material will fail with 
the consequent reduction of strength and stiffness. The change in strength is quantified by the strength 

reduction function ),,( max RSNfred , while the change in stiffness is taken into account by means of the 

damage parameter. In Figure 2 Se is the endurance limit for any given reversion factor and Sth is the elastic 
threshold limit.  

 
Figure 2: Schematic representation of the evolution of the residual strength with the applied load and 

number of cycles. 
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In the case of a cyclic load with constant Smax and R throughout the entire life of a material, the S-N 
curve is sufficient for determining fatigue life. However, when dealing with different load interactions the 
main focus resides on the residual strength curve. The curve quantifies the loss of strength in the material 
as the number of cycles accumulates and as load characteristics change. 

All fatigue numerical simulations are based on the Wöhler curves obtained experimentally. These 
curves are described in an analytical form with the help of material parameters. Their expression, as well 
as the analytical definition of the strength reduction function, is connected to the experimental curve and, 
therefore, subjected to change if the material changes. Different analytical definitions can be found in [63], 
[64] and [65], as well as in [24].  

The analytical formulation presented in [24] is shown herein. Based on the actual value of the R ratio 
and a basic value of the endurance stress Se (for R = -1) the proposed model postulates a threshold stress 
Sth. The meaning of Sth is that of an endurance stress limit for a given value of R=Smin/Smax.  

	| | 1
∗ 0.5 0.5 ∗

∗ 0.5 0.5/
	 (12) 

If the actual value of R is R = -1 then, Sth = Se. The effect of the number of load cycles Nc on the ultimate 
stress Su for a given value of R is taken into account by an exponential function: 

, ∗ ∗  (13) (14) 

The value of ALFAT(R) is given by the function 

	| | 1
0.5 0.5 ∗ ∗ 1

0.5 0.5/ ∗ 2
 (15) 

where ALFAF, BETAF, STHR1, STHR2, AUXR1 and AUXR2 are material parameters that need to be 
adjusted according to experimental tests. Figure 3 shows an example of application of these functions. 
Parameters were chosen as follows: Se = 0.5*Su, ALFAF = 0.0068, BETAF = 3.35, STHR1 = 0.7, STHR2 
= 0.5, AUXR1 = 0.0133 and AUXR2 = 0.0068. 

 

Figure 3: Proposed S - N curves for different values of R=Smin/Smax. [24] 
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The proposed S - N curves (equations 12 – 14) are fatigue life estimators for a material point with a 
fixed maximum stress and a given ratio R. If, after a number of cycles lower than the cycles to failure, the 
constant amplitude cyclic load with a maximum stress Smax (and ratio R) is removed, a change in Su is 
expected due to the accumulation of fatigue cycles. In order to describe that variation of Su, the following 
function is proposed: 

, ∗ ∗
 (16) 

where BETAF is one of the parameters of equation 14 and B0 is obtained as a function of the ratio Smax/Su 
and the number of cycles to failure Nf : 

0
ln /

∗  (17) 

 

The value of Nf  can be obtained from equation 14 

10  (18) 

Some important observations have to be made regarding the fatigue strength reduction function. Habitually, 
fatigue models are limited to correctly describing the S - N curves and, based on the level of stress applied, 
estimate the fatigue life. The S - N curve is generally interpreted as a life prediction tool, meaning that 
when, for a certain level of stress, the Nc corresponding to the Wöhler curve has been reached the respective 
Gauss point has suffered complete degradation. However, the present model utilizes the respective Nc = Nf 
point as the starting point for damage accumulation and the nonlinear zone, for that particular Gauss point. 
This event mirrors the initiation point for a microcrack. Posterior damage accumulation is an indicator of a 
rearrangement of the internal structure of the material followed by microfisuration and a completely 
degraded Gauss point (dGP = 1) represents the formation of a macro-crack in the volume associated to the 
integration point. At macroscale level, a tracking of the damage propagation throughout the continuum is 
an indicator of a crack propagation and total structural rupture is considered to have occurred when the 
crack has propagated thru the entire cross-sectional area. The analytical formulation mentioned above has 
been coupled with a signal processing routine so that random cyclical loading can be decomposed into 
different load sections, each described by its characteristics: amplitude, reversion factor, number of cycles, 
period. The residual strength curve quantifies the reduction in material strength due to the application of 
each loading section in a particular order, as has been shown for metals in [66]. 

3. RULE OF MIXTURES 

The serial/parallel mixing theory (SP RoM) is based on the definition of two different compatibility 
equations between the strain and stress states of the composite constituent materials: it defines an iso-strain 
condition on the parallel direction, usually the fiber direction, and it defines an iso-stress condition on the 
serial direction, usually the remaining directions. Using these compatibility equations in a composite made 
of matrix and fiber, if the matrix structural capacity is lost due to excessive shear stresses, the iso-stress 
condition also reduces the shear capacity of fiber, and consequently the composite serial strength is also 
reduced.  

For this reason it is necessary to define, and split, the serial and parallel parts of the strain and stress 
tensors. This is done with two complementary fourth order projector tensors, one corresponding to the serial 

direction ( SP ) and the other to the parallel direction ( PP ). These tensors are defined from the fibre axial 

direction in the composite. Thus, 

SP    with  :PP P and  :SS P  (19)  

 
where,  

PS PIP  ; PPP NNP  and 11 eeN P   (20)  
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being 1e , the director vector that determines the parallel behaviour (fibre direction), and I the identity. 

The stress state may be split analogously, finding its parallel and serial parts using also the 4th order 

tensors PP and SP   

SP    with  :PP P and  :SS P  (21)  

 

3.1. Hypothesis for the numerical modelling 

 The numerical model developed to take into account this strain-stress state is based on the following 
hypothesis: 

1. The composite is composed by only two components: fibre and matrix  
2. Component materials have the same strain in parallel (fibre) direction.  
3. Component materials have the same stress in serial direction.  
4. Composite material response is in direct relation with the volume fractions of compounding materials. 
5. Homogeneous distribution of phases is considered in the composite.  
6. Perfect bonding between components is also considered. 
 

3.2. Constitutive equations of component materials  

Each composite component material is computed with its own constitutive equation. However, as in 
this paper the materials will be modelled with a damage formulation, the description of the formulation is 
done considering the particular case of isotropic damage. Thus, the stresses in matrix and fibre materials 
are obtained using  

 mmmm Cd :)1(   

 ffff Cd :)1(   
(22)  

being Cm  and Cf  the matrix and fibre stiffness tensors, respectively. These equations can be rewritten 

taking into account the serial and parallel split of strain and stress tensors (equations (19) and (21)), 
obtaining:  
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3.3. Equilibrium and compatibility equations  

The equations that define the stress equilibrium and establish the stain compatibility between 
components arise from the analysis of the hypotheses previously exposed,  
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Serial behaviour: 
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 (26)  

where superscripts c  , mand f stand for composite, matrix and fibre, respectively and ki  corresponds to 

the volume fraction coefficient of each constituent in the composite. 
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3.4. Serial/parallel rule of mixtures algorithm  

The known variable that enters the algorithm is the strain state c of the composite material at time 

tt  . From this variable, the serial/parallel rule of mixtures algorithm has to find the strain and stress state 
of each component that fulfils the equilibrium, the compatibility and the constitutive equations and the 
evolution of the internal variables. The first thing done by the algorithm is to split the strain tensor into its 
parallel and its serial parts, in order to compute the strain state in the matrix and the fiber. The parallel strain 
component is, according to equation (25), the same for both materials and for the composite. On the other 
hand, the serial strain component requires a prediction of the strains expected in one of the composite 
components. If this prediction is done for the matrix, the increment of its serial strains can be computed as 

    P
c

SP
m

SP
ff

S
c

SS
f

S
m CCkCA   :::

0
 (27)  

with   1
 SS
mf

SS
fm CkCkA and    S

ct
S

ctt
S

m  


.  

The initial prediction of matrix serial strains, proposed by Rastellini [67] and described in equation (27), 
is obtained considering that the distribution of the total strain, in its parallel and serial parts, is done in 
function of the composite tangent stiffness obtained in previous time step. With the prediction of the matrix 
serial strains, the fibre serial strains can be computed, in the iteration step n, according to equation (26),  
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 (28)  

where      nS
m

S
mtn

S
mtt

 


.  

Regrouping again the serial and parallel components of the strain tensor (equation (21)), the constitutive 
equations can be applied to the predicted strains to obtain the stress tensor for both materials and the update 
of their internal variables. Fibre and matrix are modelled, each one, with their own constitutive law. If both 
materials are described with an additive plasticity formulation, the stress vector for each one is obtained 
using equation (22). The stresses obtained must fulfil the following equation:  

      toler
n

S
fttn

S
mttn

S 


  (29)  

If the residual stress is smaller than the tolerance, the computed strains and stresses are considered to 
be correct and the structural calculation can continue. However, if equation (29) is not fulfilled, the initial 
prediction of the matrix strain tensor has to be corrected. This correction is performed using a Newton-
Raphson scheme, in which the update is made using the Jacobian of the residual forces. It is obtained 
deriving the residue function with respect to the unknown. According to Rastellini [68], the expression for 
the Jacobian is given as follows:  

   nt
SS

f
f

mnt
SS

m C
k

k
CJ   (30)  

 
and the correction of the matrix serial strains becomes  

     nS
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S
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S
mtt
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 (31)  

 
To obtain quadratic convergence in the S/P mixing theory, the Jacobian must be obtained using the 

tangent constitutive tensors for the fibres and the matrix. Depending on the constitutive equation defined 
for each material, the constitutive tensor cannot be obtained analytically. Thus, in order to obtain a reliable 
algorithm, the expression of the tangent tensor is obtained numerically with the procedure shown by 
Martinez et al. [22][23]. 

 
4. STEPWISE LOAD ADVANCING STRATEGY 

4.1. Introduction 

The constitutive formulation described in Section 2 is coupled with a stepwise load-advancing strategy 



 

12 
 

described in Oller et al. [24] and Barbu et al.[21] that consists of two different phases. The first one is 
defined by load-advance being conducted by small time increments, with the consequent load variation 
following a cyclic path. The second phase is characterized by load-advance being done with large 
increments of number of cycles. The strategy consists of an algorithm that automatically switches from one 
phase to the other, going repeatedly back and forth between both in accordance with the loading input and 
the damage increase rate.  

4.2. Load-tracking phase 

This phase is characterized by the load being applied in small increments. The purpose is to determine 
and save the characteristics of the cyclical load. The tags Ai referenced in the following can be seen in the 
flow chart for this phase, on the left side of Figure 4. 

Each load cycle will be divided into m small steps, a value that is user defined. At the beginning of each 
increment being conducted in this phase, both the load factor and the number of cycles will be updated (see 
A1 in Figure 4). Based on the multiaxial stress state, the equivalent stress will be computed according to 
the damage criterion chosen (von Mises, Mohr-Coulomb, Tresca, Drucker-Prager). After that, the 

difference between the equivalent stress )( ij
D Sf of current increment k and previous increment k-1 will be 

compared to the difference between the equivalent stress in k-1 with respect to k-2 (A2). When the sign of 
these two quantities is different, either a maximum or a minimum has been recorded in increment k-1(A3). 
After having detected both the maximum and the minimum equivalent stress for each integration point, the 
reversion factor is computed, R=Smin/Smax. After each new cycle i+1 is described, the reversion factor is 
compared to its value in the previous cycle i. The normalized variation of the reversion factor is evaluated 
for each integration point GP and the sum of all the variations detected is computed into a stabilization 
norm   as shown in the following equation (A4): 

.
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toler
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RR
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i
GP

i
GP

i
GP 


 



  
(32) 

A new value for ),,( max RSNfred is computed and the equivalent stress is then affected by it and 

compared to the damage strength threshold in the current increment (A5). The global convergence is 
checked and, if this is achieved, then the stabilization norm is compared to a user defined tolerance. When 
this norm is below a given tolerance, it can be said that the reversion factor has a stable value throughout 
the solid (A6). A flag is then activated indicating that in the next increment the large phase algorithm should 
be followed. If the value of  is not below the tolerance, several more cycles are then analysed applying 

small increments. 
This phase is necessary at the beginning of each different cyclical load in order to determine the 

parameters that define the cyclic behaviour at each Gauss point of the structure (R and Smax). Therefore, in 
case of modifying the cyclic load, a new activation is necessary.  

4.3. Large increments phase 

After the stress parameters, R and Smax, stabilize throughout the solid from one cycle to the other, there 
is no need to keep applying small increments as there will be no change in the stress state unless either the 
elastic threshold is reached or the applied cyclical load changes. Therefore, the load level can be maintained 
at its maximum value and large number of cycles increments can be applied. The tags Bi referenced in the 
following can be seen in the flow chart for this phase, on the right side of Figure 4. 

In this phase, the variable is not the level of the load, kept constant at its maximum value, but the number 
of cycles, which, in each increment, is updated with a new large Nc step (B1). After obtaining the equivalent 

stress, a new value for ),,( max RSNfred  is computed directly with the current number of cycles and the 

previously stored values for R and Smax (B2).The equivalent stress affected by ),,( max RSNfred  is then 

compared with the current damage strength threshold. If nonlinear behaviour occurs at at least one 
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integration point a flag is activated (B3). When global convergence of the problem has been obtained in the 
current increment and the flag has been activated inside the constitutive loop, the next increment will be 
conducted with the load-tracking algorithm (B4).If convergence has been reached but the flag was not 
activated, in the next increment another large step will be applied. 

4.4. Automatic load-tracking phase activation 

The stepwise advancing strategy has the following implications: 
When applying a single cyclical load, load advance will be done by passing initially through the load-

tracking phase until R stabilizes and   is lower than the defined tolerance. Afterwards, the advancing 

scheme will be by the number of cycles until reaching the elastic threshold for the first composite 
component. This is when the material has been subjected to the number of cycles indicated by the S-N 
curve for this component. At this stage, the internal forces of the structure are modified in order to reach a 
new equilibrium configuration. This situation leads to a variation of the reversion factor and, therefore, of 
the stress state at integration point level.  The load-tracking phase is automatically activated. Furthermore, 

it will be activated at each step where damage increases ( 0d ) due to the change in internal forces. 

The algorithm can be optimized if, after evaluating the Wöhler’s Nf (marked dot in Figure 2) 
corresponding to each equivalent stress level at the beginning of the analysis, a search is made to find the 
minimum fatigue life throughout the solid. The resulting number of cycles can be used as the first step of 
the large increments phase ensuring that the entire span of number of cycles before the damage process 
initiates is done in one step (B1)(See Figure 4). The nonlinear processes occurring past the point damage 
initiates in the first Gauss point will be simulated with a user-defined Nc step in the case of displacement 
controlled simulations where the material can continue bearing the cyclical load after having reached the 
fatigue life given by the S-N curve. This is possible due to a progressive loss of stiffness that ensures that, 
for the same applied cyclical displacement and having reached the S-N curve, stress in the material 
progressively relaxes as it suffers damage until total rupture.  

In the case of applying different cyclic loads, damage can appear either due to fatigue or due to a new 
load being applied that leads to stress values that surpass the elastic threshold. In both cases the model will 
jump automatically from the large increments phase to the load-tracking phase. Even if the different cyclic 
loads applied induce stress levels below the elastic threshold, when passing from one cyclic load to another 
one of different characteristics an activation of the load-tracking is required. This is necessary regardless 
of the elastic regime due to the fact that, by applying a new load, the maximum equivalent stress induced 
and/or the reversion factor has changed and, consequently, the fatigue parameters calculated for the first 
load are no longer valid. 

The flow chart presented in Figure 4 shows the operations conducted in both phases, as well as the 
conditions required to jump from load-tracking to large increments. These jumps are indicated with 
hyphenated arrows. 

The algorithm is user controlled by means of two parameters. The first one is the tolerance at which the 
reversion factor norm (defined in section 4.2.) is considered to have converged. If, for instance, a numerical 
tolerance of 10-10 is used, time advance runs the risk of being continually conducted in the load-tracking 
phase. This would lead to a dramatic increase in computational time. On the other hand, if the tolerance is 
set too high the model may no longer capture changes in the cyclical load applied, leading to an incorrect 
life prediction. The tolerance used for the calculation of the numerical examples presented in section 4 was 
10-4 and the authors recommend this value for future use of the strategy. 

The second parameter that allows the user to control the developed stepwise load advancing algorithm 
is the number of cycles chosen as time step for the large increments phase. The influence it has is in 
accordance with the level on nonlinearity of the problem. While a too low number of cycles step implies 
an increase in computational time, a too big one can lead to loss of solution convergence. 

A calibration analysis consisting of a study of the solution convergence depending on the number of 
cycles step is highly recommended.  The analysis should begin by using large steps.  Then the Nc used as a 
step should be progressively lowered until convergence is reached, as this would ensure the lowest 
computational time. 
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Figure 4: Flow chart for the stepwise advancing algorithm 

5. FATIGUE NUMERICAL SIMULATION OF PULTRUDED GLASS FIBER 
REINFORCED POLYMER PROFILE 

The capabilities of the fatigue constitutive model, together with the stepwise load-advancing strategy 
presented, will be shown by comparing results obtained from numerical simulations with the results 
provided in the experimental work presented in Keller et al. [69] . 

All the examples presented in this section have been calculated with the PLCd finite element code, 
where the formulation presented here has been implemented. A more detailed description of the code and 
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its fatigue and composites capabilities can be obtained from references [70] to [76]. 

5.1. Problem definition. Geometry and material. 

Pultruded GFRP plate profiles with 100 × 5 mm rectangular cross-section were examined. The plates 
consist of E-glass fibers embedded in an isophthalic polyester resin. The fiber architecture comprised 
mainly unidirectional rovings in the central region and one combined mat in the outside regions [77]. The 
combined mats consist of chopped strand mats (CSM) and woven mats 0°/90° of different weights; these 
two mats are stitched together. Furthermore, a polyester surface veil (40 g/m2) was added. The 
corresponding experimental fiber fractions are listed in Table 1. They were determined by weighing the 
specimen before and after a resin burn-off in a furnace at 450 °C. The experimental volume fractions were 
calculated using an E-glass density of 2.56 g/cm3. Since the fatigue behaviour is influenced by internal 
material defects and voids, some cross-sections were investigated by means of microscopy. The analysis 
showed a very good embedment of the fibers without any voids [77].  

 

Reinforcement Profiles 100 × 5 mm

 

 Architecture % by volume % by weight 

Rovings (UD) 4:1 Straight and blown 37 53 

Combined mats: 2 × 1   

 CSM (g/m2) 300 5 7 

 woven 0°/90° 150/150 5 7 

Total  47 67 

Table 1. Fiber architecture and fractions by volume and weight of the pultruded profiles used [69] 

The specimen shape used was a tapered form (TP specimens, dog-bone shape) presented in Figure 5. 
They were cut with a water-jet into a dog-bone form according to ASTM E 466-96 with a gage length of 
300 mm, a gage width of 40 mm and, accordingly, a grip-to-gage width ratio of 2.5. The radius of curvature 
between the ends was 390 mm. The TP specimens were left in a laboratory environment for more than one 
week prior to testing to reduce the moisture effects induced during the cutting process [69]. 

 
Figure 5. Experiment specimen with strain and temperature gages [69] 

5.2. Finite element model 

The fatigue test specimen presented in Figure 5 has been discretized by means of a finite element model. 
The dog-bone shape volume has been meshed with quadratic hexahedral elements as shown in Figure 6. 
The mesh has 13896 nodes and 2354 elements. Each finite element is described with 27 integration points.  
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Figure 6.  Finite element mesh of quadratic hexahedral elements 

The applied boundary conditions are shown in Figure 7. The specimen is restrained at one end and 
subjected to a cyclical displacement at the other end. All numerical simulations have been conducted under 
displacement-controlled conditions.  

 
Figure 7. Boundary and loading conditions for the analysed geometry 

The analytical formulation for the S-N curve used by the numerical model was the one presented in 
[24]. A decomposition of the experimental S-N curve of the composite found in Keller et al. [69] has been 
made. The maximum composite stress for each experimental test has been decomposed according to the 
volumetric participation of each component into a maximum associated stress in the matrix and a maximum 
associated stress in the fiber. Using this decomposition associated artificial S-N points have resulted for the 
matrix and fiber as derived from the experimental composite S-N curve. This is necessary because the 
formulation is based on component S-N curves. Thus, for each experimental point of the composite an 
experimental point is derived for the matrix and one for the fiber using equation (25).  

Afterwards, a calibration process has been conducted for both the fiber and the matrix in order to find 
the material parameters that approximate correctly the family of S-N curves for each of them, in accordance 
to the experimental points derived earlier. We are referring to the S-N curves as a family because the 
material parameters that are necessary for the calibration describe an entire range of reversion factors with 
different mean stress values. A calibration process is necessary to ensure that the analytical curves used by 
the model at each integration point and each component are in accordance with the experimental results on 
fiber and matrix and the precision of the calibration is directly dependent on the number of results available. 
An extensive experimental campaign where different R factors are used and many different mean stress 
values tested would be ideal as this would ensure that the calibration is more precise and can be verified 
extensively. In this case the material parameters have been chosen so that the numerical S-N curve is well 
adjusted to the experimental points considered after the decomposition for the data shown by [69].  The 
parameters used for the adjustment of the numerical S-N curve to the experimental one proposed by Keller 
et al. [69] are Se/Su= 0.1, STHR1=1.5, STHR2=1.5, ALFAF= 0.01, AUXR1= 0.0001 and AUXR2= 0.008, 
BETAF= 3.1 for the matrix and Se/Su= 0.01, STHR1=3, STHR2=1.5, ALFAF= 0.135, AUXR1= 0.0001 
and AUXR2= 0.008, BETAF=1.68 for the fiber. The S-N curves obtained with the above parameters are 
shown in Figure 8 for the matrix and in Figure 9 for the fiber. 
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Figure 8. Artificially derived S-N curve for the isophtalic matrix 

 
Figure 9. Artificially derived S-N curve for the glass fibers 

 
The material properties used in the numerical simulations are shown in Table 2. 

Component 
Ultimate limit 

strength UTS (MPa) 
E-Modulus 

longitudinal (GPa) 
E-Modulus 

transversal (GPa) 
Fracture energy 

(MN·m/m2) 

Fiber 2000 78.5 3 500 

Matrix 75 3 3 10 

Table 2. Material properties used in the numerical simulations 

The values used for the elastic parameters are average values for these two specific components and 
they have been taken from [78]. The fracture energy of the fiber and matrix has been calibrated so that the 
same fatigue life was to be obtained in the numerical simulation as in the experimental program for one of 
the cases. The rest of the simulations were done using these values as material properties as can be seen in 
Table 2. It is important to note that for the glass fibers the same transversal modulus has been assumed as 
for the matrix. This is necessary in order to facilitate the convergence of the SP RoM when advanced 
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nonlinearity appears in both the fiber and the matrix.   

5.3. Experimental program 

The experiments were performed in a laboratory environment at room temperature without humidity 
control. Effects of environmental exposures (temperature, moisture, chemicals) on the fatigue behavior 
were not investigated. 

First, single-cycle axial tension experiments were performed with displacement-controlled loading at a 
rate of 0.6 mm/min up to failure. The numbers of experiments per specimen shape are listed in Table 3. 

Specimen Ultimate limit strength UTS (MPa) Failure strain (%) E-Modulus (MPa) 

5 mm tapered 459 ± 24 1.37 ± 0.07 34,799 ± 584 

(3 specimens)    

Table 3. Composite properties as recorded from the static experimental tests[69] 

Subsequently, cyclic axial tension–tension experiments were conducted load-controlled with a 
sinusoidal waveform of constant amplitude. The specimens were loaded at a minimum to maximum load 
ratio of R=0.1 and at different loading ranges. The upper boundary values were varied from 20% up to 80% 
of the average ultimate tension strength (UTS) of the static experiments (see Table 3). Experiments were 
performed up to specimen failure (separation of samples) or up to ten million load cycles at maximum (if 
possible due to time constraints). The parameter combinations used in this study are summarized in Table 
4. 

 
 

Series Specimen 

Loading 
range 
ΔF 
(kN) 

Stress 
range 
Δσ 
(MPa) 

Maximum/
ultimate 
load (%) 

Amplitude 
ratio R 

Cycles to 
failure Nf Remarks 

5 mm 
tapered 

TP5-1 65 325 82 0.13 1346  

TP5-2 48 240 60 0.13 13,407  

TP5-3 47 235 59 0.13 19,159  

TP5-4 33 165 41 0.13 1,875,940  

TP5-5 17 85 22 0.15 5,000,000 not 
failed 

Table 4. Overview of experimental results [69] 

5.4. Results and discussion 

The simulation program started with a trial static simulation in order to confirm that the volumetric 
participations used in the numerical simulations yielded the same initial stiffness as the experimental 
results. The experimental stresses shown in Table 3 were calculated from the measured loads (average stress 
in the cross-section); the strains were obtained from the average measurements from strain gages 1 and 2 
(see Figure 5). Due to the experimental fiber architecture of the specimen (detailed in Table 1) the first 
combination of volumetric participations tested was 42% fibers and 58% matrix. These values have been 
chosen in order to approximate the contribution of the two combined mats consisting of chopped strand 
mats (CSM) and woven mats 0°/90° of different weights. In the numerical simulation these mats were not 
specifically discretized as a different material. Therefore, by increasing the volumetric participation of the 
fibers with respect to the UD rovings, their effect was to be taken into account in a homogenized way. Even 
though the two combined mats increased the volumetric fiber participation by 10%, only a 5% increase has 
been considered  numerically since it was considered that the longitudinal contribution of the mats were of 
only 5%, an assumption made by Keller et al. [69]. However, it can be seen from Figure 10 that the initial 
stiffness obtained in the numerical simulation with this volumetric participation is not in accordance with 
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the experimental recordings (14.65% error in strain for a stress level of 400Mpa). The next fiber percentage 
tested was 37%, the percentage experimental recordings showed to correspond to the UD rovings. For this 
percentage the error was of only 3,76% for the same stress level and this was considered acceptable. 

 
Figure 10. Initial stiffness for the static case. Comparison between experimental and numerical values. 

Following, cyclic loading simulations have been ran with an applied cyclic displacement that induced 
the same stress amplitude and maximum stress as the experimental recordings in Table 4. From these 
simulations two aspects are analysed in detail: the failure mode and the number of cycles until failure. 

5.4.1. Failure mode 

Some considerations have to be made with respect to the experimental failure mode. The static tests 
showed that the stress–strain relationship of the profiles was almost linear-elastic up to failure. Failure 
always occurred in a very brittle and sudden manner without any visible or audible signs (such as surface 
cracks or cracking noises). Therefore, it could not be determined where the fracture initiated. The specimens 
showed principally one diagonal crack in the tapered region and some small longitudinal cracks in the grip 
region (see Figure 11 ) and they were split-up in the profile plane mainly between the outer layers containing 
the combined mats and the center part containing the UD-rovings. The length of the split parts spanned, 
more or less, the beginning and the end of the diagonal cracks and the whole profile widths. The center 
parts were split-up themselves along bundles of UD-rovings and resin. The diagonal cracks formed 
principally in the outer layers containing the combined mats. The fiber failures of the UD-rovings were 
distributed longitudinally in the split-up parts and were not concentrated in the diagonal cracks. All of the 
UD-roving fibers must have been failed within the split-up parts since no further load could be applied. 

 
Figure 11. Static (above) and fatigue (below) experimental failure modes 

During the fatigue tests, 4 specimens fractured while one specimen did not fail, as can be seen in Table 
4. The failure modes under fatigue loadings were basically identical to the failure modes under quasi-static 
loadings (see Figure 11). In several specimens, however, the widths of the cracks in the outer profile layers 
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and the total elongations of the specimens were much more significant in the fatigue experiments compared 
to the static experiments. This observation can be explained by the progressive deterioration of the matrix 
and fiber/matrix interfaces, which led to easier pull out of the failed fibers [69]. 

The failure mode obtained in the numerical simulations can be seen in Figure 12 for one of the numerical 
simulations. Specifically this simulation was set to run with the same characteristics as specimen TP5-1 in 
Table 4. The diagonal distribution of the cracks was not found in any of the numerical simulations. A 
possible reason is that the combined mats where the diagonal experimental cracks were located were not 
taken into account in the numerical simulation.  

In the numerical simulation the specimen lasted a total of 1311.08 cycles until failure. The distribution 
of the damage parameter for the composite material is shown at different time steps. It can be seen that 
damage initiates in the numerical simulation in the exterior parts of the curvature. As the number of cycles 
applied increases, the internal damage variable continues to increase in those same areas and consequently 
stress redistribution occurs in the material. This stress redistribution activates the central area of the 
specimen where damage starts to accumulate also, cutting through the cross sectional area of the specimen, 
perpendicular to its longitudinal axis. It should be noted that in the numerical simulation the failure mode 
is symmetric. Damage propagation in the width of the specimen occurred mainly in the two last cycles of 
the simulation, indicating that the failure mode in the numerical model was also brittle, same as in the 
experiment. 

 

 
Figure 12. Distribution of the damage internal variable for the composite at different time steps 

Figure 13 shows the evolution of the damage parameter in the glass fibers. It can be seen that while 
damage is located in the exterior area of the curvature the fibers remain in an elastic state. Only after 
approximately 1200 cycles the fibers in the central area of the model start to enter into the nonlinear domain 
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due to the reduction in strength caused by the reduction coefficient, ),,( max RSNfred , propagating through 

the width of the specimen mostly in the last two cycles of the simulation. In Figure 14, it can be seen that 
damage in the external areas of the specimen curvature appears due to matrix degradation. However, only 
the matrix cracking is not enough to lead to specimen failure. Only when fiber degradation occurs failure 
is reached and this happens due to cross sectional degradation until the remaining area cannot bear the 
applied cyclic loading.   

 

 
Figure 13. Distribution of the damage parameter in the glass fibers at different time steps 
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Figure 14. Distribution of the damage parameter in the isophtalic matrix at different time steps 

A zoom on the central damaged area of the specimen is shown in Figure 15.  

 
Figure 15. Composite damage distribution in the last step of the analysis on the scaled deformed specimen 

shape (20x) 

The distribution of the damage parameter for the composite material is shown on the scaled deformed 
shape of the specimen. Again, it can be observed that failure is caused due to damage in the central area, 
also visible when observing the longitudinal strain distribution in the last step of the analysis (Figure 16). 
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Figure 16. Distribution of the longitudinal strain of the composite in the last step of the analysis on the 

deformed specimen shape (20x) 

Figure 17 shows the evolution of the curves of interest for the fatigue model at the first integration point 
where damage initiates in the model. The number of cycles is shown in a logarithmic scale on the horizontal 
axis. Since damage initiates in the isophtalic matrix these curves refer to the matrix material. In Figure 17, 
the evolution of the equivalent stress in the undamaged space can be seen. This equivalent stress has been 
calculated with a Von Mises surface and its evolution shows how the load advancing strategy functions at 
integration point level.  

 
Figure 17. Evolution of the curves of interest for the fatigue model at the first integration point where 

damage initiates in the model 

First, the equivalent stress follows a sinusoidal curve while in the load-tracking stage of the advancing 
algorithm. When the stress state has stabilized from one cycle to the next in the entire geometry the large 
increments stage begins, where the applied displacement is maintained constant at its maximum value and 
the free variable number of cycles increases. In this stage, the stress state does not change from one 
increment to the next, only the material strength threshold and the Wöhler Stress change as indicated in 
Figure 17. The strength threshold at that material point is lowered progressively until it reaches the 
maximum equivalent stress and the damage parameter starts to accumulate. The evolution of the internal 
damage variable can be seen in Figure 18 for the same material point as above. It can be seen that only 
damage in the matrix accumulates since only the matrix threshold has been surpassed. 
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Figure 18. Evolution of the damage internal variables at the first integration point where damage initiates 

in the model 

The nonlinear stress-strain material behaviour in the isophtalic matrix can be seen in Figure 19. When 
the strength threshold is crossed for the first time a drop in stress is visible. When unloading after this point 
a corresponding change in stiffness has happened and progressively the matrix load bearing capacity is 
degraded until failure at that material point. Each jump in stresses is the consequence of another large 
increment of number of cycles being applied. It can be seen that although the applied maximum 
displacement of the specimen is constant, a slight reduction of the maximum strain is visible as the stress 
history of this material point is pushed further in the nonlinear domain. This is a consequence of the 
structural macro behaviour of the specimen.  

 
Figure 19. Evolution of the matrix stress-strain at the first integration point where damage initiates in the 

model 

In Figure 20 and Figure 21 the fatigue curves of interest are shown in one of the integration points situated 
in the center of the sample, at the exact position where the strain gauges are located (see Figure 5). When 
assessing the evolution of the equivalent stress in the material, it can be seen that it is virtually unchanged, 
demonstrating an elastic behaviour, up until the very last analysis steps when there is a sudden increase. 
This corresponds to the moment in load history when damage has propagated enough into the central width 
that the remaining material area is unable to bear the applied displacement and sudden structural failure 
occurs.  
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Figure 20. Evolution of the curves of interest for the fatigue model in the fiber of one of the integration 

points situated at the location of the strain gauge in the experiment 

From Figure 20 and Figure 21 it can be seen that the behaviour in this area of the FE model is the same 
in both matrix and fiber. The equivalent stress evolution present in the two figures is in accordance to the 
experimental recordings, indicating a brittle failure mode. 

 
Figure 21. Evolution of the curves of interest for the fatigue model in the matrix of one of the integration 

points situated at the location of the strain gauge in the experiment 

 

5.4.2. S–N fatigue life curves 

 
The comparison between the numerical and experimental S-N curves is shown in Figure 22. These 

curves are in semi-logarithmic representation. The last point of the chart, corresponding to a ratio of 0.22 
between the maximum induced stress at the strain gauge location and the experimentally recorded UTS, 
represents a cyclic test where the specimen has not failed even after applying 109 cycles of loading.  
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Figure 22. Comparison between the numerical and experimental S-N curves 

The test used in the calibration of the fatigue material parameters and the fracture energy was the first 
one, where the two curves coincide. The corresponding ratio between the maximum induced stress at the 
strain gauge location and the experimentally recorded UTS was 0.82. The remaining simulations have been 
ran with the matrix and fiber material properties obtained from the calibration process. It can be seen that 
the life prediction capabilities of the model progressively worsen as the stress ratio lowers, which is to be 
expected since the error tends to be higher the farther away we are from the calibration case. 

This tendency can either be a consequence of the test chosen for the calibration; a consequence of the 
assumptions the model takes into account at splitting the experimental S-N recording into matrix and fiber 
S-N values, or of the assumption that the fiber and matrix both exhibit nonlinear effects due to fatigue. 

In Table 5 a summary of all the results, both numerical and experimental, is presented. 
 

Specimen 

Maximum/
ultimate 
load (%) 

Amplitude 
ratio R 

Cycles to 
failure Nf 

(experim
ental) 

Cycles to 
failure Nf 

(numerical)
Remarks 

TP5-1 82 0.13 1346 1311  

TP5-2 60 0.13 13407 11522  

TP5-3 59 0.13 19159 15024  

TP5-4 41 0.13 1875940 1300020  

TP5-5 22 0.15 5000000 5000000 not failed 

Table 5. Overview of numerical and experimental results 

 
6. CONCLUSIONS  

This paper presents a fatigue formulation that takes into account the effects caused by the accumulation 
of number of cycles of loading by an alteration in the strength and in the stiffness of the material. First, 
material strength is reduced until it reaches the induced maximum stress level. From that point on, energy 
dissipation is done by means of stiffness reduction.  

The cyclical load is taken into consideration by means of two parameters: maximum stress generated 
by the applied load and stress reversion factor. Both parameters have a direct influence on the onset of 
damage and on the strength reduction. This allows a quantification of the effects induced by different 
cyclical loads and discrimination between different load-applying sequences.  
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In order to take full advantage of this formulation a stepwise load advancing strategy has been used with 
the aim of saving computational time. The procedure divides the load in two different loading processes: 
load tracking and large increments phases. The jump between the two loading schemes is made 
automatically, depending on the mechanical response of the structure. The algorithm is user controlled by 
means of the stabilization tolerance and by the number of cycles considered as large step.  

The constitutive model has been used for both the fiber and the matrix of a composite material and the 
composite material behaviour has been formulated by means of the serial/parallel rule of mixtures. The 
possibilities of this constitutive strategy have been studied for the case of a pultruded glass fiber reinforced 
polymer. For this case, a calibration of the material parameters has been made with one of the experimental 
tests and the resulting material has been used for the rest of the simulations.  

The results showed a progressively higher discrepancy between the experimental fatigue life and the 
numerical one, the lower the maximum stress induced in the specimen. This tendency is believed to be a 
consequence of the assumptions the model takes into account at splitting the experimental S-N recording 
into matrix and fiber S-N values, or of the assumption that the fiber and matrix both exhibit nonlinear effects 
due to fatigue. 

Regarding the failure mode, the experimental results showed diagonal cracks formed in the outer layers 
containing the combined mats. However, the failure mode in the numerical simulations did not exhibit 
diagonal cracks. This discrepancy may be due to the fact that the combined mats were not discretized in the 
numerical model, their effect being quantified in a homogenized way.  
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