
Sound transmission through double walls:
statistical and deterministic modelsCristina Díaz-Cere
eda, Jordi Poblet-Puig and Antonio Rodríguez-FerranLaboratori de Càl
ul Numèri
, Universitat Politè
ni
a de Catalunya, Bar
elona, SpainSummaryDouble walls are in
reasingly used in 
onstru
tion. Due to this, there is interest in reliable models oftheir sound insulation for the frequen
y range required in regulations (50 - 5000 Hz). These models
an be either statisti
al or deterministi
. In this work, the �nite layer method (FLM) is presentedas a numeri
al te
hnique for solving the problem in a deterministi
 way. It is used for dis
retisingthe Helmholtz equation in the 
avity and 
ombines a �nite element method (FEM) dis
retisation inthe dire
tion perpendi
ular to the wall with trigonometri
 fun
tions in the two in-plane dire
tions.The FLM exploits the simple geometry of the double wall and a

ounts for all its boundary andinterfa
e 
onditions with a reasonable 
omputational 
ost. The statisti
al energy analysis (SEA) is amore suitable framework of analysis for vibroa
ousti
 problems in large domains su
h as buildings.However, the best SEA approa
h for modelling double walls is not 
lear in the literature. The 
avityis 
onsidered as a subsystem or treated as a 
onne
ting devi
e between the two leaves depending onthe author. The �nite layer method is used to evaluate the performan
e of these two approa
hes,
on
luding that both 
onsiderations have to be taken into a

ount together to reprodu
e the realbehaviour. Finally, the FLM is used to de�ne a 
ombined deterministi
-energy based approa
h todeal with this kind of problems.PACS no. 02.60.Cb, 43.55.Ti, 43.40.Rj1. Introdu
tionDouble walls are stru
tural elements 
onsisting of twoleaves with an air 
avity (whi
h may be totally or par-tially �lled with absorbing material) between them(see Figure 1). They 
heaply provide load-bearing
on�gurations with good a
ousti
 properties and aminimal mass. The in
reasing use of these elementsleads to the interest in reliable models of their soundinsulation. These models should 
over a wide fre-quen
y range (50 to 5000 Hz) in order to evaluatethe outputs de�ned in regulations [1, 2℄.Models of the sound transmission through doublewalls 
ouple the stru
tural vibration of the leaves withthe sound propagation through the 
avity. To do so,there are di�erent approa
hes: on the one hand, deter-ministi
 models 
an be used. They 
onsist on solvingthe stru
tural dynami
s equation for the leaves andthe Helmholtz equation for the 
avity. These equa-tions are expressed in the frequen
y domain and 
anbe solved either numeri
ally [3, 4℄ or analyti
ally withthe help of assumptions and simpli�
ations [5, 6℄. On(
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Figure 1. Sket
hes of the double wall and its parts.the other hand, energy-based formulations su
h asStatisti
al Energy Analysis (SEA) [7℄ 
an be used.Deterministi
 
omputations at the higher frequen-
ies required by regulations have a large 
omputa-tional 
ost when dealing with large domains as thoseused in building design. SEA seems to be the bestalternative for this kind of problems. However, someparameters required by this te
hnique, su
h as the
oupling loss fa
tor, are not straightforward to obtainfor 
ertain 
on�gurations. Either experiments or sim-ulations have to be performed for �tting their values.In this work, the �nite layer method (FLM) is pre-sented as a good te
hnique for dis
retising the pres-sure �eld when modelling double walls deterministi-
ally. However, for studying the sound transmission ina building, the best 
hoi
e is to use SEA. The FLMis used to provide the SEA 
oupling loss fa
tors as-so
iated to the double wall. The goal is to solve large
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ousti
 problems with SEA, using the data ob-tained from small vibroa
ousti
 problems solved de-terministi
ally.An outline of the paper follows. The bases of the�nite layer method are explained in Se
tion 2 andparti
ularised for modelling the sound redu
tion in-dex of double walls. In Se
tion 3, di�erent approa
hesto the sound transmission through double walls withstatisti
al energy analysis are shown: on the one handexisting analyti
al expressions of the 
oupling loss fa
-tors involved and on the other hand the te
hniquefor estimating these parameters numeri
ally. Se
tion 4shows some validation examples for the di�erent mod-els of the sound transmission through double wallspresented in this work. The 
on
lusions of Se
tion 5
lose the paper.2. The �nite layer method2.1. MethodThe FLM is a dis
retisation te
hnique that has beenused for modelling layered problems su
h as the vi-bration of thi
k plates [8℄ or 
ertain groundwater �owproblems [9℄. In this work it is used for dis
retisingthe pressure �eld in the 
avity of the double wall. Thiste
hnique 
ombines a FEM-like dis
retisation in thedire
tion perpendi
ular to the wall with trigonomet-ri
 fun
tions in the two in-plane dire
tions. It leadsto less 
omputational 
ost than the FEM but is stilldetailed enough to enfor
e the interfa
e 
onditions be-tween �uid and stru
ture. Thus, it is spe
ially suitablefor 
omputing the noise transmission through layered
on�gurations of �nite dimensions.The pressure �eld is modelled with the Helmholtzequation

∇2p(x) + k2p(x) = 0, (1)where k is the wave number and p(x) is the pres-sure �eld, whi
h is interpolated by means of layerfun
tions. These 
an be understood as standardFEM interpolation fun
tions [10℄ in the z dire
tion
Nj (z), multiplied by appropriate interpolation fun
-tions Φs (x, y) in the xy plane (see Figure 2)

p(x) =

nxy
∑

s=1

nz
∑

j=1

pjs Nj (z)Φs (x, y) . (2)In equation (2), nz is the number of nodes in the zdire
tion as shown in Figure 2, nxy is the numberof interpolation fun
tions 
onsidered in the xy planeand pjs is the pressure phasor value at node j for theinterpolation fun
tion Φs (x, y). In this 
ase, Φs (x, y)is 
hosen su
h as to ful�ll the re�e
ting 
ondition
∇p · n = 0 (3)

Figure 2. Sket
h and notation used in the �nite layermethod.at the 
avity 
ontour:
Φs (x, y) = cos

(

sxπx

Lx

)

cos

(

syπy

Ly

)

sx, sy = 0, 1, 2, . . . (4)2.2. Modelling the sound transmissionthrough double walls with FLMThe leaves of the double wall are 
onsidered to besimply supported. They are modelled with the thinplate equation expressed in the frequen
y domain
D∇4u(x, y) − ω2ρsu(x, y) = q(x, y), (5)where D = Eh3/12 (1 − ν2) is the bending sti�nessof the leaf (with h, E and ν the thi
kness, Young'smodulus and Poisson's ratio of the leaf respe
tively),

ρs its mass per unit surfa
e, ω = 2πf (with f thefrequen
y of vibration) and u(x, y) the displa
ementof the leaf.The displa
ement �eld is expressed in terms of theeigenfun
tions φr of a simply supported plate as
u(x, y) =

nmodes
∑

r=1

ar φr(x, y) (6)where nmodes is the number of modal fun
tions used inthe interpolation, ar is the phasor modal 
ontributionof mode φr and
φr = sin

(

rxπx

Lx

)

sin

(

ryπy

Ly

)

,

rx, ry = 1, 2, . . . (7)The dis
retised vibration and pressure �elds are re-pla
ed in the weak form of equations (5) for the leavesand (1) for the 
avity, respe
tively. They are 
oupledimposing weakly the for
e equilibrium and the 
onti-nuity of normal velo
ity at the 
avity-leaf interfa
es.
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Figure 3. Angles de�ning the in
ident pressure wave.2.3. The sound redu
tion indexThe sound transmission through the double wall ismeasured in this work with the sound redu
tion in-dex R between two rooms. This value is 
omputed interms of the in
ident and radiated powers, Πin and
Πrad, of the stru
ture.The 
omputation of this value requires the ex
ita-tion to be a pressure wave impinging on one of theleaves, modelled as

p(x) = p0e
−i(kxx+kyy+kzz) (8)where kx = k sinϕ cos θ, ky = k sin ϕ sin θ and kz =

k cosϕ.This wave may have several orientations, de�ned byangles θ and ϕ as shown in Figure 3. Four di�erentvalues of θ, equispa
ed between θ = 0 and θ = 45odue to the symmetry of the problem, are 
onsidered.If the leaf was re
tangular instead of square, this limitwould be 90o. Also ten di�erent values of ϕ have been
onsidered, equispa
ed between ϕ = 0 and ϕlim = 90o.The �nal value of the sound redu
tion index is 
om-puted as
R = 10 log10

(

1

τd

) (9)where
τd =

∫ 45o

0

∫ 90o

0
τ cos θ sin θ cosϕ sin ϕdϕdθ

∫ 45o

0

∫ 90o

0 cos θ sin θ cosϕ sin ϕdϕdθ
(10)and

τ(θ, ϕ) =
Πrad(θ, ϕ)

Πin(θ, ϕ)
. (11)In equation (11), Πrad(θ, ϕ) is obtained from thevibration �eld with the te
hnique des
ribed in [11℄and

Πin(θ, ϕ) =

〈

P 2
RMS

〉

LxLy cosϕ

ρairc
, (12)where 〈

P 2
RMS

〉 is the mean square pressure ex
itingthe leaf and ρair and c are the density and the speedof sound in the air respe
tively.

1 2h21

h12

LEAF LEAF

CAVITYFigure 4. Sket
h of a SEA model where the 
avity is 
on-sidered as a 
onne
ting devi
e.3. Statisti
al energy analysis for dou-ble walls3.1. Existing approa
hesDi�erent SEA referen
es [12, 13℄ do not 
oin
ide inthe optimal way to deal with double walls. Neitherthe 
oupling loss fa
tor expressions nor the identi�
a-tion of subsystems is 
lear. The two leaves should be
onsidered as separated subsystems but there is nota uni�ed 
riterion about the treatment re
ommendedfor the 
avity. Here, two of the suggested te
hniquesfor this kind of problems are shown.The �rst one 
onsists on 
onsidering the air 
avityas a 
onne
tion between the leaves (see Figure 4), inparti
ular as a spring with sti�ness Kair = ρairc
2/Hwhere H is the thi
kness of the 
avity. The 
ouplingloss fa
tor ηij between leaf i and leaf j is obtainedwith the ele
tri
al 
ir
uit analogy used by Hopkins[12℄

ηij =
Re{Yj}

mi|Yi + Yj + Yc|2
, (13)where

Yi =
1

8
√

Diρsi

(14)and mi are the point mobility and the mass of leaf irespe
tively and
Yc =

iω

K
(15)is the mobility of the spring.The other option is to 
onsider the 
avity as anSEA subsystem itself [13℄ (see Figure 5), and obtainits own modal density

ni =
4πf2Vcav

c3
+

2πfScav

4c2
+

Lcav

8c
(16)and internal loss fa
tor

ηii =
cαScav

8πfVcav
, (17)where Vcav is the 
avity volume, Scav is the surfa
e ofthe 
avity boundary, Lcav is the sum of the length of
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1 3h31

h13

LEAF CAVITY

2h23

h32

LEAFFigure 5. Sket
h of a SEA model where the 
avity is 
on-sidered as a subsystem.all the 
avity edges and α is the absorbing fa
tor atthe 
avity boundary.Then, the 
oupling loss fa
tors between leaves and
avity are obtained
ηij =

ρaircσfc

4πf2ρs

, (18)where fc is the 
oin
iden
e frequen
y between the leafand the air and σ is the radiation e�
ien
y of the leaf,
omputed with the expressions de�ned in [14℄.3.2. Proposed te
hniqueThe te
hnique proposed in this work 
onsists on esti-mating the 
oupling loss fa
tors of the energeti
 anal-ysis from the numeri
al solution of deterministi
 prob-lems. In parti
ular, for a double wall, the 
avity is 
on-sidered as a 
onne
tion between the two leaves and the
oupling loss fa
tor between them is estimated fromthe numeri
al simulation of the deterministi
 prob-lem, 
omputed with the FLM as des
ribed in Se
tion2.2.The 
oupling loss fa
tor (CLF) estimation requiresthe 
omputation of the averaged energy of ea
h leaf.On
e the displa
ement �eld u(x, y) in a leaf is known,the velo
ity of the leaf is obtained as v(x, y) =
i ω u(x, y), where i =

√
−1. Then, the averaged en-ergy of the leaf is 
omputed as

E = m
〈

v2
RMS

〉 (19)where m is the mass of the leaf and 〈

v2
RMS

〉 is thespatial mean square value of the velo
ity in that leaf.The 
al
ulation of the 
oupling loss fa
tor betweenthe two leaves is based on the SEA formulation forthe 2-subsystem 
ase with only the �rst subsystemex
ited
{

Πin
1 /ω
0

}

=

[

η11 + η12 −η21

−η12 η21 + η22

]{

E1

E2

}(20)and the 
onsisten
y relationship
ηijni = ηjinj , (21)where Ei is the energy of subsystem i and Πin

1 is theexternal power applied to leaf 1.On
e the numeri
al simulation is performed and theenergies of the leaves are known, the 
oupling loss

1 2h21

h12

ROOM LEAF

3h32

h23

LEAF

4h43

h34

ROOM

CAVITYFigure 6. SEA sket
h for the room-double wall-room sys-tem.fa
tor 
an be isolated from the se
ond equation of theSEA system as
η12 =

η22E2

E1 − n1

n2

E2
. (22)In this work, the sound redu
tion between tworooms separated by a double wall is 
omputed. Todo so, not only the 
oupling loss fa
tor between thetwo leaves forming the double wall must be 
omputed,but also the 
oupling loss fa
tor between ea
h leaf ofthe wall and its adja
ent room (see Figure 6). Thisfa
tor is obtained from the SEA system 
onsisting oftwo subsystems: the room and its adja
ent leaf. Theproblem with an ex
itation in the leaf is solved numer-i
ally and the 
oupling loss fa
tor is obtained from theenergies 
omputed for the leaf and the room.These estimated fa
tors are applied later in theSEA analysis of the whole room-double wall-room sys-tem and the sound redu
tion index is obtained fromthe resulting energies of the rooms. The other requiredparameters su
h as the internal loss fa
tors are ob-tained with the analyti
al expressions available in theliterature [13℄.The main idea of the proposed te
hnique is to solveevery small deterministi
 problem on
e and to use theestimated fa
tors to model large vibroa
ousti
 prob-lems based on repetitions of the same elements, ashappens with buildings. The small deterministi
 prob-lems usually 
onsist only of two of the susbystemsforming the global system (i.e. room and leaf). There-fore, they 
an be approa
hed deterministi
ally with areasonable 
omputational 
ost.4. Examples and 
omparisons4.1. Comparison of analyti
al CLF expres-sions with the numeri
al estimationsThe SEA approa
hes des
ribed in Se
tion 3.1 are
he
ked here. The 
oupling loss fa
tor between thetwo leaves of a double wall provided by the analyti
alexpressions is 
ompared with the CLF 
omputed fromnumeri
al simulations in Figure 7. Also an alternativete
hnique resulting from 
ombining the two analyti
alexpressions is in
luded in the 
omparison.The basi
 properties of the leaves of the double wallused for the 
omparison are summarised in Table I.For 
omparing the approa
h that 
onsiders the 
av-ity as a third subsystem, an equivalent 
oupling loss
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kness h 0.013mYoung's modulus E 2.5 × 109 N m−2Density ρ 692.3 kg m−3Poisson's ratio ν 0.3Loss fa
tor η 3%
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Figure 7. Comparison of the η12 estimations and analyti
alexpressions for the 
avity in double walls.fa
tor between the leaves is obtained. Considering the
avity as subsystem 3, then
ηequi
12 =

η32η13

η33 + η31 + η32
. (23)Leaving the low-frequen
y dis
repan
ies aside, theestimated CLF law shows two main features: on theone hand, the importan
e of the equivalent sti�nessof the air, spe
ially at mid frequen
ies; on the otherhand, the 
oin
iden
e phenomenon that takes pla
eat 2500 Hz. This phenomenon is only 
onsidered bySEA when the 
avity is treated as a subsystem. Infa
t, SEA overestimates the transmission at the 
oin-
iden
e frequen
y. Figure 7 shows that the two ana-lyti
al expressions for 
omputing the CLF miss somephysi
al information if used separately. The fourth
urve shows a more 
omplex SEA model, whi
h 
on-siders the 
avity both as a 
onne
ting devi
e and asa subsystem (see Figure 8). The SEA system withthree subsystems is solved, in
luding altogether the
oupling loss fa
tor between the two leaves de�nedin equation (13) and the 
oupling loss fa
tors be-tween leaves and 
avity des
ribed in equation (18).Another option would be to 
hoose one behaviouror the other depending on the frequen
y but the ap-propriateness of 
onsidering both behaviours together

1 3h31

h13

LEAF CAVITY

2h23

h32

LEAF

h12

h21

Figure 8. SEA sket
h for the 
ombination of the two te
h-niques.Table II. Properties of the double glazing.Variable Symbol ValueLeaf length in x Lx 1.2 mLeaf length in y Ly 1.2 mThi
kness h 0.004 mYoung's modulus Eleaf 7.2× 10
10 N m−2Density ρleaf 2500 kg m−3Poisson's ratio ν 0.22Loss fa
tor η 4%along the whole frequen
y range be
omes evident inFigure 7.4.2. Comparison of the 
ombination of SEAand estimated CLFs with experimentalvaluesThe te
hnique des
ribed in Se
tion 3.2 for 
omputingthe sound redu
tion index of a double wall with SEAis tested by 
omparing it with available experimentaldata. In [15℄, Tadeu et al. show the sound redu
tionindex measured in the lab for a double glazing. InTable II the properties of the glass leaves are shown.The 
avity between them is 0.012 m thi
k.The experimental results in [15℄ are depi
ted aver-aged in 1/10 o
tave bands. For the 
omparison, theirsound energies have been averaged in order to pro-vide the sound redu
tion index law in one-third o
tavebands

〈R〉 = 10 log10

[

1

n

n
∑

i=1

100.1Ri

]

. (24)To obtain the 
urve 
orresponding to the analysiswith SEA, the CLF between the two leaves of thedouble wall has been 
omputed with the te
hniquedes
ribed in Se
tion 3.2. The small numeri
al prob-lem has been solved with the �nite layer method asdes
ribed in Se
tion 2.2. Moreover, the CLF betweenea
h room and its adja
ent leaf has also been 
om-puted numeri
ally solving a small problem based on
587
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Figure 9. Comparison of the sound redu
tion index 
om-puted numeri
ally and experimental measurements.the sound propagation between one leaf and a roomin 
onta
t with it.Despite the dis
repan
ies at low frequen
ies, wherethe SEA hypotheses are not ful�lled, the experimentis well reprodu
ed. The room-double wall-room sys-tem is modelled in an un
oupled way, whi
h allowsrea
hing the whole frequen
y range with an a�ord-able 
omputational 
ost.The main 
on
lusion is that, on
e the 
oupling lossfa
tors are 
omputed, large vibroa
ousti
 systems 
anbe solved with few degrees of freedom. The system oftwo rooms separated by a double wall has four subsys-tems (the two rooms and the two leaves of the wall)and, therefore, 4 degrees of freedom if approa
hedwith SEA. However, the deterministi
 problem hasmore than 100 000 degrees of freedom at high frequen-
ies if approa
hed numeri
ally. Besides, the estimationof 
oupling loss fa
tors from numeri
al results is per-formed without any additional physi
al simpli�
ationthan those in
luded in the deterministi
 model. Noassumptions on the dominant transmission path aredone and therefore the estimated 
oupling loss fa
tora

ounts for all the transmission phenomena involvedin the vibroa
ousti
 problem.5. Con
lusions
• The �nite layer method is a reliable te
hnique todis
retise the pressure �eld when modelling thesound transmission through double walls. It re-du
es the 
omputational 
ost of the �nite elementmethod but is 
omplete enough to respe
t the in-terfa
e 
onditions between layers.
• Results show the main de�
ien
ies of the standardte
hniques used in SEA for estimating the 
ouplingloss fa
tor asso
iated to double walls. A numeri-
al estimation of the 
oupling loss fa
tor in thesesituations allows to take into a

ount all the trans-mission phenomena involved in the problem. It alsoallows to dete
t that 
onsidering the two analyti
al

expressions for the CLF together provides a goodmodel of the real behaviour.
• The 
ombination of numeri
al and statisti
al meth-ods is useful to solve realisti
 vibroa
ousti
 prob-lems. It allows rea
hing the whole frequen
y rangerequired by regulations with a reasonable 
ompu-tational 
ost for large domains based on the repe-titions of smaller elements.A
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