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ABSTRACT

In the three preceding papers in the series, we presented a model dealing with the
global and small-scale structure and kinematics of hierarchically assembled, virialised,
collisionless systems, which correctly accounted for the typical properties of simulated
cold dark matter (CDM) haloes. This model relied, however, on the spherical symmetry
assumption. Here we show that the foundations of the model hold equally well for
triaxial systems and extend it in a fully accurate way to objects that satisfy the latter
more general symmetry. The master equations in the new version take the same form
as in the version for spherically symmetric objects, but the profiles of all the physical
quantities are replaced by their respective spherical averages. All the consequences
of the model drawn under the spherical symmetry assumption continue to hold. In
addition, the new version allows one to infer the axial ratios of virialised ellipsoids from
those of the corresponding protoobjects. The present results generalise and validate
those obtained in Papers I, II and III for CDM haloes. In particular, they confirm that
all halo properties are the natural consequence of haloes evolving through accretion
and major mergers from triaxial peaks (secondary maxima) in the primordial density
field.

Key words: cosmology: cosmology: theory — dark matter — dark matter: haloes
— triaxial symmetry — dynamics — self-gravitating systems — galaxies

1 INTRODUCTION

In the three preceding papers in the series, we presented a
simple model of the global inner structure (Salvador-Solé et
al. 2011a, hereafter Papers I), substructure (Salvador-Solé et
al. 2011b, hereafter Paper II) and kinematics (Salvador-Solé
et al. 2011c, hereafter Paper III) of virialised collisionless
systems grown by pure accretion (PA). Furthermore, the
model was shown to also hold for virialised objects that have
suffered major mergers, so it is valid for all hierarchically
assembled virialised objects, regardless of their aggregation
history.

Applied to cold dark matter (CDM) haloes, this model
allowed us to show that the roughly universal typical mass
density, subhalo number density, pseudo phase-space den-
sity, anisotropy and specific angular momentum profiles

⋆ E-mail: e.salvador@ub.edu
† Associated with the Instituto de Ciencias del Espacio, Consejo
Superior de Investigaciones Cient́ıficas

shown by those objects in numerical simulations (Navarro
et al. 1997; Springel et al. 2008; Taylor and Navarro 2001;
Hansen and Moore 2006; Bullock et al. 2001; Navarro et
al. 2010; see further references in Papers I, II and III) result
naturally from the evolution of haloes from peaks (secondary
maxima) in the primordial random Gaussian field of density
perturbations. There is, however, one important caveat: the
model presumed spherical symmetry, while neither haloes
nor peaks are strictly spherically symmetric.

Virialised haloes exhibit a substantial triaxial elliptic-
ity at the quadrupole order of approximation, with a trend
towards the prolate rather than oblate shape (e.g. Frenk
et al. 1988; Dubinski & Carlberg 1991;Warren et al. 1992;
Cole & Lacey 1996; Springel et al. 2004; Allgood et al. 2006;
Hayashi et al. 2007; Macciò et al. 2007; Stadel et al. 2009).
The minor to major axial ratio takes a roughly uniform
value of about 0.6, with a slight, still controversial, trend
to an outward-decreasing ellipticity (Frenk et al. 1988; Bul-
lock 2002; Jing & Suto 2002; Springel et al. 2004; Kasun &
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Evrard 2005; Bailin & Steinmetz 2005; Libeskind et al. 2005;
Allgood et al. 2006; Hayashi et al. 2007; Bett et al. 2007;
Stadel et al. 2009). Likewise, the isodensity contours in the
immediate neighbourhood of primordial peaks are also tri-
axial, even for very high peaks where they tend to be more
spherical (Doroshkevich 1970; Bardeen et al. 1986). Unfor-
tunately, there is so far no theoretical model making the link
between the triaxiality of haloes and their seeds.

The spherical symmetry assumption was introduced in
Paper I in order to facilitate the mathematical treatment
and to make the reasoning more transparent. Clearly, the
satisfactory results obtained under that assumption suggest
that the model, as well as the origin for halo properties men-
tioned above, must be essentially correct, despite the depar-
ture of haloes from spherical symmetry. However, this is not
obvious because, as is well known, any small departure from
sphericity in the linear initial configuration is dramatically
amplified during the non-linear evolution of the system (Zel-
dovich 1970), which might yield important differences in real
triaxial virialised systems compared to the ideal spherical
ones. It should therefore be verified that, for triaxial objects:
i) the foundations of the model are still well justified, ii) its
master equations remain valid; and iii) its consequences for
CDM haloes are retained.

In the present paper, we address these issues. We show
that ellipsoidal objects that grow by PA develop outwardly
by keeping the instantaneous inner region unaltered, just as
in the spherically symmetric case, and that the virial radius
defined as in spherical objects also gives an accurate mea-
sure of the radius enclosing any given mass. Following the
prescription by González-Casado et al. (2007), we then show
that the same equations for spherically symmetric systems
given in Papers I, II and III hold for triaxial systems, sim-
ply by replacing the radial profiles of all physical quantities
by their respective spherical averages. In addition, the model
enables us to calculate the ellipticity of triaxial virialised ob-
jects from that of their (real or putative; see Paper I) seeds
evolving by PA. Last but not least, we show that all the
important consequences of the model for CDM haloes hold
for the more general and realistic case of triaxial objects.

The paper is organised as follows. In section 2, we re-
visit the foundations of the model for triaxial ellipsoids. In
section 3, we rebuild the model for such systems. Section 4
is devoted to determining the ellipticity of virialised objects
formed from triaxial seeds. The application of the model to
CDM haloes is addressed in section 5 and a brief summary
is given in section 6.

Throughout the paper we adopt the concordance model
with (Ωm,ΩΛ, h, σ8) = (0.3, 0.7, 0.7, 0.9). However, we use
for simplicity Newtonian dynamics with null cosmological
constant. This is enough for CDM haloes but, if we want
to be formally consistent, we must simply add −Λ/(8πG),
with G the gravitational constant, to the density where
it has the meaning of a gravitational source (not an iner-
tial factor). This means, in practice, to replace everywhere
GM(r) by GM(r) − Λ r3/6. A package with the numerical
codes used in the present paper is publicly available from
www.am.ub.es/∼cosmo/haloes&peaks.tgz.

2 FOUNDATIONS OF THE MODEL

The foundations of the model that we built in the previ-
ous papers, justified in Paper I for spherically symmetric
systems, were: (i) virialised objects that grow by PA de-
velop from the inside out by keeping the instantaneous in-
ner structure unaltered, and (ii) the radius encompassing a
given mass M coincides with the usual virial radius calcu-
lated from the energy of the system at turnaround. In what
follows, we show that both these statements still hold for
triaxial systems.

2.1 Inside-out Growth

In Paper I, it was possible to study the effects of shell-
crossing in the virialisation of collisionless systems that un-
dergo PA thanks to the fact that, in spherically symmet-
ric systems, spherical shells conserve their shape throughout
the evolution. The gravitational pull on the particles then
depends only on their total inner mass. Consequently, by
truncating the system at a given spherical shell, the total
energy E of that section is conserved as long as it is its in-
ner mass, despite the varying mass distribution of the real
(non-truncated) system inside and outside the shell. This
allowed us to show that shell-crossing yields a secular en-
ergy loss by shells that causes their orbits to contract in an
orderly fashion with no apocentre crossing before and after
turnaround1. As a consequence, the central virialised object
necessarily grows from the inside out.

Unfortunately, the shape of shells in ellipsoidal collapse
is only conserved (at first-order in the perturbations) during
the linear evolution (e.g. Peebles 1980). After turnaround,
particles soon fall along non-radial orbits and shells tend
to change their shape dramatically (pancake collapse; Zel-
dovich 1970). In addition, the truncation of the system at
any shell of whatever shape is not of much help when it
comes to monitoring its evolution, because the particle grav-
itational energy depends in this case on the whole mass dis-
tribution inside and outside the shell. On the other hand,
the total energy of a truncated ellipsoid certainly is con-
served, but the evolution of this section deviates nonetheless
from the one it would undergo embedded in the whole sys-
tem owing to the different gravitational pull exerted by the
outer matter in the two cases. This implies that the simple
reasoning followed in Paper I showing that virialised spher-
ically symmetric objects grow in PA from the inside out is
not valid for triaxial systems. Nonetheless, the similar way
virialisation proceeds in triaxial systems still leads to the
same conclusion.

After a shell reaches turnaround, it collapses and re-
bounds, interacting with other parts of the system. If the
particles were to conserve their energy, they would reach the
same apocentre after completing one orbit. However, the in-
teraction of particles with other parts of the system causes
them to lose some energy, which leads to the virialisation of
the system, so the new apocentre locus is somewhat differ-
ent from the initial one at turnaround. As opposed to what
happens in the spherical case, particles do not reach the

1 The turnaround of particles undergoing PA is defined as their
first apocentre.
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new locus of null velocity simultaneously. However, as the
typical time for particle energy loss or, equivalently, for vari-
ation of their null-velocity locus is substantially larger than
the orbital period, the apocentre surfaces are well-defined at
any given moment despite being possibly traced by particles
having completed different numbers of orbits. For symmetry
reasons, those apocentre surfaces are also triaxial ellipsoids,
as the shell at turnaround, but with different axial ratios and
of progressively smaller extent. In other words, the apocen-
tre ellipsoids traced by particles belonging to any ellipsoidal
shell at turnaround progressively shrink and change their
triaxial ellipticity.

The key point in the reasoning showing that triaxial
virialised objects growing by PA also develop inside-out is
that, similarly to what happens in the spherical case, the
apocentre ellipsoids for different shells at turnaround evolve
without crossing each other. Indeed, if two such apocentre
ellipsoids coincided at some point, the particles belonging
to the two surfaces at that point with identical (null) veloc-
ity would describe identical orbits and the shells would not
actually cross each other. Therefore, the system contracts
orderly without apocentre crossing by conserving the mass
inside each apocentre ellipsoidal surface until particles defin-
ing that surface no longer lose any significant energy and
stabilise their orbits. As apocentre ellipsoids do not cross
each other, in particular at the frontier of the instantaneous
steady region, when they stop contracting, the central tri-
axial virialised object grows automatically from the inside
out, just as in spherical PA.

The situation is, therefore, essentially the same as in
spherically symmetric systems. The only difference is that,
in triaxial systems, the gravitational pull suffered by parti-
cles comes from matter located inside and outside their radii,
meaning that the energy exchange between homoeoids2 does
not proceed through shell-crossing, but it takes place at a

distance through the change in their respective mass dis-
tributions. As mentioned in Paper I, the energy exchange
between shells that takes place via shell-crossing does not
affect the regions beyond the instantaneous turnaround ra-
dius because particles at those radii have not crossed yet
other shells. However, owing to the energy exchange at a
distance in triaxial systems, the possibility cannot be ruled
out in such a case that virialising shells exchange energy with
matter beyond the instantaneous ellipsoid at turnaround. If
this were the case, the linear theory of structure formation
that assumes no coupling among scales would be compro-
mised. (See the discussion on this point for spherical sys-
tems in Paper I.) Clearly, the successful predictions of that
theory support the idea that there is essentially no energy
exchange across the instantaneous ellipsoid at turnaround
even in non-spherical collapse. We next show that this is in
fact the case to a high degree of accuracy for triaxial ellip-
soids formed by PA from triaxial seeds with rather uniform
ellipticity.

In Appendix A, it is shown that the potential energy
for a truncated sphere of radius R in triaxial systems takes
the form

2 A homoeoid is the infinitesimal region between two arbitrarily
close ellipsoidal isodensity contours.

W (R)=−4π

∫ R

0

dr r2 〈ρ〉(r)
GM(r)

r

[
1+

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r)

]
, (1)

where G is the gravitational constant and δρ and δΦ are the
deviations of the local density and gravitational potential
from their respective spherical averages 〈ρ〉(r) and 〈Φ〉(r).
From equation (1) it is clear that, except for second-order

terms in the departures δρ/〈ρ〉 and δΦ/〈Φ〉 from spheric-
ity, the potential energy coincides with that of a spheri-
cally symmetric system with the same spherically averaged
density, which means that the gravitational potential at a
given radius depends only on the total inner mass M(r).
Furthermore, as shown in section 5, the ellipticity of virial-
ising regions with no marked radial trend remains essentially
unaltered during the process, which implies that the factor
within square brackets in the integrand on the right of equa-
tion (1) takes the also roughly uniform initial value. Thus,
the full gravitational potential of the system truncated at
any given radius R depends essentially only on the total in-
ner mass, as in spherically symmetric systems. In these con-
ditions, the same reasoning followed in Paper I now leads to
the same conclusion that, in collisionless systems evolving
by PA, even if they are triaxial, there is (essentially) no en-
ergy exchange across the instantaneous (ellipsoidal) surface
at turnaround.

2.2 Virial Radius

In Paper I, it was shown that the inside-out growth of a viri-
alised object undergoing smooth spherical PA implies that
the radius R enclosing a given mass M is accurately de-
scribed by the so-called virial radius.

Indeed, the scalar virial relation for spherically sym-
metric steady objects (with a central density asymptote less
steep than r−3), following from integration out to R of the
product 4πr3 times the Jeans equilibrium equation, takes
the form

4πR3 ρ(R)σ2
r (R) =

∫ R

0

dr 4π r2ρ(r)

[
σ2(r)−

GM(r)

r

]
, (2)

or simply

2E(R)

W (R)
= 1− S(R) , (3)

where ρ(r), σ(r) and σr(r) are respectively the density, total
and radial velocity dispersion profiles, E(R) and W (R) are
the total and potential energies (the latter with origin at in-
finity) of the truncated sphere with radius R, and S(R) is the
corresponding scaled surface pressure term, i.e. the member
on the left in equation (2) over the absolute value of W (R).
Approximating W (R) by the potential energy of the trun-
cated system assumed with a uniform inner density profile so
as not to be concerned with the actual unknown inner mass
distribution, and E(R) by the total energy Eta(M) of the
truncated system enclosing identical mass M at turnaround,
equation (3) takes the form

Rvir = −
3

10

GM2

Eta(M)
[1− S(R)] , (4)

which defines the virial radius Rvir. Certainly, E is differ-
ent from Eta due to the energy dissipated by shells during

c© 0000 RAS, MNRAS 000, 000–000
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virialisation and ρ(r) is not uniform but outwards decreas-
ing. Yet, taking into account the mass and energy conserva-
tion for truncated spheres contracting without crossing each

other from their respective turnaround, it was shown in Pa-
per I that both inaccuracies cancel each other and Rvir de-
fined according to equation (4) gives a completely accurate

measure, despite the severe approximations involved in the
derivation, of the radius R encompassing the mass M .

Again, the extension of this result to triaxial systems
is not obvious. The virial relation adopts in this case a ten-
sorial form with no explicit radius. Nonetheless, the radius
Rvir defined according to the relation (4) for the mass M
encompassed by R and some modified energy for the trun-
cated sphere of radius R to be specified below still gives a
fully accurate measure of R. This result is reached by taking
spherically averaged profiles, hereafter denoted by angular
brackets. Note, however, that the spherically averaged to-
tal, radial and (1D) tangential velocity dispersion profiles at
r coincide with the respective ordinary dispersions over the
corresponding spherical shell, σ(r), σr(r), and σt(r), so they
do not need angular brackets.

As shown in Appendix A, when the collisionless Boltz-
mann equation is treated in the same way as for spherically
symmetric systems in order to derive the Jeans equilibrium
equation, one is led to the exact relation

4πR3〈ρ〉(R)σ2
r (R) + 4π

∫ R

0

dr r3〈δρ ∂r(δΦ)〉(r)

=

∫ R

0

dr r2 〈ρ〉(r)

[
σ2(r)−

GM(r)

r

]
, (5)

where δρ and δΦ are the local deviations of the density and
gravitational potential from their respective spherical aver-
ages 〈ρ〉 and 〈Φta〉. Thus, by defining the “spherical” poten-
tial energy and “spherical” total energy respectively as

W(R) ≡ −4π

∫ R

0

dr r2 〈ρ〉(r)
GM(r)

r
, (6)

and

E(R) ≡

∫ R

0

dr 4πr2〈ρ〉(r)

[
σ2(r)

2
−

GM(r)

r

]
, (7)

that is, exactly as the potential and total energy (with po-
tential origin at infinity) for the truncated sphere of radius
R in the spherically averaged object, and defining the “spher-
ical” scaled surface term S(R) as the left hand-side of equa-
tion (5) over the absolute value of W(R), one is led to the
relation

2E(R)

W(R)
= 1− S(R) , (8)

which is formally identical to the scalar virial relation (3) for
spherically symmetric objects. Making use of the relation (8)
and operating as in the derivation of equation (4), we can
define the virial radius of the sphere that encompasses the
mass M in a steady triaxial ellipsoid as

Rvir = −
3

10

GM2

Eta(M)
[1− S(R)] . (9)

Equation (9) is identical to equation (4) defining the virial
radius for spherically symmetric objects except for the fact
that the total energy Eta(M) of the truncated sphere en-
compassing the same mass M as the ellipsoid at turnaround

is replaced by the spherical counterpart Eta(M). From now
on, the centred sphere that has the same mass as a given el-
lipsoid is referred to as the “associated” sphere (see App. D
for the relationship between its radius R and the semiaxes
of the ellipsoid). Note that, as apocentre ellipsoids conserve
their mass as they contract, their associated spheres auto-
matically do so, too. Following a proof similar to that in
Appendix B of Paper I for spherically symmetric systems,
we show in Appendix B that Rvir given by equation (9) does
indeed yield a completely accurate measure of the radius R
encompassing the mass M in triaxial systems3.

Moreover, the negative signs of both W(R) and E(R)
quantities (see App. A) imply that S(R) is necessarily less
than one, as for the ordinary scaled surface term in spheri-
cally symmetric systems. Consequently, as in those systems,
a reasonable estimate for the radius encompassing the mass
M is simply given by

R = −
3

10

GM2

Eta(M)
. (10)

3 EXTENSION OF THE MODEL TO

TRIAXIAL SYSTEMS

Once the foundations of the model developed in Papers I,
II and III for spherically symmetric systems formed by PA
have been shown to hold for triaxial systems as well, we can
extend the model to such systems.

3.1 Smooth Accretion

The mass, total spherical energy, mean angular momen-
tum modulus and specific angular momentum variance (see
App. A in Paper III) encompassed by any radius R in a
smooth triaxial steady object satisfy the relations (see the
App. C)

M(R) =

∫ R

0

dr 4πr2〈ρ〉(r) , (11)

E(R) =

∫ R

0

dr 4πr2〈ρ〉(r)

[
σ2(r)

2
−

GM(r)

r

]
, (12)

J(R) =

∫ R

0

dr 4πr2〈ρ〉(r) 〈j〉(r) (13)

and

V (R) =

∫ R

0

dr 4πr4〈ρ〉(r)σ2
t (r) , (14)

respectively, where 〈j〉(r) is the spherically averaged angular
momentum profile.

These equations are formally identical to equations (4)–
(7) in Paper III from which the model for spherically sym-
metric objects was built. The only difference is that the
profiles ρ(r) and j(r) are now replaced by their respective
spherical averages, 〈ρ〉(r) and 〈j〉(r), and the total ordinary
energy E(R) of the truncated sphere of radius R is replaced

3 This is possible thanks to the lack of energy exchange across
the instantaneous ellipsoid at turnaround mentioned above (see
App. B).
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by its spherical version E(R). Note that this is equivalent
to applying the model of spherically symmetric objects to
an ideal system equal to the spherical average of the actual
triaxial system. Thus, following the same derivation from
equations (11)–(14) as in Paper III, the model developed in
that paper (and Papers I and II) is automatically extended
to triaxial ellipsoids.

Specifically, differentiating equations (11)–(13), one is
led to

〈ρ〉(r) =
1

4πr2
dM

dr
, (15)

σ2(r) = 2

[
dE/dr

dM/dr
+

GM(r)

r

]
, (16)

〈j〉(r) =
dJ/dr

dM/dr
(17)

and

σ2
t (r) =

dV/dr

r2dM/dr
. (18)

In addition, there is the trivial relation

σ2
r (r) = σ2(r)− 2σ2

t (r) (19)

between the velocity dispersion components and the usual
definition of the velocity anisotropy

β(r) = 1−
σ2
t (r)

σ2
r (r)

=
1

2

[
3−

σ2(r)

σ2
r (r)

]
. (20)

From equations (15)–(18) it is clear that, if all the func-
tions M(R), E(R), J(R) and V (R) were known, the spheri-
cally averaged structural and kinematic profiles of the steady
triaxial object could be readily inferred, which would lead
to a fully accurate model for virialised ellipsoids.

Taking into account that, in spherically symmetric sys-
tems, the radius R encompassing the mass M coincides with
the virial radius given by equation (4), it was shown in Paper
I that the so-called dissipation factor, defined as the ratio
D(M) ≡ E(M)/Eta(M) between the total energies E(M)
and Eta(M) of the truncated spheres with mass M = M(R)
in the virialised object and the protoobject at turnaround
takes the form

D(R) =
5

6

[
1 +

∫ R

0

dr

R

r4 ρ̄2(r)

R4 ρ̄2(R)

]

=
ρ(R)

ρ̄(R)

(
1 +

2

5

d ln ρ̄

d lnR
+

1

5

d lnD

d lnR

)−1

, (21)

where ρ̄(r) is the mean density in the virialised object within
r. The same derivation can now be followed (see App. B),
which leads to exactly the same expression (21) for the ratio
between the spherical energies of the truncated spheres in
the steady object and the protoobject at turnaround,

E(M) = D(M)Eta(M) , (22)

with the function D given by equation (21) with ρ(r) re-
placed by 〈ρ〉(r) and ρ̄(r) related to 〈ρ〉(r) in the usual way
for spherically symmetric systems (eq. [C3] in Paper I)

〈ρ〉(r) = ρ̄(r)
(
1 +

1

3

d ln ρ̄

d ln r

)
. (23)

Although the relation (22) stands for the spherical ener-
gies of the truncated spheres associated with the ellipsoids

in the virialised object and at turnaround, the same rela-
tion holds for the ordinary energies as well. To see this,
suppose the ratio between the ordinary energies takes the
value D̃(M) = E(M)/Eta(M). According to the expression
for the total and spherical energies we have

E(M) + δE(M) = D̃(M) [Eta(M) + δEta(M)] , (24)

where δE(M) is the difference between the ordinary and
spherical energies, of second order in the deviations from
sphericity (see App. A) and the subindex ta is for the ellip-
soid at turnaround. Given the relation (22), equation (24)
can be rewritten in the form
[
D(M)− D̃(M)

]
Eta(M) = D̃(M)δEta(M)− δE(M) . (25)

The member on the left of equation (25) is of second order
in the deviations from sphericity, while that on the right
is of 0th order. Consequently, both members must vanish
independently, implying

D(M) = D̃(M) (26)

and

δE(M) = D(M)δEta(M) . (27)

The equality (26) tells us that the dissipation factor D̃(R)
takes identical value,D(R), as for spherically symmetric sys-
tems with M ≡ M(R), given by equation (21). The reader
is referred to Paper I for the interesting consequences of the
form of the dissipation factor D(R) for triaxial ellipsoids in
general.

Contrarily to the energy, the particle angular momen-
tum is not altered by shell-crossing and, if the system is
isolated, it cannot be altered by external torques either.
Hence, the total angular momentum and specific angular
momentum variance are conserved. Moreover, if there is no
marked rotation of the ellipsoid axes with radius, the in-
ternal tidal torques are also negligible. Thus, as the viri-
alised object grows from the inside out, we are led to the
conclusion that the total angular momentum and momen-
tum variance within spheres encompassing any given mass
should be conserved from the initial time: J(M) = Jta(M),
V (M) = Vta(M).

In PA, the kinematics of protoobjects is dominated
by the Hubble bulk flow, meaning that, at any point, the
mean rotational and peculiar tangential velocities are small
compared to the radial velocity, close to the Hubble veloc-
ity. One is therefore tempted to also neglect the final to-
tal angular momentum and angular momentum variance.
By doing this, the solution of the set of equations (15)–
(18) for J(M) = Jta(M) = 0, V (M) = Vta(M) = 0 and
E(M) = D(R)Eta(M), with M = M(R) and D(R) given by
equation (21), reduces to solving the following single equa-
tion (see Paper III)

d(GM2)

dr
=

[
r Eta

GM2
−

1

2D(r)

(
1 +

5 r Eta

3GM2

)]−1

×

[
d(rEta)

dr
− Eta

(
1 +

3GM2

10 r Eta

)]
(28)

for the density profile 〈ρ〉(r). This can be done in the fol-
lowing iterative way. The zeroth-order solution is given by
〈ρ〉(r) solution of equation (10), from which we can compute

c© 0000 RAS, MNRAS 000, 000–000
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D(r) (eq. [21]). Equation (28) then leads to the first-order
〈ρ〉(r) profile and so on so forth. Once 〈ρ〉(r) is known at
the wanted accuracy, one can calculate the accurate dissi-
pation factor profile, D(r), and multiply Eta(r) by it in or-
der to obtain the energy E(r). Then, by differentiation, we
are led (eq. [16]) to the wanted velocity dispersion profile,
σ(r) = σr(r).

The only complication found in such an extension to tri-
axial ellipsoids of the model for smooth accretion developed
in Paper III concerns the determination of the spherical en-
ergy distribution at turnaround, Eta(M). In spherical PA,
Eta(M) coincides with the energy distribution in the pro-
toobject at the initial time. However, this is not the case
for ellipsoidal PA. For the reasons explained in section 2.1,
neither the total ordinary energy nor the spherical version
of it for the truncated ellipsoid or its associated sphere are
conserved during the expansion phase of the real (embed-
ded) system undergoing PA. Nonetheless, the properties of
the ellipsoid at turnaround can still be calculated in the
linear regime from those of the protoobject at the initial
time, which allows one to calculate Eta(M). Note that, af-
ter reaching turnaround, shells begin to contract and cross
each other, but this does not essentially affect the energy
of shells beyond the instantaneous ellipsoid at turnaround
(see the discussion in sec. 2.1). As this holds for every el-
lipsoidal shell at turnaround, both Eta(M) and Eta(M) can
be calculated by integrating over the radius the energy of
all the spheres associated with the ellipsoidal shells frozen
at their respective turnaround. In particular, taking into ac-
count that σta(rta) is null at turnaround, we can write

Eta(M) = −4π

∫ Rta

0

drta r
2
ta〈ρta〉(rta)

GMta(rta)

rta
, (29)

where 〈ρta〉(rta), σta(rta) and Mta(rta) are the spherical av-
eraged density, velocity dispersion and mass profiles for the
system with all the shells frozen at turnaround and Rta is
the radius of the sphere associated with the current ellipsoid
encompassing the mass M at turnaround.

But things are not that simple. It is true that, for
isolated systems, the total angular momentum can be ne-
glected. But, even if the initial angular momentum variance
is very small in PA, it cannot be neglected because it is
tightly related, in linear perturbation theory, to the pro-
tohalo departure from sphericity. The triaxial ellipticity of
the protohalo causes indeed particles to collapse along non-
radial orbits, which translates into an anisotropic local ve-
locity tensor in the virialised object that supports its triax-
ial shape. The virialisation process that takes place between
those initial and final configurations prevents for formally
deriving such a velocity anisotropy directly from the initial
conditions. However, following the general although restric-
tive arguments given in Paper III, the final β(r) profile can
be related to the deviation from sphericity of the isopotential
contours in the virialised object through (eq. [18] of Paper
III)

σ2
t (r)

σ2(r)
=

〈(
δΦ

〈Φ〉

)2
〉1/2

(r) . (30)

As shown in section 4 (and App. D), the departure from
sphericity of the isopotential contours can in turn be re-
lated to the triaxial ellipticity of the protoobject, so one

can nonetheless derive the non-radial infall-driven velocity
anisotropy of the virialised object from the ellipticity of the
protoobject. Then, inserting this anisotropy in the Jeans
equilibrium equation for anisotropic, spherically averaged,
triaxial systems (eq. A8)4, one can derive the radial veloc-
ity dispersion, σr(r), of the virialised object. Finally, making
use of the anisotropy profile, one can derive the tangential
component, σt(r).

3.2 Clumpy Accretion

As shown in Paper III, the kinematics of virialised objects
arise not only from smooth non-radial infall but also from
the effects of small- and large-scale structure neglected in
the previous derivation. Indeed, during the initial expansion
phase, substructure causes the velocity dispersion of the sys-
tem to increase relative to that of the ideal smooth isolated
system. Likewise, tidal torques by the surrounding large-
scale structure cause some angular momentum to develop.

Taking into account that relaxed clumps admit the same
model as the global object itself, a recursive procedure based
on the model for smooth accretion was developed in Pa-
per III, which accounted for the effects of substructure. The
same derivation can be followed in the case of triaxial ob-
jects and clumps. One must simply replace all the profiles
appearing in that derivation by the corresponding spheri-
cal averages and the ordinary total energy by the spherical
version of it. The result is

σ2(r) = (σs)2(r) + σ2
C(r)

+C2(r)
{(

1+
d lnC

d ln r

)
(σIC)

2
r [rC(r)] + 2(σIC)

2
t [rC(r)]

}
(31)

σ2
t (r) = (σs

t )
2(r) + σ2

C(r) + C2(r)
{
(σIC)

2
t [rC(r)]

}
, (32)

where σs(r) and σs
t (r) are respectively the total and tan-

gential velocity dispersions found in smooth non-radial ac-
cretion (see sec. 3.1), σC is the (recursive) 1-D velocity dis-
persion of particles inside clumps, corrected for the peculiar
velocity of the clump, and (σIC)r and (σIC)t are the mass-
independent radial and tangential velocity dispersions in the
IC medium at turnaround. (See Paper III for the expression
of all these velocity dispersions.)

Similarly, the effect of external tidal torques on the
triaxial protohalo during the initial expanding phase were
modelled, in Paper III, from the Tidal Torque Theory
(Doroshkevich 1970; White 1984), assuming the initial el-
lipsoid homologous and with non-rotating axes, which is es-
sentially satisfied for CDM haloes (see sec. 5). The result,
not only valid, but also better justified for triaxial protoob-
jects, is

j(r)

j(R)
=

[
M(r)

M(R)

]−n+6

6
[

C(r)r

C(R)R

] 3
2 µ(r)r2p(r)

µ(R)R2
p(R)

4 The Jeans equation for anisotropic, spherically averaged triax-
ial systems is identical to that holding for spherically symmetric
systems except for one extra term, equal to the spherical average
of δρ∂rδΦ, which must be added to the gravitational pull at r
(see App. A). Such an extra term can also be calculated from the
ellipticity of the protoobject (see App. D).
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×
−n+6

6
+µ−1(r)+ 3

2

(
1+ d lnC

d ln r

) (
d lnM
d ln r

)−1

−n+6
6

+µ−1(R)+ 3
2

(
1+ d lnC

d lnR

) (
d lnM
d lnR

)−1
, (33)

where rp(r) is given by equations (13) and (14) of Paper I,
µ(r) is a scaled inertia momentum defined in equation (E8)
of Paper III, and n is the effective spectral index at the
relevant scales of the power spectrum of random Gaussian
density fluctuations.

3.3 General Implications

The new version for triaxial systems of the model built in
Papers I, II and III for spherically symmetric systems coin-
cides with the original version applied to those ideal objects
resulting from the spherical average of the real triaxial ob-
jects. In fact, some aspects of the original version of the
model related to the existence of a non-null tangential ve-
locity in the protohalo (Paper I) or the effects of non-radial
infall and external tidal torques (Paper III) are only prop-
erly justified in the case of triaxial symmetry.

Consequently, all the implications of the model drawn
in Papers I, II and III under the spherical symmetry as-
sumption are validated in the more general case of triaxial
symmetry. In particular, following exactly the same reason-
ing as in Paper III, we are led to the conclusion that, both
in smooth and clumpy non-radial accretion, there is one
only virialised object arising by PA from any given triax-
ial protoobject embedded in some large-scale structure and,
conversely, for any given virialised object, characterised by
some global inner structure, small-scale substructure, kine-
matics and, as shown in section 4, triaxial ellipticity, one can
always find one triaxial protoobject embedded in the ap-
propriate large-scale structure that leads to it by PA. Such
one-to-one correspondence between the initial and final con-
figurations, shown in Papers I, II and III for spherical PA
and now extended to triaxial PA, demonstrates that any
arbitrary virialised object can be seen as emerging by PA
from one appropriate triaxial seed. Consequently, the model
for triaxial objects developed above assuming PA holds for
all hierarchically assembled virialised objects, regardless of
their aggregation history (see Paper I for the implications of
this conclusion for the peak formalism).

4 ELLIPTICITY

There is, however, one important property inherent to tri-
axial systems which could not be addressed by means of
the spherical model and can now be treated: the ellipticity
of the system itself. To specify such an ellipticity we will
use the primary and secondary eccentricities, respectively
defined from the ellipsoid semiaxes a > b > c as

ep =

(
1−

c2

a2

)1/2

(34)

and

es =

(
1−

b2

a2

)1/2

(35)

and related to the radius R of the associated sphere through
equation (D19).

To derive the eccentricities of the virialised object from
those of the protoobject we must take into account that the
mass enclosed by the ellipsoid apocentres (or their associated
spheres) remains constant as they contract from turnaround
(sec. 2.1). The condition M(R) = M(Rta) leads to

4π a(R) b(R) c(R) ρ̄(R)

= 4π a(Rta) b(Rta) c(Rta) ρ̄ta(Rta) . (36)

Taking into account equation (23) and the relation (eq. [B2]
in Paper III)

〈ρta〉(Rta) =
〈ρ〉(R)

C3(R)

(
1 +

d lnC

d lnR

)−1

(37)

between the spherically averaged density at turnaround and
in the virialised object, where C(R) ≡ Rta(R)/R is the con-
traction factor undergone by the shell from turnaround (see
Paper III), equation (36) adopts after some algebra the form

(1− e2p)(1− e2s )

[1 + (1− e2p) + (1− e2s )]3
(R)

=
(1− e2p)(1− e2s )

[1 + (1− e2p) + (1− e2s )]3
(Rta) . (38)

Equation (38) is obviously not enough to determine the
two eccentricities ep and es in the final virialised object from
those at turnaround. One more equation is needed, which is
provided by the relationship between the total energies of
the truncated spheres associated with the ellipsoids in the
final steady object and at turnaround.

As mentioned, the energy dissipation during virialisa-
tion takes place through the exchange at a distance of po-
tential energy between homoeoids as their mass distribution
varies. The relation (22) between the spherical energies con-
tains no information regarding the ellipticity of the system5,
but the total ordinary energies E(M) and Eta(M) do. Thus,
the relation we need is equation (24), or directly equation
(27), relating the differences δE(M) = E(M) − E(M) and
δEta(M) = Eta(M)−Eta(M). This latter relations takes the
explicit form
∫ R

0

dr r2 〈ρ〉(r) 〈Φ〉(r)

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r) = D(R)

×

∫ Rta(R)

0

drta r
2
ta 〈ρta〉(rta)〈Φta〉(rta)

〈
δρta
〈ρta〉

δΦta

〈Φta〉

〉
(rta) . (39)

Differentiating this relation and making use of the contrac-
tion factor C(r), we arrive at
〈

δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r) = D(r)

〈Φ〉ta[C(r)r]

〈Φ〉(r)

×

〈
δρta
〈ρta〉

δΦta

〈Φta〉

〉
[C(r)r] . (40)

Equation (40) can also be used to infer the nth-order ra-
dial derivative of the mean dimensionless density-potential
crossed fluctuation over spheres in the final virialised object

5 The spherical energy and the mass are related with each other
through equation (9) with S neglected, which means that the pre-
vious condition of the equality between the masses encompassed
by the associated spheres automatically implies the equality be-
tween those spherical energies.
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Figure 1. Predicted Q/P ratio between the rms dimension-
less density and potential fluctuation fluctuation profiles in self-
similar objects with κ the power index of the rms dimensionless
density and potential fluctuations and −α that of the spherically
averaged density profile.

from identical quantity in the toy object with frozen shells
at turnaround.

In Appendix D, the mean dimensionless density-
potential crossed fluctuation over spheres of varying radii
is related to the squared dimensionless density fluctuation
over those spheres, which in turn is related to the eccentric-
ities of the associated ellipsoids through
〈(

δρ

〈ρ〉

)2
〉

= −
2

5

×

{
1−

3[(1− e2p)
2(1− e2s )

2+(1− e2p)
2+(1− e2s )

2]

[(1− e2p)(1− e2s )+(1− e2p)+(1− e2s )]2

}
. (41)

Therefore, taking into account the relation (40), the eccen-
tricities of the virialised object can be readily related to
those of the protoobject for the ellipsoid encompassing iden-
tical mass. This relation is

U(R)

{
1−

3[(1− e2p)
2(1− e2s )

2 + (1− e2p)
2 + (1− e2s )

2]

[(1− e2p)(1− e2s ) + (1− e2p) + (1− e2s )]2

}

R

=

{
1−

3[(1− e2p)
2(1− e2s )

2+(1− e2p)
2+(1− e2s )

2]

[(1− e2p)(1− e2s )+(1− e2p)+(1− e2s )]2

}

Rta

. (42)

Under the assumption that the ellipsoid axes do not rotate
and the rms dimensionless density fluctuation profile is a
power-law with index κ, 〈(δρ/〈ρ〉)2〉1/2 = Qrκ, and adopting
the origin of 〈Φ〉(R) and 〈Φ〉(Rta) according to equation
(A14), the function U(r) takes the form

U(R) ≡
C(R)

D(R)

×
1−ξta(Rta)γta(Rta)

{
1−[1+2κta ]γta(Rta)−

d ln γta
d lnRta

}

1−ξ(R)γ(R)
{
1−[1+2κ]γ(R)− d lnγ

d lnR

} , (43)

where ξx(Rx) is defined as ρ̄x(Rx)/[3〈ρx〉(Rx)] and γx(Rx)
is the logarithmic derivative of the mean dimensionless

density-potential crossed fluctuation, with subindex x tak-
ing no value or the value “ta” depending on whether the
quantity refers to the virialised object or the toy object with
shells frozen at turnaround.

As the axial ratios of ellipsoids encompassing a given
mass are conserved during the linear expansion phase of
PA, the eccentricities at turnaround are identical to those
found at the radius encompassing identical mass in the pro-
toobject. In other words, the ellipticity of a virialised object
grown by PA can be derived directly from that of the pro-
toobject. Note that the ellipticities at turnaround and in
the final virialised object include the effects of any non-null
angular momentum6, while that of the initial protoobject
involves no such an effect because the initial protoobject
does not essentially rotate. There is no contradiction, how-
ever, in this result: during the linear expansion phase, the
shape (ellipticity) of the protoobject remains unaltered only
at the leading order in the perturbed quantities used in TTT
to compute the angular momentum acquired by the system
due to external tidal torques (see Paper III and references
therein).

In Appendix D, we calculate the relation between the
rms dimensionless density and potential fluctuation profiles
in the self-similar case, that is when all the (spherically av-
eraged) profiles are power-laws. The result is that both rms
dimensionless fluctuation profiles necessarily have identical
power index κ. This does not mean that the isodensity and
isopotential contours are equally aspherical at any given ra-
dius: the height of the rms dimensionless density and poten-
tial fluctuation profiles, respectively given by the propor-
tionality factors Q and P , are different in general. Specifi-
cally, for an object with spherically averaged density profile
〈ρ〉(r) ∝ r−α, the ratio Q/P depends on κ and α in the
following way

Q

P
=

[
1−

(1− α)(κ− 1)κ

(2− α)(3− α)

]

×


1−

3κ
2

{
1− (κ−1)

(2−α)

[
1− (κ−2)

(3−α)

]}

5− 2α+ κ/2


 . (44)

Figure 1 shows the ratio Q/P that results for α in the range
2 < α < 3 and κ ranging from −2 to 2. The function is
well-behaved everywhere except in a narrow strip along the
line κ = 5 − 2α where it tends to diverge with unphysical
negative values. For all values of κ below this strip, Q/P is
always larger than one, while above that line it takes values
larger than one only far enough from it. As shown in Paper
I, α is smaller than 2.5 in self-similar objects, where there
is no solution for negative values of κ. Thus, in such ob-
jects, the ellipticity is necessarily outwards increasing and
the isopotential contours are more spherical than the iso-
density contours, which is achieved for large enough values
of κ.

6 The rotational kinetic energy of the truncated sphere is in-
cluded, indeed, through σta (σ) within Eta (E).
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5 APPLICATION TO CDM HALOES

The model developed in Papers I, II and III yielded very sat-
isfactory predictions for the structural and kinematic profiles
of spherically symmetric CDM haloes, regardless of their
individual aggregation history. The results obtained in sec-
tions 2 and 3 of the present paper show that this was not due
to an oversimplification of the problem due to the spherical
symmetry assumption. The model holds accurately for the
spherically averaged profiles (those numerical simulations ex-
plicitly refer to) for triaxial systems. On the other hand,
the peak trajectory formalism (Manrique & Salvador Solé,
1995,1996; Manrique et al. 1998), used in those papers to
relate explicitly the typical halo profiles to the spectrum of
primordial density fluctuations in a given hierarchical cos-
mology, takes into account, through the parameters q and
δc in equations (21) and (22) of Paper I, that peaks are
slightly triaxial and hence do not evolve by spherical PA.
Consequently, the present model explains the properties of
simulated CDM haloes as the natural result of their evo-
lution through accretion and major mergers from triaxial
peaks (secondary maxima) in the primordial random Gaus-
sian density field, as put forward in Papers I, II and III under
the spherical approximation.

But, apart from confirming the results derived in those
papers, the present extension of the model to triaxial sys-
tems should also enable us to infer the typical ellipticity
of haloes from that of their seeds. Specifically, taking into
account that haloes arise from the evolution by PA of the
density field at the immediate vicinity of peaks, to charac-
terise the ellipticity including its radial behaviour of haloes,
we need to know the spatial derivatives of the density field
at the central maximum. Given the random Gaussian be-
haviour of the primordial density field, their determination is
feasible. Unfortunately, the only spatial derivatives at peaks
so far determined are the second-order ones characterising
the typical eccentricity of isodensity ellipsoids around peaks
(Doroshkevich 1970; Bardeen et al. 1986). The third-order
spatial derivatives characterising the radial behaviour of this
ellipticity (i.e. whether or not the axes rotate with increasing
radius and the value of the radial derivative of the typical
dimensionless density fluctuation profile) have not yet been
determined. As shown in section 4, this is mandatory in or-
der to accurately determine the shape of the final ellipsoids.
Nonetheless, we can still have a good idea of this shape.

Indeed, except for the factor U(R), equation (41) takes
the form of an identity relation just as equation (38). Con-
sequently, if U(R) were close to one, the final eccentricities
would necessarily be close to the initial ones. Interestingly,
the set of algebraic equations (38) and (41) can be solved
for only a very narrow range of U(R) values around unity.
This is shown in Figure 2, where we plot the solution space
for varying values of U inferred by means of the practical
solving procedure provided in Appendix D. We therefore
conclude that, disregarding the actual properties of the el-
lipsoids in peaks, the final eccentricities are necessarily close
to the initial ones. The ratio between the major and minor
axes (the major and intermediate axes) in peaks is about
1.7 (1.3) (BBKS)7, which corresponds to a typical value of

7 These values are for the standard CDM model. However, at
high-redshifts, the cosmological constant goes unnoticed.

Figure 2. Ellipticity space, delimited by the curve for the pri-
mary eccentricity ep(R) (solid red line), for current CDM haloes
with arbitrary mass in the concordance model as a function of
the quantify U(R) defined in equation (43). The two horizontal
black lines represent the extreme values for ep corresponding to
the extreme axial ratios of simulated haloes reported in the liter-
ature.

ep (es) of about 0.81 (0.64). Actually, as the value of U(R)
for small R is between one and two, we expect a value of ep
(es) in haloes slightly larger than that, typically about 0.9
(0.82), that is closer to the upper values found in numerical
simulations (Frenk et al. 1988; Bullock 2002; Jing & Suto
2002; Springel et al. 2004; Kasun & Evrard 2005; Bailin &
Steinmetz 2005; Libeskind et al. 2005; Allgood et al. 2006;
Hayashi et al 2007; Bett et al. 2007; Stadel et al. 2009).

We can still go a little further. As shown in Appendix
D, the ellipsoids cannot be strictly non-rotating and homol-
ogous, γx(Rx) = 0, in the protohalo and the virialised halo
at the same time. For this to happen, C(r)/D(r) should be
constant, while for the typical NFW (or Einasto) ρ(r) profile
with the typical mass-concentration relation, this function
shows a moderate outward-increasing trend from one to two
and it is only constant close to the centre. This conclusion
is also consistent with the results of numerical simulations
indicating that the ellipticity in haloes is nearly homologous
although, near to the edge of the system, the isodensity con-
tours become somewhat more spherical (e.g. Jing & Suto
2002; Bailin & Steinmetz 2005; Allgood et al. 2006; Stadel
et al. 2009).

Moreover, as shown in Appendix D, for outer asymp-
totic power-law profiles, the power indexes of the rms dimen-
sionless density and potential fluctuation profiles coincide.
As for the self-similar case studied above, the more or less
aspherical behaviour of the isodensity and isopotential con-
tours depends on the index κ and the asymptotic logarithmic
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Figure 3. Same as Figure 1 for asymptotic power-law regimes
with the range of κ and α indexes leading to only moderate values
of Q/P as found in numerical simulations.

slope −α of the density profile. For values of α approaching
to 3 as found in virialised haloes8, the only possible nega-
tive values of κ leading to an outwards decreasing ellipticity
and to isopotential contours moderately more spherical than
the corresponding isodensity contours as found in numeri-
cal simulations (Springel et al. 2004; Kasun & Evrard 2005;
Hayashi et al. 2007) are found in the quite limited range
−0.2 . κ < 0 (see Fig. 3). This was used in Paper III to
constrain the velocity anisotropy profile.

6 SUMMARY AND CONCLUSIONS

The model developed in Papers I, II and III for the struc-
ture (density profile, subhalo abundance and number density
profile) and kinematics (pseudo phase-space density, veloc-
ity anisotropy and specific angular momentum profiles) of
spherically symmetric, hierarchically assembled, virialised,
collisionless systems can be extended to triaxial ellipsoids.
Its foundations given in Paper I are well justified, indeed,
for triaxial systems and the master equations of the model
are strictly valid for such systems by simply replacing the
radial profiles of the different quantities by their respective
spherical averages.

In addition, the present extended version of the model
allows one to calculate the ellipticity of virialised objects
formed by PA from that of their seeds, the contraction suf-
fered by the sphere associated with any given ellipsoidal iso-
density contour at turnaround and the energy loss that goes
together with that contraction during virialisation.

With the present results, the model developed over this
series of papers explains the origin of the typical, roughly
universal, properties shown by virialised CDM haloes in cos-
mological simulations. These properties are the natural con-

8 As an asymptotic logarithmic slope, α can be larger than the
maximum value equal to 2.5 for self-similar objects.

sequence of haloes evolving, through minor and major merg-
ers, from triaxial peaks in the primordial density field. As
a byproduct, the model confirms the validity of the peak
trajectory formalism for structure formation, which allows
one to calculate the typical spherically averaged halo profiles
and ellipticity from the spectrum of the primordial density
perturbations. As mentioned in the preceding papers, the
peak trajectory formalism can be very useful for modelling
halo properties on different environments.
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APPENDIX A: ORDINARY AND SPHERICAL

ENERGIES IN TRIAXIAL SYSTEMS

As well-known, the phase-space density f(r,v) for a viri-
alised collisionless system satisfies the Vlasov equation, that
is, the steady collisionless Boltzmann equation coupled with
the Poisson equation. Writing the steady collisionless Boltz-
mann equation in spherical coordinates (e.g. eq. [4p-2] in
Binney & Tremaine 1987), multiplying it by the radial ve-
locity vr, and integrating over velocity and solid angle, one is
led, in the general case of triaxial symmetry, to the following
first order differential equation

d(〈ρ〉σ2
r )

dr
+

〈ρ〉(r)

r
[3σ2

r (r)− σ2(r)]

= −
1

4π

∫ 2π

0

dϕ

∫ π

0

dθ sin θ ρ(r, θ, ϕ) ∂rΦ(r, θ, ϕ) , (A1)

where ∂r stands for radial partial derivative,

σ2(r) =
1

4π〈ρ〉

∫ 2π

0

dϕ

∫ π

0

dθ sin θ

∫
d3v v2 f(r,v)

= σ2
r (r) + 2σ2

t (r) (A2)

and

ρ(r, θ, ϕ) =

∫
d3v f(r,v) . (A3)

To derive equation (A1), it is only needed such conventional
assumptions as the continuity in real space of the local den-
sity and mean velocities and the fact that f vanishes for
large velocities.

Splitting the local density and gravitational potential
as

ρ(r, θ, ϕ) = 〈ρ〉(r) + δρ(r, θ, ϕ) (A4)

Φ(r, θ, ϕ) = 〈Φ〉(r) + δΦ(r, θ, ϕ) , (A5)

and taking into account that the spherically averaged grav-
itational potential,

〈Φ〉(r) =
1

4π

∫ 2π

0

dϕ

∫ π

0

dθ sin θ Φ(r, θ, ϕ), (A6)

satisfies, by the Gauss theorem, the usual Poisson integral
relation for spherically symmetric systems

d〈Φ〉(r)

dr
=

GM(r)

r2
, (A7)

equation (A1) adopts the form

d(〈ρ〉σ2
r )

dr
+

〈ρ〉(r)

r
[3σ2

r (r)− σ2(r)]

= −〈ρ〉(r)
GM(r)

r2
− 〈δρ ∂r(δΦ)〉(r) . (A8)

Except for the second term on the right, equation (A8)
looks exactly as the classical Jeans equation for spherically
symmetric systems with anisotropic velocity tensor. Thus,
multiplying (A8) by 4πr3dr and integrating over r, the same
steps leading to the scalar virial relation for a spherically
symmetric system now lead to

4πR3P (R)− 2K = −

∫ R

0

dM(r)
GM(r)

r

−4π

∫ R

0

dr r3〈δρ ∂r(δΦ)〉 , (A9)

where

P (R) = 〈ρ〉(R)σ2
r (R) (A10)

is the spherically averaged radial boundary pressure, and

K(R) = 2π

∫ R

0

dr r2〈ρ〉(r)σ2(r) (A11)

is the kinetic energy within R. On the other hand, the total
potential energy is

W (R)

=
1

2

∫ R

0

dr r2
∫ 2π

0

dϕ

∫ π

0

dθ sin θ ρ(r, θ, ϕ) Φ(r, θ, ϕ), (A12)

which, from equations (A4)–(A5) and given the null spheri-
cal average of δρ and δΦ, can be rewritten as

W (R) = 2π

∫ R

0

dr r2[〈ρ〉(r) 〈Φ〉(r) + 〈δρ δΦ〉]

= −4π

∫ R

0

dr r2〈ρ〉(r)
GM(r)

r
+ 2π

∫ R

0

dr r2〈δρ δΦ〉

≡ W(R) + δW (R) , (A13)

where we have introduced the “spherical” potential energy of
the truncated sphere of radius R, W and its difference from
W (R). The second equality in equation (A13) follows from
partial integration of the first term on the right of the first
equality, then application of the relation (A7), and one new
partial integration. The resulting expression also assumes
the origin of the spherically averaged potential chosen so to
have

〈Φ〉(R) = −
GM(R)

R
. (A14)

(For a spherical system truncated at R, this is equivalent to
adopt the origin of 〈Φ〉(r) at infinity.)

Similarly, the total energy, E = K +W , takes the form

E(R) = 4π

∫ R

0

dr r2
{
〈ρ〉(r)

[
σ2(r)

2
+ 〈Φ〉(r)

]
+ 〈δρ δΦ〉

}

= 4π

∫ R

0

dr r2〈ρ〉(r)

[
σ2(r)

2
−

GM(r)

r

]

+2π

∫ R

0

dr r2〈δρ δΦ〉(r) ≡ E(R) + δE(R) , (A15)

where we have introduced the “spherical” total energy E(R)
and its difference from E(R). Subtracting 2W (eq. [A13]) on
both sides of equation (A9), we arrive at

4πR3P (R)− 2E(R) = 4π

∫ R

0

dr r2〈ρ〉(r)
GM(r)

r
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12 Salvador-Solé, Serra, & Manrique

−4π

∫ R

0

dr r2〈δρ [2δΦ + r∂r(δΦ)]〉(r) (A16)

with E(r) given by equation (A15), which can be rewritten
in the usual way for the (scalar) virial relation

4πR3〈ρ〉(R)σ2
r (R) = 4π

∫ R

0

dr r2〈ρ〉(r)

[
σ2(r)−

GM(r)

r

]

−4π

∫ R

0

dr r3〈δρ ∂r(δΦ)〉(r) . (A17)

Given that the density fluctuation over the sphere, δρ, can
never be smaller than −〈ρ〉, we have |δρ|/〈ρ〉 < 1. Below we
derive the exact relationship between the density fluctuation
and the potential fluctuation over spheres of given radius,
which shows that, unless the absolute value of the logarith-
mic derivative of δΦ/〈Φ〉 is much larger than |δΦ/〈Φ〉| itself,
which seems quite unlikely, we must also have |δΦ/〈Φ〉| < 1.
Therefore, neglecting second order terms in those deviations
from sphericity, the potential and total energies given in
equations (A13) and (A15) take the same form as in spher-
ically symmetric systems,

W (R) ≈ 4π

∫ R

0

dr r2〈ρ〉(r) 〈Φ〉(r) (A18)

and

E(R) ≈ 4π

∫ R

0

dr r2 〈ρ〉(r)

[
σ2(r)

2
−

GM(r)

r

]
, (A19)

by just replacing the radial profiles by their spherical aver-

ages. And the same is true for the potential energy W̃ of the
homogeneous toy ellipsoid mentioned in Appendix B. De-
spite all, for the sake of accuracy, we do not neglect in that
appendix those (normally small) terms; we just make use of
the fact that the spherical gravitational and total energies,
W(R) and E(R), are both negative, which is guaranteed by
the fact that, in steady objects, W (R) and E(R) are neces-
sarily negative and that they are well-approximated at lead-
ing order by their spherical counterparts according to the
relations (A18) and (A19) above.

The exact relationship between δρ/〈ρ〉 and δΦ/〈Φ〉 can
be derived taking into account that, by splitting the density
and the potential given in equations (A4) and (A5), the
Poisson equation takes the form

∆

[
〈Φ〉

(
1 +

δΦ

〈Φ〉

)]
= −4πG〈ρ〉

(
1 +

δρ

〈ρ〉

)
. (A20)

Developing the member on the left and taking into account
that, according to equation (A7), 〈Φ〉 satisfies the Poisson
equation for the spherically averaged density 〈ρ〉, making
use of the relation (23), we arrive after some algebra at the
exact expression
[
1 +

δρ

〈ρ〉
(r)

]
=

[
1 +

δΦ

〈Φ〉
(r)

]

×


1− ξ(r)r

2 ∂
∂r

(
δΦ
〈Φ〉

)
+ ζ(r)r∆

(
δΦ
〈Φ〉

)

1 + δΦ
〈Φ〉(r)


 , (A21)

implying

δρ

〈ρ〉
(r) =

δΦ

〈Φ〉
(r)− 2ξ(r)r

∂

∂r

(
δΦ

〈Φ〉

)

−ξ(r)ζ(r)r2∆

(
δΦ

〈Φ〉

)
, (A22)

where we have defined the dimensionless functions
ξ(r) = ρ̄(r)/[3〈ρ〉(r)] = (d lnM/dRx)

−1 and ζ(r) =
〈Φ〉(r)r/[GM(r)] = −(d ln |〈Φ〉|/d ln r)−1.

APPENDIX B: VIRIAL RADIUS IN TRIAXIAL

SYSTEMS

Consider a triaxial system undergoing PA. As during viri-
alisation ellipsoids lose energy and contract, the spherical
energy E(M) of the truncated sphere of radius R encom-
passing identical mass M in the final triaxial steady object
will necessarily be smaller than Eta(M) and R smaller than
Rta.

Neglecting any energy exchange during virialisation
across the instantaneous ellipsoid currently at turnaround
(see sec. 2.2), the total energy of the system within it is pre-
served by taking all inner ellipsoids frozen at their respective
turnaround. Suppose we evolve virtually9 the system from
such an ideal configuration by simultaneously contracting
and varying the ellipticity of all the ellipsoids within the cur-
rent turnaround just as their respective apocentres do during
the virialisation of the real system. Owing to the inside-out
growth of the virialised system, we can stop that virtual con-
traction when the total mass inside the sphere of radius R
becomes equal to M , which will take place at the same time
that the mass inside every inner sphere of radius r becomes
also equal to the mass found inside the corresponding sphere
in the real virialised ellipsoid. The spherically averaged den-
sity profile and, hence, the total mass of such a non-steady
toy object will be identical, by construction, to those of the
real steady object. The total energy in the truncated spheres
of radius r will differ, however, from the real energy E(r) be-
cause part of the energy exchange among crossing shells tak-
ing place over the real evolution of the system does not take
place in the virtual evolution. Note that, in this virtual evo-
lution, there is still some energy exchange among ellipsoids
owing to their varying mass distribution, an effect which is
absent in the spherically symmetric case. But as this effect
is only due to the ellipticity of the system, by neglecting its
ellipticity, the total energy in the truncated spheres should
be conserved. In other words, the “spherical” energy defined
in Appendix A for every truncated sphere, E(r), should be
equal to that of the corresponding sphere at turnaround,
Eta[M(r)].

Given that the relationship between the “spherical”
potential and total energies inside truncated spheres (see
App. A) is identical to that satisfied by their ordinary coun-
terparts in spherically symmetric systems, the same proof
given in Appendix C of Paper I shows that, for an homoge-
neous triaxial object, the spherical potential energy W̃(R)
for the sphere of radius R is smaller than Eta(M). It should
therefore be possible to homogenise the non-steady toy ellip-
soid so to end up with a uniform density equal to the mean

9 By virtual motion we mean, as usual, any motion consistent
with all the forces applied to the system, and hence, preserving
its mass, energy and angular momentum, although in a way dis-
connected from the real dynamical timing of the system.
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density of the real steady ellipsoid or the mean density ρ̄(R)
within the associated sphere of radius R without changing
its spherical total energy Eta(M) and still have a positive

total kinetic energy Eta(M) − W̃(R). From that point on,
we can follow exactly the same steps as in Appendix B of
Paper I, that is, we can redistribute the extra kinetic energy
over the homogeneous toy ellipsoid in any arbitrary homol-
ogous triaxial way compatible with the global shape of the
ellipsoid, interpret the local kinetic energy so obtained as
arising from some local velocity dispersion and introduce at
each radius r a radial velocity dispersion σ̃r(r) according to
equation (A8) for the total velocity dispersion at the radius
r, σ̃(r), and the uniform density ρ̄(R). By doing this, the
equilibrium equation will be satisfied at every point within
such an homogeneous toy ellipsoid, which will therefore be-
come a steady ellipsoid with uniform density equal to ρ̄(R)
and a mass and spherical total energy within the truncated
sphere of radius R respectively equal to M and Eta(M).

Consequently, Rvir given by equation (9), with S re-

placed by the spherical surface term S̃ arising from the new
radial velocity dispersion σ̃r instead of the real one σr and
the new ellipticity of the object instead of the real one, co-
incides accurately with the radius R of the sphere encom-
passing the mass M in the steady toy ellipsoid. Moreover,
following exactly the same proof as in Appendix C of Paper

I, but replacing W , W̃ and Eta by W, W̃ and Eta, it can be
shown that S̃ coincides with S , so there is strictly no differ-
ence between both expressions. In other words, Rvir given
by equation (9) is exactly equal to R in triaxial systems just
as in spherically symmetric ones.

APPENDIX C: MEAN ANGULAR

MOMENTUM AND SPECIFIC VARIANCE IN

TRIAXIAL SYSTEMS

The derivation followed in Appendix A of Paper III does not
depend on the particular symmetry of the system, so we can
start from equations (A3) and (A4) in that paper,

dJ(r) = dr 4π r2 ρ(r) 〈r× v〉(r) = dr 4π r2 ρ(r) j(r) (C1)

dV (r) = dr 4π r4 ρ(r)
〈v2t 〉(r)

2
= dr 4π r4 ρ(r)σ2

t (r) . (C2)

The integral of those two equations over a virialised triaxial
object truncated at the radius R yields the total angular mo-
mentum and angular momentum variance of the system up
to that radius. The modulus J of the total angular momen-
tum vector inside r can be written in terms of the modulus
l of the local specific one as

J(R) =

∫ R

0

dr r2
∫ 2π

0

dϕ

∫ π

0

dθ sinθ l(r, θ, ϕ) ρ(r, θ, ϕ) . (C3)

Thus, using the spherical average profile,

〈j〉(r)=
1

4π〈ρ〉(r)

∫ 2π

0

dϕ

∫ π

0

dθ sinθ l(r, θ, ϕ)ρ(r, θ, ϕ), (C4)

it again takes the same form as for spherically symmetric
systems,

J(R) = 4π

∫ R

0

dr r2 〈j〉(r) 〈ρ〉(r) . (C5)

Similarly, the specific variance takes the form

V (R) =

∫ R

0

dr r4
∫ 2π

0

dϕ

∫ π

0

dθ sinθ v2t (r, θ, ϕ) ρ(r, θ, ϕ) (C6)

and using the definition for the velocity dispersion in the
infinitesimal spherical shell at r

σ2(r)=
1

4π〈ρ〉(r)

∫ 2π

0

dϕ

∫ π

0

dθ sinθ v2t (r, θ, ϕ)ρ(r, θ, ϕ), (C7)

we arrive once again at the same form as for spherically
symmetric systems

V (R) = 4π

∫ R

0

dr r2 σ2
t (r) 〈ρ〉(r) . (C8)

APPENDIX D: ECCENTRICITIES AND MEAN

SQUARED FLUCTUATIONS OVER SPHERES

Given a triaxial ellipsoid with semiaxes a > b > c, we define
the radius R of its associated sphere as,

R =
[
1

3

(
a2 + b2 + c2

)]1/2
. (D1)

This is not to mix up with the radius Re of the so-called
equivalent sphere, defined as

Re = (abc)1/3 . (D2)

Both radii coincide for spherically symmetric systems where
they recover the actual radius of the object. But, while the
equivalent sphere has the same volume as the ellipsoid, the
associated sphere has identical mass.

To see this, consider the ellipsoidal isodensity contours
ρiso(r) with r the radius of their associated spheres oriented
in such a way that the a semiaxis is aligned with the z axis.
The local density at an arbitrary point (r, θ, ϕ) then takes
the form

ρ(r, θ, ϕ) = ρiso(r)

[
1−

e2p(r) + e2s (r)

3

]

×

[
sin2 θ cos2 φ+

sin2 θ sin2 φ

1− e2sp(r)
+

cos2 θ

1− e2ps(r)

]
, (D3)

where eps stands either for ep or es and esp for the alternate
eccentricity. The spherically averaged density at r = R is

〈ρ〉(R) =
ρiso(R)

3

[
1−

e2p(R)+e2s (R)

3

]
G[e2p(R), e2s (R)] , (D4)

where

G[e2p(R), e2s (R)] ≡

[
1 +

1

1− e2s (R)
+

1

1− e2p(R)

]
. (D5)

Thus, the mass within the sphere of radius R associated with
the ellipsoid of semiaxes a(R), b(R) and c(R), given by

M(R) =

∫ π

0

dθ sin θ

∫ 2π

0

dφ

∫ R

0

dr r2 ρ(r, θ, ϕ) , (D6)

takes, according to equation (D4), the form

M(R) = 4π

∫ R

0

dr r2 〈ρ〉(r) , (D7)
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which implies that the mass of the ellipsoid is equal, indeed,
to the mass of the sphere with radius R.

We can now calculate the rms density fluctuation over
the sphere of radius r. Dividing equation (D3) by 〈ρ〉(r)
and replacing ρiso(r) by its value given in equation (D4), we
obtain

1 +
δρ

〈ρ〉
(r, θ, φ) = 3G−1[e2p(r), e

2
s (r)]

×

[
sin2 θ cos2 φ+

sin2 θ sin2 φ

1− e2sp(r)
+

cos2 θ

1− e2ps(r)

]
. (D8)

The squared density fluctuation over the sphere of radius r
can be readily determined by computing
〈(

δρ

〈ρ〉

)2
〉
(r) =

1

4π

∫ π

0

dθ sin θ

∫ 2π

0

dφ

(
δρ

〈ρ〉

)2

(r, θ, φ), (D9)

with δρ/〈ρ〉 given by equation (D8). The result is equation
(41).

The rms density fluctuation over the sphere associated
with a given ellipsoid (eq. [D9]) can be related to the quan-
tity (see eq. [A15])
〈

δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r) =

1

4πr2〈ρ〉(r)〈Φ〉(r)

d(δE)

dr
, (D10)

through the relation (A21) arising from the Poisson equa-
tion. For this to be possible we need the full character-
isation of δρ(r, θ, ϕ), which unfortunately is unknown for
peaks. We will assume here that the ellipsoids both in pro-
toobjects and virialised objects have rms dimensionless den-
sity fluctuation profiles of the power-law form with index κ,
〈(δρ/〈ρ〉)2〉1/2 = Qrκ, which is equivalent for non-rotating
axes10 to assume ∂[δρ(r, θ, ϕ)/〈ρ〉(r)]/∂r = κArκ−1

Multiplying equation (A22) by the dimensionless den-
sity fluctuation, averaging over the sphere of radius r and
taking into account the divergence theorem, we are led to
〈(

δρ

〈ρ〉

)2
〉

(r) = G(r)

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r)− ξ(r)ζ(r) r2

×

{
2 [1+(1−κ)ζ(r)]

ζ(r)r

d

dr

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
+

d2

dr2

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉}
(D11)

with G(r) ≡ 1 + κξ(r)[2 + (1 − κ)ζ(r)]. Equation (D11)
is an ordinary differential equation that can be solved for
the mean dimensionless density-potential crossed fluctuation
given the mean squared density fluctuation (the boundary
conditions are set by trivial consistency conditions at r = 0).

On the other hand, multiplying equation (A22) by the
dimensionless potential fluctuation, a similar derivation as
above leads to
〈

δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r) =

〈(
δΦ

〈Φ〉

)2
〉

(r)− ξ(r)ζ(r)r2

10 This can be seen taking into account that, as 〈δρ/〈ρ〉〉 = 0,
either the integral of δρ(r, θ, ϕ)/〈ρ〉(r) over φ is an even func-
tion of θ or the integral of sin(θ)δρ(r, θ, ϕ)/〈ρ〉(r) over θ is
an odd function of φ and that the condition 〈(δρ/〈ρ〉)2〉1/2 =
Qrκ implies the contrary relation for {∂[δρ(r, θ, ϕ)/〈ρ〉(r)]/∂r} −
k[δρ(r, θ, ϕ)/〈ρ〉(r)]/r.

×

{
2[1 + ζ(r)]

ζ(r)r

d

dr

〈(
δΦ

〈Φ〉

)2
〉

+
d2

dr2

〈(
δΦ

〈Φ〉

)2
〉

−

〈(
∂

∂r

δΦ

〈Φ〉

)2
〉}

. (D12)

Equation (D12) with trivial boundary conditions at r = 0
cannot yet be solved for the mean squared potential fluctu-
ation because of the presence of the unknown mean squared
derivative of the dimensionless potential (the last term on
the right). To solve this drawback we must multiply equation
(A22) by the partial derivative of the dimensionless poten-
tial fluctuation and, operating as usual, we arrive at

d

dr

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
−
κ

r

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r) =

1

2

d

dr

〈(
δΦ

〈Φ〉

)2
〉

−ξ(r)ζ(r)r

{
2 [1 + ζ(r)]

ζ(r)

〈(
∂

∂r

δΦ

〈Φ〉

)2
〉

(r)

+
1

2

d

dr

〈(
∂

∂r

δΦ

〈Φ〉

)2
〉}

. (D13)

Replacing into equation (D13) the mean squared partial
derivative of the dimensionless potential given by equation
(D12) and its radial derivative drawn from the differentia-
tion of the same equation, we finally obtain

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r) +

3 r

4Ĩ(r)

d

dr

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
=

I(r)

Ĩ(r)

〈(
δΦ

〈Φ〉

)2〉
(r)

−
3ξ(r)r

4Ĩ(r)

{
H(r)

d

dr

〈(
δΦ

〈Φ〉

)2
〉

+ [1 + ζ(r)]r

×
d2

dr2

〈(
δΦ

〈Φ〉

)2
〉

+
ζ(r)r2

6

d3

dr3

〈(
δΦ

〈Φ〉

)2
〉}

, (D14)

with

H(r) ≡
1

3

[
4I(r) + 3ζ(r)− 2ξ−1(r) +

d ln ξ

d ln r
+ 5

]
, (D15)

I(r) ≡ 1 + ζ−1(r) +
1

4

d ln

d ln r

(
ζ

ξ r2

)
(D16)

and Ĩ(r) = I(r)− κ/2. Equation (D14) with trivial bound-
ary conditions at r = 0 can then be solved for the mean
squared dimensionless potential fluctuation. Note that the
mean dimensionless δρ ∂rδΦ fluctuation profile entering the
Jeans equation for anisotropic spherically averaged triaxial
systems (eq. [A8]) can be readily inferred from the radial
derivative of the mean density potential crossed fluctuation.

One particular case is that of homologous ellipsoids,
κ = 0. Equations (D11), (D12) and (D14) then have the
trivial solutions,

〈
δρ

〈ρ〉

δΦ

〈Φ〉

〉
(r) =

〈(
δΦ

〈Φ〉

)2
〉

(r)

=

〈(
δρ

〈ρ〉

)2
〉

(r) = Q , (D17)

both for the protoobject at turnaround and the virialised ob-
ject (see eq. [39]). This approximation is not valid for haloes
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and peaks simultaneously over the whole radial range. How-
ever, it is valid close enough to the origin of the respective
objects. To see this, we must relate the final mean squared
density fluctuation directly to the initial one. Taking into
account equations (40) and (41) and the condition (A14)
both at turnaround and in the virialised object, we arrive at

U(R)

〈(
δρ

〈ρ〉

)2
〉

(R) =

〈(
δρta
〈ρta〉

)2
〉

(Rta) , (D18)

with U(R) given by equation (43) with κγ = 0, that is
U(R) = C(R)/D(R). As the mean squared fluctuations
on both sides of equation (D18) are constant and equal to
Q, this implies that C(r)/D(r) must also be constant. For
the typical NFW (or Einasto) 〈ρ〉(r) profile and the typical
mass-concentration relation this is roughly satisfied, indeed,
with a value of that ratio between one and two.

To solve equations (38) and (42) it is convenient to
change the variables ep and es into the quantities Re/R and
Re/a. From the definition of the eccentricities (eqs. [34] and
[35]) and their relationships to R and Re (eqs. [D1] and
[D2]), we have

(
Re

a

)6

= (1− e2p)(1− e2s ) (D19)

(
Re

R

)6

= 27
(1− e2p)(1− e2s )

[1 + (1− e2p) + (1− e2s )]3
, (D20)

which can be inverted by first solving the biquadratic equa-
tion

e4s− 3

(
1−

R2

R2
e

R2
e

a2

)
e2s −

R2
e

a2

(
3
R2

R2
e
−

R4
e

a4

)
+2 = 0 , (D21)

and then replacing the solution into the equation

e2p = 3

(
1−

R2

a2

)
− e2s . (D22)

Specifically, the only one solution of the biquadratic equa-
tion (D21) guaranteeing the positiveness of the eccentricities
and the condition ep > es is

e2p =
3

2

(
1−

R2

R2
e

R2
e

a2

)

+

[
9

4

(
1−

R2

R2
e

R2
e

a2

)2

+
R2

e

a2

(
3
R2

R2
e
−

R4
e

a4

)
−2

]1/2

(D23)

e2p =
3

2

(
1−

R2

R2
e

R2
e

a2

)

−

[
9

4

(
1−

R2

R2
e

R2
e

a2

)2

+
R2

e

a2

(
3
R2

R2
e
−

R4
e

a4

)
−2

]1/2

. (D24)

In the new variables, equations (38) and (41) transform into
(see the relations [D19] and [D20])

Re(R)

R
=

Re(Rta)

Rta
(D25)

R

Re(R)

R4
e(R)

a4(R)
=

1

3

[
1 +

5

2

〈(
δρ

〈ρ〉

)2
〉

(R)

]1/2

×

[
R6

e(R)

a(R)6
+ 3

R2

R2
e(R)

R2
e(R)

a2(R)
− 1

]
, (D26)

which can be readily solved for the quantities Re(R)/R and
R/a(R). Then, the eccentricities ep(R) and es(R) can be
obtained by means of equations (D23) and (D24).
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