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Summary
In this work, consideration is given for a novel technology based on the use of compliant
surfaces (membranes) for hydrokinetic energy conversion (HEC) from residual waters where the
use of traditional turbines is either not possible or strongly limited. Here, residual waters are
understood as waters with a small total pressure difference relative to the surrounding
environment that are not suitable to be turbined. Such waters encompass not only domestic or
industrial waste water before being discharged into the sewer but also typical flows found in
river waterways of small depth or even post‐turbined water. The proposed inexpensive
technology of membranes for hydrokinetic energy conversion is driven only by the dynamic
pressure of the total pressure and does not need static pressure to run as is the case of
turbines. In summary, the proposed technology is based on the deliberated bifurcation of
residual water into two streams separated by a compliant surface or membrane that equalizes
the static pressure in both streams and also generates a relative velocity between them. As a
result, Taylor instabilities translate into the oscillatory motion of the membrane, which can be
transformed into output power. Utilizing linearized flow theory, an analytical expression for the
extractable density power is derived. Experiments are carried out for a rectangular membrane,
and the data obtained are quantitatively and qualitatively in good agreement with the
theoretical model, where it is found that for typical residual water with a velocity of
approximately 1.7 m/s, the output power density is on the order of 30 mW/cm2 based on the
area of the membrane. Additional research and development is required to arrive at a reliable
practical and commercial design.
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1 INTRODUCTION
Energy harvesting or energy scavenging is the process by which wasted energy can be
captured and stored from different types of waste sources and technologies and used for small,
wireless autonomous devices, such as those used in wearable electronics and wireless sensor
networks or nanotechnology with typical inputs from 1 W up to a few mW. Energy harvesting
can be performed from different sources, such as thermal energy 1‐3; wind energy4,5; salinity
gradients6; piezoelectric energy7; triboelectricity8; vibrational energy 9; and hydrokinetic energy
10
including wave energy conversion 11 , just to name a few.
In regards to hydrokinetic power, which is electricity generated from water in motion,
the current harvesting technology is almost entirely based on the use of water turbines, which

transform the water´s energy into mechanical energy, similar to the way wind turbines
transform wind energy, and although they can vary in size and design, they are generally
classified into three main types as vertical‐axis hydrokinetic turbines12, horizontal‐axis
hydrokinetic turbines13, and oscillating‐foil hydrokinetic turbines 14,15 . For readers interested in
an up‐to date review on hydrokinetic energy conversion, see 10.
Nevertheless, because turbines require a minimum pressure drop with the surrounding
environment as well as a minimum cross‐sectional area (generally limited by the width of the
blades), they are therefore often not a feasible solution for application in residual waters which
frequently move through narrow channels and generally move at low total pressure (dynamic
plus static); in addition, they frequently transport solid material that may jeopardize the
performance of the turbine. The objective of this work was to analyse a possible novel
hydrokinetic energy harvester based on the use of compliant surfaces or membranes that are
more suitable for residual waters, i.e., water flows with a low total pressure relative to the
surrounding environment.

FIGURE 1 Physical sketch of the hydrokinetic energy harvesting method by using a compliant
surface.

2 STATEMENT OF THE CORE IDEA
To begin with, let us consider the system schematically depicted in Figure 1, where a
stream of residual water (i.e., with a low differential pressure with the surrounding
environment but with a certain velocity) is flowing with velocity into a certain cavity in the ‐
direction in which the water is deliberately bifurcated into two chambers, the upper and
bottom chamber, which are separated by a compliant surface (membrane) at a distance from
the bottom and fastened at the ends in such a way that it can move freely. We denote the
.
vertical displacement of the membrane from the equilibrium position in the plane

2.1 Equations of Motion
First, we consider the motion of the membrane subject to the following simplifying
assumptions: (1) The displacements or transverse vibrations of the compliant surface are small
(very small compared to the wavelength) so that the equations of a stretched elastic membrane
are applicable; therefore, both the compliant surface and fluid behave according to linearized
flow theory; and (2) the membrane is wide enough that edge effects are negligible. This
simplified model seems justified in view of the uncertainties and complexity of the problem and
taking into account that for now, our motivation is to develop an analytical model able to
provide reasonable estimates of the theoretical limit of the extractable energy.
A complete derivation of linearized hydrodynamic theory is somewhat complex, and the
readier is referred to the classic texts by 16,17 for the derivation.
In general, according to Taylor´s analysis within the linearized theory (assuming
potential flow), the shape of the interface disturbance introduced into the first‐order
perturbation analysis for a travelling wave is given by
(1)
where is the amplitude of the membrane wave at time ;
is the small‐disturbance
amplitude;
is the wavenumber with
;
is the wave frequency and
is the wave period.
The hydrodynamic equations for each of the two fluid regions are 17
(2)

(3)

(4)
subject to the boundary conditions
(5)
and
(6)
where is the depth of the cavity as defined in Figure 1.
For a potential flow, the velocity can be expressed as a function of the gradient of a
potential function, and then Eqs. (2)‐(4) yield

(7)
(8)
and
(9)
where

is the velocity potential function, which for an incompressible fluid gives
(10)

Taking into account Eq. (8) and the boundary conditions Eq. (5) and Eq. (6), we have
(11)
and
(12)
The potential function satisfying Eq. (10)‐Eq. (12) for the bottom region is given by
(13)
and for the upper fluid
(14)
where and are constants to be determined by the boundary conditions. Taking into
account that the velocity at the membrane is made up of the velocity of the membrane itself
and the velocity of the fluid relative to the membrane, for
(15)

(16)
and then
(17)

and
(18)
considering small oscillations,
across the membrane, Eq. (9), yields

and

. Finally, the pressure condition

(19)
Because the typical wavelengths for our harvester are very small (around millimetres), a
valid simplifying assumption is that
; therefore,
(20)
Thus, Eq. (19) simplifies as
(21)
As we will see below, the natural oscillation frequency for a membrane stretched could
be approximately 10 Hertz, and on the other hand,
m‐1, and then it is allowable
to assume
and then Eq. (21) further simplifies as
(22)

2.2 Membrane wavelength
Eq. (22) gives the pressure condition across the membrane. This pressure also must be
equal to the pressure by the deflection of the membrane. If one considers that the vibrations of
the compliant surface are very small (assumption (1)), then the equations of a stretched elastic
membrane are applicable and may be roughly approximated with a certain surface tension .
The pressure resulting from the curvature of the interface is given by 17
(23)

FIGURE 2 Plot of
membrane tension

as a function of

from Eq. (25) for water and several values of the

which considering Eq. (1) becomes
(24)
Thus, by equating Eq. (24) with Eq. (22), we obtain
(25)

FIGURE 3 Plot of
as a function of from Eq. (27) for water and several values of the
membrane tension with a membrane density of
kg/m2.

2.3 Membrane natural frequency
For a rectangular membrane, we have the following dynamic equation 18
(26)
where
is the mass of the undeflected membrane per unit area. The solution of Eq.
(26) gives us the natural oscillation frequency for a stretched membrane as 18
(27)

2.4. Discussion
Figure 1 shows the curve predicted by Eq. (25) considering membrane tensions of
N/m,
N/m, and
N/m. It is seen that for fluid flows approximately 1
m/s to 2 m/s as can be found in residual waters, the wavelength can be around
m to
m for tensions of
N/m to
N/m, respectively. Figure 3
shows the curve predicted by Eq. (27) for a membrane with a membrane density of
kg/m2. It is seen that typical frequencies of approximately 10 Hz to 100 Hz are characteristic.

2.5. Extractable energy
The differential pressure vertical component force

of the surface is given by
(28)

FIGURE 4 Surface element of the vibrating membrane.

and the power at a given time and location is calculated considering the velocity of the
membrane
(29)
The power of the rectangular membrane is obtained by integrating Eq. (29) over the
membrane area. Thus, taking into account Eq. (1), Eq. (22) and Eq. (29) and considering the
origin at the centre of the membrane, the power for a membrane with, unstretched length
yields
(30)
where a specific travelling wave
averaged power over one cycle is obtained as

FIGURE 5 Plot of the power per membrane width
from Eq. (34)

. The time‐

as a function of water velocity

(31)

After integration of Eq. (29), one obtains
(32)
where it is considered that

, and the sign is unimportant. The power by unit crest

width of the compliant surface

is
(33)

it is a differential
When
area may be defined as

and

. Then, a power density per unit

(34)
To obtain a first estimation of the maximum power predicted by Eq. (34), we assume
kg/m3 for water, a frequency of 10 s‐1, and a plausible
some values of the parameters:
wave amplitude of
cm. The resulting curve is shown in Figure 5.

FIGURE 6 Sketch of the experimental setup

3 EXPERIMENTAL VALIDATION
Actual experimental investigations were carried out by using several cavities and
configurations until the best design was attained. The experiment was performed in a
rectangular narrow cavity 7.5 cm long, 5.5 cm high and 1.3 cm in width and with two
perforations of 0.95 cm in diameter (for the entry and exit of water) cantered on the sides of
the cavity 0.89 cm from the bottom. The membrane was located 1.4 cm from the bottom as
depicted in Figure 6. A stream of fresh water of density
g/cm3 and kinematic viscosity
0.01cm2/s from a domestic water intake with a 3.5 bar exit pressure and a temperature of 290
K was used for the experiment. The cavity was built with methacrylate for visualization.

FIGURE 7 Sketch of the experimental setup.
The membrane was made of commercial rubber membrane that was 6 cm long, 1.2 cm
in width and 1 mm in thickness and with a surface tension 5.5 N/m for small displacements
from its unstretched position. It was centred and positioned using an aluminium frame that
fixed its ends but allowed a longitudinal gap of
cm for the free circulation of water to
equalize the static pressure on both sides of the membrane and the oscillatory up and down
motion. Although fixing the membrane at its ends implies the formation of standing waves
rather than travelling waves as theoretically analysed previously, because of the small
millimetric amplitudes, great deviations in the attainable power are not expected.
Finally, in order to extract the energy of the vibrating membrane, a linear inductance
generator was chosen that simply consisted of a permanent magnet attached to the surface of
the membrane and moved through a coil positioned vertically, as shown in Figure 7. The single
coil was a conducting copper wire loop 2 .5 cm long, with an external diameter of 1.0 cm,
and situated in front of the
internal diameter of 2.35 mm, electrical resistance of
permanent magnet attached at the membrane at 0.4 cm. The coil was fixed at the top of the
aluminium frame, and aluminium was chosen as a non‐magnetic material to avoid damping
effects in the system. On the other hand, the permanent magnet was a strong neodymium
magnet 20 g in weight and 1.2 cm in diameter with a magnetic field at its surface of 0.2 T.
Figure 8 and 9 show the real configurations of the system and the cavity, respectively.

3.1 Discussion

The resulting curve is shown in Figure 10 for the power per unit area of the membrane
as a function of the velocity of water. It is seen that up to 30 mW/cm2 could be extracted from
residual water streams with velocities up to 1.7 m/s. Therefore, it will require a membrane area
of approximately 35 cm2 for 1 W of output power. This performance for an energy harvester
can be rated as medium‐high performance if one considers that typical harvesters can extract
19
up to 0.1 W
. In addition, membranes are relatively inexpensive and can cover large
areas.

FIGURE 8 Real experimental setup.

FIGURE 9 Experimental setup of the cavity.

FIGURE 10 Plot of the power per unit area of the membrane as a function of the water velocity
in the cavity.

3.2 Long‐term power output stability and efficiency
In order to assess the long‐term power output stability, a series of 5 tests were
performed. Each test consisted of operating the cavity at constant water flow and for 8
continuous hours and immediately followed by another period of 8 hours at rest i.e., at zero
water flow and with a relaxed membrane. Therefore, the total duration of each test was of 16
hours and for the 5 tests a total of 80 continuous hours .
The resulting curve is shown in Figure 11. It is seen that the output power profile can be
divided into two parts namely: The first part with a sharply increasing and decreasing of the
output power followed for a second part at almost constant decrease. This is reasonably
explained if one considers that initially the membrane was not stretched at its optimum
position but rather a somehow higher tension, then with the normal relaxation of the
membrane after certain time the membrane attains the tension which maximize its
performance. Nevertheless, the relaxation of the membrane continues with time and the
power is decreasing but at constant rate. This relaxation is mostly caused by the unavoidable
inelastic degradation of the membrane (mostly by creep) which is caused mostly by the
constant load in which the membrane is subjected by the load of the magnet.
As conclusion, it is easy to see that, in order to rectify the variation of power with time,
the membrane should be stretched from time to time in order to compensate the natural creep
experienced. This can be done, for example, by using a simple set of knobs or analogous
system.
In the end, the life of the device will be given by the maximum elongation of the membrane
which depends of the specific membrane used (material, thickness, etc.)
..

FIGURE 11. Plot of the output power profile as function of time.

3. 3 Efficiency
The extractable upper limit of hydrokinetic power per cross sectional area from a water
stream with velocity
is given by
(35)
is the Betz‘s limit associated with duct channels and with a maximum value of
(or 59.3%). By dividing the density power using a membrane ‐given by Eq.(34),
may be defined as
and the theoretical density power ‐given by Eq.(35), a power efficiency
where

(36)
The experimental efficiency obtained is shown in Figure 12 and using a Bentz´s
coefficient of
(or 59.3%). It is seen that the use of membranes could be an
interesting way to harness residual waters when velocities are of small magnitude which is
compatible with the proposed application for this concept to residual waters as defined in
preceding sections. The efficiency energy in those cases could be around 0.8 to 0.6 or
thereabouts.

FIGURE 12. Calculated efficiency of the membrane taken from Fig 10.

4 CONCLUDING REMARKS
A novel hydrokinetic harvester concept has been proposed for hydrokinetic energy
conversion using compliant surfaces as alternative technology for waters with a low total
pressure relative to the surrounding environment that are not suitable to be turbined.
The idea is based on the bifurcation of water flow into two streams with equal static
pressure but with a relative velocity owing to separation by a compliant surface (membrane).
Because of Taylors instabilities from the relative velocity between the streams, steady‐state
harmonic motion of the membrane could be directly transformed into an output of electricity.
A theoretical model was developed, and analytical expressions were derived which agreed
qualitatively and quantitatively with the experiment performed. It was found that for typical
residual water with a velocity of approximately 1.7 m/s, the output power is on the order of 30
mW/ cm2 based on the area of the membrane. Then, by a comparison with other energy
harvesters, the proposed energy harvester can be rated as a high‐performance energy
harvester. Additional research and development is required in order to arrive at a reliable
practical and commercial design.

5 NOMENCLATURE
width of the compliant surface
differential of length
parameter
parameter
Betz´s coefficient

element of surface
element of surface
depth of the bottom chamber
force
pressure
time
wave period of small disturbance
flow velocity main stream
velocity ‐direction
velocity ‐direction
power
length co‐ordinate
transverse co‐ordinate measured from the membrane
Greek symbols
wave number
distance perpendicular to membrane surface
small‐disturbance amplitude
potential function
wavelength of small disturbance
density of the fluid
density of the membrane per unit of area
surface tension of the membrane
wave frequency
subscripts symbols
bottom fluid region
upper fluid region (fluid at rest)
membrane/compliant surface
initial or reference value
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