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Abstract 19 

 20 

The sphericity of a grain should measure the similitude of its shape with that of a sphere. Sphe-21 

ricity as shape descriptor is of traditional interest for sedimentology. Now it has gained also in-22 

terest to facilitate discrete element modelling of granular materials. True sphericity was initially 23 

defined by a surface ratio that requires three-dimensional (3D) grain surface measurement. That 24 

kind of measurement has been practically impossible until recently and, as a consequence, a num-25 

ber of alternative 3D measures and 2D proxies were proposed. In this work we present results 26 

from a study of grain shape based on x-ray tomography of two different sand specimens, contain-27 

ing more than 110.000 particles altogether. Sphericity measures were systematically obtained for 28 

all grains. 2D proxy measures were also obtained in samples of oriented and not-oriented grains. 29 

It is shown that the 2D proxy best correlated with true sphericity is perimeter sphericity, whereas 30 



 

the traditional Krumbein-Sloss chart proxy is poorly correlated. 2D measures acquired through 31 

minor axis projection are more closely related to 3D measures than those acquired using random 32 

projections. 33 

 34 

Keywords: sand; shape; statistics; microtomography; image analysis. 35 

 36 

 Introduction 37 

Numerous studies show that particle shape has a significant influence on properties of engineering 38 

interest for granular soils (Chang et al., 2018; Cho et al., 2006a; Holubec and D’Appolonia, 1973; 39 

Liu and Lehane, 2013; Santamarina and Cho, 2004; Vaid et al., 1985; Yang and Luo, 2015). To 40 

incorporate this knowledge into geotechnical practice it is necessary to measure shape. Although 41 

particle shape is not simple to define, an operational definition taken from a more general context 42 

(Iyer et al., 2005) is useful here: shape is the geometrical information of an object left once loca-43 

tion, size and orientation are given. Unfortunately, there is no general agreement on how best to 44 

quantify and convey that geometrical information i.e. which technique (Uday et al., 2013) or 45 

shape descriptors to use. A large number of proposals are available and, as noted before (Bowman 46 

et al., 2001; Cavarretta, 2009; Rodriguez, 2012), this creates terminological confusion as well as 47 

some conceptual difficulties.  48 

 49 

The definition above suggests that shape descriptors should be size-independent. Beyond that, the 50 

selection of shape descriptors may be best guided by the application i.e. by considering the pur-51 

pose for which shape information is being gathered. Shape descriptors have been traditionally 52 

used to classify particles, for instance as a preliminary step in the design of experimental studies, 53 

but also for material control purposes (aggregates, ballast), or as a key to infer past sedimentary 54 



 

processes. Within this context, the trend has been towards separate descriptors based on measure-55 

ment scale considerations. Thus Barret (Barret, 1980) defined shape as the combination of three 56 

aspects: form, measured at particle scale, roundness, measured at an intermediate scale, and sur-57 

face texture, measured at small scale. These are meant to be independent properties, hence suita-58 

ble descriptors for these three aspects should not be strongly correlated.  59 

 60 

Independent descriptors can also be obtained by using appropriate functional basis to represent a 61 

generic surface as the sum of a series. The series coefficients are independent from one another 62 

and unambiguously defined. For granular soils spherical harmonics have been used (Mollon and 63 

Zhao, 2013; Ouhbi et al., 2016; Zhou et al., 2015). This approach may be well adapted for auto-64 

mated reconstruction of particle shape, which is of interest in some discrete computational ap-65 

proaches. On the other hand, particles series coefficients are relatively abstract descriptors, diffi-66 

cult to interpret and relate to more traditional descriptors. This is inconvenient, as traditional de-67 

scriptors are easily measured and well ingrained in practice.  68 

 69 

Scale separation is not the only possible criterion to select a suitable shape descriptor. Wadell 70 

(Wadell, 1932) argued that similitude to a sphere or sphericity was a more appropriate criterion. 71 

The reason was that spheres were limiting cases for several physical mechanism of general inter-72 

est, such as sedimentation through a fluid or rolling motion. To this we can add a new reason: 73 

spheres are of much interest for discrete element method (DEM) computations, because they are 74 

the most economical shape to use. Sphericity may be then used as input to simplify calibration of 75 

DEM models (Rorato et al., 2018). 76 

 77 

The sphericity measure originally proposed by Wadell (1932) required measurement of particle 78 

surface area. For individual particles, this kind of measurement has not been feasible until very 79 

recently. Before that, sphericity could only be evaluated by proxy, using simpler measures, some-80 

times based on two-dimensional projections of the particle outline. Again, lack of consensus has 81 

resulted in a large variety of proxy measures. 82 



 

 83 

Sphericity proxy measures are still in use and are likely to remain so, because they are more 84 

economical to acquire than direct measurements. It is therefore of interest to examine which of 85 

these proxies (if any) is best correlated with the harder to obtain 3D value. This is one objective 86 

of this work, for which we exploit a large database of sand grain 3D images, acquired through 87 

micro-computed tomography (μCT). The size of the database examined also allows to obtain sta-88 

tistically significant sphericity distributions. In what follows we first describe the different 89 

measures of sphericity that have been proposed. Afterwards we describe the measurement meth-90 

odology before presenting and discussing the results obtained. 91 

 Background 92 

2.1 True sphericity and its proxies 93 

The surface ratio proposed by Wadell (Wadell, 1932) was called true sphericity and denoted by 94 

Ψ.  It was defined as the surface ratio of a sphere having the same volume as the particle to the 95 

surface of the particle itself (see Table 1 and 2).  96 

Name Symbol Definition Reference 

True Sphericity Ψ 
s
𝑆

 (Wadell, 1932) 

Flatness index FI 𝑐/𝑏 (Zingg, 1935) 

Elongation index EI 𝑏/𝑎 (Zingg, 1935) 

Intercept sphericity Ψint  233
2

bc
FI EI

a
  (Krumbein, 1941) 

Operational 

Sphericity 
Ψop 3

n n

cm cm

D DV

V D a
   (Krumbein, 1941) 

Convexity Co 𝑉/𝑉  (Fonseca et al. 2012) 

Alshibli Sphericity Ψal 𝑉/𝑉  (Alshibli et al., 2015) 

Table 1: Three dimensional shape descriptors (see Table 2 for symbol definitions) 97 



 

Shape property Symbol 
Equivalent  

diameter 

Volume 𝑉 Dn 

Surface area 𝑆  

Surface area of the equivalent 

sphere (same volume) 
𝑠  

 

Maximum, intermediate, minimum 

lengths  
𝑎, 𝑏, 𝑐 

 

Convex hull volume 𝑉  𝐷  

Volume of the maximum inscribed 

sphere 
𝑉  

 

𝐷  

Volume of the minimum circum-

scribed sphere 
 𝑉  

 

𝐷  

Table 2:  Fundamental measures from which 3D shape descriptors are derived 98 

Because of the isoperimetric inequality, Ψ is strictly bounded by 1. True sphericity was deemed 99 

(Wadell, 1933) more comprehensive than form measures based on a few “representative” diame-100 

ters. In fact, true sphericity is affected by shape features at all scales, (Barret, 1980; Zhao and 101 

Wang, 2016) certainly by form and roundness, but also, if measurement resolution allows for it, 102 

by surface texture. 103 

 104 

Wadell true sphericity had a serious drawback: it required the surface area of irregular grains, 105 

measurement of which is very challenging. Since only average measurements using surface ab-106 

sorption techniques were possible at the time, Wadell himself proposed (Wadell, 1935) a practical 107 

alternative: obtain first a plane projection of the particle, then compute the ratio of a diameter of 108 

the circle which area equal to the projection to that of its maximum circumscribing circle.  This 109 

(see Table 3) is what was later called diameter sphericity, and as it is measured in 2D, it cannot 110 

be more than an approximation.  111 

Name Symbol Formula 

Area sphericity As   
2

2
n

A
cm

d
s

d
  



 

Name Symbol Formula 

Diameter sphericity Ds  n
D A

cm

d
s s

d
   

Circle ratio sphericity Cs  iM
D

cm

d
s

d
  

Perimeter sphericity Ps  n
P

p
s

p
  

KS sphericity KSs  
2

1
KS

d
s

d
  

Table 3: 2D sphericity proxies, terminology following Zheng & Hryciw (2015) 112 

Shape property Symbol 
Equivalent  

diameter 

Equivalent 

perimeter 

Projected area an dn pn 

maximum & minimum di-

mensions of projected area 
d1, d2  

 

Diameter of minimum  

circumscribing circle 
dcm  

 

Diameter of maximum 

inscribed circle 
diM  

 

Projected perimeter p   

Table 4: Fundamental measures from which 2D sphericity proxies are derived 113 

The projection plane was specified as that containing the longest and intermediate perpendicular 114 

bounding dimensions of the particle (here denoted a, b). The direction of projection was perpen-115 

dicular, i.e. parallel to the smallest characteristic dimension, c. These linear dimensions charac-116 

terize length, width and breadth. Their ratios (elongation ratio EI and flatness, FI, see Table 1) or 117 

combinations thereof are generally used to describe form (Blott and Pye, 2008). 118 

 119 

Measures along three perpendicular axes cannot uniquely identify spheres, as they are only sen-120 

sitive to a lesser degree of symmetry (orthotropy) than that present in a sphere. On the other hand, 121 

length, width and breadth are relatively easy to measure in particles above gravel size. Krumbein 122 

(Krumbein, 1941) proposed intercept sphericity, Ψint as a proxy for sphericity based on form ratios 123 



 

(see Table 1). He showed that, when averaging many measurements, it was equal to an opera-124 

tional sphericity, (Ψop, Table 1), a measure he also proposed, defining it as ratio of particle volume 125 

to volume of the circumscribing sphere. 126 

 127 

Krumbein (1941) also included a method to assess roundness, by comparison with photographs 128 

of reference grains. That idea was later extended by Krumbein and Sloss (Krumbein and Sloss, 129 

1963) to a double entry graphic reference chart, which could be used to assign both roundness 130 

and sphericity, by visual comparison. The graphic chart method is somewhat slow and imprecise, 131 

but pragmatic and simple. It gained much success and is still frequently in use (e.g. Santamarina 132 

and Cho 2004, Cho et al. 2006).  133 

 134 

It was not fully clear which 2D proxy measure had been used to assign values to the examples in 135 

the Krumbein (Krumbein and Sloss, 1963) chart. Alternative 2D proxies, different from diameter 136 

sphericity, had been proposed by that time (Table 3 and Table 4). Somewhat surprisingly, recent 137 

work by Zheng & Hryciw (Zheng and Hryciw, 2015) demonstrated that the “sphericity” numbers 138 

in the charts ( KSs in Table 3) corresponded closely with the width to length ratio, which, if max-139 

imum size projection was used to obtain the 2D image, is simply the elongation index.  140 

 141 

Indeed, when considering 2D proxy measures one important question is which projection direc-142 

tion is employed. Traditional specifications (Krumbein, 1941; Wadell, 1933) required projection 143 

area maximization and, therefore, some control on particle alignment. However, this is not possi-144 

ble in some automated systems, which operate on a dynamic setting, by imaging flowing particles 145 

(Altuhafi et al., 2012; Lin et al., 2017). These systems are fast and very efficient but result in 146 

randomly-oriented projections. 147 



 

2.2 Measuring true sphericity 148 

Individual particle measurements of volume and surface area are now possible. Hayakawa 149 

(Hayakawa and Oguchi, 2005) applied laser scanning to gravel particles and obtained 50 values 150 

of several 3D shape descriptors, including Ψ, Ψint and Ψop. They noted poor correlation between 151 

these three indexes. Komba (Komba et al., 2013) used the same technique on six different gravel-152 

sized aggregates, acquiring data on 150 particles of each. They obtained material-dependent cor-153 

relations between Ψ and a sum of low-order spherical harmonic coefficients. Sun (Sun et al., 154 

2014) laser-scanned 180 ballast particles of sizes 15-50 mm to explore the relation between sev-155 

eral shape descriptors and size. Their results show how EI, FI and Ψop increase with particle size; 156 

on the other hand, Ψ was relatively independent of size. 157 

For sand-sized particles laser scanning appears unpractical. Although other techniques are possi-158 

ble (e.g. stereophotogrammetry; Nadimi and Fonseca 2017) most work has been based on tomog-159 

raphy. Some studies have been of a demonstrative nature, using very few grains. Thus Lin and 160 

Miller (2005) obtained Ψ values from 20 grain samples of several granular materials. Zhao and 161 

Wang (2016) measured Ψ and extended the technique to map local curvatures on 30 grains of 162 

sand.  163 

 164 

More numerous data were presented by Fonseca (Fonseca et al., 2012), which analysed several 165 

specimens containing about 3000 grains each. They measured Ψ but the algorithm employed was 166 

somewhat imprecise resulting in many values above 1. They also noted poor correlation of Ψ with 167 

both flatness and elongation indices obtained from dynamic (hence randomly-oriented) measure-168 

ments. They also used a different 3D descriptor, convexity (Co, Table 1) that appeared simpler to 169 

measure.  170 

 171 

Alshibli (Alshibli et al., 2015) introduced new definitions of 3D sphericity (Ψal , Table 1) and 172 

roundness as well as new proxies for them in 2D projection. Histograms were presented, but the 173 

number of grains examined was not mentioned. No significant correlation was found between the 174 



 

newly introduced 3D indexes and their 2D proxies. On the other hand, Suh (Suh et al., 2017) did 175 

note a good correlation (on average) between a 3D measure (operational sphericity, Ψop) and its 176 

2D equivalent (diameter sphericity, ΨsD), while analysing 7 sands at 350 grains each. 177 

 Methodology 178 

3.1 Data acquisition 179 

The starting point for this study are two sand specimens, approximately 10mm diameter and 180 

20mm height, presented in (Andò, 2013) at Laboratoire 3SR (Grenoble, France).  Both specimens 181 

were prepared by dry pluviation and then subject to triaxial compression under 100kPa of confin-182 

ing pressure. The triaxial tests were performed in-situ within the x-ray scanner at Laboratoire 183 

3SR. 184 

The first specimen (HNEA01) is comprised with Hostun HN31 sand. Hostun is a quartz sand used 185 

in many previous laboratory studies (Calvetti et al., 2004; Desrues et al., 1996; Schanz and 186 

Vermeer, 1996). Its grains appear very irregular, see Figure 1a. The grain size distribution of the 187 

material tested here, shown in Figure 1b, is very narrow (𝐶 1.41), with a 𝐷50 equal to 338 𝜇𝑚, 188 

as given by the supplier (Sibelco). 189 

 

(a) 



 

(b) 
Figure 1: Horizontal section of the scanned Hostun sand specimen (a). Grain Size Distribution of Hostun 190 

sand from sieving by the manufacturer Sibleco (Andò, 2013) (b) 191 

The second specimen (COEA04) is comprised with Caicos ooids. This sand comes from the Cai-192 

cos Islands, in the British West Indies. Ooids grow in marine environment from small seeds like 193 

shell fragments or calcite grains that subsequently become larger because some material gets at-194 

tached to the grain while rolling or by precipitation over the surface. This mechanism generates 195 

round-looking particles (Figure 2a). Caicos ooids is a rare material for which little data is available 196 

beyond that reported by Andò (Andò 2013). Caicos ooids are made of calcium carbonate (CaCO3) 197 

minerals: the 96% is aragonite and the rest is calcite. The specimen grain size distribution (Figure 198 

2b) is close to that of HNEA01, being also poorly graded (𝐶 1.39) with a 𝐷50 of 420 𝜇𝑚. 199 

 

(a) 



 

(b) 
Figure 2: Horizontal section of the scanned Caicos sand specimen (a). Grain Size Distribution of Caicos 200 

sand from sieving by Exxon (Andò, 2013) (b) 201 

The specimens described were scanned several times during the triaxial test. Unless otherwise 202 

noted all the results presented below refer to the first scan of the specimens, done after cell con-203 

finement was applied but before starting triaxial compression.  204 

 205 

The pixel size selected to image the studied sands is 15.56 𝜇𝑚/px, to maintain a field of view of 206 

approximately 30.5 mm × 23.0 mm. For the specimens analysed this results in about 30 pixels 207 

across a grain.  Further details of the scanning equipment and tomographic image acquisition 208 

procedures have been presented in (Andò, 2013). 209 

3.2 Spatial (3D) measures of shape 210 

The 3D tomographic images are simply grey-scale images, in which the greyscale of each voxel 211 

(i.e. three-dimensional pixel) represents the x-rays attenuation coefficient. To individuate grains 212 

it is necessary to binarise, separate and label each voxel of the tomographic images (Andò et al., 213 

2012). 3D labelled voxel subsets representing a grain can be subsequently extracted and analysed 214 

to obtain some geometrical properties (e.g. volume, surface area, inertia tensor). These operations 215 

require numerical image analysis. 216 

 217 



 

The numerical image analysis in this work was based on “ad hoc” python scripts, making use of 218 

its scientific libraries Numpy (Oliphant, 2006) and Scipy (Jones et al., 2001). The general flow 219 

diagram of the operations is presented in Figure 3. The algorithms followed for binarisation, sep-220 

aration and labelling have been described elsewhere (Andò, 2013; Andò et al., 2012).  Curiously, 221 

the most computationally expensive operation by far (around 80% of the total calculation time) 222 

was also the simplest: extraction of a labelled voxel subset corresponding to a grain.  The reason 223 

is that it required a loop through the whole specimen billion-sized voxel collection. 224 

 225 

Figure 3: Flow diagram of image treatment operations 226 

Grain volume is obtained adding up labelled voxels.  It was assumed that material density is uni-227 

form to compute the centre of mass (COM) and inertia tensor of each grain. Grain projections on 228 

the principal axis of the inertia tensor were used to define maximum, intermediate and minimum 229 

grain lengths. This procedure was also employed by Lin (Lin and Miller, 2005) and, using statis-230 

tical terminology, it is sometimes described (Alshibli et al., 2015; Fonseca et al., 2012) as Princi-231 

pal Component Analysis (PCA). 232 

 233 



 

The minimum circumscribed sphere and the maximum inscribed sphere are calculated making 234 

use of Ritter’s algorithm and the Euclidean distance transform, respectively. In this algorithm 235 

(Ritter, 1990) an Euclidean distance transform is applied to binarised images, labelling each voxel 236 

of the image with its distance to the nearest boundary, thus implicitly defining the centre and 237 

radius of the maximum inscribed sphere. 238 

 239 

Following Lin & Miller (2005) particle surface area was quantified using the Marching Cubes 240 

(MC) algorithm (Lorensen and Cline, 1987) on the labelled grain. MC operated on a grain voxel 241 

collection whose surface had been previously smoothed using a Gaussian filter. The filter defines 242 

continuous iso-surfaces that can be given as input to the MC algorithm. The MC output is a mesh 243 

of triangular elements, whose areas are added up to compute grain surface. The computational 244 

time requested by these operations is only 2% of the total calculation time, which makes the MC 245 

algorithm very efficient. The convex hull is evaluated directly through a predefined Scipy func-246 

tion (based on the Qhull library, Barber and Dobkin 1996). Table 2 lists the shape properties 247 

numerically evaluated for each grain. 248 

3.3 Projected (2D) measures of shape 249 

2D measures of shape were acquired on all particles using as projection direction that of the minor 250 

principal axis (i.e. projecting the particle outline on the plane containing the larger and interme-251 

diate axes, also called the “plane of greatest stability”).  Suh (Suh et al., 2017) demonstrated that 252 

this kind of projection results in 2D shape measures within 5% of the values obtained when par-253 

ticles are displayed on a flat surface (i.e. when they are under equilibrium under self-weight). 254 

 255 

For comparison purposes, randomly oriented particle projections were also obtained for a subset 256 

of particles of each sand. To do so, all the particles have been projected on a fixed vertical plane, 257 

but maintaining the particle in-specimen orientation. The specimens were built using a dry pluvi-258 

ation procedure (Andò, 2013) and it is assumed that this resulted in random particle orientations. 259 



 

Once the projected outline of the particle was obtained, similar (simplified) algorithms employed 260 

for the three-dimensional case (Chapter 3.2) were used to measure bi-dimensional geometrical 261 

quantities (Table 4) that, when combined, result in the 2D sphericity descriptors listed in Table 3. 262 

 263 

In both cases (randomly and not-randomly oriented grain projections), the grain label is preserved 264 

from the three-dimensional sample, therefore 2D and 3D shape parameters can be directly com-265 

pared and statistically studied in order to explore potential correlates between them (Section 4.4). 266 

3.4 Validation 267 

The previous procedures were validated in two different ways. The first one was by comparing 268 

some results with those obtained using the commercial software Visilog (Bernard et al., 2011). 269 

Visilog uses a different algorithm for the surface area calculation. It applies a reduction coefficient 270 

to the sum of the boundary voxel faces areas. The average difference for the surface area calcula-271 

tion for the grains in the Hostun specimen was 2.6%. However, the MC algorithm proved more 272 

robust, achieving computation for many thousands of particles where Visilog failed. The particle 273 

characteristic lengths are obtained by Visilog searching the maximum/minimum Feret diameters 274 

over a range of random orientations. The Feret diameters are conceptually different form the 275 

lengths established through inertial analysis; however, the values obtained were typically close, 276 

never differing more than 6%. 277 

  278 

A second validation was performed by checking the difference between the numerical results and 279 

the analytical solutions of some artificial shapes. Binarised spheres and prolate/oblate spheroids 280 

were built with similar resolution to that of the sand particle images analysed in this study. Results 281 

obtained from application of the numerical procedures were compared with the analytical solu-282 

tions for volume, surface area, moment of inertia, principal directions of inertia, particle lengths, 283 

maximum inscribed sphere and minimum circumscribed. All comparisons were favourable with 284 



 

differences never exceeding 5% (highest deviation given by the Ritter’s algorithm for the mini-285 

mum circumscribed sphere calculation). The error was insensitive to the initial orientation of the 286 

artificial shapes, confirming the reliability of the algorithms used. 287 

  Results 288 

4.1 Size distributions 289 

After labelling was completed, a total of 48.612 and 65.056 particles were identified in the 3D 290 

tomographic images of the Hostun (specimen HNEA01) and of the Caicos (specimen COEA04), 291 

respectively. Figure 4 shows the histograms of the particle volume for both the specimens 292 

HNEA01 and COEA04. The histogram of grain volumes measured by Andò (2013) on a different 293 

Caicos specimen (COEA01) is also shown in Figure 4b for comparison. 294 

 

(a) 



 

 
(b) 

Figure 4: Histogram of the particles volumes in specimens HNEA01 (a) and COEA04 versus COEA01 295 
(from Andò, 2013) (b) 296 

To compare with sieve-based measures of PSD, volumes are substituted by the equivalent grain 297 

diameter (the diameter of the sphere having the same volume as the grain). For Hostun sand 298 

(Figure 5a) the image-based GSD is very similar to the sieving one as measured by the manufac-299 

turer “Sibelco France”. Regarding Caicos ooids (Figure 5b), the image-based GSD of COEA04 300 

locates between the sieving curves obtained by Exxon and Laboratoire 3SR. The distributions are 301 

similar, although the image-based procedure results in a much smoother curve than what results 302 

from a sieve analysis in which only a few discrete sieves were employed.  303 

 

(a) 



 

 

(b) 

Figure 5: GSD of HNEA01 (numerical) compared to the one of the manufacturer (a). GSD of COEA04 304 
(numerical) compared to the GSDs measured by Exxon and Laboratoire 3SR (b) 305 

4.2 Shape descriptors: distributions 306 

Shape descriptors were calculated for all the grains contained within both the specimens of Caicos 307 

and Hostun sands. Therefore, it is possible to plot histograms of the two sands on the same graph 308 

and calculate some statistics. 309 

 310 

Table 5, Table 6 and Table 7 list some statistics (i.e. mean, standard deviation, skew and coeffi-311 

cient of variation) of the 3D (Table 5) and 2D (Table 6-7) shape descriptors for both Hostun and 312 

Caicos sands. For the 2D case, results are separately presented for the randomly oriented projec-313 

tion (Table 6) and for the oriented projection onto the planes of greatest stability (Table 7).  314 

Name 

Mean 

Hostun 

Caicos 

St. Dev. 

Hostun 

Caicos 

Skew 

Hostun 

Caicos 

CV 

Hostun 

Caicos 

Volume (mm3) 
0.027 

0.025 

0.017 

0.017 

1.534 

2.31 

0.63 

0.68 

True Sphericity 
0.82 

0.94 

0.06 

0.04 

-0.75 

-1.89 

0.07 

0.04 

Flatness index 
0.73 

0.85 

0.14 

0.09 

-0.22 

-0.65 

0.19 

0.11 



 

Elongation index 
0.76 

0.80 

0.12 

0.11 

-0.24 

-0.65 

0.16 

0.14 

Intercept sphericity 
0.74 

0.81 

0.09 

0.08 

-0.18 

-0.64 

0.12 

0.10 

Operational Sphericity 
0.58 

0.71 

0.07 

0.09 

-0.09 

-0.45 

0.12 

0.13 

Convexity 
0.79 

0.92 

0.08 

0.06 

-1.00 

-2.10 

0.10 

0.06 

Alshibli Sphericity 
2.08 

0.75 

1.05 

0.09  

2.34 

-0.18 

0.51 

0.12 

Table 5: Statistics of the 3D shape descriptors for the two sands at the initial state 315 

Name 

Mean 

Hostun 

Caicos 

St. Dev. 

Hostun 

Caicos 

Skew 

Hostun 

Caicos 

CV 

Hostun 

Caicos 

Area sphericity 
0.60 

0.75 

0.12 

0.12 

-0.36 

-0.68 

0.20 

0.16 

Diameter sphericity 
0.76 

0.88 

0.08 

0.07 

-0.63 

-0.95 

0.11 

0.08 

Circle ratio sphericity 
0.59 

0.72 

0.11 

0.11 

-0.43 

-0.75 

0.19 

0.15 

Perimeter sphericity 
0.84 

0.92 

0.05 

0.04 

-0.64 

-1.22 

0.06 

0.04 

KS sphericity 
0.65 

0.70 

0.12 

0.13 

-0.22 

-0.70 

0.18 

0.19 

Table 6: Statistics of the 2D shape descriptors for the two sands 316 
(obtained from randomly oriented projections) 317 

Name 

Mean 

Hostun 

Caicos 

St. Dev. 

Hostun 

Caicos 

Skew 

Hostun 

Caicos 

 CV 

Hostun 

Caicos 

Area sphericity 
0.66 

0.77 

0.10 

0.10 

-0.39 

-0.82 

 0.15 

0.13 

Diameter sphericity 
0.81 

0.88 

0.07 

0.06 

-0.61 

1.05 

 0.09 

0.07 

Circle ratio sphericity 
0.65 

0.75 

0.09 

0.11 

-0.37 

0.86 

 0.14 

0.15 



 

Perimeter sphericity 
0.85 

0.92 

0.05 

0.05 

-0.86 

-1.70 

 0.06 

0.05 

KS sphericity 
0.76 

0.80 

0.12 

0.12 

-0.25 

-0.78 

 0.16 

0.15 

Table 7: Statistics of the 2D shape descriptors for the two sands (obtained from projections oriented 318 
along the minor principal axis) 319 

Random orientation introduced a significant bias, decreasing the mean values for all 2D parame-320 

ters. Random particle orientation also increased the variability of almost all 2D shape measures, 321 

except that of perimeter sphericity.  322 

 323 

Most 3D sphericity measures show a significant negative skew. As for variability it should be 324 

noted that the coefficient of variation is not very well adapted to interval bounded measures that 325 

represent some distance, like true sphericity. For a uniform distribution (i.e. completely random) 326 

true sphericity distribution in the interval 0-1 the CV will be of only 17%, so that the 7% of Hostun 327 

is symptomatic of substantial true sphericity variability. Indeed, in most measures the quarried 328 

Hostun sand shows a slightly large variability, whereas Caicos shows a more intense skew. 329 

 330 

The sketches of four selected grains characterised by the lowest and highest degree of true sphe-331 

ricity (𝜓) for both, Caicos ooids and Hostun sand, are plotted in Figure 6. The results appear 332 

intuitively satisfactory, in that the lesser 𝜓 values correspond to distinctly unspherical shapes 333 

(which may correspond to a single grain or perhaps several that the thresholding algorithm failed 334 

to separate). The practical range of 𝜓 is therefore rather narrow, a known limitation of this de-335 

scriptor (Barret, 1980). 336 



 

 Minimum  𝝍 Maximum 𝝍 

Hostun  

Grain “38536” : 𝜓 0.5075 

 

Grain “25161” : 𝜓 0.9753 

 

Caicos 

Grain “1536” : 𝜓 0.5667 

 

Grain “5866” : 𝜓 0.9998 

 

Figure 6: Grains having the extreme values of Degree of True Sphericity  337 

Normalised histograms of true sphericity are reported in Figure 7. As expected, values for Caicos 338 

sand (mean Ψ = 0.94) are substantially higher than those for Hostun sand (mean Ψ = 0.82). More-339 

over, the histogram of Caicos is more narrowly distributed and skewed, as it flattens against the 340 

upper limit of 1, whereas the Hostun histogram is more broadly distributed.  341 

 342 

Figure 7: Normalised histograms of true sphericity 343 

Alshibli et al. (2015) presented some shape data for Hostun sand. The mean true sphericity ob-344 

tained here for Hostun is not far from the 0.77 value they reported. Figure 8 shows a more detailed 345 



 

comparison, now between the histogram of the Alshibli sphericity index (Ψal) as reported by 346 

Alshibli (2015) and that obtained from this study. Somewhat higher values are obtained here, but 347 

taking into account that different sand specimens, image acquisition systems and data treatment 348 

algorithms are employed, the agreement between the two distributions is satisfactory.  349 

 350 
Figure 8: Comparison between the histograms of the Alshibli sphericity (see Table 1) of Hostun sand 351 

measured in this work with the data presented in (Alshibli, 2015). 352 

The larger spectrum of shapes contained in the Hostun specimen is also visible in Figure 9, where 353 

the Zingg diagram (Zingg, 1935) is used to represent a bivariate distribution of  flatness and elon-354 

gation indexes. The Hostun specimen data strides three flatness Blott & Pye classes, whereas 355 

Caicos is contained in just two classes. 356 

 

(a) (b) 



 

 

(c) (d) 

Figure 9: Bivariate density plot of Hostun (a-c) and Caicos (b-d) shown on the Zingg form space with 357 
Blott & Pye (2008) classifications for Elongation (a-b) and Flatness (c-d). Isoline spacing is 10%. 358 

4.3 Shape descriptors: correlations 359 

The correlations existing between some shape descriptors can be investigated simply plotting a 360 

couple of shape descriptors onto different axis in order to explore their distribution on a scatter 361 

plot. Since particle shape should convey geometrical information distinct from grain size, shape 362 

descriptors independent of particle volume are desirable. In Figure 10, 2D bivariate frequency 363 

distributions showing the mutual relationship between the degree of true sphericity and particle 364 

volume are plotted. The width of the sphericity marginal distribution at constant volume reduces 365 

as volume increases and the number of particles reduces. The mode, on the other hand, appears 366 

rather stable despite a slight negative bias towards lower Ψ with size for the artificial Hostun sand 367 

(Figure 10a). 368 

 369 



 

 

(a) 

 

(b) 

Figure 10: Relation between true sphericity and particle volume for Hostun sand (a) and Caicos ooids 370 
(b). Marginal distributions are also shown alongside the axis 371 

Pearson product-momentum correlation coefficients for the shape parameters in specimens 372 

HNEA01 and COEA04 are summarized in correlation matrices presented in Table 8 and 9. Ob-373 

serving Table 8 and 9, it appears that the correlation values for the two sands are similar, partic-374 

ularly for the stronger correlations. It is interesting that the degree of true sphericity shows a 375 



 

relatively good correlation with a simple measure like Operational sphericity. However, the 376 

stronger correlation is with Convexity. That strong correlation is indicative of a relatively rotund 377 

shape for this sand grains. 378 

 379 

On the other hand, Krumbein intercept sphericity, Ψint is not as satisfactory as it is closer to Elon-380 

gation Index than to either true or operational sphericity.  The slight negative correlation between 381 

flatness and elongation indexes was already visible in Figure 9. The behaviour of other descriptors 382 

is more unexpected: for instance, the sphericity proposed by Alshibli (Ψal) appears negatively 383 

correlated with most other descriptors. 384 

SHAPE 

DESCRIPTOR 
V Ψ FI EI Ψint Ψop Co Ψal 

Grain 

volume 
1.00 -0.26 0.13 0.09 0.16 0.03 -0.39 -0.20 

True 

Sphericity 
-0.26 1.00 0.37 0.26 0.47 0.62 0.84 -0.31 

Flatness 

index 
0.13 0.37 1.00 -0.21 0.36 0.34 0.05 -0.80 

Elongation 

index 
0.09 0.26 -0.21 1.00 0.83 0.32 0.10 -0.17 

Intercept sphericity 0.16 0.47 0.36 0.83 1.00 0.51 0.12 -0.62 

Operational 

sphericity 
0.03 0.62 0.34 0.32 0.51 1.00 0.43 -0.33 

Convexity -0.39 0.84 0.05 0.10 0.12 0.43 1.00 0.11 

Alshibli 

Sphericity 
-0.20 -0.31 -0.80 -0.17 -0.62 -0.33 0.11 1.00 

Table 8:  Correlation matrix of the shape parameters for Hostun sand (48.612 grains). 385 



 

SHAPE 

DESCRIPTOR 
V Ψ FI EI Ψint Ψop Co Ψal 

Grain 

volume 
1.00 -0.07 0.08 0.07 0.10 0.13 -0.28 -0.11 

True 

Sphericity 
-0.07 1.00 0.30 0.46 0.59 0.70 0.86 -0.32 

Flatness 

index 
0.08 0.30 1.00 -0.22 0.17 0.25 0.15 -0.69 

Elongation 

index 
0.07 0.46 -0.22 1.00 0.92 0.56 0.18 -0.37 

Intercept sphericity 0.10 0.59 0.17 0.92 1.00 0.67 0.24 -0.65 

Operational 

sphericity 
0.13 0.70 0.25 0.56 0.67 1.00 0.48 -0.39 

Convexity -0.28 0.86 0.15 0.18 0.24 0.48 1.00 0.04 

Alshibli 

Sphericity 
-0.11 -0.32 -0.69 -0.37 -0.65 -0.39 0.04 1.00 

Table 9: Correlation matrix of the shape parameters for Caicos sand (65.056 grains). 386 

4.4 Relation between 2D and 3D shape descriptors  387 

Table 10 and Table 11 show the correlation matrices of true sphericity (3D) and the 2D sphericity 388 

proxies listed in Table 3 as measured, respectively, on the randomly and non-randomly chosen 389 

particle projections. Data for Caicos and Hostun is merged in this analysis. 390 



 

SHAPE 

DESCRIPTOR 
Ψ As  Ds  Cs  Ps  KSs  

True Sphericity 

3D 
1.00 0.58 0.61 0.66 0.55 0.49 

Area sphericity 

2D 
0.58 1.00 0.99 0.95 0.72 0.81 

Diameter sphericity 

2D 
0.61 0.99 1.00 0.93 0.65 0.80 

Circle ratio sphericity 

2D 
0.66 0.95 0.93 1.00 0.71 0.77 

Perimeter sphericity 

2D 
0.55 0.72 0.65 0.71 1.00 0.34 

KS sphericity 

2D 

0.49 0.81 0.80 0.77 0.34 1.00 

Table 10: Correlation matrix between 3D and 2D sphericity parameters (obtained from randomly ori-391 
ented projections). Merged data for Hostun and Caicos, 2000 grains for each one. 392 

SHAPE 

DESCRIPTOR 
Ψ As  Ds  Cs  Ps  KSs  

True Sphericity 

3D 
1.00 0.70 0.69 0.72 0.83 0.36 

Area sphericity 

2D 
0.70 1.00 1.00 0.96 0.80 0.81 

Diameter sphericity 

2D 
0.69 1.00 1.00 0.96 0.80 0.81 

Circle ratio sphericity 

2D 
0.72 0.96 0.96 1.00 0.82 0.79 

Perimeter sphericity 

2D 
0.83 0.80 0.80 0.82 1.00 0.45 

KS sphericity 

2D 

0.36 0.81 0.81 0.79 0.45 1.00 

Table 11: Correlation matrix showing 3D and 2D sphericity parameters (obtained from projections ori-393 
ented along the minor principal axis). Merged data for Hostun and Caicos, 2000 grains for each one. 394 



 

It is noteworthy, but not surprising – given its close relation to elongation – that the Krumbein-395 

Sloss sphericity 2D proxy offers the poorest correlation with the 3D true sphericity measure. The 396 

correlation strength for all the other 2D proxies increases significantly when the 2D measurements 397 

are taken on oriented (i.e. maximum area) projections. In particular, perimeter sphericity ( Ps ) is 398 

the 2D descriptor that appears best correlated with true sphericity (Pearson correlation coefficient 399 

equal to 0.83). This perhaps reflects the fact that the definition of perimeter sphericity (Table 3) 400 

is equivalent to that of true sphericity for the 2D case. For practical purposes, a linear regression 401 

line can be drawn (Figure 11) through the data to link the 3D true sphericity with the 2D perimeter 402 

sphericity resulting in the expression 403 

𝜓 1.075 𝑆 0.067 1  404 

 405 

Figure 11: Linear regression line between true sphericity (3D) and perimeter sphericity (2D). The arrows 406 
show the ranges (5% and 95% percentiles) of the two sands. 407 

4.5 Statistical convergence 408 

The sand specimens studied in this work contain many thousands grains each. Shape was meas-409 

ured in all of them. This exhaustive procedure was necessary for other studies – not reported here 410 

– but will not have been so if the goal was simply shape characterization. Figure 12 shows the 411 

deviation from the whole specimen value of the three first statistical moments (i.e. mean, standard 412 

deviation and skew) of the true sphericity distribution computed in random example samples of 413 

varying size.  414 



 

(a) 

(b) 

Figure 12: Evolution of the first and second sample moments with sample size 415 

As expected, it is evident that the error decreases with sample size, and it suggests that sample 416 

sizes of at least 1000 particles should be employed to capture shape variability in sands. This 417 

number, although far smaller than that used in this study is still one order of magnitude higher of 418 

that reported in most 3D studies of sand shape to date. 419 



 

4.6 Sphericity evolution during triaxial shearing 420 

The sand specimens analysed here were then tested in triaxial compression under a cell confine-421 

ment of 100 kPa (Andò, 2013). The stress level applied in these tests is well below that required 422 

for breakage and indeed no breakage was visible in tomography. Using a reduced subset of grains 423 

(2000) a check was made on the evolution of shape parameters during the triaxial test. The sum-424 

mary statistics for some parameters at the final state are reported in Table 12. The averages and 425 

standard deviations remain practically unchanged when compared with the initial values (Table 426 

5), particularly for the harder Hostun sand. Minor changes are noted in skew, a statistic that is 427 

highly sensitive to changes at the extremes of the distribution. A tiny decrease in particle size is 428 

detected in Caicos. These very small changes are consistent with previous work (e.g. Altuhafi and 429 

Coop 2011) where insignificant shape change was noted for tests below the onset of particle 430 

breakage.  431 

Name 

Mean 

Hostun 

Caicos 

St. Dev. 

Hostun 

Caicos 

Skew 

Hostun 

Caicos 

CV 

Hostun 

Caicos 

Volume (mm3) 
0.028 

0.023 

0.017 

0.014 

1.61 

2.75 

0.62 

0.63 

True Sphericity 
0.82 

0.95 

0.06 

0.04 

-0.75 

-2.14 

0.07 

0.05 

Flatness index 
0.73 

0.84 

0.13 

0.09 

-0.17 

-0.74 

0.18 

0.11 

Elongation index 
0.76 

0.80 

0.12 

0.11 

-0.24 

-0.80 

0.16 

0.14 

Intercept sphericity 
0.74 

0.81 

0.08 

0.08 

-0.20 

-0.80 

0.11 

0.10 



 

Operational Sphericity 
0.58 

0.72 

0.07 

0.08 

-0.15 

-0.62 

0.11 

0.11 

Convexity 
0.77 

0.93 

0.08 

0.05 

-1.14 

-2.97 

0.11 

0.05 

Alshibli Sphericity 
1.96 

0.86 

0.91 

0.15 

2.04 

-0.16 

0.47 

0.21 

Table 12: Statistics of the 3D shape descriptors for the two sands at the critical state on 2000 grains 432 

 Conclusion 433 

Measuring how different a sand grain is from a sphere is interesting for a variety of purposes. The 434 

sphericity measure proposed by Wadell (1932), true sphericity, was obtained for all grains in two 435 

different sand specimens, totalling more than 100 thousand measurements. Together, the values 436 

acquired cover the most likely range of this parameter in non-microporous soils. Within the size 437 

range explored, true sphericity is independent of particle size. True sphericity appears to be well 438 

correlated with 3D convexity and, more usefully, with a 2D measure, perimeter sphericity. This 439 

last correlation is sensitive to the particle orientation when the 2D image is acquired, being much 440 

stronger when maximum particle projection is used than when random orientation is employed. 441 

The traditional Krumbein-Sloss measure of sphericity is poorly correlated with true sphericity. 442 

 443 
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