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1. Introduction

Green’s functions on a network are closely related with self-adjoint boundary value problems for Schrédinger operators.
Although there exists a very interesting variety of such a boundary value problems, see for instance [3], we restrict ourselves
here to analyze either the Dirichlet Problem or the Poisson equation. As mentioned in a recent paper by A. Gilbert et alt.: “The
idea of discrete Green'’s functions has, implicitly or explicitly, a long history arising in many important problems and fields
such as the study of inverses of tri-diagonal matrices, potential theory, the study of Schréodinger operators on graphs, and
the graph-theoretic analog of Poisson’s equation. Additionally, Green’s function methods have yielded interesting results in
many areas including the properties of random walks, chip-firing games, analysis of online communities, machine learning
algorithms and load balancing in networks.”, see [ 15] and references therein.

In spite of its importance, only few explicit expressions for Green’s functions associated with Schrodinger operators
on very structured networks, are known. The most common technique to get these expressions consists in using the
spectral decomposition property. So, in general, determining Green'’s functions is a very difficult task. Another strategy to
compute these elements is to split the network into small and structured pieces and then to express the eigenvalues and
eigenfunctions in terms of those corresponding to each piece. Since composite networks as join, corona or cluster have been
studied in a very general setting, see [ 1,5] and also [ 16] for graphs, we analyze here the case of cartesian product of networks.
As we show, our treatment is the discrete version of the Fourier Method, also called, Separation of Variables Method. We first
prove that when we consider weights that are tensor product of weights, then the corresponding Schrédinger operators are
expressed in separated variables and hence the Fourier Method fits accurately.
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Fig. 1. A vertex set F (o) and its boundary 5(F) (e).

This class of problems have been also studied by F. Chung, R. Ellis and S.T. Yau, see [11,13,14], considering the normalized
Laplacian. However, since in general the normalized Laplacian of a product network cannot be described in separated
variables involving the normalized Laplacian of the factor networks, in the above referred works the authors must consider
only cartesian product of regular networks, that is also a regular network. We remark that in this case, the problem is
reduced to the analysis of the combinatorial Laplacian, since for regular networks the normalized Laplacian is a multiple
of the combinatorial one. We treat here with Schrédinger operators on the product network without any assumption on
the regularity of each factor network, but under the hypothesis that the potential is related with tensor product of weights.
We emphasize that the application of the separation of variable method only requires the knowledge of eigenvalues and
eigenfunctions of one of the factors. So, applying our results we can get explicit expressions for Green’s functions in a wide
range of product networks.

A finite network I = (V, c), consists of a finite set V, called vertex set and a symmetric function c:V x V — [0, 4-00),
called conductance, satisfying that c(x, x) = 0 for any x € V. Two vertices x, y € V are adjacent iff c(x, y) > 0.

We always assume that I" is connected; that is, that for any pair of different vertices x, y € V, there exist m € N* and
X0, ..., Xm € V such that x = xq, y = x, and ]_[j”;]] c(xj, xi+1) > 0.

In what follows ¢(V) = ¢(V; R) and C(V; C) stand respectively for the spaces of real and complex functions defined on

the vertex set V. Given v € ¢(V; C), v denotes its conjugate and then, (u, v) = ), u(x)v(x) determines an inner product

1
on C(V; C), whose associated norm is denoted by || - ||. Therefore, ||u| = (erv |u(x)|2)7 for any u € C(V; C). Clearly, this
inner product induces the standard one on ¢(V). Given u € ¢(V, C), u* denotes the subspace of ¢(V, C) orthogonal to u.

A real-valued function w € C(V) is called weight if w(x) > 0 for any x € V and in addition ||w|| = 1. The sets of weights
on V is denoted by £2(V) or simply by £2 when it does not lead to confusion. Clearly the weight v defined as v(x) = |V|_%,
x € V,is the unique constant weight on V.

For any x € V, &, is the Dirac function at x. Clearly ¢, € C(V) for any x € V. Moreover, k denotes the (generalized) degree
of I'; that is, the function defined as «(x) = Zyev c(x,y), for any x € V. The network is called regular when its degree is

a constant function. The volume of the network I" isv = >_ _,, «(x). Since I" is connected v’%ﬁ is a weight, called the
volume weight.

GivenF C V anonempty subset, F¢ denotes its complementary and C(F) and C(F; C) are the subspaces of real and complex
functions vanishing on F€. It is clear that C(F) and C(F; C) can be identified respectively with the space of real or complex

functions defined on F. Moreover, the set

xeV

8(F):{zeF“:c(z,y)>0 forsomeyeF}

is called the boundary of F and then, F = F U §(F) is the closure F, see Fig. 1. Clearly, 5(F) = #, or equivalently F = F, iff
F=V.

Analogously, given F C V, each function K: F x F — R can be identified as a function on V x V vanishing outside of
F x F. The above function is called symmetric if it satisfies that K(x, y) = K(y, x) for any x, y € F. Clearly if we consider K
extended by 0 on (F x F), then K is symmetric on V x V iff it is symmetricon F x F.

The combinatorial Laplacian of I'", or simply the Laplacian of I, is the linear operator £: C(V; C) —> C(V; C) that assigns
to any u € C(V; C) the function £(u) defined as

LX) =Yl y) (ux) —uy), xeV.

yev

More generally, given q € C(V; C), the Schrédinger operator with potential g, see [7], is £4:C(V; C) — C(V; C) defined as
Lq(u) = L(u) + qu for any u € c(V; C). The Schrédinger operator whose potential is the conjugate of g; that is, £g, is called
the adjoint of £, since it satisfies that (L4(u), v) = (u, £3(v)) forany u, v € ¢(V; C).
For a given nonempty subset F C V and a given potential g € C(V; C) we consider the following Boundary Value Problem:
Given f € C(F; C)and g € C(8(F); C), find u € C(F; C) such that

Lgu)=f onF, u=g ond(F). (1

When F # V, this problem is known as Dirichlet Problem on F, whereas when F = V it is called Poisson equation on V. In this
last case the data g has no sense, since then §(F) = .
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When F # V,each Dirichlet problem on F is equivalent to a semihomogeneous Dirichlet problem. Specifically, u € ¢(F; C)
is a solution of Problem (1) iff v = u — g is a solution of the Dirichlet problem

Lq(u)=f—L(g) onF, u=0 ond(F). (2)

Therefore, to analyze the existence and uniqueness of solution of the boundary value problem for any f € C(F; C) is
equivalent to analyze the same topics for the following problem:

Given f e C(F; C), find u € C(F; C) such that £y(u) = f onF. 3)

This formulation encompasses both, Dirichlet problems and Poisson equations; the last ones appear when F = V.

Notice that Schrédinger operators with real-valued potential; that is, £, with g € C(V) are also endomorphisms onc(V)
and moreover, they are self-adjoint; since (£4(u), v) = (u, Lo(v)) for any u, v € ¢(V; C). In particular, Y, Lq(u)(X)v(x) =
D ver La()(X)u(x) for any u, v € C(F; C); that means that Problem (3) is self-adjoint on C(F; C) when the potentlal is real-
valued.

This work is mainly concerned with Schrodinger operators with real-valued potentials and for this reason we usually
consider only real-valued functions; that is, the space C(V'). Moreover, in this case we also consider the Energy for the potential
q that is the quadratic form &;: ¢(V) — R that assigns to any u € C(V) the value

1
Eq(u) = {Lq(u)u) = 5 D 7 c(x.y)(ulx "+ qlou(x

x,yeVv xeV

2. Real-valued potentials and Doob transforms

For any weight @ € £2, we call the function q,, = —w~!£(w) Doob potential associated with w. Therefore,
Go(x) = —k(x) + w(x)7! Zc(x, Y)o(y) > —k(x), foranyxeV.
yev

Given two weights o, w € £2, then q, > q, iff g, = q, and this happens iff ¢ = w, see [4, Lemma 2.1]. In particular,
d. = O0iff o is constant and hence, g, takes positive and negative values when o € £2 is not constant. Notice that
(Uv qo> = _<17 E(G)> =0.

Although at first glance Doob transforms could seem a bit strange and Doob potentials a very specific kind of potentials,
they play a main role among real-valued potentials. In fact, as a consequence of the Perron-Frobenius Theory, given a real-
valued potential ¢ € C(V) there exist a unique unitary weight € £2 and a unique real value . € R such thatq = q, + A,
see [2]. The following result involving Doob potentials has been strongly used by the authors, see for instance [2,4].

Proposition 2.1 (Doob Transform). Let a real-valued potential q and consider w € §2 and A € R such that q = q,, + A. Then, if
F C V is a non-empty subset, for any u € C(F) we have that

L)) = s Bl y)w(x)w(y)(% - %) Fau, xeF
1 2
£4(1) = 5 Xy €8 y)w(x)w(y)(% - %) + Al

As we will show, these expressions have interesting consequences in the treatment of the boundary value problems we
have raised.

We first remark that the well-known normalized Laplacian introduced in 1996 by F. Chung and R. Langlands, see [9-11],
is nothing else but a Schrédinger operator on an appropriate network. The normalized Laplacian for the network I' = (V, c¢)
is the operator .#: (V) —> ¢(V) that assigns to any u € C(V) the function

1 u(x) u(y)
Z(u)(x) = C(x,y)< - , XeV
Vi) YZV Vi) V)
Therefore, if £ is the combinatorial Laplacian of I" and 7:¢(V) — (V) is given by T(u) = /k u, we get that & =
T loLoT .

c(x,y)
(X (y)
Laplac1ar1 Notice that any pair of vertices x, y € V are adjacent i in I iff they are adjacent in T, so the graphs subjacent to I"

and to I are the same. Choosing the volume weight of I', w = v~ 3 J/k, from the expression for qu obtained after the Doob
Transform associated with w, for any u € ¢(V) and any x € V, we have

FZ RN ( \/K%) %) 2(u)x),

and hence, the normalized Laplacian .# on I' is equivalent to the Schrédinger operator Eqw onT.

Moreover, we consider now the network I' = (V,¢), where é(x,y) = foranyx, y € V and £ its combinatorial

Lq,(u)

Please cite this article in press as: C.Ara(iz, et al, Green functions on product networks, Discrete Applied Mathematics (2018),
https://doi.org/10.1016/j.dam.2018.10.004.




4 C. Araiiz et al. / Discrete Applied Mathematics I (RNER) ERE-RNN

On the other hand, from the expression for the energy obtained after the Doob Transform, we have that

min (&)} = % (4)
llu=1
and the equality holds iff F = V. In this case, &; attains its minimum at u = +w. Therefore, the Schrédinger operator £, is
positive semidefinite on C(V); that is, its energy is non-negative, iff . > 0 and positive definite on c(V)iff A > 0. In addition,
when A > 0, the Schrédinger operator £, is positive definite on C(F) for any proper subset F.
The variational characterization of the solutions for the boundary value problems (3) is described in the following result,
see [4, Proposition 3.5] for its proof.

Proposition 2.2 (Dirichlet Principle). Let F C V be a non empty subset, w € 2, > > 0 and the potential ¢ = q,, + . Given
f € C(F) consider the quadratic functional 7: C(V) —> R given by

J(u) = &E(u) — 2(f, u).

Then u € C(F) satisfies that L£4(u) = f on F iff it minimizes J on C(F) Moreover J has a unique minimum except when F = V

and A = 0 simultaneously. In this case 7 has a minimum iff f € w* and moreover, there exists a unique minimum belonging to
n

w.

3. Green functions, eigenvalues and eigenfunctions

In this section we consider fixed the finite and connected network I" = (V, c), a weight € 2, a non-negative value
A > 0, the real-valued potential g = q,, + A and its corresponding Schrodinger operator £,. Under these hypotheses, for any
proper subset F C V and any f € C(F), Dirichlet Problem (3) has a unique solution; that is, there exists a unique u € C(F)
such that £,(u) = f on F. Moreover, when A > 0 for any f € C(V), Poisson equation (3) has a unique solution; that is, there
exists a unique u € C(V)such that £4(u) = fon V.

When either F C V is a proper subset or A > 0, the Green function of F for the potential q is GZ: F x F —> R such that for
anyy € F, Gg(-, y) is the unique solution of the Dirichlet Problem £4(u) = &, on F, u = 0 en §(F), when F is proper, or the
Poisson equation £y(u) = &, on V when F =V but A > 0.

The Green operator of F for the potential q is g};: C(F) —> C(F) defined for any f € C(F) as g‘;(f)(x ZyeF q(x ),
x € F.Then g is self-adjoint and for any f € C(F), the function u = g} (f) € C(F) satisfies that £y(u) = f on F. Since g}
is a self-adjoint operator, then GZ is a symmetric function and the Minimum Principle also implies that 0 < a)(y)Gg(x, y) <
a)(x)GS(y, y) forany x, y € F, see for instance [4].

When A = 0, then g = q,, and the Poisson equation £4(u) = f on V is solvable only if f € ™ and in this case, there exists
a unique solution belonging to w*. The Green function of V for the potential q is Gq": V xV — Rsuch that foranyy € V,
Gg(-, y) is the unique solution of the Poisson equation £4(u) = &, — w(y)w belonging to w=.

The Green operator of V for the potential q is gc‘l’: C(V) —> ¢(V) defined for any f € c(V)as gé’(f)(x) = Zyev CZ(X, V),
x € V.Then for any f € c(V), G} (f) = 6, (f — (o, f) ), G; is self-adjoint and the function u = g, (f) € ¢(V) is the unique
function in w* satisfying that Lq(u) = f — (o, f) . Newly, the self-adjointness ong implies that GV is a symmetric function
and the Minimum Principle also implies that w(y)Gy (x,y) < w(x)Gy (y,y) forany x,y € V, see newly [4].

We remark that the existence and uniqueness of solution for the boundary value problem (3) means that £, is an
automorphism of C(F) and hence, gg is its inverse. Moreover, when A = 0, then £, is an automorphism of '’ whose inverse
can be extended to ¢(V) by considering for any f € ¢C(V) its orthogonal component with respect to w. This extension is
precisely g){ and clearly is singular, since g,‘{ (w)=0.

On the other hand, if we label the vertices of I", say V = {x1, ..., x,} where n = |V|, then each endomorphism of C(F)
can be interpreted as a matrix of order |F|. So £, is identified with the matrix LZ whose diagonal entries are x(x;) + q(x;)
and whose off-diagonal entries are —c(x;, x;), i,j = 1, ..., n. Moreover if for a proper subset F C V, we interpret £4 as an
endomorphism of C(F), then it can be identified with the matrix LZ obtained from L;’ by deleting the rows and the columns
corresponding to the vertices in F€. Notice that, as the potential is real-valued, all the above matrices are real-valued and
symmetric.

We also denote by Gg the matrix identified with the Green operator gg defined above. With these identifications,

Gf = (Li)f1 when either F is a proper subset of V or 4 > 0. Moreover, when A = 0, then Gy = (L(‘l’)#, the Group Inverse

of LZ . Since the group inverse coincides with the inverse when the matrix is invertible, we have that GZ = (LZ)# for any
non-empty subset F C V and any A > 0.

Given a non-empty subset F C V, an eigenvalue of the boundary problem (3) is z € C such that the Schrédinder operator
Lq— is singular on C(F; C). Equivalently, z € C is an eigenvalue of the boundary problem (3) if there exists u € C(F; C)
non-null and such that £4(u) = zu on F. Each u € C(F; C) satisfying the above identity is called eigenfunction of the boundary
problem (3) associated with z.

Since q is a real-valued potential, any eigenvalue must be real. This claim follows by taking into account thatif u € C(F; C)
is non null and satisfies that £4(u) = zu on F, then

z||ull® = (Lq(u), u) = (u, Lg(u)) = (u, Lq(u)) = Z|jul|®

Please cite this article in press as: C.Aratiz, et al, Green functions on product networks, Discrete Applied Mathematics (2018),
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which implies z = Z; that is z € R. On the other hand, if u,v € C(F, C) are eigenfunctions corresponding to z and z
respectively, then

Z<u’ U> = (‘Cq(u)v U> = (ur Cq(”)) = 2<7 u, U>

which implies that if z # Z, then (u, v) = 0. In particular, if u € ¢(F, C) is an eigenfunction corresponding to z € R, then u
is a real-valued function; that is, u € C(F).

If z € Cis not an eigenvalue of the boundary value problem (3), then £,_, is an automorphism of C(F; C) and then we
denote by g , its inverse. Moreover, if GF :FxF — Risgivenforanyy € V as G _,(+, ¥), the unique solution of the
equation Lq( ) = ¢, onF, then gg_z(f)(x ZyeF GS _,(x,¥)f(y), forany f € C(F, )and any x € F.

The following result is the discrete version of the well-known Spectral Theorem. Its proof follows the standard reasoning
involving the minimization of the energy, so we have Inequality (4) into account.

Theorem 3.1 (Spectral Theorem). For any non-empty subset F C V, there exist real values M? <...< ,ulF Fi and an orthonormal
basis {vf }]‘i' C C(F) satisfying the following properties:

(i) Lq(vj )= MJ FonF,j=1,...,|F|. Moreover, ifz € R is an eigenvalue of the boundary value problem (3), then z = uf
forsomej = 1 , |F.
(i) » < uf < puf and vf(x) > 0 for any x € F. Moreover, u* = 1 iff F = V and then v} = w. In particular, ¥ > 0, except
whenF =V and L =0, stmultaneously
(iii) For any u € C(F; C) then Lq(u Z 1le u, v ( x) forany x € F.

As a very nice consequence of the Spectral Theorem, we can obtain the expression of Gg(x, y), the Green function of F
for the potential g, in terms of eigenvalues and eigenfunctions of £,. Prior to do this, for any a € C we define a =
a’l', ifa#0,
0, ifa=0.
Using the same notation as in Theorem 3.1, we get the following result.

Theorem 3.2 (Mercer Theorem). Given a non-empty subset F C V, then

F|
Ghx.y) =Y ()Y vofxf(y), xyev.

=1
Moreover, ifz € C\ {uf < --- < ufy}, then

[F1

G, (. y) =Y (1] —2) W[ (), xyev.
j=1

4. Schrodinger operators on product networks

In this section we prove that Schrodinger operators on product network can be expressed in separated variables and
hence we can obtain a discrete version of the separation of variables method.

Let us consider two different connected networks (I, ¢1) and (I3, ¢;) with vertex sets V; and V5.

We define the product network as the network I = I'y x I3 = (V, c) where V = V; x V, and the conductance is given
by

c1(x1, X2), ?f% =Y2,
C((XLJM), (Xz,}’2)) =1 Qn,y2), ifx; =2x,, (5)
0, otherwise

Clearly Iy x I3 is also connected.

Givenu € C(V; x V,)forany (x,y) € Vi x Vo, u, € C(V4), u* € ¢(V,) denote the functions defined as u,(z) = u(z, y) for
any z € V7 and by u*(z) = u(x, z) forany z € V,.

Given u € ¢(Vy) and v € C(V5) the tensor product of u and visu ® v € C(V; x V;) defined as (u ® v)(x, y) = u(x)v(y) for
any (x, y) € Vi x V5. Notice that given two weights w; € 2(V;),i = 1, 2, then w1 ® w, € £2(V; x V). Moreover, given x € V;
andy € V, we have g y) = &x ® &y.

We denote by £' the combinatorial Laplacian of the network I73,i = 1,2 and by £ the combinatorial Laplacian of the
product network I'; x I3. The following result establishes that the combinatorial Laplacian of a product network can be
expressed in separable variables when it operates on a tensor product function. This property justifies the name of separation
of variables for the technique to solve boundary value problems on product networks.

Please cite this article in press as: C.Ara(iz, et al, Green functions on product networks, Discrete Applied Mathematics (2018),
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Proposition 4.1. Given u; € C(V;),i = 1, 2 then
Llug @ up) = £ (ur) ® U + uy ® L£2(u).
In particular, if w; € 2(V;), i =1, 2, then 4., 9w, = qu, + 4o, and hence, for any u € C(Vy x V,) we have

L0 W0 Y) = £, (W0 + L2, W)), (6, € Vi x Vs,

Proof. Givenu € C(V; x V,) for any (x, y) € V; x V, we have that

c)xy)= Y c(xy). @ w)(ux y) - uz, w))

zeVq

=Y alx2)(uxy) —uz )+ Y caly, w)(ux, y) — ulx, w))
zeVq weVy

= £ (uy)x) + L))
On the other hand, since (u1 ® uy), = ujuy(y) and (u; ® u ) = u;(x)u, we obtain that
Ly ® uz)(x, ¥) = tp(¥)L" (ur)(x) + ur ()£ (uz)(y).
In particular £(w; ® ;) = £ (w1) ® wy + w1 @ £2(w;) and hence,
oy 8w, = —(©1 ® w2) ' L(w1 ® W) = —w] 'L (@1) — 05 ' LH(@2) = Go, + o, -
From all above identities we finally obtain that

Loy, g, (WX ¥) = L)X, ) + Gy g0, (X, YIU(X, Y)
= L (uy)X) + L2W)Y) + (4o (X) + 4o, ) ulx, ¥)
= £ty )(%) + L2U)Y) + Go (y(%) + o, 0 (V)
= Lq,, W)X+ L5, @)y). O

5. Boundary value problems on product networks

As in the preceding section, we consider connected networks (I3, ¢;) with vertex set V; and combinatorial Laplacian £/,
i = 1, 2. Then, we also consider the product network I'; x I, and its combinatorial Laplacian L.

The boundary value problems we analyze in Iy x I, refer to subsets that are also expressed as cartesian products. So,
given non empty subsets F; C V;,i = 1, 2 we consider F = F; x F, C V; x V5. Then, it is satisfied that

8(F1 x Fy) = (F1 x 8(F2)) U (8(F1) x Fz), (6)

where we allow F; = V; in which case §(F;) = 0,i = 1, 2.

Givenw; € 2(V;),i=1,2and A > 0, we consider the real-valued potential ¢ = q,,, g, +A. We are interested in studying
the boundary value problem (3) on F = F; x F, and also in computing the corresponding Green function gg . To do this, we
first split A as A1 +2A, where A4, A, > 0 and then apply the Spectral Theorem to the two boundary value problems £, (u;) = f;
on F;, where q; = q,,, + A; and f;, u; € C(F;), i = 1, 2. Specifically, let M? <. < [Lf;i‘ the eigenvalues of the boundary value
problem Ly (u;) = fionF;,i=1,2and {ij" }]E'l C C(F;) a corresponding orthonormal system of eigenfunctions.

Remember that always u? is simple and moreover vf" > 0onF, i = 1, 2. In addition, /;Ll;i = ),; iff F = V; and then
vf" = w;. Therefore, ui" > 0, except when F; = V; and A; = 0, simultaneously.

The main result in product networks is that the eigenvalues and the eigenfunctions for the boundary value problem (3)
in product subsets, are completely characterized in terms of the eigenvalues and the eigenfunctions of each factor.

Theorem 5.1. Foranyj=1,...,|F|andanyk =1, ..., |F>| we have that
F F F Fay. F F
Lo(vi' @ v?) = (" + 1)t ®@ v onFy x Fo.

F F . F F- . ..
Moreover, {Mjl + w2} 1=,y are the eigenvalues of £q on Fy x F, and the set {vjl ® v} 15j=ir,1 is an orthonormal basis in

1<k<|FRy| 1<ks|Fy |
C(F] X Fz)
Proof. From Proposition 4.1, on F; x F, we have
F F; F- F; F- F;
Lo(v' @ u2) = L4, (1) @ v + v @ Ly, (v)?)

— i 0 ) B B B _ b Fay F1 )
=Y @ul F iy @t = () @y
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Since the system { ® vk } 1<i<iijl C C(Fy x F) is orthonormal and dimC(F; x F,) = |F;| - |[F2| we conclude that
1=k<IR|
{vj1 ® vkz} 1<j<iFy| 1S @ basis of C(F; x F,). Moreover, since any eigenfunction corresponding to an eigenvalue, other than
1<k=|F|
iy ,uiz,j =1,...,|Fl,k = 1,...,|F|, must be orthogonal to the above basis, we conclude that {qul + ,uiz} 1<i<IFy|
1<,

<k=IR|
determines all eigenvalues. O ’
Notlce that u1 + /L is the lowest elgenvalue 1t is simple and moreover v1 ® U1 > 0 on F; x F,. In addition, since
j T4 ,u,f > A1+ Ay = A > 0 we have that pL] + uk > 0 except when F; = V1, F;, = V, and A = 0 simultaneously. Notice
that A = 0iff A; = A, = 0 and then, if in addition F; = V4, F, = V5, we have vfi =w;,i=1,2.
In general, the eigenvalues ;Ljﬁ + ,uiz,j =1,...,|F],k = 1,...,|F;| whenj 4+ k > 2 have multiplicity greater than
1, even if each factor has only simple eigenvalues. For instance this happens in the square network I" x I'" for the weight
w ® w,w € 2.In this case, given F C V, each eigenvalue of the boundary value problem (3) on F x F other than the ZM].F,
Jj=1,...,|F|, has multiplicity 2 at least: Given j # k, then v ® v and v ® v} are eigenfunctions corresponding to 11} 4 st;.

The main consequence of Theorem 5.1 is that we can compute the Green function for product networks in terms of the
eigenvalues and the eigenfunctions of each factor by applying the Mercer Theorem.

Corollary 5.2. Under hypothesis of Theorem 5.1, for any (x1, Y1), (X2, y2) € Vq x V5, we have that

[F1l |F2l

G2 (k1 1), (2, ¥2)) = DY (" 4 i) (v (v (v (v2)-
j=1 k=1

The above formula requires the knowledge of eigenvalues and eigenfunctions for the two factors. Therefore, except for
structured networks, the application of the above method is very restrictive. F. Chung and S.T. Yau obtained in [11], see
also [13,14], a nice formula based in a clever use of the complex integration, that avoids the computation of eigenvalues and
eigenvectors and only needs the evaluation of the Green function of each factor, but considering complex-valued potentials.
Although the above authors only consider normalized Laplacians on regular networks, and hence combinatorial Laplacians,
their technique is easily extensible to positive semidefinite Schrédinger operators.

Lemma 5.3. Leta, b € C and consider y a smooth and simple curve enclosing a and moreover it leaves —b in its exterior when
a—+ b # 0. Then,

(a+by = - &
2mi y (@a=2z)b+2)
. . . . 1 1
Proof. If f(z) = ——————, then f has isolated singularities at a and —b and moreover, since f(z) = ——
(a—2z)b+2z) a+b
-1
bz ] whena+b # 0and f(z) m when a + b = 0, the residue of f at a is (a + b)*. Therefore, we obtain the result

applying the Residue Theorem, see [12]. O

We can use the above identity, to express a la Chung & Yau, the Green function of the boundary value problem (3) in a
product set.

Proposition 5.4. In the preceding conditions, for any (x1, y1), (X2, ¥2) € V1 x V5, we have that

1
— / Gyl 42 (%1, %2)Ge2_,(y1, y2)dz
y

GF1><F2 , , , —
2 (a0 y1)s (%2, 32)) o

where y is a smooth and simple curve satisfying the following conditions:

(i) Ifeither & > 0 or F{ x F, # V; x V,, then y surrounds uq‘, e, M|FF11\ and leave —,u?, e, —Mfﬁzl in its exterior.
(ii) If A = 0, F; = V; and F, = V5, then y surrounds M?, e /Lﬁ}l‘ and leave —/ng, o, _”\Ff?zl in its exterior.

Proof. From Corollary 5.2 and applying Lemma 5.3, we have that

[F1] |F2] F1

1(x2) Uk (1) Uk (v2)
G2 (x4, y1) (%2, ¥2)) / [ 4 dz
Zm ;21:; _ (Mk +2)
F
[Fl' o x)v (xZ)‘i': v;:z(y1)v s )}dz
27[1 —Z k=1 Mk +z
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and the result follows by applying the second part of Mercer Theorem and taking into account that, according to the definition
of y, any complex value z € C lying on the trace of y, is neither an eigenvalue for the boundary value problem (3) on F; nor
—z is an eigenvalue for the boundary value problem (3) on F.

Although Chung & Yau’s method avoids the explicit computation of eigenvalues and eigenfunctions, it requires to
calculate an infinite family of Green’s functions, depending on a complex parameter, and hence to evaluate a complex
integral. We finish this paper showing a technique that mix the two former methods. It only requires the computation of
eigenvalues and eigenfunctions for one of the factor networks and also the computation of a finite family of Green’s functions
corresponding to the other product network. In fact this method is nothing else but the discrete version of the well-known
Separation of Variables Method to solve boundary value problems in PDE.

The key issue to apply the Separation of Variables Method lies on the use of an appropriate expression for functions in
C(F; x F,). With the above notations, for any given h € C(F; x F,),foranyj =1, ..., |F;|andanyk = 1, ..., |F,| we consider
the functions «j(h) € C(F;) and Bi(h) € C(F,) defined as

ai(h)y) = (hy, v]") = D h(z, y)v; ( )=Zh(z,y)vf1(z), 7

zeVq zeFy
Br(h)(x) = (h*, Zh X, 2)0.( Zh X, 2)v2(2), X € Vi
zeVp zeF

Lemma 5.5. Forany h € C(F, x F,) the following identities hold
[F1] |F|

h=> v @aih) =Y Ah)® v
j=1 k=1

In particular, iffl € C(F; x F,), then h = fliffaj(h) = aj(fl),j =1,..., |F| orequivalently iff Bi(h) = ﬂk(fl), k=1,...,|FK|

12|

. Fy x .2y Fa
Proof. Since {vk } k1 {7 v )y
IF2

k=1

1<k<|Fy| is an orthonormal basis in C(F;), for any x € F; we have that h* =
B(h)(x )vk ; that is, for any y € F, we have

12| 1F2]

Zﬁk )= Y (Bdh) ® ;) (x, ¥).

k=1
The other 1dent1ty can be proved in an analogous way. O

Theorem 5.6. Under the conditions and notations in this section, fori = 1, 2 consider the real-valued potentials p,l =q:+ ,uiz =

Qo + M+ €C(F)k=1,....IRlandp? = @ + 11" = qu, + 22+ ' €C(F).j=1....,|Fi|. Then,
|F2]
x F F F
G (k1 y1), (2,92) = D G100, U (1)U 02)
k=1 ¢
[F1l

=D Ga0 )y (x)y (x2).
=1’

Proof. Because the proof of both identities follows the same reasoning, we only prove the first one. Moreover, we first
develop the separation of variables technique in a general setting and then we specify it to the computation of the Green
function.

Given f, u € C(F; x F), applying Lemma 5.5 we have

IF2 B2
f= Zﬁk(f ®vk and u_Zﬁk ®v,<.
k=1 k=1

On the other hand, from Proposition 4.1, we have that
|F>| |F>|

=3 L) (B ® v + > uf? filw) ® vy

k=1
|F21 [F2|

= Z[ﬁt]h(ﬁk(” + i Bulu ] Qv = ZE (Bu(w) ® vy?
k=1

and hence, f = £4(u) on F; x F, iff
Lp(B) =B, onFi k=1, IR,

Please cite this article in press as: C.Aratiz, et al, Green functions on product networks, Discrete Applied Mathematics (2018),
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To analyze the above boundary value problem, we first observe that p,]( = (o, + A1+ Miz' k=1,...,|F|
When either F; X F, # V3 x Vo 0r A1+ 4, = A > 0, then A4 +//L£2 >0,k =1,...,|F,|,and hence all the above boundary

value problems have a unique solution that is given by

= Y Gl 2B

zeVy

When F; = V;,i = 1,2 and A = 0 then the boundary value problem £4(u) = f on V; x V, is solvable iff f € (w1 ® )t
and then, there exists a unique solution in (w; ® w,)*. In this case A1 = A, = 0, M? = 0 and hence A + uiz = ,uzz > 0,
k=2,..., |F2|

Moreover, (81(f), w1) = {f, w1 ® wy) since vfz = w, and hence we have that f € (w1 ® w,)* iff B1(f) € w% So, under
the above conditions, if f € (w; ® w,)* all the boundary value problems 5;1(/3,<(u)) = B(f)onFy, k=2,...,|F| have

k

SDIA RN

zeVy
as unique solution, whereas
i) =} G106 yIBi(F)2)
zeV

is the unique solution of the boundary value problem Ll (,81( u)) = B1(f) belonging to a)f.
Consider now x, € Fyandy, € F,. Then f = gy, y,) = st ® ¢y, and hence,

B(f) = Uk *(y2)ex,, k=1,...,|F|.

When either F; x F, # V; x V, or A > 0, forany k=1,...,|F|, we have
=D G DB = G (x ) (2). x € Vi,
zeVq

which implies that

[F2]
G2 (%1, y1). (X2, ¥2)) Zﬁk w)(x1)v (1)
\le
=D G, )02 0
k=1
When F; = V;,i = 1,2 and A = 0, since vf" = wj, we consider now f = &p, y,) — w1(X2)w2(¥2) w1 @ @) =

Ex, ® &y, — 01(X2)w2(y2) (@1 ® wy). Then,

Bilf) = 02, — 1) | ) = 02 0deny, k=2, IR
which implies that
=D G DB = Gix, Ul (2). X € Vy
zeVy
where we have taken into account that p; = q,,, and that
> Gix, 2)n(z) = G, (1) =0,
zeVy

Therefore, the result follows as in the above case. O
6. The Green function of P, x Sy

As an illustration of the main result of the paper, we compute the Green function of a positive semidefinite Schrodinger
of the cartesian product of two networks: a path P,;, and a Star network Sy,. Notice that none of the factors is regular as it was
required in previous works, see for instance [14]. In this case, we are going to apply Theorem 5.6 by using the eigenvalues
and eigenfunctions of the path and the Green function of the Star. The product network Ps x S3 is depicted in Fig. 3 and its
factors in Fig. 2.

Consider P, the path on m vertices labeled V; = {x1, ..., X} and constant conductance c(x;, x;+1) = cfori=1,..., m—1
and ¢ > 0. It is known that, the eigenvalues and eigenfunctions of a path Py, for £ are, see [6],
wj = 2c(1 —rj)

Please cite this article in press as: C.Ara(iz, et al, Green functions on product networks, Discrete Applied Mathematics (2018),
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o ® Y
] as ax
as o Yo
C Cc C C Y3
([ @ @
Al x2 €3 Ty Ts .
Fig. 2. A path Ps (left) and a Star S5 (right).
([ 4 @ ® ®
® L @ @ @
(1, Y0)@ @ @ @ @
as
@ @ @ 4 J
C
(5, y3)
Fig. 3. The product network Ps x Ss.
i
where 1 = cos (—) 0 <j <m — 1, and the orthonormal eigenfunctions are
m
1 /2 (2k — 1)jn
Up(xy) = —, ui(x))=,/—cos| ——), k=1,...,m.
0( k) \/ﬁ ]( k) m ( om
The Star network Sy, has h + 1 vertices, Vo = {yo, 1, . .., yn}, and non null conductances a; = c(y;, o) > 0,i=1,..., h.
Moreover, let w; = w(y;),i = 0, ..., h be a weight on S;. In addition, given A, > 0, and the potential g = q,, + A, we
also consider the corresponding positive semi-definite Schrédinger operator £, . For the sake of simplicity we consider the
following value
h 3
W3
Q(A2, w) = —
2 ; Arwj + Gjwo
. 1 h a)j3
In particular, for A, =0, Q(w) = — Y _.

wo =1 a; '

It is known that if A, > 0, see [8, Corollary 5.4], the Green function cZ; Yk, ¥s) is given by

% w%
G 2(y07 yﬂ) = s
” A2[1—=22Q(%2, 0)]
2
aiwiw
Go2 (Yo, ¥i) = e ,
” ' A2[1 = 22Q(2, ®)][A20i + aia | 7)
2
a;agwiwiwy
G2 i 1) = ,
* 7T he[1 = 22Q0, 0)][Aawi + aiwo | [A2wk + axwo]
P w?w? w;
Gz v i) = 2 ’

+ s
kz[l — 22Q(Az, a))] [)»2(01 + aiw0]2 Awi + diwo

wherei,k =1, ..., hand k # i. Moreover, for A, = 0, the Green function of the Star, with respect to w is given by
W
Ga? Vo, ¥o) = w3Q(w), Ga? (Yo, yi) = i [on(w) - af} :
1
[OHO) wi Wy
Ga2 Vi Y1) = —— [on(w) - — - {i| , (8)
wo a; Qg
w? 2w; w;
G2 (i, yi) = — |:on(<0) - 1] +—,
wo aj Qiwo

wherei,k=1,...,hand k # i.
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We are now going to obtain the Green function of the product network P, x Sy for the Schrédinger operator £4, where
qd = Q1w + A, A > 0. Moreover, we consider that A.; = 0 and A = A,. Under the conditions and notations of Section 5 we
get the following result, where for the sake of simplicity we denote Ggl V2 py Gg.

Theorem 6.1. For A > O, and the real-valued potentials pj = q, + Aj € C(V(Sy)), where A; = A + 4c sin? (;l)
m
j=0,...,m— 1, the Green function for P, x Sy, is

m—1 . . .
(2i — N)jmr (2k — 1)jm
Go((xi, Yo), (xk, (A, 2 Aj, w) COS cos s
o((%.%0). (k. ¥0)) = Q w+JleQ, ( o -

aswsa()h w)
Gql(xi, s (Xks =
q(( i Y0, (Xk y$)) 0. + e

b 2003 QU @) cos (1) cos (Z51)

a )

s@s Ajws + aswo

j=1
arasa)rws/Q\()\a w)
[)\wr + arwo][)\ws + aswo]
-1 a(kj, w) CoS ((21;;71;71) cos ((Zkz—n:)jn)

+2
araswrws]; 25097 + areo ][ A0 + aso

afwfa(k, w) wr
[Aa)r + arwo]z m[)‘wr + arwo]
2 22 Q(%j, w)cos ( @i 11’”) oS ((2"2’”11””)
[)Lja)r + arwg]
cos (21 11’”) cos ((2" nl)’”)

Ajwr + Arag

G (X0 yr)s (X1, y5)) =

Gq((xi7 .Vr), (Xk7 Yr)) =

Zwr

™My

m )
j=1

2
@p

oranyi,k=1,....m,r,s=1,...,handr s,whereAk,w:—.
for any # W)= )

Proof. From Theorem 5.6, we get that

m—

1
Gq((xiayr (Xka_VS Z r, ¥s) u;j Xl)u](xk) mG S(Yh}’s)

m,

((2i—1)jn> <(2k—1)jn>
Z (yr, ys)cos cos .
2m

2m

The result follows by substituting the values for G,‘sz (yr,ys) givenin (7). O

Finally, we study the case A = 0.

Theorem 6.2. For A = 0, and the real-valued potentials p; = q,, +X; € C(V(Sp)), where A; = 4c sin? (Zrn)] =0,...,m—1,
the Green function for Py, x Sy is

(2i — 1)jm (2k — 1)jm
Gao (%1, ¥0). (%2 ¥0)) = w)+ ZZQ Aj, ) cos (T cos | ——— )
Ws
Gy, (%1 ¥0). (%, ¥5)) = |:600Q( )— ]
m as
m—17 (2i— l)jrr (2k—1)jm
Aj, @) COS cos
+ ZaSa)sZQ( i @) €05 (B3,1) cos (%, )
p Ajws + aswo
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Gao ((%i> ¥1), (X1 ) = ‘;’n;’) [on(w) - }

m—173 (2i— 1)/71 (2k—1)jm
Q(%), ) cos (F52%) cos (F5747)
2
+ araswrwsz [kjwr +ar0)0][)‘«jws +a5a)o]

j=1
w? 2w W,
Gy (X0 ¥0), (%, yr)) = mTr)o [wOQ(w) - ’] +— rwo
T r
(2i— 1)lﬂ)cos ((Zk n:)/n)

2 ZZ Q(%j, w)cos (

[)\.ja)r + a,wg]z
2w, m— 1 COS (21 1)Jn)cos((zk nll);n)

m P Ajwr + arwo

)

foranyi,k=1,...,m,r,s=1,...,handr #s.

As far as the authors knowledge neither the eigenvalues nor the eigenfunction of a general Schrédinger operator for the
Star network are known. Therefore, the above developments are the only way of obtaining an explicit expression of the
Green function of the product network P,, x Sp,. Even in the most simple case; that is, constant weight and conductances in
the Star network, the orthonormal basis of eigenfunctions is still quite intricate.

1
Vvh+1

m1 = 0, Kj = a, Up41 = a(h + 1)7

Forw =

and c(yo,y;) = a > 0fori=1,..., h, the eigenvalues for £ are,

j=2,...,h The associated eigenfunctions vy are:
1
i) When = 0, the eigenfunction is v; = .
) When i = ® R/
(ii) For uj =a,j =2, ..., h, the eigenfunction is
1 1, k=2,...,],
V) = ——= —j, k=j+1,
ViG—1) 0, otherwise.
(iii) For the eigenvalue a(h + 1) the eigenfunction is,
h 1
v = —, e —
h+1(Yo) i h+1(Vi) CEm

foranyk=1,...,h.

In addition, to apply Theorem 5.6 we have to take into account the Green function of the Path. If 1; > 0, see [6], the Green
function G;/} is given by

Vi1(@)Vin—1(q)

V:

Gy, (xi, xi) = : 9)
AR T AUn-1(q)

A
whereq =1+ i and G‘ﬂ(xi, Xi) = G;/;(xk, x)forany 1 <i <k <m.
When A, = 0, the expression for the Green function of the path with constant conductance is
3i(i— 1)+ 3(m —k)(m+1—k)+ 1 —m?
6, x) = - D Smzm T 1o (10)

6mc

and GV1(x;, x¢) = G"1(xg, x;)forany 1 <i <k <m.
So, in this context it would be possible to get an explicit expression of G4 but it would include a lot of cases, according
with vertices y;, and it would have an awful appearance.
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