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Abstract 

 

In this work we study Array Codes based on Cycle Codes of graphs. Array Codes are 

Error Correcting Codes which are designed to have capabilities of correction and 

recovery under erasure of bursts of errors. Cycle Codes of Graphs provide a good source 

of low density codes which are Maximum Distance Separating (MDS). The work provides 

a compact description of some known families of MDS Array Codes, like the so--called B-

-codes, the dual B--codes, and provide new examples of MDS Array Codes. The 

constructions are based on the existence of certain factorizations of graphs in connection 

with the Perfect One-factoritzation Conjecture of Kotzig. Explicit algorithms for error 

correction and erasure recovery are described and an implementation in MatLab has 

been fully developed as one of the main objectives of the project.  



 

 2 

Resum 

En aquest treball, estudiem codis matricials basats en els codis de cicles de grafs. Els 

codis de matricials són codis correctors d’errors que estan dissenyats per tenir capacitats 

de correcció i recuperació sota una ràfega d'errors. Els codis de cicles de grafs 

proporcionen una bona font de codis de baixa densitat que són de màxima distancia 

separadora (MDS). El treball proporciona una descripció compacta d 'algunes famílies 

conegudes dels codis matricials MDS, com els anomenats B-codis, els B-Codis Duals, i 

proporciona nous exemples de codis matricials MDS. Les construccions es basen en 

l'existència de certes factoritzacions de grafs en relació amb la conjectura de “Perfect 

One-Factoritzation” de Kotzig. Es descriuen els algoritmes de forma explícita per a la 

correcció d'errors i la recuperació de bits esborrats i s'ha desenvolupat completament 

una implementació en MatLab com un dels principals objectius del projecte.  



 

 3 

Resumen 

En este trabajo, estudiamos códigos matriciales basados en los códigos de ciclos de 

grafos. Los códigos de matriciales son códigos correctores de errores que están 

diseñados para tener capacidades de corrección y recuperación bajo una ráfaga de 

errores. Los códigos ciclos de grafos proporcionan una buena fuente de códigos de baja 

densidad que son de máxima distancia separadora (MDS). El trabajo proporciona una 

descripción compacta de algunas familias conocidas de los códigos matriciales MDS, 

como los llamados B-códigos, los B-Códigos Duales, y proporciona nuevos ejemplos de 

códigos matriciales MDS. Las construcciones se basan en la existencia de ciertas 

factorizaciones de grafos en relación con la conjetura de "Perfect One-Factoritzation" de 

Kotzig. Se describen los algoritmos de forma explícita para la corrección de errores y la 

recuperación de bits borrados y se ha desarrollado completamente una implementación 

en MatLab como uno de los principales objetivos del proyecto.  
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1. Introduction 

The notion of Array Codes arises in some applications in computer memory management 

and communications applications, where information can be corrupted by bursts of noise 

which occur within one of many predetermined sectors or time intervals. The noise 

pattern has a random nature, but its duration and starting points are restricted to certain 

intervals. Noise sources which can generate these errors include line noise, 

synchronization errors in demodulation, timing errors in multivalued memories or 

backscatter radar signals. One simple example of generation of such noises is when data 

storage media is damaged by some physical action. The errors caused by the damage, 

for instance in a CD, follow a periodic pattern.  Other examples come from storage 

devices which use array configurations themselves. 

Array codes arrange strings of bits of length nk in a (n x k) array. The objective is twofold. 

On one hand we aim at designing efficient error correcting algorithms based on the 

hypothesis that errors occur in columns of the array, and the objective is to correct errors 

in the maximum possible number of columns regardless of the nature of errors inside 

each column. The second objective is to recover information under erasure of columns: 

the information on some given columns is missing and we want to recover it. The study of 

Array Codes was initiated in the late 1970's (see e.g. Farrel [5, 6]) and a chapter of the 

Handbook of Coding Theory by Blaum, Farrel and van Tilborg [1] is devoted to the topic.  

Linear Codes are a general source of Error Correcting Codes for the efficiency of coding 

and decoding algorithms.  

As in general Error Correcting Codes, one of the aims in Array Codes is to achieve 

optimal performance regarding the usual parameters of the code: length n, maximum 

distance d and dimension k of the codes, related to the size of the codes. There are 

several inequalities which relate these parameters. One of these is the Singleton Bound, 

which gives the maximum number of codewords for a given maximum distance and 

length of the code. Codes achieving the Singleton Bound are called Maximum Distance 

Separating (MDS) codes. This notion can be translated to Array Codes and we are led to 

MDS Array Codes.  

Several proposals were suggested in the literature for MDS Array Codes, most notably 

the B--codes and their duals introduced by Zaitsev, Zinov'ev and Semakov [15] and by 

Blaum and Roth [3]. Further examples were given by Xu et al.  [11], where a connection 

with graph theory was established, in particular with the so--called Perfect Graph 

Factorization conjecture. The topic has found further applications in connection of optimal 

repair of information and it is a lively topic in the present days, see e.g. Yeh and Barg [14] 

and the references therein. 

The aim of this project is to provide a clear background to the constructions of MDS Array 

Codes based on Cycle Codes of Graphs. Cycle Codes of graphs are codes whose words 

correspond to characteristic vectors of the edges of cycles in a graph. They are usually 

referred to as Low Density Codes and are in the basis of many recent developments in 

Coding Theory. Cycle Codes of graphs can be easily turned into Array Codes by means 

of egde--colorings of the underlying graph. By doing so one obtains a graphical 

description of error correcting and erasure algorithms which allows for a simple and 

efficient way to design and analyse algorithms. We exemplify the approach by giving a 
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new construction, already hinted in [11], for the B--codes, which are MDS codes with 

minimum distance 3. Algorithms with linear complexity in the size of the input for 

correcting words with errors in one column and for recovery from erasures in two columns, 

the maximum possible,   are provided. The dual of an MDS code is also MDS, so the 

above construction provides naturally an MDS code that has a much larger minimum 

distance. It was a question in  [11] to provide linear algorithms for error correction and 

columns erasure recovery for these dual codes. We give a partial answer by providing a 

linear algorithm but that does not achieve the full capabilities of the code for error 

correction.  We also present new MDS Array Codes based on cycle codes associated to 

complete bipartite graphs, which again have maximum distance 3 but allow for different 

parameters of the array. We also provide linear algorithms for error correction and 

column erasure for these codes and for their duals. In the latter case the algorithms 

achieve the maximum capacity of the code for error correction and column erasure. For 

their duals, as in the case of the B--codes, the algorithms are still linear but they achieve 

only half of the capacity of the code.  

The precise definitions of MDS Array Codes and Array Cycle Codes of graphs is 

presented in Chapter 2. The Chapter also contains a description of the error correcting 

and erasure problems, and the description of the corresponding algorithms for the case of 

B--codes, dual B--codes and the new examples based on bipartite graphs which are 

provided in this work. 

The second objective of this work has been the effective implementation of the algorithms 

presented in Chapter 2. Chapter 3 contains a description of the implementation of each of 

the algorithms discussed in Chapter 2 and the code of these algorithms in MatLab. As 

usual in this type of projects, there is a broad distance between the description of the 

algorithms in high level language and its effective implementation in some specific 

programming language. The way this project has filled this gap is explained in Chapter 3.  

The summary of results obtained in the work is included in Chapter 4, and Chapter 5 

collects the conclusions of the work and some open questions, mainly related to the 

extension of the presented models for different values of the parameters.  
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2. State of the art of the technology used or applied in this 

thesis: 

2.1. Introduction to Graphs 

 

A graph G=(V,E) is a structure with a set of vertices V and a set of edges E which 

connects pairs of vertices. The vertices connected by an edge are called end vertices of 

that edge and the two vertices are said to be adjacent. There are different types of graphs, 

a graph may be directed or undirected, meaning there is or not an orientation in the 

edges, and it can be a multigraph, where multiple edges are allowed. 

In this project we will only consider undirected simple finite graphs, no multiple edges or 

loops are allowed. 

 

𝐺 = (𝑉, 𝐸) 

𝑉 = {𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑛}  𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑉𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 

𝐸 = {𝑒1, 𝑒1, 𝑒3, … . , 𝑒𝑛}  𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐸𝑑𝑔𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 

 

The most common graphs definitions used in this work, will be explained next. 

The Incidence Matrix is an nxm matrix A=(aij) with entries 0s and 1s where aij=1 if vi is 

incident with ej and  aij=0 otherwise.  

A subgraph H, is a graph whose vertex set and edge set are subsets of those of G. A 

subgraph is identified by the characteristic vector of the edges in H. 

𝑆𝑢𝑏𝑔𝑟𝑎𝑝ℎ 𝑯 ⊂ 𝑮 ⟷ 𝐶ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑖𝑛 {0,1}𝑚 

 This is a binary vector of length m, the number of edges in the graph G, and there is an 

entry 1 at position j if the edge ej is in H and the entry is 0 otherwise. 

The usual definition of a cycle in a graph is a subgraph with all its vertices of degree two. 

In particular a Hamiltonian cycle is incident with all the vertices of the graph, 

 

V = {x0, x1, … . , 𝑥𝑛 ∶ x𝑖 ≠ x𝑗 , i ≠ j}, 𝐸 = {𝑥0𝑥1,  𝑥1𝑥2, … ,  𝑥𝑛−1𝑥𝑛} 𝑤ℎ𝑒𝑟𝑒 x0 = 𝑥𝑛 

 

We will use the following more general definition of a cycle:  

 

𝐶𝑦𝑐𝑙𝑒 𝑐

∈ {0,1}𝑚  𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝐺 𝑤𝑖𝑡ℎ 𝑎𝑙𝑙 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑑𝑔𝑒𝑠 
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Figure 1: Cycle c of G in red 

One of the motivations of this general definition is that the set of cycles becomes a vector 

space over the binary field 𝔽2.  

𝐶𝑦𝑐𝑙𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝐺: 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑠𝑝𝑎𝑐𝑒 𝑜𝑣𝑒𝑟 𝔽2 𝑜𝑓 𝑎𝑙𝑙 𝑐𝑦𝑐𝑙𝑒𝑠 

The cycle space in other words is the space of cycles present in a graph. This notion is 

important in this work because the codes constructed in here are Cycle Spaces of graphs.  

 

2.2. Introduction to Codes 

 

Coding theory is the study of codes and its properties. There are multiple uses of codes 

including error detection and correction of information transmitted over noisy channels, 

data compression, cryptography and other uses. The codes considered in this work are 

Error Correcting Codes, codes designed to allow for error detection and correction with 

transmission over noisy channels.  

A linear code C is a subspace of a vector space over a finite field. The words of the code 

are the vectors of C. The weight of a word in a linear code is its number of nonzero 

entries. The minimum distance d of a linear code is the minimum weight of its nonzero 

vectors. This is an important parameter in the theory of error correcting codes as they can 

be used to correct up (d-1)/2 errors. Thus, one of the goals in coding theory is to define 

codes which have the maximum number of words for a given minimum distance. This 

number is upper bounded by the Singleton bound: the maximum number of words of a 

linear code C over the finite field 𝔽𝑞 with minimum distance d is at most 

|C|<= q(n-d+1). 

A code is Maximum Distance Separating (MDS) if its number of words achieve equality in 

the above Singleton bound. Equivalently, the dimension, length and minimum distance of 

an MDS linear code satisfy 

k=n-d+1. 



 

 16 

A linear code of dimension k of a vector space of dimension n over the binary finite field 

𝔽2 is usually defined through the parity check matrix, a kxn binary matrix H such that 

Hx=0 if and only if x is a vector in the code.  

2.2.1. Cycle Codes of graphs 

The Cycle Code of a graph G(n, m) is the linear binary code [m, k, d] defined by the cycle 

space of G. The words of the code correspond to cycles in the graph. The parameters of 

the code can therefore be obtained from the parameters of the graph as follows:   

𝑙𝑒𝑛𝑔ℎ𝑡 𝑚 (𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑑𝑔𝑒𝑠) 

𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛 𝑘 = 𝑚 − 𝑛 + 1 (𝑐𝑦𝑐𝑙𝑜𝑡𝑜𝑚𝑖𝑐 𝑛𝑢𝑚𝑏𝑒𝑟) 

min 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑑 = 𝑔𝑖𝑟𝑡ℎ 𝑜𝑓 𝐺 (𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑐𝑦𝑐𝑙𝑒) 

𝑝𝑎𝑟𝑖𝑡𝑦 − 𝑐ℎ𝑒𝑐𝑘 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑑𝑒 ⟷ 𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝐺 

 

Figure 2: Correction with Parity-check matrix and a word of the code. 

 

2.2.2. Array Codes 

Array codes are simply obtained by arranging vectors in arrays. In this work they will 

always be constructed from binary codes. Let C be a binary linear code of length N=ab 

for some parameters a, b. We turn C into an array code by displaying the words in an axb 

matrix. The purpose of this array arrangement is to focus on errors which occur in 

columns of the matrix. This represents bursts of errors in the original vector.   

Binary Code of length N=ab 

(100010001) → (
1 0 0
0 1 0
0 0 1

)

𝑎𝑥𝑏

 

 

Code on GF(2a) of length N’=b 

 

(1, 𝑥, 𝑥2) → (
1 0 0
0 1 0
0 0 1

)

𝑎𝑥𝑏
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In the array codes, the distance between code words is defined to be the Hamming 

column distance: the distance between two arrays is the number of column where they 

differ. This means that with the array codes, we can correct errors in columns. 

 

𝑑𝑖𝑠𝑡 ((
1 0 0
0 1 0
0 0 1

) , (
1 0 0
0 0 1
0 1 0

)) = 2 

 

In other words, this codes are used to address bursts of errors as opposite to purely 

random errors. They are implemented for example in the standards of CD technology (by 

using Reed-Solomon codes). 

 

2.3. Array Cycle Codes 

 

We have defined the array codes and the cycle codes. The idea is to unify both into the 

Array Cycle Codes. 

To explain how this codes are constructed, first we introduce the notion of graph edge-

colorings. An edge-coloring of a graph G=(V,E) is simply an assignment of labels to its 

edges with the restriction that two incident edges cannot have the same color. In other 

words, it is a partition of the edge set. The terminology of coloring is usual in Graph 

Theory, so we assume that the labels are colors.  

Given a graph G=(V,E) we can turn its Cycle Code into an Array Cycle Code by 

partitioning its set of edges into parts of equal size. If the graph has N=ab edges and we 

partition the edges into a classes of b elements each, then we can dispose these edges 

in an array axb and consider the characteristic vectors of cycles arranged in such an array. 

For example, any graph with N=ab edges and b matchings gives an (a,b)-array code. In 

Graph Theory, a matching or independent edge set in a graph, is a set of edges without 

common vertices. Edge-colorings where each color induce a matching are said to be 

proper. In other words, in a proper edge-coloring, incident edges must receive distinct 

colors. 

 

Figure 3: Example of a Petersen graph colored and the matrix of the array code. 
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Figure 4: representation of a code word. 

The minimum distance d of the array cycle code is the minimum number of colors in a 

cycle. This means that every d-1 colours span an acyclic subgraph. The largest possible 

acyclic subgraph in a graph is a spanning tree.  A spanning tree is a subgraph which is a 

tree and includes all the vertices of the original graph. It has the maximum number of 

edges among all acyclic subgraphs of G.  

In the project the focus of attention will be the MDS (Maximum Distance Separating) 

codes. As we have already mentioned, an MDS linear code is a great code because, for 

given k and n it has the maximum possible minimum distance, which means that it can 

correct the maximum number of errors. In coding theory an MDS is a valued type of code 

for this reason. 

Our first construction of Array Cycle Codes will provide MDS codes with minimum 

distance 3. They are built over complete graphs Kn, graphs with n nodes in which every 

pair of vertices are adjacent.  

In order to obtain an Array Cycle Code with minimum distance d=3 one must find an 

edge-coloring in which every pair of colors span an acyclic graph. In order to get an MDS 

code we must ask that every pair of colors form a spanning tree of Kn, so that it contains 

the maximum possible number of edges. More precisely, we are looking for an edge-

coloring of the complete graph such that every pair of colors span a Hamiltonian path.  

A Hamiltonian Path in a graph is a path that visits every vertex precisely once. In other 

words, it is a path which is also a spanning tree. 

As Kn has triangles (cycles of length 3), every color in such a coloring is a matching. 

 

Figure 5: Representation of a Hamiltonian path 
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2.4. Perfect One-Factorization Conjecture 

 

The existence of an edge-coloring of the complete graph Kn with the above properties, 

namely every two colors span a Hamiltonian path, is connected to a longstanding 

conjecture in Graph Theory posed by Kotzig in the 1960’s and called Perfect One-

Factorization Conjecture [Kotzig, 1963]. 

 

𝐹𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑛 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑝𝑟𝑜𝑝𝑒𝑟 𝑐𝑜𝑙𝑜𝑟𝑖𝑛𝑔 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑑𝑔𝑒𝑠 

𝑜𝑓 𝐾2𝑛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝑡𝑤𝑜 𝑐𝑜𝑙𝑜𝑟𝑠 𝑖𝑛𝑑𝑢𝑐𝑒 𝑎 𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛 𝑐𝑦𝑐𝑙𝑒 

 

Figure 6: Representation of the Perfect One-Factorization Conjecture. 

It is not difficult to check that the order of a complete graph for which a Perfect One-

Factorization exists must be even. This conjecture has been proved valid for:  

2𝑛 ∈ {𝑝 + 1, 2𝑝}, (𝑝 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒) 

And achieved for: 

2𝑛 ∈ {16, 28, 36, 40, 50, 126, 170, 244, … , 29792} 

The Perfect one Factorization conjecture asks that every pair of colors induce a 

Hamiltonian cycle, a cycle which visits each node exactly once. The conjecture is 

equivalent to the following one which refers to Hamiltonian paths instead, which are there 

ones which are needed for the construction of MDS Array Codes: 

 

𝐹𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑛 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑝𝑟𝑜𝑝𝑒𝑟 𝑐𝑜𝑙𝑜𝑟𝑖𝑛𝑔 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑑𝑔𝑒𝑠 

𝑜𝑓 𝐾2𝑛−1𝑠𝑢𝑐ℎ 𝑎𝑠 𝑒𝑣𝑒𝑟𝑦 𝑡𝑤𝑜 𝑐𝑜𝑙𝑜𝑟𝑠 𝑖𝑛𝑑𝑢𝑐𝑒 𝑎 𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛 𝑝𝑎𝑡ℎ 

 

The fact that the Perfect One Factorization conjecture holds for 2n=p+1 when p is a prime 

is showed by displaying an edge-coloring with the desired property. Equivalently, there is 

an edge-coloring of the complete graph Kp with p vertices, p a prime, such that every pair 

of colors span a Hamiltonian path. Such an edge—coloring can be defined as follows.  
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Label the vertices of the complete graph with the numbers {0,1,….,p-1}. Now assign to 

each edge ij the color i+j, where the sum is performed modulo p. It is easy to check that 

every two colors in this edge-coloring span a Hamiltonian path.  

 

2.5. B-codes 

 

The first type of code considered in this project are the so-called B-codes. The B-codes 

are built from complete graphs using the edge-coloring just described in the above 

section.  

2.5.1. B-codes are MDS 

The B-codes are MDS, because they achieve the Singleton Bound. We recall that the 

Singleton Bound gives an upper bound on the size of a code with respect its length, 

dimension and minimum distance. 

 

Figure 7: Representation of the K5 B-code and a word 

Let us show that a B-code [n, k, d]q is a MDS (Maximum Separable Distance) linear code 

[𝑝, 𝑝 − 2, 3]2(𝑝−1)/2  

The dimension of the cycle code in 𝔽2 is the cyclotomic number of Kp: 

𝑝(𝑝 − 1)

2
− (𝑝 − 1) = (𝑝 − 1)

𝑝 − 2

2
 

As an Array Code we arrange the vectors of the cycle code in an array ((p-1)/2)xp. Then, 

the dimension in the field 𝔽
2

𝑝−1
2

 is: 

𝑘 = 𝑝 − 2, 

The length is p and the minimum distance is d=3. Therefore we have: 

𝑘 = 𝑝 − 3 + 1 

And we reach equality in the Singleton bound. Therefore the B-codes are MDS codes. 
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2.5.2. Correction Algorithms 

In the B-codes we will implement two correction algorithms, the error correction and the 

erasure correction. In Chapter 3 the implementation in MatLab of these algorithms will be 

explained. 

As the B-codes are MDS with D=3, it is possible to correct errors in 1 column and recover 

erasures in 2 columns. 

We use a K5 B-code as example 

 

Figure 8: Representation of the B-code and the matrix of the code. 

 

2.5.2.1. Erasure Correction 

Suppose that we send a word sw and we receive a word rw with two erased columns, 

 

 

Figure 9: Representation of the sw and the rw. 

Since every two colours induce a Hamiltonian path, the erased columns will induce a 

Hamiltonian path. 

 

Figure 10: Hamiltonian Path induced by the erasured columns. 

Now, since the erased columns are known, we focus on the Hamiltonian path spanned by 

the corresponding two colors. We next proceed to perform a parity check of the edges in 

this Hamiltonian path starting from an end vertex. After each parity check we proceed 
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with the next edge in the path, so that every parity check provides a recovery of the bit in 

one of the columns.   

 

Figure 11: Erasure algorithm example. 

In Figure 11, first we check the first vertex of the path, the vertex number 1. We check the 

non-erased edges and we verify that the 12 edge is in the rw and the 13 and 14 edges 

are not in the rw. This means that the 10 edge, the erased one, has to be a 1 to meet the 

parity check. Once the bit of this edge is repaired we can proceed with the next edge in 

the Hamilton path, the edge 02 which has become a terminal edge in the path once the 

edge 10 has been fixed.  By proceeding in this way we eventually recover all bits in the 

two erased columns. 

From the complexity point of view, each edge of the complete graph is visited only once 

by the algorithm and performs at most one parity check in each one. This means that the 

algorithm runs in time (p-2)(p-1)<2N, which is linear on the size N of the input.   

 

2.5.2.2. Error Correction 

For the error correction algorithm we assume that at most the bits in one column contain 

errors. We check the vertices of odd degree in the received word. Since only one color 

can be subject to errors, all these vertices must be incident with a common color. We 

note that, since the minimum distance is 3, if the errors affect a single column there 

cannot be two colors incident to the vertices with wrong degree parity. In this way we can 

identify the color (column) which contains errors. Once this is done, we can perform a 

parity check on the edges of this color to correct the errors.   

 

Figure 12: Representation of the sw and the rw. 

In the example of Figure 13, the vertices with odd degrees are: {1, 2, 3, 4}. We know that 

only one color can be incident with all these vertices, under the assumption that there is 

at most one column with errors. 
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As we can see in Figure 14, the colour in this case is the red one. We then check the 

parity of the red edges in the received word rw and switch the bit in the ones which do not 

satisfy the parity requirement. 

 

Figure 13: Correction algorithm example. 

 

Figure 14: Representation of the B-code graph and Matrix. 

The algorithm checks the parity of the degree of every vertex (p parity checks), checks 

the color incident with all vertices of odd degree (p(p-1) checking’s) and perform a parity 

check on the edges of this color (p-1 parity checking’s).  

The time complexity is O(p(p-1))=O(N) (linear in N). 

 

2.6. Dual B-codes 

 

 

Figure 15: Representation of K5 and the matrix 
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The dual of a Cycle Code is the supplementary subspace of the cycle space of the graph. 

From the graphical point of view, the words in the dual of a cycle code are the sets of 

edges which are incident to exactly one vertex in some subset A of vertices. Such a set is 

called a cocycle and we call the set A the Cocycle-set of the word.  

It is obvious that a codeword of a Cocycle-set is the same as the codeword defined by 

the complement of that Cocycle-set. 

In our case, the dual B-code has words the set of edges incident to precisely one vertex 

for each subset of vertices of the complete graph Kp 

 

 

Figure 16: Representation of a Dual B-code and a word. 

 

2.6.1. Dual B-codes are MDS 

It is a general fact that the dual code of an MDS code is MDS itself. The dual B-code is 

the Array Cocycle code of Kp. Its parameters can be obtained from the parameters of the 

B-code and duality, and they are   

                                                              [𝑝, 2, 𝑝 − 1]2(𝑝−1)/2  

The number of words is 2p-1, half of the number of the subsets of V(Kp)) and the 

dimension is 2 (as a vector space over the field of 2
(𝑝−1)

2  elements. The length of the code 

is the number p of colors.  

The minimum distance is p-1, the minimum number of edges emanating from a set, 

corresponding to the edges incident to a single vertex.  

 

2.6.2. Correction Algorithms 

The correction algorithms of the Dual B-codes will be different from the ones of the B-

codes because the main tool used before, the parity check on the vertices, can no longer 

be applied here. 

Another parity check method will be used for these codes.  

The main observation is that, for each set A, each triangle of the graph intersects the A-

Cocycle-set in 0 or 2 edges. This provides a parity check condition of triangles in words of 

the dual B-code.  
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Figure 17: Representation of the triangle parity check. 

 

The second observation is that the edges in a cocyle which are incident to a given vertex 

x determine the Cocycle-set: this is the set of vertices adjacent to x by edges which are 

not in the cocycle. 

 

Figure 18: Representation of the Cocycle-set. 

 

We can devise a correction algorithm by considering the (p-2) triangles supported by a 

given edge e of the graph. These will be called e-triangles. 

 

Figure 19: Representation of the e-triangles. 
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The last observation is that each color, being a matching, is incident with at most 2 e-

triangles.  

By combining the three above observations we can design a linear algorithm which can 

correct errors in at most (p-1)/4 columns. This does not fulfil the error capacity of the code 

which is (p-3)/2, but still the algorithm is linear, answering an open question in [Xu]. We 

can also design an algorithm which recovers erasure of up to (p-1)/2 columns. The 

algorithms are explained in the two coming sections. 

 

2.6.2.1. Erasure Correction 

We start with the algorithm for recovery of up to  (𝑝 − 1)/2 erased columns.  

We choose an edge e in one of the erased columns and consider the (p-2) e-triangles 

supported by e.  

Since there are (p-1)/2 erased columns and e belongs to one of them, there are at most 

(p-3)/2 erased colors which may appear on the edges of the e-triangles different from e.  

Since each color appears in at most two e-triangles (Observation 3), there are at most p-

3 triangles incident with some erased color. It follows that one of the e-triangles is not 

incident with an erased color. 

This triangle can be used to perform a parity check which can decide the bit of edge e 

(Observation 1).  

By repeating this procedure with the p-1 edges incident with one of the end vertices of e, 

we can determine the cocycle by knowing the edges incident with that vertex 

(Observation 2).    

For an example of this algorithm we use the K7 graph.  

 

Figure 20: Representation of K7 graph with the {4,3} Cocycle-set. 

 

To explain the algorithm, we see how to correct this following word: 
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Figure 21: Sw and rw. 

To start the algorithm we choose an edge e in some erased color.  

 

The number of erased colors which may appear in an e-triangle is: 

𝑝 − 1

2
− 1 =

𝑝 − 3

2
  

The color of e cannot appear in any e-triangle. 

The number of e-triangles with one erased color is: 

≤
2(𝑝 − 3)

2
= 𝑝 − 3 

Each color appears in at most two e-triangles. 

In conclusion, at least one of the e-triangles has two no erased colors. We can use the 

parity check condition in this triangle to recover the bit of e. 

 

Figure 22: Representation of the parity check. 

 

 

Figure 23: Correction of the first bit. 
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Once we correct the first bit, we repeat the same for each edge incident to one end vertex 

of e. Once we have done this for every end vertex of e, we have this subgraph. 

 

Figure 24: Result subgraph. 

With this subgraph, we can identify the Cocycle-set {3, 4}. Once we have the Cocycle-set, 

we can retrieve the original sent word. 

 

Figure 25: Received word and the corrected word. 

The running time can be analysed as follows. We inspect at most p-1 edges incident to a 

vertex, and in each one we must check p-2 e-triangles to discover the one which is not 

incident to an erased color and perform one parity check with it. Therefore the algorithm 

runs in (p-1)(p-2)<2N steps (linear in N) 

 

2.6.2.2. Error Correction 

We next describe the algorithm to correct up to 
𝑝−3

4
 columns with errors. The algorithm is 

similar to the one of erased columns. 

We first select one edge e and consider the p-2 e-triangles supported by e. 

In each e-triangle we put 0 or 1 according to the parity check of this triangle in the 

received word.  
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Finally we use a majority decision to decide the bit of the edge e. By the Observations 

above, this majority decision will correct the bit of e if it was wrong. The reason is that, 

since there are at most (p-3)/4 columns with errors and each column can touch at most 

two e-triangles, there can only be (p-3)/2 wrong parities and therefore  at least (p-1)/2 of 

them must be right. 

We repeat the above procedure to each of the edges incident to one of the end vertices 

of e and we can determine the cocycle from the right it of all these edges, again using 

Observation 2.  

  

As example we use the following sent word and the corresponding received word. 

 

Figure 26: Sw and rw. 

 

We choose one edge e of Kp. 

 

Figure 27: Matrix of Kp. 

In this example we chose edge 34. For each of its (p-2) triangles, we put 0 or 1 

depending if the parity condition is satisfied or not and use the majority decision on e. 

 

Figure 28: e-Triangle check of 43. 

If the majority is a 1, we change the bit, if not, the bit stays the same. We then repeat this 

for the edges incident with one end vertex of e. Once this is finished we obtain the 

subgraph that identifies the Cocycle-set, as the erased columns algorithm does. 



 

 30 

 

Figure 29: Result subgraph. 

Now we can identify the Cocycle-set {3, 4} and reconstruct the original word. 

 

Figure 30: Word reconstruction representation. 

 

By analysing the algorithm we obtain a running time of (p-1)(p-2)<2N  (linear in N). 

 

2.7. Kp-1,p Array Cycle Codes 

 

In this section we define a new family of Array Cycle codes which are based in complete 

bipartite graphs. A complete bipartite graph Kab is a graph with two disjoint sets of 

vertices A and B and all the edges which have exactly one end in A and one end in B. 

The general idea is to use again the existence of an edge-coloring of some complete 

bipartite graphs with the property that every pair of colors span a Hamiltonian path. Such 

colorings are known to exist for the complete graphs Kp-1,p with one set of p vertices and 

the other one with p-1 vertices, p a prime.  

 

In connection with the Perfect One-Factorization conjecture, it is known that Kn,n admits 

an edge-coloring such that two colors span a Hamiltonian cycle 

(𝑓𝑜𝑟 𝑛 ∈ {𝑝, 2𝑝 − 1, 𝑝2}, (𝑝 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒)𝑎𝑛𝑑 𝑛 < 50). 
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Figure 31: Kn,n and the Hamiltonian cycle. 

Equivalently, by deleting one vertex in one of the sets of the bipartition, we get a coloring 

of Kp-1,p such that every two colors make a Hamiltonian path. 

 

Figure 32: Kp-1,p and the Hamiltonian path. 

 

2.7.1. Kp-1,p Array Cycle Codes are MDS 

The Array Cycle Code associated to the edge-coloring of Kp-1,p is a MDS linear code with 

the following parameters: 

The length of the code is p, the number of colors.  

The dimension of the code over the field of 2𝑝−1 elements is p-2, as the dimension of the 

cycle code is the cyclotomic number of Kp-1,p 

The minimum distance is 3 because every two colors span a Hamiltonian path, an acyclic 

subgraph.  

It follows that we reach the Singleton bound. 
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2.7.2. Correction Algorithms 

 

The correction and erasure algorithms of this new type of Array Cycle Codes are similar 

as the ones for the B-codes described above. 

2.7.2.1. Erasure Correction 

As the minimum distance is 3, we can recover up to two erased columns.  

We identify the Hamiltonian path created by the erased columns and then we parity 

check every one of the vertices of the Hamiltonian path. 

We select one end edge of the Hamiltonian path and perform a parity check on the 

degree of the end vertex of the path. Since this vertex is adjacent to an only erased edge, 

the parity check recovers the bit of the only erased edge incident to that vertex. 

Once this bit has been recovered we move to the next vertex in the path which will now 

be incident to an only erased edge (the second one has already been fixed). By 

proceeding along the path we eventually recover all bits in the two erased columns.   

The next figures illustrate the application of the algorithm to an example in the complete 

graph K45. 

 

 

Figure 33: K4,5 matrix, send word and received word. 

 

 

Figure 34: Hamiltonian path created by the erased columns. 
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…

 

Figure 35: Partity check of ther vertices. 

The algorithm runs in 2(p-1)(p-2)<N steps (linear in N). 

2.7.2.2. Error Correction 

With a minimum distance of 3 the number of columns with errors we can correct is one.  

This algorithm works similar as the B-codes one. Assume that there is at most one 

column with errors. We check the parity on each vertex and choose the ones with odd 

degrees. As argued in the case of B codes, there is an only color incident to all vertices 

with wrong parities. Once this color is identified, we perform a parity check on the edges 

of this color and restore the bits of the sent word.  

 

The next Figures illustrate an application of the algorithm in an example in K45. 

 

 

Figure 36: K4,5 matrix and the send word and receives word. 

 

Figure 37: The vertices with odd degrees and the adjacent edges. 

The algorithm runs in 2(p-1)*(p-1) < N steps (linear in N). 
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2.8. Kp-1,p Array Cocycle Codes 

 

This cocycle codes, follow the same principle of the Dual B-Codes with the Cocycle-set. 

The word is defined by the A Cocycle-set, as we see In Figure 39, and the edges exiting 

this set form the word.  

 

2.8.1. Kp-1,p Array Cocycle Codes are MDS 

 

 

Figure 38: K4,5 code. 

The dual of a Kp-1,p array cycle code is the Kp-1,p array cocycle code. 

 

Figure 39: Word of the K4,5  array cocycle code. 

 

As the dual B-code, the word is defined be the Cocycle-set, in the figure 40, {0, 1, 2, 0’, 1’, 

2’}. The Kp-1,p array cocycle code is a linear code with parameters  

[𝑝, 2, 𝑝 − 1]2𝑝−1 

The size is 22(𝑝−1)
 

The minimum distance is p-1. 

𝑆𝑖𝑛𝑔𝑙𝑒𝑡𝑜𝑛 𝐵𝑜𝑢𝑛𝑑: 𝑞𝑘 ≤ 𝑞𝑛−𝑑+1  

(2𝑝−1)2 = (2𝑝−1)𝑝−(𝑝−1)+1 

The Singleton Bound is reached with equality so the Dual Code is  MDS. 
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2.8.2. Correction Algorithms 

The key for the correction algorithms of the Kp-1,p array cocycle codes, will be a 4-cycle. 

The idea is similar as the Dual B-codes one, but now we will use 4-cycles instead of 

triangles to test the parity. Each 4-cycle has 0, 2 or 4 edges crossing the Cocycle-set. 

 

Figure 40: Representation of the 4-cycles and the Cocycle-set. 

Each 4-cycle=C4 has an even number of edges, therefore, with the parity check, we can 

test if there are error bits. 

 

 

Figure 41: Example of a send word. 

2.8.2.1. Erasure Correction. 

The erasure correction algorithm uses the C4 idea to check if the erasures are 1 or 0. 
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Figure 42: sent word and received word. 

To start the algorithm, we choose an erased edge e. For this erased edge, there are: 

(p − 1) ∗ (p − 2)  e − C4. 

If there are ‘t’ erased columns, there are at least: 

(𝑝 − 𝑡 − 1)(𝑝 − 𝑡 − 2) − 𝑡(𝑝 − 1) good e-C4 

If 𝑡 < (𝑝 − 2)/2, there is a good e-C4 

Then, we can correct a total of 𝑡 ≤ 𝑝 − 3 erased columns 

We then test the parity check on the e-C4 that is clean of erasures and change the bit of 

the erasure. We repeat this for every erasure. 

The algorithm runs in less than (p-1)2(p-2)2 steps. O(p2)=O(N). 

2.8.2.2. Error Correction 

In the error correction algorithm, we make use of the 4-cycle parity check. The problem 

we face here is knowing the number of columns we are able to correct with the 4-cycle. 

For the algorithm to work, we need one condition, the number of good 4-cycles, has to be 

bigger than the number of bad 4-cycles, where a 4-cycle is good if it does not contain 

errors.  

If there are t colors with errors and each column has (p-1) edges, this means there can 

be a maximum of t(p-1) edges with errors. 

 

Figure 43: Representation of the bad and good edges in a 4-cycle. 
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With the figure 43 in mind, we can prove that the minimum of good 4-cycles in a Kp-1,p 

graph is: 

(𝑝 − 𝑡 − 1)(𝑝 − 𝑡 − 2) − 𝑡(𝑝 − 𝑡 − 2) = (𝑝 − 𝑡 − 1)(𝑝 − 2𝑡 − 2) 

The total of 4-cycles is (p-1)(p-2), therefore the condition of the algorithm I that the 

number of total good 4-cycles has to be bigger than the half of 4-cycles. This leads to the 

inequality: 

(𝑝 − 𝑡 − 1)(𝑝 − 2𝑡 − 2) >
(𝑝 − 1)(𝑝 − 2)

2
 

Isolating the t variable, we find the maximum t for which the algorithm runs correctly. 

𝑡 ≤
2(𝑝 − 1)

7
 

This algorithm follows a similar strategy as the one for the Dual B-codes. We illustrate the 

error correction algorithm with an example in the K4,5  Array Cycle code. 

 

Figure 44: K5,4 code and the received word. 

The starting point of the error correction is choosing an edge, in this example we choose 

the 0 0’ edge, and in the implementation of the MatLab code, we define the starting edge 

as 1,k. Therefore, there are not unsuspected problems at the start of the algorithm 

because this edge always exists and crosses the graph side by side. 

Edge e, the name of the 0 0’ edge during the algorithm, is the edge from which we will 

construct the 4-cycles. We check each of the (p-1)(p-2) 4-cycles and mark the e-Cycle 

with 1 if the parity is odd and 0 if the parity is even. Once we are finished we use the 

majority parity check to decide if the e-bit has to be changed or not as figure 45. 
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Figure 45: (p-1)(p-2) e-Cycles and majority parity check. 

By repeating this process to all incident edges to the e-edge, (2p-3) edges, we end 

having a subgraph with the tested edges. This subgraph has the propriety of having every 

edge on it correct, therefore we can identify the Cocycle-set. 

 

Figure 46: Cocycle-set and rw. 

With the Cocycle-set, the send word can be reconstructed making use of the properties of 

the Kp-1,p array cycle code graph.  
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3. Methodology / project development:  

In this section of the thesis there will be an analysis of the MatLab code which 

implements the algorithms for every type of code. 

3.1. B-codes MatLab Algorithms 

The first code is the B-code. 

n=5; 

 

The first thing in the code is declaring the n which is the number of vertices of the Kv 

graph. 

 

A = ones(n) - diag(ones(1,n)); 

G = graph (A); 

G.Edges.Weight=mod((findnode(G,G.Edges.EndNodes(:,1))-

1)+(findnode(G,G.Edges.EndNodes(:,2))-1),n); 

plot(G, 'EdgeLabel', G.Edges.Weight) 

% b = mod(23,5) 

EDGES=G.Edges; 

EDGES=sortrows(EDGES, 'Weight'); %%ensenyar això 

EDGES 

%%%%%%% 

 

 VARIABLES EXPLAINED 

A= complete graph adjacency matrix. 

G= graph from matrix a. 

G.Edges.Weight= a part of the table of the graph where the coloration is 

defined 

EDGES= copy of the graph table but this one we are able to manipulate. 

 

In this second section of the code, we create the graph and we color the graph using the 

sum of the 2 end vertices of the edge in module n. This way we can color any sized graph. 

We show the table EDGES because it will be needed to know how to introduce the word. 

 
EDGES = 

 

  10×2 table 

 

    EndNodes    Weight 

    ________    ______ 

 

     2    5       0    

     3    4       0    

     1    2       1    

     3    5       1    

     1    3       2    

     4    5       2    

     1    4       3    

     2    3       3    

     1    5       4    
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     2    4       4    

 

Using this table we just have to write the word in a vectorized style following the 

EndNodes order, we also can see the Weight with is the numeric equivalent to the color. 
 

Word=[1 0 1 0 1 1 1 1 1 0]; 

Borron=[0 0 2 2 2 2 1 1 1 0];  

 

WORD=G.Edges; 

WORD=sortrows(WORD, 'Weight'); 

WORD.Weight=Word'; 

WORDGRAPH=graph(WORD); 

WORDMATRIX=full(adjacency(WORDGRAPH, 'weighted')); 

 

VARIABLES EXPLAINED 

 

WORD= a copy of the table from the graph where we assign the Word. 

Word= the received word. 

WORDGRAPH= the graph of the received word. 

WORDMATRIX= the matrix from the received word. 

 

Once we have the Word, We build a table with the edges and the word similar to the 

EDGES table and create an adjacency matrix from this Word. 

 

3.1.1. Erase Correction 

The erase algorithm once implemented is pretty straight forward. We count the number of 

erases that are in the word and then we check the adjacency matrix row by row. As we 

know the erases make a Hamiltonian path, so there will be minimum 2 rows that will only 

have 1 erasure. When we find this row we just apply the parity check in the row and 

change the bit. We also change the symmetric bit, because the adjacency matrix is 

symmetric. After this change, we also check the WORD table, and change the bit value. 

Once we have changed all the erasures the algorithm ends. Now we have a clean 

WORDMATRIX and a clean WORD table. 

 
%%%%%%ERASE ALGORITHM%%%%% 

  

Borrones= sum(WORDMATRIX(:)==2); 

  

  

while Borrones~=0 

    for c=1:size(WORDMATRIX,1) 

        if sum(WORDMATRIX(c,:)==2)==1 

           if mod(sum(WORDMATRIX(c,:)==1),2)==0 % mirem la paritat amb 

un modul 

               %canviar 2 per 0 

               col=find(WORDMATRIX(c,:)==2); %trobar posició del borrón 

               WORDMATRIX(c, col)= 0; %subtituir borron 

               WORDMATRIX(col, c)= 0; %subtituir borron 
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               %%modificar taula 

               qwerty=(WORD.EndNodes==sort([col c])); 

               qwerty2=qwerty(:,1).*qwerty(:,2); 

               WORD.Weight(find(qwerty2))=0; 

                

           else 

               col=find(WORDMATRIX(c,:)==2); %trobar posició borron 

               WORDMATRIX(c, col)= 1; %substituir borron 

               WORDMATRIX(col, c)= 1; %substituir borron 

               %%modificar taula 

               qwerty=(WORD.EndNodes==sort([col c])); 

               qwerty2=qwerty(:,1).*qwerty(:,2); 

               WORD.Weight(find(qwerty2))=1; 

           end  

           Borrones=Borrones-2; 

        end 

    end 

    

end 

 

VARIABLES EXPLAINED 

 

Borrones= number of erasure in the WORDMATRIX 

Col= the position of the erasure in the column we are checking. 

Qwerty= its just a variable that has a 1 in the places where the WORD 

table has the end vertices of the erasure. 

Qwerty2= Is the result of multiplying qwerty by themselves so now we 

have a vector of all zeros and one 1, that indicated the position that 

we have to change in the table. 

 

3.1.2. Error Correction 

The error algorithm is really simplified because it has been implemented in a way using 

vectors to do a lot of operations at the same time. The first step, is creating a vector of 

ones as long as the WORDMATRIX and multiplying this vector with the WORDMATRIX 

and then applying module 2, in other words, we get a vector that has the sum of the ones 

of every row and then when we apply the module 2 we get a 0 if even, or a 1 if odd. And 

with the find we end up getting a ParityVector that says in which vertex there is a 

paritycheck error. 

The next step is to build a vector with ones in the positions of errors so we can compare it 

with the EDGES table and see which color is causing the problems. Then we just 

compute the mode of this vector and get the most repeated color. Once we have this we 

go to the WORD table and change the bit with a “mod” operation, the trick here, is that we 

make this summing the received bit with the testerror vector, so only if there was an error 

detected the bit will change, because not every bit of the color necessarily is wrong.  

%ERROR ALGORITHM% 

WORDONES=ones(size(WORDMATRIX,1), 1); 

ParityVector=find(mod(WORDMATRIX*WORDONES,2)); 

testerror=0; 
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if sum(mod(WORDMATRIX*WORDONES,2))==0 
    return 
end 

 

for c=1:length(ParityVector) 

testerror=testerror+(EDGES.EndNodes==ParityVector(c)); 

end 

testerror=testerror(:,1).*testerror(:,2); 

vec=testerror.*(EDGES.Weight+ones(length(EDGES.Weight),1)); 

colorerror=(mode(nonzeros(vec))-1); 

vectorcolor=find(EDGES.Weight==colorerror); 

WORD.Weight(vectorcolor)=mod((WORD.Weight(vectorcolor)+testerror(vectorc

olor)),2); 

 

 

VARIABLES EXPLAINED 

 

WORDONES= a vector of ones with the length of a row of WORDMATRIX. 

ParityVector=vector with the vertex numbers of the rows that don’t 

comply with the paritycheck. 

Testerror= it’s a vector that has a 1 in the positions where the edges 

of the table are present in the errors. So if both vertices of that 

error have an odd degree, there will be a one in that edge position in 

this vector. 

Vec=is a vector with the coloration number of every edge that causes an 

error. 

Colorerror=is the color that is responsible for the error. 

Vectorcolor= tells the position of the error-color edges in the table. 

 

3.2. Dual B-codes MatLab Algorithms 

 

In this algorithm the first part is the same as the B-codes one as we create the graph and 

the tables. 

n=7; 

A = ones(n) - diag(ones(1,n)); 

G = graph (A); 

colors=mod((findnode(G,G.Edges.EndNodes(:,1))-

1)+(findnode(G,G.Edges.EndNodes(:,2))-1),n); 

G.Edges.Weight=colors; 

plot(G, 'EdgeLabel', G.Edges.Weight,'Layout', 'circle') 

EDGES=G.Edges; 

EDGES=sortrows(EDGES, 'Weight'); %%ensenyar això 

EDGES 

%%%%%%% 
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Following the same ideas as before, we introduce the word in the EDGES table order, the 

other variables after the word are just examples to test the error algorithm and the 

erasure algorithm. 
 

Word=   [2 2 2 0 0 1 0 1 1 1 0 1 1 1 0 2 2 2 2 2 2]; 

Borron= [2 2 2 0 0 1 0 1 1 1 0 1 1 1 0 2 2 2 2 2 2]; 

Error=  [0 1 1 0 0 1 0 1 1 1 0 1 1 1 0 0 1 1 0 0 1]; 

Correct=[0 0 0 0 0 1 0 1 1 1 0 1 1 1 0 0 1 1 0 0 1]; 

 

WORD=G.Edges; 

WORD=sortrows(WORD, 'Weight'); 

WORD.Weight=Word'; 

WORDGRAPH=graph(WORD); 

WORDMATRIX=full(adjacency(WORDGRAPH, 'weighted')); 

  

3.2.1. Erasure Correction 

First of all, we find the number of erasures in the word. And we select the first EndNodes 

of the table that has an erasure. Then we create TriangleEdges, which will be a vector 

with the vertices of the triangle, so every vertex except the two first we chose. We take 

the row from the adjacency matrix of the 2 vertices. And then delete the position of the 2 

vertices that we are checking so we end with the 2 adjacency vectors of the vertices with 

the other vertices. We just make a vector for each one (CleanNodes1 and 2) of those that 

has a 1 in each position that there isn’t an erasure. And then we multiple the vector value 

by value so we finally get a vector with ones in the positions of the erasure free e-

triangles. We just then find the first e-triangle and check the parity condition, if the parity 

condition is not meet, we change the value in the WORDMATRIX. We use then the 

TriangleEdges variable to make a “for” to test the other edges. 

 

%ERASE% 

borrones=find(WORD.Weight==2); 

FirstVertex=EDGES.EndNodes(borrones(1),:); 

TriangleEdges=1:n; 

TriangleEdges=TriangleEdges(TriangleEdges~=FirstVertex(1)); 

TriangleEdges=TriangleEdges(TriangleEdges~=FirstVertex(2)); 

NodesVector1=WORDMATRIX(FirstVertex(1),:); 

NodesVector1(FirstVertex)=[]; 

NodesVector2=WORDMATRIX(FirstVertex(2),:); 

NodesVector2(FirstVertex)=[]; 

CleanNodes1=(NodesVector1~=2); 

CleanNodes2=(NodesVector2~=2); 

Non2=CleanNodes1.*CleanNodes2; 

eTriangle=find(Non2,1,'first'); 

eTriangleParity=mod((NodesVector1(eTriangle)+NodesVector2(eTriangle)),2)

; 

WORDMATRIX(FirstVertex(1),FirstVertex(2))=eTriangleParity; 

WORDMATRIX(FirstVertex(2),FirstVertex(1))=eTriangleParity; 

  

  

TestVertices=0; 
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for c=TriangleEdges 

     

    TestVertices=[FirstVertex(1) c]; 

    if (WORDMATRIX(TestVertices(1),TestVertices(2))==2) 

         

        NodesVector1=WORDMATRIX(TestVertices(1),:); 

        NodesVector1(TestVertices)=[]; 

        NodesVector2=WORDMATRIX(TestVertices(2),:); 

        NodesVector2(TestVertices)=[]; 

        CleanNodes1=(NodesVector1~=2); 

        CleanNodes2=(NodesVector2~=2); 

        Non2=CleanNodes1.*CleanNodes2; 

        eTriangle=find(Non2,1,'first'); 

        

eTriangleParity=mod((NodesVector1(eTriangle)+NodesVector2(eTriangle)),2)

; 

        WORDMATRIX(TestVertices(1),TestVertices(2))=eTriangleParity; 

        WORDMATRIX(FirstVertex(2),FirstVertex(1))=eTriangleParity; 

         

     

    end 

     

     

end 

 

 

 

VARIABLES EXPLAINED 

 

Borrones= number of erasures 

FirstVertex= The first 2 vertex where we will test the e-triangle. 

TriangleEdges= The other edges of all the e-triangle for the first 2 

vertices. 

NodesVector1 and NodesVector2= The edges values form the first and 

second vertex respectively to each of the TriangleEdges. 

CleanNodes1 and CleanNodes2= A vector with a 1 if the edge is not erased. 

Non2= A vector with a 1 if that e-Triangle is not erased. 

eTriangle= The first triangle without an erasure. 

eTriangleParity= The result of the parity checked in the triangle. 

TestVertices= The same ides of the FirstVertex But used in the for. 

     

After the algorithm, we have a WORDMATRIX still with erasure, but we know that the row 

of the Vertex in which we testes all of the e-triangles, is clean so know, knowing that the 0 

values in that row make a Cocycle-set, we just create a new graph that satisfies this 

Cocycle-set, this new graph will the corrected word. 

  

KeyVector=WORDMATRIX(FirstVertex(1),:); 

AntiKeyVector=mod(KeyVector+1,2); 

ReconstructedWord=AntiKeyVector'*KeyVector+KeyVector'*AntiKeyVector; 

CorrectGraph=graph(ReconstructedWord+1-diag(ones(1,n))); 

CorrectWord=CorrectGraph.Edges; 
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CorrectWord.Weight=CorrectWord.Weight-1; 

CorrectWord=addvars(CorrectWord, colors, 'After', 'Weight'); 

CorrectWord.colors=colors; 

CorrectWord=sortrows(CorrectWord, 'colors'); 

WORD.Weight=CorrectWord.Weight; 

 

VARIABLES EXPLAINED 

 

KeyVector= Has the values that we have checked as correct and will help 

to create the new graph. 

AntiKeyVector= KeyVector but with ones where there were 0 and viceversa. 

ReconstructedWord= The corrected matrix of the word. 

CorrectGraph= the corrected graph of the word. 

 

3.2.2. Error Correction 

The error correction is similar to the erasure correction because it uses the same ideas to 

test the paritycheck e-triangles, but in this algorithm there’s no need to check if the e-

triangles have an erased edge. 

%ERROR CORRECTION 

FirstVertex=EDGES.EndNodes(1,:); 

TriangleEdges=1:n; 

TriangleEdges=TriangleEdges(TriangleEdges~=FirstVertex(1)); 

TriangleEdges=TriangleEdges(TriangleEdges~=FirstVertex(2)); 

  

NodesVector1=WORDMATRIX(FirstVertex(1),:); 

NodesVector1(FirstVertex)=[]; 

NodesVector2=WORDMATRIX(FirstVertex(2),:); 

NodesVector2(FirstVertex)=[]; 

NodesParity= 

mod((ones(1,length(NodesVector1)).*WORDMATRIX(FirstVertex(1),FirstVertex

(2))+NodesVector1+NodesVector2),2); 

if(mode(NodesParity)==1) 

  

WORDMATRIX(FirstVertex(1),FirstVertex(2))=mod( WORDMATRIX(FirstVertex(1)

,FirstVertex(2))+1,2); 

  

WORDMATRIX(FirstVertex(2),FirstVertex(1))=mod( WORDMATRIX(FirstVertex(2)

,FirstVertex(1))+1,2); 

  WORD.Weight(1)=mod(WORD.Weight(1)+1,2); 

end     

TestVertices=0; 

for c=TriangleEdges 

     

    TestVertices=[FirstVertex(1) c]; 

    NodesVector1=WORDMATRIX(TestVertices(1),:); 

    NodesVector1(TestVertices)=[]; 

    NodesVector2=WORDMATRIX(TestVertices(2),:); 

    NodesVector2(TestVertices)=[]; 
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    NodesParity= 

mod((ones(1,length(NodesVector1)).*WORDMATRIX(TestVertices(1),TestVertic

es(2))+NodesVector1+NodesVector2),2); 

    if(mode(NodesParity)==1) 

        

WORDMATRIX(TestVertices(1),TestVertices(2))=mod( WORDMATRIX(TestsEdges(1

),TestVertices(2))+1,2); 

        

WORDMATRIX(TestVertices(2),TestVertices(1))=mod( WORDMATRIX(TestVertices

(2),TestVertices(1))+1,2); 

        qwerty=(WORD.EndNodes==sort([TestVertices(1) TestVertices(2)])); 

        qwerty2=qwerty(:,1).*qwerty(:,2); 

        WORD.Weight(find(qwerty2))=mod(WORD.Weight(find(qwerty2))+1,2); 

    end 

end 

     

KeyVector=WORDMATRIX(FirstVertex(1),:); 

AntiKeyVector=mod(KeyVector+1,2); 

ReconstructedWord=AntiKeyVector'*KeyVector+KeyVector'*AntiKeyVector; 

CorrectGraph=graph(ReconstructedWord+1-diag(ones(1,n))); 

CorrectWord=CorrectGraph.Edges; 

CorrectWord.Weight=CorrectWord.Weight-1; 

CorrectWord=addvars(CorrectWord, colors, 'After', 'Weight'); 

CorrectWord.colors=colors; 

CorrectWord=sortrows(CorrectWord, 'colors'); 

WORD.Weight=CorrectWord.Weight; 

3.3. Kp-1,p Cycle Codes MatLab Algorithms 

 

In this algorithm the first part of the code that changes is the creation of the graph, the 

Kp-1, p graphs, have a adjacency matrix that looks like this for k=5: 

A = 

 

     0     0     0     0     1     1     1     1     1 

     0     0     0     0     1     1     1     1     1 

     0     0     0     0     1     1     1     1     1 

     0     0     0     0     1     1     1     1     1 

     1     1     1     1     0     0     0     0     0 

     1     1     1     1     0     0     0     0     0 

     1     1     1     1     0     0     0     0     0 

     1     1     1     1     0     0     0     0     0 

     1     1     1     1     0     0     0     0     0 
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The matrix has a block of ones of (k-1,k) and (k,k-1) in each side of the matrix, so we 

create a matrix of zeros and insert this submatrices of ones as we can see in the code 

below. 

  

k=5; 

n=2*k-1; 

A = zeros(n); 

A(1:(k-1),k:(2*k-1))=ones(k-1,k); 

A(k:(2*k-1),1:(k-1))=ones(k,k-1); 

G = graph (A); 

 

To color this graph we have to use a different method. When we check the graph table 

with the edges, we see that the coloration of this type of graph when the edges are sorted 

by its numbers, follows a circulant matrix. So we create this circulant matrix and then 

reshape it into a vector. 

  

color=toeplitz([1; fliplr(3:(k))'],1:k); 

color=reshape(color.',1,[]); 

G.Edges.Weight=color'; 

plot(G, 'EdgeLabel', G.Edges.Weight) 

  

EDGES=G.Edges; 

EDGES=sortrows(EDGES, 'Weight'); %%ensenyar això 

EDGES 

 

Word=[1 1 1 0 1 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0] 

Borron=[1 1 1 0 1 1 1 0 0 1 0 0 2 2 2 2 2 2 2 2] 

Error=  [1 1 1 0 1 1 1 0 0 1 0 0 0 0 0 0 0 1 0 0] 

Correct=[1 1 1 0 1 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0] 

  

WORD=G.Edges; 

WORD=sortrows(WORD, 'Weight'); 

WORD.Weight=Word'; 

WORDGRAPH=graph(WORD); 

WORDMATRIX=full(adjacency(WORDGRAPH, 'weighted')); 

  

3.3.1. Erasure Correction 

In this erasure correction all the code is the same as the B-codes. This is because after 

some implementations of the algorithm for the B-codes that only worked for that type of 

complete graphs, there was a full reshape of the code to use the idea of the adjacency 

matrix by rows instead of creating a subgraph for the Hamiltonian path. With this 

implementation we get to an algorithm that can be applied now to any kind of graph that 

follows the criteria of the B-codes graph.  

%correct erases 

Borrones= sum(WORDMATRIX(:)==2); %numero de borrones 

%%paritat=sum(Word(1,:)==1) %nombre de 1 
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while Borrones~=0 

    for c=1:size(WORDMATRIX,1) 

        if sum(WORDMATRIX(c,:)==2)==1 

           if mod(sum(WORDMATRIX(c,:)==1),2)==0 % mirem la paritat amb 

un modul 

               %canviar 2 per 0 

               col=find(WORDMATRIX(c,:)==2); %trobar posició del borrón 

               WORDMATRIX(c, col)= 0; %subtituir borron 

               WORDMATRIX(col, c)= 0; %subtituir borron 

               %%modificar taula 

               qwerty=(WORD.EndNodes==sort([col c])); 

               qwerty2=qwerty(:,1).*qwerty(:,2); 

               WORD.Weight(find(qwerty2))=0; 

                

           else 

               col=find(WORDMATRIX(c,:)==2); %trobar posició borron 

               WORDMATRIX(c, col)= 1; %substituir borron 

               WORDMATRIX(col, c)= 1; %substituir borron 

               %%modificar taula 

               qwerty=(WORD.EndNodes==sort([col c])); 

               qwerty2=qwerty(:,1).*qwerty(:,2); 

               WORD.Weight(find(qwerty2))=1; 

           end  

           Borrones=Borrones-2; 

        end 

    end 

    

end 

  

3.3.2. Error Correction 

Similar to the erasure correction, this code is the same as the B-codes error correction 

algorithm, because follows the same ideas of the adjacency matrix that transforms this 

MatLab algorithm to a more flexible algorithm that can be applied to more graphs. 

%correct errors 

  

%ERROR ALGORITHM% 

WORDONES=ones(size(WORDMATRIX,1), 1); 

ParityVector=find(mod(WORDMATRIX*WORDONES,2)); 

testerror=0; 

if sum(mod(WORDMATRIX*WORDONES,2))==0 
    return 
end 

 

for c=1:length(ParityVector) 

testerror=testerror+(EDGES.EndNodes==ParityVector(c)); 

end 

testerror=testerror(:,1).*testerror(:,2); 

vec=testerror.*(EDGES.Weight+ones(length(EDGES.Weight),1)); 

colorerror=(mode(nonzeros(vec))-1); 

vectorcolor=find(EDGES.Weight==colorerror); 
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WORD.Weight(vectorcolor)=mod((WORD.Weight(vectorcolor)+testerror(vectorc

olor)),2); 

 

3.4. Kp-1,p Cocycle Codes MatLab Algorithms 

 

The first part of the code to color the matrix is the same as the Kp-1,p code. 

 

k=5; 

n=2*k-1; 

A = zeros(n); 

A(1:(k-1),k:(2*k-1))=ones(k-1,k); 

A(k:(2*k-1),1:(k-1))=ones(k,k-1); 

G = graph (A); 

  

  

colors=toeplitz([1; fliplr(3:(k))'],1:k); 

colors=reshape(colors.',1,[]); 

G.Edges.Weight=colors'; 

plot(G, 'EdgeLabel', G.Edges.Weight) 

  

  

EDGES=G.Edges; 

EDGES=sortrows(EDGES, 'Weight'); %%ensenyar això 

 

As we did with the other algorithms, we introduce the word and create a WORD table and 

a WORDMATRIX. 

 

Word=   [2 2 2 2 2 2 2 2 0 1 1 1 1 1 0 1 1 0 0 1]; 

Borron= [2 2 2 2 2 2 2 2 0 1 1 1 1 1 0 1 1 0 0 1]; 

Error=  [1 0 0 1 0 0 1 0 0 1 1 1 1 1 0 1 1 0 0 1]; 

Correct=[0 0 0 0 0 0 1 0 0 1 1 1 1 1 0 1 1 0 0 1]; 

 

  

WORD=G.Edges; 

WORD=sortrows(WORD, 'Weight'); 

WORD.Weight=Word'; 

WORDGRAPH=graph(WORD); 

WORDMATRIX=full(adjacency(WORDGRAPH, 'weighted')); 

  

 

3.4.1. Erasure Correction 

The idea is similar to the error correction but simpler. We find the edges with erases and 

apply the 4-cycle paritycheck in each one of them. The way the paritycheck vector is 

constructed is almost the same as the error correction. In the error correction section the 

creation of the paritycheck vector will be explained in detail. To find the first 4-cycle 

without an erasure, the method follows the same idea as the Dual B-codes, once we 
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have the vectors that represent each edge of the 4-cycle we create a vector with zeros in 

the position of the erasures and ones in the others. We multiply them and find the first 

index where there is a one. Then that is going to be the paritycheck 4-cycle. We sum with 

mod2 the edges and if the change the erasure to 1 or 0 to respect the parity. 

  

  

%ERASURE CORRECTION 

eraseidx=find(WORD.Weight==2); 

for c=1:length(eraseidx) 

     

    c1=ones(1,(k-1)*(k-2))*2; 

     

    Edges2=WORDMATRIX(WORD.EndNodes(eraseidx(c),2),:); 

    Edges2((k:(2*k-1))')=[]; 

    Edges2(WORD.EndNodes(eraseidx(c),1))=[]; 

    c2=(repmat(Edges2,[k-1,1])); 

    c2=c2(:); 

    c2=c2'; 

     

    Edges3=WORDMATRIX(WORD.EndNodes(eraseidx(c),1),:); 

    Edges3(WORD.EndNodes(eraseidx(c),2))=[]; 

    Edges3((1:(k-1))')=[];  

    c3=repmat(Edges3,[1,k-2]); 

     

    vec1=1:(k-1); 

    vec1=vec1(vec1~=WORD.EndNodes(eraseidx(c),1)); 

    vec2=k:(2*k-1); 

    vec2=vec2(vec2~=WORD.EndNodes(eraseidx(c),2)); 

    c4=WORDMATRIX(vec1,vec2); 

    c4=reshape(c4.',1,[]); 

     

    c1Non2=(c1~=2); 

    c2Non2=(c2~=2); 

    c3Non2=(c3~=2); 

    c4Non2=(c4~=2); 

     

    Non2=c2Non2.*c3Non2.*c4Non2; 

     

    eSquare=find(Non2,1,'first'); 

    eSquareParity=mod((c2(eSquare)+c3(eSquare)+c4(eSquare)),2); 

    

WORDMATRIX(WORD.EndNodes(eraseidx(c),1),WORD.EndNodes(eraseidx(c),2))=eS

quareParity; 

    

WORDMATRIX(WORD.EndNodes(eraseidx(c),2),WORD.EndNodes(eraseidx(c),1))=eS

quareParity; 

    WORD.Weight(c)=eSquareParity; 

     

End 

 



 

 51 

 

VARIABLES EXPLAINED 

 

Eraseidx= the index of the erasures in the WORD table. 

C1= a vector with the first edge of the 4-cycle. 

Edges2= the edges to create the C2. 

C2= a vector with the second edge of the 4-cycle. 

Edges3= The edges to create C3. 

C3= a vector with the third edge of the 4-cycle. 

C4= a vector with the fourth edge of the 4-cycle. 

Vec1 and vec2= two vectors that combined follow the pattern of the C4. 

C1Non2, c2Non2…=the c1,2,3,4 with a one in each place there isn’t a 

erasure. 

Non2= a vector with a one in each place the 4-cycle hasn’t a erasure. 

eSquare= the index of the first 4-cycle without a erasure. 

eSquareParity= the parity if the 4-cycle. 

 

3.4.2. Error Correction 

This last algorithm is the longest and more complicated. The main idea as it has been 

explained in the theorical section of this thesis is to find squares to test the parity check. 

In this algorithm we choose the edge (1,k) as the starting one. We have to check each 

square that has the 1 vertex and the k vertex, so we create 2 “fors”.  

In each for we have c1, c2, c3, c4 that represents each side of the paritycheck square. To 

not use a “for” for each side, a pattern has been found. So we can check all the possible 

squares for each vertex vectorly. 

C1 is a repetition of the value from (1,k) 

C2 is a repletion from then k WORDMATRIX row that follows this: (value1, value1,…, 

value2, value2,…, value3, value3) 

C3 is similar to c2 but repeats the 1 row of the WORDMATRIX that follows this patern: 

(value1, value2, value3, ….., value1, value2, value3) 

C4 is the most difficult one, it has to follow a pattern like this: ((1,k),(1,k+1),(1,k+2),…, 

(2,k), (2,k+1),…).  

The way that has been found to implement this is to create vec1 and v2 with the first and 

second values, extract the values from the WORDMATRIX and reshape the matrix into a 

vector. Once we have c1, c2, c3, c4, we sum in mod2 the vectors and end with the 

paritycheck vector. If the paritycheck is incorrect we change the value. Similar to the Dual 

B-codes, once we have done this process we can identify the Cocycle-set. From here we 

build a new graph that is going to be the correct word. 

%ERROR CORRECTION 

  

  

    for b=k:(2*k-1) 

       c1=repmat(WORDMATRIX(1,b),[1,(k-1)*(k-2)]); 
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       Edges2=WORDMATRIX(b,:); 

       Edges2((k:(2*k-1))')=[]; 

       Edges2(1)=[]; 

       c2=(repmat(Edges2,[k-1,1])); 

       c2=c2(:); 

       c2=c2'; 

        

       Edges3=WORDMATRIX(1,:); 

       Edges3(b)=[]; 

       Edges3((1:(k-1))')=[]; 

      

       c3=repmat(Edges3,[1,k-2]); 

       vec1=2:(k-1); 

       vec2=k:2*k-1; 

       vec2=vec2(vec2~=b); 

       c4=WORDMATRIX(vec1,vec2); 

       c4=reshape(c4.',1,[]); 

 

  

  

        paritycheck=mode(mod(c1+c2+c3+c4,2)); 

  

        if paritycheck==1 

             

            WORDMATRIX(1,b)=mod(WORDMATRIX(1,b)+1,2); 

            WORDMATRIX(b,1)=mod(WORDMATRIX(b,1)+1,2); 

        end 

  

    end 

     

     

     

    for b=2:(k-1) 

       c1=repmat(WORDMATRIX(k,b),[1,(k-1)*(k-2)]); 

        

       Edges2=WORDMATRIX(k,:); 

       Edges2((k:(2*k-1))')=[]; 

       Edges2(b)=[]; 

       c2=(repmat(Edges2,[k-1,1])); 

       c2=c2(:); 

       c2=c2'; 

        

       Edges3=WORDMATRIX(b,:); 

       Edges3(k)=[]; 

       Edges3((1:(k-1))')=[]; 

      

       c3=repmat(Edges3,[1,k-2]); 

        

        

       vec1=1:(k-1); 

       vec1=vec1(vec1~=b); 
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       vec2=(k+1):2*k-1; 

       c4=WORDMATRIX(vec1,vec2); 

       c4=reshape(c4.',1,[]); 

  

  

        paritycheck=mode(mod(c1+c2+c3+c4,2)); 

  

        if paritycheck==1 

             

            WORDMATRIX(1,b)=mod(WORDMATRIX(1,b)+1,2); 

            WORDMATRIX(b,1)=mod(WORDMATRIX(b,1)+1,2); 

        end 

  

  

  

    end 

     

     

    if(WORDMATRIX(1,k)==0) 

         

        KeyVector=WORDMATRIX(1,:)+WORDMATRIX(k,:); 

    else 

         

        KeyVector=[mod(WORDMATRIX(k,1:k-1)+1,2), WORDMATRIX(1,k:2*k-1)]; 

         

    end 

     

    

AntiKeyVector=mod(KeyVector+1,2); 

ReconstructedWord=AntiKeyVector'*KeyVector+KeyVector'*AntiKeyVector; 

ReconstructedWord(1:(k-1),1:(k-1))=zeros(k-1,k-1); 

ReconstructedWord(k:(2*k-1),k:(2*k-1))=zeros(k,k); 

ReconstructedWord(1:(k-1),k:(2*k-1))=ReconstructedWord(1:(k-1),k:(2*k-

1))+1; 

ReconstructedWord(k:(2*k-1),1:(k-1))=ReconstructedWord(k:(2*k-1),1:(k-

1))+1; 

CorrectGraph=graph(ReconstructedWord); 

CorrectWord=CorrectGraph.Edges; 

CorrectWord.Weight=CorrectWord.Weight-1; 

Colors=colors'; 

CorrectWord=addvars(CorrectWord, Colors, 'After', 'Weight'); 

CorrectWord=sortrows(CorrectWord, 'Colors'); 

WORD.Weight=CorrectWord.Weight; 
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4. Results 

After the implementation of the code, the execute time for each erasure and error 

correction algorithm have been tested. This has been tested in a computer with the 

following specifications. 

CPU: Intel(R) Core(TM) i7-4770 CPU @ 3.40GHz 

RAM= 16GB 

OS= Microsoft Windows 10 (build 17134), 64-bit 

  B-code Dual B-code 

Prime number Word length Erasure (s) Error (s) Erasure (s) Error (s) 

3 3 0.019 0.030 0.34 0.36 

5 10 0.021 0.027 0.35 0.36 

7 21 0.021 0.031 0.35 0.36 

11 55 0.021 0.030 0.35 0.36 

13 78 0.021 0.030 0.35 0.36 

17 136 0.021 0.030 0.34 0.361 

997 496506 4.1 2.4 0.63 0.74 

Table 1: B-code and Dual B-code processing time. 

 

  Kp-1,p Kp-1,p cocycle 

Prime number Word length Erasure (s) Error (s) Erasure (s) Error (s) 

3 6 0.020 0.033 0.024 0.34 

5 20 0.021 0.027 0.033 0.34 

7 42 0.021 0.027 0.031 0.34 

11 110 0.022 0.027 0.033 0.34 

13 156 0.023 0.027 0.032 0.34 

17 272 0.026 0.028 0.036 0.35 

997 993012 16.4 8.38 60 210 

Table 2: Kp-1,p code and cocycle kp-1,p code processing time. 
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The times has been tested for different prime numbers, that each one creates a different 

word length. The test has been done with a word with erasures or errors in one column. 

The difference in the time when the number of errors or erasures was one or the 

maximum a word can have, was unappreciable for the first prime numbers we tested. As 

we can see the times are really small. If we take in count this is a MatLab code and 

MatLab is not the most efficient type of code having numbers like this is something 

positive. 

We can see that with the increase of the word length the time to process is almost the 

same, so the programmed algorithm time execution is not exponential. This phenomenon 

of having almost the same execution time nevertheless the size of the word, probably 

happens because the majority of this time is spent by MatLab creating the graphs and 

variables and the time spend on more iterations or creating longer vectors is minimum. 

To see an increment in the time we have to check the execution time with the biggest 3 

figures prime number, the 997. Then in the most complex algorithm, the error correction 

of the Kp-1,p cocycle code we have an execution time of 210s. Which is not bad 

considering the word is 993.012 bits of length. 

In conclusion the results are good, in a time were the communications are so fast a 

processing delay like this can be too much, but if we take in mind this is a MatLab code 

and the use of this algorithms is for the burst of error commonly found in noisy channels, 

we can prioritise a better correction than a faster execution time. And probably if a C code 

algorithm based on the MatLab algorithms ideas were to be programed, the code would 

be much more efficient and the process time would decrease.  
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5. Conclusions and future development:  

The contribution of this work is twofold. First we have used the framework of Array Cycle 

Code graphs from the theoretical point of view in order to give a neat description of 

known MDS Array Codes and to present new models of them, and to provide simple 

descriptions of error correcting algorithms and erasure recovery algorithms for all of them. 

Second, we have produced a MATLAB software library which contains implementations 

of the algorithms. The fulfilled goals are described below: 

 Provide a general framework for MDS Array Codes from Cycle codes of edge--

colored graphs, and establish its connection with the Perfect 1--Factorization 

conjecture in Graph Theory. 

 Give a description of the B--codes and the dual B--codes as Array Cycle Codes of 

complete graphs with a specific edge--coloring. 

 Provide linear algorithms for correction of errors in one column and for erasure of 

two columns in the B--codes. 

 Provide linear algorithms for correction of errors in d/4 columns and recovery of 

d/2 erasures, where d=p-1 is the minimum distance of the code. 

 Provide a new family of MDS Array Codes based on Array Cycle Codes of certain 

complete bipartite graphs with a specific edge--coloring and their duals. The 

parameters of the array codes are p * (p-1) for the dimensions of the array, have 

dimension p and minimum distance 3 for the code and p-1 for their duals, p a 

prime. 

 Provide error correcting linear algorithms for the two new classes of MDS Array 

Codes. In the case of the duals, the algorithm handles 2d/7 columns with errors 

and (d-2)/2 column erasures. 

 Build a MATLAB software library which contains implementations of all the above 

algorithms. 

As it has been mentioned, the construction of new instances of MDS Array Codes heavily 

depends on the Perfect 1--Factorization conjecture in Graph Theory which is still 

nowadays wide open, even for complete graphs or complete bipartite graphs, even if the 

conjecture has been proved in the above cases for graphs up to 100 nodes. A progress 

towards the solution of the conjecture was given for complete graphs of non-prime order 

p2 by Bryant, Maenhaut and Wanless [4]. A natural extension of the work presented here 

would be to analyse the edge--coloring in this work and describe the correcting and 

erasure algorithms for the corresponding Array Cycle Codes, as well as its 

implementation. The task presents some technical difficulties but the general framework 

presented in this work supplies the necessary tools and results for this case. A more 

challenging problem would be to extend the solution to the Perfect 1--Factorization 

Conjecture to all prime powers and consider the corresponding Array Codes. This would 

settle the availability of Array Codes for a most significant range of array parameters in 

applications. 

Another more ambitious line of extension of this work would be to investigate other 

classes of graphs different from complete or complete bipartite graphs for which one can 

find edge--colorings, every pair of which providing a spanning tree, which would naturally 

provide a source of new examples of MDS Array Codes for a much larger variety of the 
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parameters. This investigation, however, is probably beyond the objectives of a Final 

Degree Thesis. 

On the side of MatLab algorithms, the algorithms correct the errors and erasures, but for 

some instances the processing time could be too long. The continuation of this project 

would be trying to bring this algorithms to a framework of a more efficient language like 

C++. If someone would try to program this algorithms in C++ or another language, the 

MatLab algorithm idea could be followed because is based primarily in the use of arrays, 

a basic structure supported in many programming languages. 
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Glossary 

MDS: Maximum Separable Distance 

Kb: A complete graph with b vertices. 

Kb,c : A complete bipartite graph with a set of b vertices and the other one with c vertices.  

[n, k, d]q : Code of n length, k dimension, d distance and q elements in its vector space. 

Rw: received word. 

Sw: send word. 


