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Abstract 

In this paper, the interlaminar stresses in open-hole laminates subjected to compressive 

loads are analysed using a numerical model. This model implements the Serial/Parallel 

Mixing Theory (S/PMT) and a Continuum Damage Mechanics (CDM) approach. The 

S/PMT estimates the global stiffness in the laminate from fibre and matrix properties. 

The CDM approach models the damage initiation due to fibre microbuckling. The 

global response estimated by the model was verified with experimental data from the 

literature. The model predicts that the damage initiates in the laminate middle-plane 

where the thickest block of plies oriented in the load direction is located, and 

progressively propagates to the nearest block of layers with the same orientation. Two 

laminate stacking sequences were analysed. The interlaminar stresses around the hole 

presented symmetry with respect to the load direction and the perpendicular axis, being 



2 
 

located the maximum and minimum values in different angular positions for each stress 

component and laminate. 
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1. Introduction 

Structural components usually have notches and holes that produce a phenomenon of 

in-plane stress concentration that could reduce their strength significantly. In addition, 

interlaminar stresses appear in these components close to the free-edges, even when in-

plane loads are applied. These stresses can be relevant and contribute to the laminate 

failure due to the low interlaminar strength of composite laminates [1]. Interlaminar 

stresses control two damage modes, shear failure and delamination. The shear 

interlaminar stresses can produce matrix crack at the free-edge, and the normal stress in 

the thickness direction contribute to generate damage by delamination [2, 3]. The 

analysis of the interlaminar stresses at the free-edge in laminates has been studied since 

the 70s of the last century [4]. Since then many works have focused on this topic, 

mainly on the free-edge of a laminate because the modelization of a straight edge is 

simpler [5-8]. The stress field around the hole is clearly three-dimensional and with 

large gradients in all the components [9, 10]. Some works use analytical models [11, 12] 

or numerical models [1, 8] to estimate the three-dimensional stress field in intact 

laminates. When damage appears, the stresses change and purely elastic models can not 

be considered valid.  

The analysis of open-hole laminates under compressive loads is important since the 

compressive strength in the direction of the fibres is significantly lower than the tensile 
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strength, in the order of 60% for many composites, and thus the damage initiate at lower 

stress [10]. In addition, the failure mechanisms under compressive and tensile loads are 

different. There are several mechanisms that can contribute the laminate failure [13]. 

For example, under tensile loads, the fibre failure is controlled by fibre breakage, while 

in compression, the mechanism that produce the fibre failure is the microbuckling [10, 

14, 15]. The damage of laminate begins by fibre microbuckling in sublaminate scaled 

laminates with plies at 0º [16, 17] and can propagate by other failures modes such as 

matrix cracking and delamination [18, 19]. The damage of laminates with ply at 0º 

(sublaminate level scaling) begins by fibre microbuckling [16, 17] and can propagate by 

other failures modes such as matrix cracking and delamination [18, 19]. 

Many works can be found in the scientific literature on modelling of in-plane stresses 

and damage evolution around a hole in a laminate subjected to tensile [20-23] and 

compressive loads [9, 10, 16, 24]. In spite of these works, there is a necessity to 

continuous working in the knowledge of the problem of open-hole laminates subjected 

to compressive loads. 

Several methodologies can be applied to study laminates containing holes subjected to 

different load states. The simplest models only can predict the final failure [25-27]. 

More complex models can predict damage initiation and growth [23, 28-35] 

In a previous work, the authors analysed the edge effect in laminates without damage 

subjected to tensile loads [8] due the symmetries of the stress field of this problem some 

simplification reduced the complexity of the model. To analyse laminates with holes 

and with damage more complex models are needed. 

The serial-parallel mixing theory (S/PMT) [36] is an alternative to other methodologies 

such as mesomechanical or micromechanical models. Some of these models require the 
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estimation of a large number of parameters that are difficult to measure experimentally. 

Mesomechanical models consider the material as a homogeneous continuous medium 

and have limitations for predicting fibre and matrix failure separately. Micromechanical 

models are based on a detailed definition of the heterogeneity of the composite material 

and are extremely complex and difficult to apply to structural problems [36]. As 

described by his authors, S/PMT combines speed and accuracy and is based on 

combining relatively simple constitutive equations for the constituents, fibre and matrix, 

and at the same time is able to reproduce the anisotropy and heterogeneity of a laminate. 

This theory has been applied successfully to predict the fatigue behaviour [37] and the 

evolution of delamination [38] in laminates. S/PMT has not been used to analyse the 

interlaminar stresses and damage initiation in problems with stress concentration. 

In this work, a phenomenological model was used by combining S/PMT with a CDM to 

predict the interlaminar stresses near the free-edges and the hole-edge at the damage 

onset. The method proposed analysed the microbuckling effect of the fibres oriented 

according to the load direction, developed in two laminates with different stacking 

sequences. This failure mode initiation was predicted thanks to the possibility of 

defining different threshold limits for tensile and compressive loads. This avoids the 

need for the micromechanical formulation developed in [39] regarding fibre 

microbuckling or any other solution that includes the explicit complexity of the physics 

involved. The mentioned complexity is one of the main difficulties in compression 

problems as revealed in [16]. The model was calibrated using experimental data from 

unidirectional unnotched laminates and it was validated using the experimental results 

of multidirectional unnotched and notched laminates subjected to a compression load 

[40].  
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2. Model description and validation 

In this work, a Continuum Damage Mechanics (CDM) model was used to simulate the 

damage initiation process due to fibre microbuckling in laminates subjected to 

compressive loads. The Serial/Parallel Mixing theory (S/PMT) [36] was applied to 

characterize the mechanical behaviour of a multidirectional laminate by combining the 

fibre and matrix mechanical properties. The CDM model and S/PMT were implemented 

in an iterative finite element algorithm developed for non-linear problems in this work.  

A general scheme of the algorithm is summarized in Fig.1. 

 

 

Figure 1. General scheme of the method 

The algorithm is composed of two loops. An outer loop (with iteration index i) defines 

the equilibrium between internal and external forces in the Finite Element Method 

[𝑴𝒆𝒄𝒉𝒂𝒏𝒊𝒄𝒂𝒍 𝑷𝒓𝒐𝒑𝒆𝒓𝒕𝒊𝒆𝒔]𝒇,𝒎;  [𝑫𝒂𝒎𝒂𝒈𝒆 𝑴𝒐𝒅𝒆𝒍]𝒇,𝒎; [𝒌𝒇,𝒌𝒎,𝒑,𝜽]𝒑𝒍𝒚𝒚; [𝒃𝒄]

[𝒅𝜺𝒄]𝒊𝒕+𝜟𝒕, 𝒅𝜺𝒎 𝒕, 𝒅𝜺𝒇
𝒕

∆𝝈𝒔 𝒒
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(FEM), and an inner loop (with iteration index q) that balances the iso-stress 

components according to the relations imposed by S/PMT. 

The outer loop inputs are the fibre and matrix mechanical properties and damage 

parameters, all ply definition constants (volumetric fractions, directions with parallel 

behaviour and fibre direction) and boundary conditions. Once convergence is reached, 

the outer loop produces as outputs, the nodal forces 𝑓𝑓 and displacements 𝑢𝑢, and the 

strain and stress components of composite, fibre and matrix �𝜀𝜀𝑐𝑐, 𝜀𝜀𝑓𝑓 , 𝜀𝜀𝑚𝑚,𝜎𝜎𝑐𝑐,𝜎𝜎𝑓𝑓 ,𝜎𝜎𝑚𝑚�. 

For each Gauss point and element in the model, the inner loop uses a Newton-Raphson 

iterative scheme to obtain the strain and stress tensors of the composite that verify the 

iso-strain and iso-stress conditions required by the S/PMT. These block inputs are 

composite strains in the next time step [𝑑𝑑𝜀𝜀𝑐𝑐]𝑖𝑖𝑡𝑡+𝛥𝛥𝑡𝑡 and fibre �𝑑𝑑𝜀𝜀𝑓𝑓�
𝑡𝑡
 and matrix strains 

[𝑑𝑑𝜀𝜀𝑚𝑚]𝑡𝑡 in the step t. Moreover, the outputs of this block are the composite 𝜎𝜎𝑐𝑐, fibre 𝜎𝜎𝑓𝑓 

and matrix stresses 𝜎𝜎𝑚𝑚 needed for the internal forces calculation in the outer loop. 

S/PMT also produces the composite constitutive tensor 𝐶𝐶𝑇𝑇 needed for the global 

stiffness matrix 𝐾𝐾𝑇𝑇 calculation in the following outer loop iteration.  

From the fibre �𝑑𝑑𝜀𝜀𝑓𝑓�𝑞𝑞 and matrix [𝑑𝑑𝜀𝜀𝑚𝑚]𝑞𝑞 strains, the explicit damage model calculates 

the fibre [𝐶𝐶𝑓𝑓]𝑞𝑞 and matrix [𝐶𝐶𝑚𝑚]𝑞𝑞 constitutive tensors and the stresses in each q iteration 

of the inner loop. S/PMT provides the composite constitutive tensor by combining fibre, 

and matrix constitutive tensors and reduces, through successive iterations, the difference 

between fibre and matrix serial stresses. 

 

2.1. Serial/Parallel Mixing Theory 

This theory is based on the following hypothesis: 
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• The composite material is made of two different components, fibre and matrix. 

The material is modelled as homogeneous with a perfect bond between the 

components, where the component participations are proportional to their 

volumetric fractions. 

• The components exhibit a parallel behaviour in the fibre direction (iso-strain) 

and a serial behaviour (iso-stress) in the perpendicular direction. 

In this work, a separation between parallel and serial components was implemented by 

rearranging the components of the strain and stress vectors written according to Voigt 

notation. The reordering can be expressed by using a projection matrix P. The 𝜀𝜀 and 𝜎𝜎 

vectors are transformed into 𝜀𝜀′ and 𝜎𝜎′ where the parallel components are placed in the 

first rows and then, the remaining serial components. In such a way: 

𝜀𝜀′ = 𝑃𝑃𝜀𝜀 = �
𝜀𝜀𝑝𝑝
𝜀𝜀𝑠𝑠� ;              𝜎𝜎′ = 𝑃𝑃𝜎𝜎 = �

𝜎𝜎𝑝𝑝
𝜎𝜎𝑠𝑠�                               (1) 

Each ‘ij’ element in the 𝑃𝑃𝑖𝑖𝑖𝑖 (6x6) matrix is 1 if the ‘𝑗𝑗𝑡𝑡ℎ’ component in 𝜀𝜀 or 𝜎𝜎 

corresponds to the ‘𝑖𝑖𝑡𝑡ℎ’ component of 𝜀𝜀′ or 𝜎𝜎′  and is 0 in any other case. 𝑃𝑃 can be split 

into two matrices 𝑃𝑃𝑝𝑝 and 𝑃𝑃𝑠𝑠. The first 𝑛𝑛 rows in 𝑃𝑃𝑝𝑝 correspond to the first 𝑛𝑛 rows in 𝑃𝑃 

while the remaining rows contain null elements, with 𝑛𝑛 the number of components with 

parallel behaviour. Complementarily, the last (6-𝑛𝑛) rows in 𝑃𝑃𝑠𝑠 correspond to the last (6-

𝑛𝑛) rows in 𝑃𝑃 while the other 𝑛𝑛 rows contain null elements. This can be expressed as: 

𝑃𝑃 =  𝑃𝑃𝑝𝑝 + 𝑃𝑃𝑠𝑠                             (2) 

In the model proposed, only the fibre direction (in each ply local axis) acts according to 

a parallel behaviour so that 𝑛𝑛 = 1 and the parallel components are 𝜀𝜀𝑥𝑥𝑥𝑥 and 𝜎𝜎𝑥𝑥𝑥𝑥. The 

theory enables any constitutive law for the fibre and matrix to be considered separately. 

In this work, given that fibre microbuckling determines laminate failure, the fibre was 

modelled according to a continuum isotropic damage model whereas the matrix was 
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modelled as an elastic material. Under these conditions, fibre and matrix constitutive 

laws are: 

𝜎𝜎𝑓𝑓 = �1 − 𝑑𝑑𝑓𝑓�𝐶𝐶𝑓𝑓𝜀𝜀𝑓𝑓;      𝜎𝜎𝑚𝑚 = 𝐶𝐶𝑚𝑚𝜀𝜀𝑚𝑚                             (3) 

where 𝐶𝐶𝑓𝑓 and 𝐶𝐶𝑚𝑚 are the constitutive tensors of fibre and matrix and 𝑑𝑑𝑓𝑓 is the scalar 

damage fibre variable. The serial/parallel decomposition described above can be applied 

in (3) by using the P matrix defined in (1) and (2): 

𝜎𝜎𝑖𝑖′ = �
𝜎𝜎𝑝𝑝
𝜎𝜎𝑠𝑠�𝑖𝑖

= (1 − 𝑑𝑑𝑖𝑖)𝐶𝐶𝑖𝑖′𝜀𝜀𝑖𝑖′ = (1 − 𝑑𝑑𝑖𝑖) �
𝐶𝐶𝑝𝑝𝑝𝑝 𝐶𝐶𝑝𝑝𝑠𝑠
𝐶𝐶𝑠𝑠𝑝𝑝 𝐶𝐶𝑠𝑠𝑠𝑠

�
𝑖𝑖
�
𝜀𝜀𝑝𝑝
𝜀𝜀𝑠𝑠�𝑖𝑖

 ;      𝑖𝑖 = 𝑓𝑓,𝑚𝑚       (4) 

where: 

𝐶𝐶𝑖𝑖′ = �𝑃𝑃𝑝𝑝𝐶𝐶𝑖𝑖𝑃𝑃𝑝𝑝𝑇𝑇 + 𝑃𝑃𝑝𝑝𝐶𝐶𝑖𝑖𝑃𝑃𝑠𝑠𝑇𝑇 + 𝑃𝑃𝑠𝑠𝐶𝐶𝑖𝑖𝑃𝑃𝑝𝑝𝑇𝑇 + 𝑃𝑃𝑠𝑠𝐶𝐶𝑖𝑖𝑃𝑃𝑠𝑠𝑇𝑇�

= �
𝐶𝐶𝑝𝑝𝑝𝑝(𝑛𝑛 𝑥𝑥 𝑛𝑛) 𝐶𝐶𝑝𝑝𝑠𝑠�𝑛𝑛 𝑥𝑥 (6 − 𝑛𝑛)�

𝐶𝐶𝑠𝑠𝑝𝑝�(6− 𝑛𝑛)𝑥𝑥 𝑛𝑛� 𝐶𝐶𝑠𝑠𝑠𝑠�(6 − 𝑛𝑛)𝑥𝑥(6 − 𝑛𝑛)�
�
𝑖𝑖

;  𝑖𝑖 = 𝑓𝑓,𝑚𝑚               (5) 

In (5), the submatrix dimensions are included in brackets. Given that the matrix behaves 

elastically, 𝑑𝑑𝑚𝑚 = 0, while 𝑑𝑑𝑓𝑓 is given by the continuum damage model described later. 

The relations between composite strains and stresses and fibre and matrix strains and 

stresses are given by the usual rule of mixtures applied according to a parallel and serial 

decomposition as described in (1): 

�𝜎𝜎𝑝𝑝�𝑐𝑐 = 𝑘𝑘𝑓𝑓�𝜎𝜎𝑝𝑝�𝑓𝑓 + 𝑘𝑘𝑚𝑚�𝜎𝜎𝑝𝑝�𝑚𝑚          (parallel behaviour)

(𝜀𝜀𝑠𝑠)𝑐𝑐 = 𝑘𝑘𝑓𝑓(𝜀𝜀𝑠𝑠)𝑓𝑓 + 𝑘𝑘𝑚𝑚(𝜀𝜀𝑠𝑠)𝑚𝑚               (serial behaviour)
;               (6) 

where c, f and m respectively represent composite, fibre and matrix and 𝑘𝑘𝑓𝑓 and 𝑘𝑘𝑚𝑚 are 

the volumetric fractions. The closure equations imposed by the theory can be expressed 

easily using the serial/parallel separation described in (1): 

�𝜀𝜀𝑝𝑝�𝑓𝑓 = �𝜀𝜀𝑝𝑝�𝑚𝑚 = �𝜀𝜀𝑝𝑝�𝑐𝑐             (parallel behaviour)

(𝜎𝜎𝑠𝑠)𝑓𝑓 = (𝜎𝜎𝑠𝑠)𝑚𝑚 = (𝜎𝜎𝑠𝑠)𝑐𝑐             (serial behaviour)
;                  (7) 
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The S/PMT algorithm calculates the composite, fibre and matrix stresses in the instant 

𝑡𝑡 + 𝛥𝛥𝑡𝑡 from the composite strains at the instant 𝑡𝑡 + 𝛥𝛥𝑡𝑡 (obtained in the iteration i of the 

outer loop) and fibre and matrix strains at the instant t. The first step is the separation of 

strains and stresses in the serial and parallel components as described in (1). According 

to the first equation in (7), composite, fibre and matrix parallel strains are equal, 

however, serial strains are unknown and their calculation needs an initial approximation 

for either the matrix or the fibre. Rastellini [41] proposed as an initial approximation for 

the increment of matrix serial strain: 

[(𝛥𝛥𝜀𝜀𝑠𝑠)𝑚𝑚]𝑜𝑜 = �𝑘𝑘𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓  + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�
−1
�(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓(𝛥𝛥𝜀𝜀𝑠𝑠)𝑐𝑐

+ 𝑘𝑘𝑓𝑓 ��𝐶𝐶𝑠𝑠𝑝𝑝�𝑓𝑓 − �𝐶𝐶𝑠𝑠𝑝𝑝�𝑚𝑚� �𝛥𝛥𝜀𝜀𝑝𝑝�𝑐𝑐�            (8) 

where [(𝛥𝛥𝜀𝜀𝑠𝑠)𝑚𝑚]𝑜𝑜 = [𝜀𝜀𝑠𝑠𝑚𝑚]𝑜𝑜𝑡𝑡+𝛥𝛥𝑡𝑡 − [𝜀𝜀𝑠𝑠𝑚𝑚]𝑡𝑡. Constitutive tensors showed in (8) are the fibre 

and matrix tangent constitutive tensors in the instant t, decomposed as described in (5). 

Once [𝜀𝜀𝑠𝑠𝑚𝑚]𝑞𝑞𝑡𝑡+𝛥𝛥𝑡𝑡 is determined, [𝜀𝜀𝑠𝑠𝑓𝑓]𝑞𝑞𝑡𝑡+𝛥𝛥𝑡𝑡 (in the iteration q of the inner loop) can be 

cleared from the second equation of (6): 

[𝜀𝜀𝑠𝑠𝑓𝑓]𝑞𝑞𝑡𝑡+𝛥𝛥𝑡𝑡 =
1
𝑘𝑘𝑓𝑓

 [𝜀𝜀𝑠𝑠𝑐𝑐]𝑡𝑡+𝛥𝛥𝑡𝑡 −
𝑘𝑘𝑚𝑚

𝑘𝑘𝑓𝑓
[𝜀𝜀𝑠𝑠𝑚𝑚]𝑞𝑞𝑡𝑡+𝛥𝛥𝑡𝑡          (9) 

When parallel and serial components of fibre and matrix strains are determined, these 

have to be rearranged (according to the original order of 𝜀𝜀 and 𝜎𝜎) to apply the 

constitutive law of each component given in (3). After this, the fibre and matrix stresses 

are calculated and the serial components should verify: 

[𝛥𝛥𝜎𝜎𝑠𝑠]𝑞𝑞 = [𝜎𝜎𝑠𝑠𝑚𝑚]𝑞𝑞𝑡𝑡+𝛥𝛥𝑡𝑡 − [𝜎𝜎𝑠𝑠𝑓𝑓]𝑞𝑞𝑡𝑡+𝛥𝛥𝑡𝑡 ≤ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑛𝑛𝑡𝑡𝑡𝑡             (10) 

If [𝛥𝛥𝜎𝜎𝑠𝑠]𝑞𝑞 is less than the tolerance defined in (10), the strain-stress state is correct and 

the stress state of the composite can be calculated through the application of the inverse 

second equation of (1). Otherwise, the stress state has to be corrected with the Newton-
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Raphson method proposed by Rastellini et al. [36], where the initial approach is 

minimized using the Jacobian of the residual stresses. This Jacobian (in the iteration q 

of the inner loop) can be written as follows: 

𝐽𝐽𝑞𝑞 = �
𝜕𝜕(𝛥𝛥𝜎𝜎𝑠𝑠)
𝜕𝜕𝜀𝜀𝑠𝑠𝑚𝑚

�
[𝜀𝜀𝑠𝑠𝑚𝑚]𝑞𝑞𝑡𝑡+𝛥𝛥𝑡𝑡

= [(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚]𝑞𝑞 +
𝑘𝑘𝑚𝑚

𝑘𝑘𝑓𝑓
�(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓�𝑞𝑞             (11) 

This Jacobian is inserted in a Newton-Raphson scheme that provides the next iteration 

value for the matrix serial strain. 

[𝜀𝜀𝑠𝑠𝑚𝑚]𝑞𝑞+1𝑡𝑡+𝛥𝛥𝑡𝑡 = [𝜀𝜀𝑠𝑠𝑚𝑚]𝑞𝑞𝑡𝑡+𝛥𝛥𝑡𝑡 − 𝐽𝐽𝑞𝑞−1[𝛥𝛥𝜎𝜎𝑠𝑠]𝑞𝑞                          (12) 

In order to have quadratic convergence, the Jacobian described in (11) has to be 

calculated using the constitutive tangent tensors of the components. For the calculation 

of these tensors, the numerical derivation technique described in [38] is used. 

The composite constitutive tensor needs to be estimated when the inner loop converges. 

This tensor is required to calculate the global stiffness matrix in the iteration i in the 

outer loop. To obtain the composite constitutive tensor from the fibre and matrix 

constitutive tensors in their parallel and serial components the following relations were 

used [31]: 

�𝐶𝐶𝑝𝑝𝑝𝑝�𝑐𝑐 = �𝑘𝑘𝑓𝑓�𝐶𝐶𝑝𝑝𝑝𝑝�𝑓𝑓 + 𝑘𝑘𝑚𝑚�𝐶𝐶𝑝𝑝𝑝𝑝�𝑚𝑚� + 𝑘𝑘𝑓𝑓𝑘𝑘𝑚𝑚 ��𝐶𝐶𝑝𝑝𝑠𝑠�𝑓𝑓 − �𝐶𝐶𝑝𝑝𝑠𝑠�𝑚𝑚� �𝑘𝑘
𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓  + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�

−1 ��𝐶𝐶𝑠𝑠𝑝𝑝�𝑚𝑚 − �𝐶𝐶𝑠𝑠𝑝𝑝�𝑓𝑓�

�𝐶𝐶𝑝𝑝𝑠𝑠�𝑐𝑐 = �𝑘𝑘𝑓𝑓�𝐶𝐶𝑝𝑝𝑠𝑠�𝑓𝑓�𝑘𝑘
𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓  + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�

−1(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚 + 𝑘𝑘𝑚𝑚�𝐶𝐶𝑝𝑝𝑠𝑠�𝑚𝑚�𝑘𝑘
𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓  + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�

−1(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓�

�𝐶𝐶𝑠𝑠𝑝𝑝�𝑐𝑐 = �𝑘𝑘𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓�𝑘𝑘𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓  + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�
−1�𝐶𝐶𝑠𝑠𝑝𝑝�𝑚𝑚 + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�𝑘𝑘𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓  + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�

−1�𝐶𝐶𝑠𝑠𝑝𝑝�𝑓𝑓�

(𝐶𝐶𝑠𝑠𝑠𝑠)𝑐𝑐 =
1
2
�(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓�𝑘𝑘𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓  + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�

−1(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚 + (𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�𝑘𝑘𝑚𝑚(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓  + 𝑘𝑘𝑓𝑓(𝐶𝐶𝑠𝑠𝑠𝑠)𝑚𝑚�
−1(𝐶𝐶𝑠𝑠𝑠𝑠)𝑓𝑓�

(13) 

 

2.2. Damage Model 

The material degradation process can be described using the Continuum Damage 

Mechanics model formulated by Kachanov [42]. In this work, microbuckling was 

modelled by a reduction of the stiffness and strength properties through a scalar damage 
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variable that establishes the degradation level in each Gauss point. To simulate the 

constitutive law of the fibre, the isotropic damage model defined by Oller [43] was 

applied. This model defines different thresholds for tensile and compression stresses. 

The degraded stress 𝜎𝜎 is obtained isotropically from the effective stress 𝜎𝜎𝑜𝑜 through: 

𝜎𝜎 = (1 − 𝑑𝑑)𝜎𝜎𝑜𝑜 = (1 − 𝑑𝑑)𝐶𝐶𝑜𝑜𝜀𝜀              (14) 

where 𝑑𝑑 is the scalar damage variable that is 0 when the material is intact and is 1 if the 

material is completely damaged. The effective stress 𝜎𝜎𝑜𝑜 is calculated using the 

constitutive elastic law 𝐶𝐶𝑜𝑜 and the corresponding strain level 𝜀𝜀. The degradation 

initiation and evolution process is described through a yielding function. Typically, this 

function adopts the form: 

𝐹𝐹(𝜎𝜎𝑜𝑜,𝑑𝑑) = 𝑓𝑓(𝜎𝜎𝑜𝑜)− 𝑡𝑡(𝑑𝑑)              (15) 

where 𝑡𝑡(𝑑𝑑) defines the damage threshold and 𝑓𝑓(𝜎𝜎𝑜𝑜) characterizes the yield surface. 

Damage starts to grow when 𝑓𝑓(𝜎𝜎𝑜𝑜) reaches 𝑡𝑡(𝑑𝑑) and, hence, 𝐹𝐹(𝜎𝜎𝑜𝑜,𝑑𝑑) goes to zero. 

𝐹𝐹(𝜎𝜎𝑜𝑜,𝑑𝑑) keeps its null value as long as damage evolves. Before any damage level is 

reached, the value of 𝑡𝑡(𝑑𝑑) is associated with 𝑡𝑡𝑚𝑚𝑚𝑚𝑥𝑥 known as first damage threshold and 

is updated according to: 

𝑡𝑡(𝑑𝑑) = 𝑚𝑚𝑡𝑡𝑥𝑥{𝑡𝑡𝑚𝑚𝑚𝑚𝑥𝑥,𝑚𝑚𝑡𝑡𝑥𝑥{𝑓𝑓(𝜎𝜎𝑜𝑜)}𝑠𝑠} ;            0 ≤ 𝑠𝑠 ≤ 𝑡𝑡        (16) 

Particularly, instead of (15) the damage criteria is transformed into an equivalent form 

by using a monotonous increasing, semi-positive, invertible and scalar G function: 

𝐹𝐹�(𝜎𝜎𝑜𝑜 ,𝑑𝑑) = 𝐺𝐺[𝑓𝑓(𝜎𝜎𝑜𝑜)]− 𝐺𝐺[𝑡𝑡(𝑑𝑑)]              (17) 

In this work, the Simo-Ju generalized criteria [44] is used as yield function 𝑓𝑓(𝜎𝜎𝑜𝑜). This 

function can be written: 

𝑓𝑓(𝜎𝜎𝑜𝑜) = 𝜑𝜑(𝑡𝑡)�𝜀𝜀𝐶𝐶𝑜𝑜𝜀𝜀           (18) 
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In (18), 𝜑𝜑(𝑡𝑡) is a weight function that describes the relations between the compression 

and tensile loads: 

𝜑𝜑(𝑡𝑡) = 𝑡𝑡𝑟𝑟 + (1 − 𝑡𝑡)         (19) 

with 𝑟𝑟 = 𝜎𝜎𝑐𝑐𝑐𝑐𝑚𝑚𝑐𝑐
𝑚𝑚𝑚𝑚𝑚𝑚

𝜎𝜎𝑡𝑡𝑡𝑡𝑚𝑚𝑐𝑐
𝑚𝑚𝑚𝑚𝑚𝑚 , the relation between the maximum compression and tensile loads and 𝑡𝑡 

is taken from [45] and defines the relations between the compression and tensile 

eigenvalues of the stress tensor: 

𝑡𝑡 =
∑ 〈𝜎𝜎𝑖𝑖〉3
𝑖𝑖=1

∑ |𝜎𝜎𝑖𝑖|3
𝑖𝑖=1

       (20) 

where 〈𝑥𝑥〉 is the McAully function defined as 〈𝑥𝑥〉 = 1
2

[𝑥𝑥 + |𝑥𝑥|]. The weight function 

𝜑𝜑(𝑡𝑡) transforms the tensile loads into equivalent compressive loads being weighted by 

the tensile strength. With this approach, the damage threshold 𝑡𝑡(𝑑𝑑) and 𝑡𝑡𝑚𝑚𝑚𝑚𝑥𝑥 defined in 

(15) and (16) must be defined using the compression stress, while the difference 

between the compression and the tensile threshold is defined by the parameter N, which 

is a property of the material. 

The evolution of the damage scalar variable d in softening behaviour can be deduced 

from the Kuhn-Tucker conditions. From the consistency condition 𝐹𝐹�̇(𝜎𝜎𝑜𝑜,𝑑𝑑) = 0, it can 

be demonstrated that [39]: 

𝑑𝑑 = 𝐺𝐺[𝑓𝑓(𝜎𝜎𝑜𝑜)]                 (21) 

The function that is proposed for 𝐺𝐺[𝑓𝑓(𝜎𝜎𝑜𝑜)] takes the form: 

𝑑𝑑 = 𝐺𝐺�𝑓𝑓(𝜎𝜎𝑜𝑜)� = 1 −
𝑡𝑡𝑚𝑚𝑚𝑚𝑥𝑥

𝑓𝑓(𝜎𝜎𝑜𝑜) 𝑡𝑡
𝐴𝐴�1−𝑓𝑓(𝜎𝜎𝑐𝑐)

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚�        (22) 

Equation (22), formulated by Oliver et al. [45], proposes an exponential softening for 

the damage variable d. The parameter 𝑡𝑡𝑚𝑚𝑚𝑚𝑥𝑥 corresponds to the maximum compressive 

load in a compressive pure state. The parameter A shown in (22) is obtained from the 
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dissipation material equation by considering a uniaxial monotonous increasing load 

process. The expression of the parameter A in these conditions according to Oller [46], 

is: 

𝐴𝐴 =
1

𝑔𝑔𝑓𝑓
𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚2 𝑟𝑟2 − 1

2

          (23) 

where 𝑔𝑔𝑓𝑓 is the maximum energy (per unit volume) dissipated by the material under 

compressive loads. The connection between the described damage model and the 

Fracture Mechanics model is established by matching the dissipated energy and the 

required energy to open new surfaces: 

𝑔𝑔𝑓𝑓𝑉𝑉 = 𝑔𝑔𝑓𝑓𝐴𝐴𝑐𝑐𝑡𝑡 = 𝐾𝐾𝐴𝐴𝑐𝑐 → 𝑔𝑔𝑓𝑓 =
𝐾𝐾
𝑡𝑡

           (24) 

where 𝐾𝐾 is the energy (per unit area) release rate, 𝐴𝐴𝑐𝑐 is the crack area and l is the 

damage length which is perpendicular to the affected area. In a continuum material this 

length l tends to zero, however, if this formulation is applied to a finite element code, l 

takes a finite value. In the model proposed, l corresponds to the characteristic dimension 

of each finite element, which can be estimated by the cubic root of the element volume. 

 

2.3. Model calibration and validation 

The developed model was applied to estimate the response of a laminate plate with and 

without hole subjected to compressive loads. Specimens of 245 x 50 x 3 mm3 and 5 mm 

diameter centred hole were modelled.  

The plate was meshed by isoparametric, hexaedrical elements with eight nodes per 

element. The shape functions were linear and the quadrature rule for the integration of 

the local stiffness matrices was defined on eight Gauss points. The laminate plate was 

clamped at one end and was subjected to a uniform compression load at the other end. 



14 
 

The model was validated by experimental data of a carbon fibre laminate T800/924C 

with two stacking sequences, unidirectional and [±45/02]3S [40]. The mechanical 

properties were taken from the scientific literature [18, 40].  

To analyse the sensitivity of the results to the mesh size, four different meshes with 

9600, 19968, 28800 and 44928 elements (Fig. 2) were used. 

a) 

b) 

c) 

d) 

Figure 2. Meshes used in the analysis. a) 9600 elements, b) 19968 elements, c) 28800 

elements, d) 44928 elements. 

The global response of the laminate was not affected by the number of elements in the 

mesh (Fig. 3). However, near the hole, the stress field was different for each mesh. In 

order to estimate appropriately the stress concentration phenomenon with a moderate 

computational cost, a mesh with 28800 elements was selected (Fig. 4). 
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Figure 3. Applied load- displacement curve in laminate [ ±45/02]3S with a 5 mm 

diameter hole 

 

Figure 4. Stress vs. distance from hole free edge in transversal direction for different 

meshes in laminate [±45/02]3S with a 5 mm diameter hole 

The calibration was carried out using the experimental data corresponding to a 

unidirectional laminate subjected to uniaxial compression load [40]. In the S/PMT, the 
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fibre and matrix properties are considered belonging to a different anisotropy space that 

can eventually become isotropic [47]. In this way, the mesoscopic behaviour of the ply 

is as observed in the experimental test so that equivalent properties for the constituents 

that allow reproduction of the experimental strain-stress curve are fixed, (Fig 5). This 

process provides equivalent properties for the constituents that allow the behaviour of 

an unnotched and notched laminate with a [±45,02]3𝑠𝑠 stacking sequence to be 

reproduced. An excellent correlation in stiffness and damage initiation prediction, 

between numerical and experimental results, was found (Fig.6).  

 

Figure 5. Compressive stress–strain curve of the T800/924C unidirectional laminate. 

Experimental and numerical curve after calibration. 
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Figure 6. Comparison of experimental and numerical compressive stress–strain curves 

a) unnotched [±45/02]3s laminate, b) laminate [±45/02]3s with a 5 mm diameter hole. 

 

Therefore, the proposed model can predict the damage due to fibre microbuckling in 

open-hole laminates subjected to compressive loads. It enables modelling the 

orthotropic behaviour of multidirectional laminates without the use of second or fourth 

order damage tensors as proposed by other authors [34, 35], which would increase the 

number of internal variables and the computational cost. 

 

3. Results 

In this section, a laminate plate with a centred hole of 5 mm in diameter subjected to a 

uniaxial compression load was studied using the proposed model. Two different 

laminates, [45/-45/02]3𝑠𝑠 and [902/02]3s of the material used in the previous section, were 

modelled. The interlaminar stresses that appear at the hole-edge and free-edges were 

analysed. In both laminates, the same strain level was applied. 

The results show that the model predicts the damage localization in both laminates. The 

damage initiates in the middle plane of the laminate where the thickest block of plies 

oriented in the load direction is located. Later, the damage progressively propagates to 

the nearest block of layers with the same orientation, to the top and bottom of the 

laminate (Fig. 7). This damage can be caused by fibre microbuckling that appears in 

laminates subjected to compressive loads. The damage is higher in the [902/02]3𝑠𝑠 

laminate than in the [45/-45/02]3𝑠𝑠 laminate, due to the fact that the plies at 0° support 

more applied load than the plies at 90°. 
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Figure 7. Localization of fibre damage initiation in 0º plies. Left: Laminate [45/−45/02]3𝑠𝑠  

Right: Laminate [902/02]3𝑠𝑠 

 

The distributions of the interlaminar stresses around the hole are shown in Fig. 8 and 

Fig. 9 in the three plies of different orientation furthest to the plane of the symmetry of 

the laminate. The compression load is applied from the right end of the laminate plate 

while the fixed boundary condition is on the left end. In all the plies, the stresses in the 

quadrature points are represented. For this reason, the stresses in the upper ply are 

different from zero. Figs. 8 and 9 show that a change in the stacking sequence modifies 

the interlaminar stresses. In the [45/−45/02]3𝑠𝑠 laminate (Fig. 8), the stress σzz presents an 

axial symmetry around the Z-axis. In the [902/02]3s laminate, a symmetry with respect to 

the X and Y -axes also appears (Fig. 9). 
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 σzz σxz σyz 

45 

 

-45 

0 

Figure 8. Stresses σ𝒛𝒛z, σx𝒛𝒛 y σ𝒚𝒚𝒛𝒛 (from left to right) for the plies with 45°, -45º and 0º 

orientations further to the plane of symmetry (from top to bottom). Laminate 

[45/−45/02]3𝑠𝑠 

 

 σzz σxz σyz 

90 

 

90 

0 

Figure 9. Stresses σ𝒛𝒛z, σx𝒛𝒛 y σ𝒚𝒚𝒛𝒛 (from left to right) for the plies with 90° and 0º 

orientations further to the plane of symmetry (from top to bottom). Laminate [902/02]3𝑠𝑠 
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Soutis et al. [40] experimentally observed the appearance of warping in the laminate 

around the hole. In this work, the model reproduced that phenomenon. In both 

laminates, the stress σzz at the edge of the hole change from tensile to compression 

when the angular coordinate varies. Delamination could appear in areas with tensile 

stress σzz, although this failure mode was not explicitly modelled. 

The stress σxz presents axial antisymmetry with respect to the Z-axis in both laminates. 

In the [45/−45/02]3𝑠𝑠 laminate, there is also symmetry with respect to the X-axis and 

antisymmetry with respect to the Y-axis in the ply at 0º nearest to the top surface. In the 

[902/02]3𝑠𝑠 laminate, this behaviour also appears in the second ply at 90° of the 

sublaminate. The maximum shear stress σxz is twice as the stress σyz for all plies of both 

laminates. 

In both laminates, the stress σyz presents axial antisymmetry with respect to the Z-axis. 

In the [902/02]3𝑠𝑠 laminate, all the plies present symmetry with respect to the Y-axis and 

antisymmetry with respect to the X-axis. This behaviour is the opposite to that observed 

for stress σxz. 

The areas of the different plies, in which the highest interlaminar shear stresses appear, 

are the most susceptible to transverse shear failure. The maximum σxz is located at the 

hole-edge in the applied load direction for the two laminates analysed, and for the stress 

σyz, the maximum value point is placed at 90º from the load direction. The points at 

which these stresses are null are located at 90º from those corresponding to the 

maximum values. 

The evolution of the interlaminar stresses along the thickness in four locations was also 

analysed for the two laminates. Three of the locations correspond to elements located in 
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the edge of the hole (locations A1, A2 and B) and the other to the free-edge (location 

C), Fig 10. The locations A1, A2 and C are on the mid-line perpendicular to the load 

direction. The distance between location A1 and A2 is 2 mm and they are in the area of 

highest stress σxx. Location B corresponds to elements at the edge of the hole in the 

direction of application of the load, in which the interlaminar stress σxz is maximum. 

In both laminates, the stress σzz presents a symmetry with respect to the middle plane of 

the laminate (Fig.11). By contrast, the stresses σxz and σyz present an antisymmetric 

distribution with respect to the same plane (Fig.12 and 13). Fig. 11 and 12 show a high 

level of stress concentration in the interlaminar stress components at the hole-edge 

(locations A1, A2 and B) with respect to the free-edge of the laminate (location C). 

 

 

 

 

 

 

 

 

Figure 10. Location of the elements where the interlaminar stress components along the 

thickness are estimated close to the hole edge perpendicular to the load direction 

A

A
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(Position A1 and A2) and in the load direction (position B), and at the free edge 

(Position C) 

Figure 11. Stress σ𝒛𝒛z distribution along laminate thickness. Left: Laminate [45/−45/02]3𝑠𝑠. 

Right: Laminate [902/02]3𝑠𝑠 

Figure 12. Stress σx𝒛𝒛 distribution along laminate thickness. Left: Laminate [45/−45/02]3𝑠𝑠. 

Right: Laminate [902/02]3𝑠𝑠. 
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Figure 13. Stress σy𝒛𝒛 distribution along laminate thickness. Left: Laminate [45/−45/02]3S. 

Right: Laminate [902/02]3𝑠𝑠. 

 

Tensile stress σzz is observed in the locations A2 and B (at the hole-edge). For this 

reason, in these two areas, delamination damage can be produced. By contrast, in 

location A1, σzz is in compression and thus delamination is restricted. In both laminates, 

the distribution of tensile stress in locations A2 and B is of the same order, with the 

compression stress (location A1) being higher in laminate [902/02]3𝑠𝑠. The maximum 

stress σzz appears close to the plane of symmetry of the laminate where the largest block 

of plies at 0º (four plies) in both laminates is located. In laminate [45/−45/02]3s, small 

oscillations of this stress component appear in the ply interfaces; this phenomenon is not 

observed in the other laminate. 

Also, in the [45/−45/02]3s laminate, the distribution of the interlaminar shear stresses 

through the thickness presents oscillations in the interface between the plies. In the 

other laminate, these oscillations are much less ostensible. The shear stresses σxz and σyz 

show sign changes along the thickness in the ply interfaces in the [45/−45/02]3s 
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laminate. This phenomenon can encourage transverse shear failure due to the shear 

displacement between plies. These changes of sign do not appear in the other laminate. 

The stress σxz in location B is greater than the stress σyz in both laminates, with the 

highest value being found in the first of the laminates. By contrast, in location A1, the 

relative value of both shear stress components are the opposite, and in location A2 the 

two stress components are of the same order. 

 

4. Conclusions 

The phenomenological model proposed in this work allows to obtain the interlaminar 

stresses at the hole-edge and free-edge of an open-hole laminate subjected to in-plane 

compressive loads. The S/PMT with an isotropic continuous damage model predicted 

damage initiation in compression, modelling the orthotropic behaviour of the laminate. 

In the laminates analysed, the damage initiated in the middle plane of the laminate, 

where the thickest block of plies oriented in the direction of the load is located. 

Subsequently, the damage progressively propagated to the closest block of plies with 

the same orientation to the top and bottom surface. This zone can be identified, 

therefore, with the area affected by microbuckling, characteristic of the compression 

loads that are applied. These results show that is possible to characterize the damage by 

microbuckling with the proposed model, without using additional elements such as 

cohesive elements or mesh separation techniques, and thus reducing the computational 

cost. 

The model also can predict the influence of the stacking sequence on the interlaminar 

stresses that appear close to the hole. The distribution of the interlaminar stresses 

around the hole presented symmetry with respect to the load direction and the 
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perpendicular axis. Values of interlaminar stresses with different signs were found as 

the angular coordinate varied from 0º to 360º. The maximum and minimum values were 

located in different angular positions for each stress component and laminate. The 

positions can be aligned with the axis of application of the load, the perpendicular axis 

or in points of angular coordinates at odd multiples of 45°. 

The alternate tensile and compressive values of the stress σzz around the hole 

reproduced the warping observed experimentally by other authors. In this area, 

delamination damage could appear. 
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