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Abstract—In the near future a large part of tradi-
tional generation based on conventional synchronous
machines (SM) will be replaced by renewable genera-
tion based on voltage source converters (VSC).

In this sense, power system operators have begun to
demand VSC-based power plants be able to participate
in the frequency and voltage regulation, and are also in-
terested in services like inertia emulation and damping
of power oscillation, functions that today are carried
out by large synchronous generators. Therefore, several
studies have suggested new ways to control voltage
source converters, that try to emulate the behavior of
synchronous generators and are known generically as
Virtual Synchronous Machines.

The synchronous power controller (SPC) is a flexible
solution that emulates the classical swing equation
of a synchronous machine and improves its response.
The SPC inherits the advantages of conventional syn-
chronous generators, while it fixes many of its draw-
backs.

In this work, a sensitivity analysis of a VSC con-
nected to the grid and controlled by SPC is performed.
In this sense, a non-linear mathematical model of the
system is first developed. This non-linear model is then
linearized, obtaining a linear model from which the
eigenvalues and sensitivities of the system to some rel-
evant parameters are calculated. Finally, time-domain
simulations are performed to confirm the results of the
sensitivity analysis.

Index Terms—small signal stability, synchronous
power controller, state-space, eigenvalues, sensitivity
analysis.

I. Introduction
In recent decades, environmental issues and the contin-

uous increase in oil prices have led to a rapid growth in the
use of alternative energies, mainly solar and wind, and it
is expected that this trend will accentuate in the coming
years [1]. Nevertheless, due to its peculiar characteristics,
integration of renewables into power systems is generally
not possible without using the suitable power converters
for controlling variables such as voltage en frequency [2].

Electrical systems are undergoing a rapid transition
from synchronous machines (SM)-based systems to power
converter-based systems in which voltage source convert-
ers (VSC) will play a key role. In this sense, many regula-
tory communities and system operators in the power sector

have established grid codes to ensure proper connection of
these renewable sources [3]. Participation in the frequency
and voltage regulation, and services like inertia emulation
and damping of power oscillation are well established in
these grid codes [4, 5].

Therefore, several studies have suggested new ways to
control VSCs, known generically as virtual synchronous
machines (VSM) [6–8]. The idea underlying the VSM
concept is to control the VSC by emulating the essential
behaviour of a true SM [9]. In [8] a classification of VSMs
is presented.

Synchronous power controller (SPC) presented in [10] is
a flexible solution that inherits the advantages of conven-
tional synchronous generators, while it fixes many of its
drawbacks [11].

The electromechanical interaction of a SPC-controlled
VSC is implemented through the emulation of the clas-
sical swing equation of SM, which enables adjusting the
parameters of inertia and the damping according to the
operating conditions to achieve an optimal response.

In addition, as in real SMs, SPC has an inherent power-
based synchronization mechanism that provides the VSC
the phase-angle to properly synchronize it with the main
electrical grid. No additional synchronization method such
as phase-locked loop (PLL) is necessary [12], which enables
the VSC to operate in multiple scenarios including weak
grids, as well as on electrical islands [13].

Regarding the electromagnetic interaction, the SPC
implements a virtual admittance to regulate the current
injected into the grid in response to the difference between
the electromotive force (emf) of the virtual generator and
the voltage at the point of common coupling (PCC). The
virtual admittance acts a first-order low pass filter, which
enables minimizing the effect of PCC voltage variability,
making the system more stable and smoothing the current
injected into the grid [14].

The reference current provided by the virtual admit-
tance can be controlled through a standard current con-
trol loop. Therefore, a SPC-based power converter acts a
grid-connected controlled current source, which inherently
avoids the risk of over-current in case of short-circuits and
grid faults.



The purpose of this work is to analyse the effect of
some relevant parameters on the small-signal stability of
a grid-connected SPC-controlled VSC. To do this, a small
signal model of the system is initially derived. From this
model and applying the linear technique of the partici-
pation factors, it is finally observed how the variation of
the parameters affects the location of the values of the
linearised system.

The remaining part of the paper has been structured
as follows. Section II provides a concise and complete
description of the system under study. Subsequently in
Section III, a system of differential algebraic equations
(DAEs) is obtained for each of the parts of the system.
These DAEs fully describe the dynamics of the system
in the frequency range of interest and, after some alge-
braic manipulation, are rearranged as a non-linear state-
space model. Finally, the non-linear state-space model is
linearised at an equilibrium point getting a small-signal
model of the system. In Section IV sensitivity analysis is
carried out, i.e., variation of the system eigenvalues versus
the variation of some of their parameters is observed.
Additionally, root locus plots of the system eigenvalues
with change of some relevant parameters are obtained
in this same section. In Section V some time-domain
simulations are performed to confirm the results of the
sensitivity analysis of the previous section. Finally, Section
VI draws the main conclusions from the work.

II. System overview
Fig. 1 shows a schematic diagram of the system under

study, consisting of a three-phase grid-connected SPC-
controlled VSC. Although VSCs are connected to the grid
through filters that in general are more complex than a
simple L-filter, in order to simplify the analysis, only this
type of filter has been considered in this work.
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Fig. 1: Three-phase SPC-controlled grid-connected VSC.

For simplifying the analysis, the following assumptions
have been made: the terminals voltage at the DC bus, vdc,
has been assumed constant; balanced three-phase condi-
tions have been assumed for voltages and currents, i.e.

they contain only positive sequences; the VSC switching
dynamics has been neglected and only an ideal averaged
model is assumed for the converter.

In this work, boldface letters are used to denote com-
plex space vectors. Vectors referred to the αβ-frame are
denoted with the superscript s, whereas their counterparts
in dq-frame are represented without this superscript.

III. Mathematical modelling of the system

In this section, a state-space model of the system has
been obtained. For this, a system of differential equations
is firstly obtained. These DAEs fully describe the dynamics
of the system in the frequency range of interest and,
after some algebraic manipulation, are rearranged as a
non-linear state-space model. Finally, the non-linear state-
space model is linearised at an equilibrium point getting
a small-signal model of the system.

A. Power loop controller (PLC)

Active power control is carried out by means of the
power PLC block that relates the input and the output
signals by (1), where where H [s] and KD [pu] are the in-
ertia and the damping coefficient of the virtual generator,
and ω1 y ω [pu] are the fundamental frequency and the
frequency of the virtual generator respectively.

(
P ref −P

) 1
2Hs+KD

+ω1 = ω (1)

The relation (1) can be expressed in the time domain
by means of (2) where Δω = ω −ω1 and ΔP = P −P ref.

dΔω

dt
= −KD

2H
Δω − 1

2H
ΔP (2)

On the other hand, as it is shown in in Fig. 1 the
angle θ determines the rotor position of the VSM and it
is obtained by integrating the angular frequency ω and
therefore,

dθ

dt
= ω (3)

B. Reactive power control (RPC)

Reactive power control is carried out by means of a
PI controller that relates the input and output signals by
means of (4) where E1 and E [pu] are the nominal voltage
and the value of the emf of the the virtual generator.

(
Qref −Q

)(
kQ

p + kQ
i

s

)
+E1 = E (4)

A state space representation of (4) is given by (5) where
ΔE = E −E1 and ΔQ = Q−Qref.

dη

dt
= −kQ

i ΔQ

ΔE = η −kQ
p ΔQ

(5)



C. Voltage controller oscillator (VCO)
The VCO block has as inputs the voltage E and phase

θ from which it generates a sinusoidal virtual efm that is
naturally expressed in the αβ-frame as

es = eα + jeβ = Eejθ (6)

Since the virtual admittance and the current control
has been implemented in a dq synchronous reference frame
(SRF) sets by the angular position of the rotor of the VSM,
the change of (6) from αβ ot dq is given by

e = ed + jeq = ese−jθ (7)

D. Virtual admittance
In the αβ-frame the virtual admittance transfer function

is given by
Y s (s) = 1

Lvs+Rv

(8)

However, it should be noted that a relation ys =
Gs (s)us in αβ gives a frequency translation s → s+jω in
dq [15, 16], i.e., y = Gs(s+jω)u. Therefore, the difference
between the emf e and the PCC voltage v and the current
reference iref are related in dq-frame by means of

iref = 1
Lv (s+ jω)+Rv

(e−v) (9)

which becomes

Lv

diref

dt
= e−v −Rviref − jωLviref (10)

when is expressed in the time domain.

E. Current control
Considering that the dynamics of the current control are

relatively fast compared to the dynamics of the external
control loops, the entire current control can be simplified
to a first order system such as (11), where τ is the desired
time-constant.

i = 1
τs+1

iref (11)

that can be expressed in the time domain as
di
dt

= −1
τ

i+ 1
τ

iref (12)

F. External grid
The system is connected to the grid at the PCC. In

order to simplify the analysis, the entire AC system has
been replaced by its Thevenin equivalent consisting of a
voltage source vth in series with a inductance Lth.

The voltage at the point of common coupling is given
in the dq-frame by

v = vth +Lth

di
dt

+ jLthωi (13)

and Lth [pu] can be calculated by (14) where the short
circuit ratio (SCR) measures the strength of the AC
system with regard to a VSC [17].

Lth = 1
SCR

(14)

G. Active and reactive power measurement
The active and reactive power measurements, P and Q,

are obtained by means of the relations

P = vdid +vqiq

Q = vqid −vdiq

(15)

H. State-space representation of the system
Equations obtained in the previous subsections shape a

differential-algebraic system of equations (DAEs) that can
be expressed in the classical form

ẋ = f (x,u)
y = g (x,u)

(16)

In order to apply linear analysis techniques, such as
sensitivity analysis (16) has been linearized and expressed
in the form

Δẋ = AΔx+BΔu
Δy = CΔx+DΔu

(17)

where

Δx =
[
Δω Δθ Δη Δiref

d Δiref
q Δid Δiq

]T

Δy =
[
ΔP ΔQ

]T

Δu =
[
ΔP ref ΔQref]T

(18)

For reasons of space, matrices A, B, C and D have not
been included in the document.

IV. Sensitivity analysis
Once a state-space model has been obtained, the in-

fluence of the different parameters on the location of the
eigenvalues of the system is graphically observed in this
section. At the same time, the graphic information is
corroborated by means of a sensitivity analysis.

Sensitivity analysis shows how the variation of the
system parameters affects the location of the eigenvalues
[18]. The sensitivity si

β of the eigenvalue λi to parameter
β is provided by

si
β = dλi

dβ
=

Ψi

∂A
∂β

Φi

ΨiΦi

(19)

where Ψi and Φi are the left and right eigenvalues as-
sociated to the eigenvalue λi [19]. Although sensitivities
are generally complex numbers, it is its real parts that
determine the stability of the system [20] and they are the
only ones considered in this analysis.

TABLE I: VSC specifications

Quantity Symbol Value

Rated power Sn 125 kVA
AC voltage Vn 400 V
DC voltage vdc 750 V
AC frequency f 50 Hz
Switching frequency fsw 3150 Hz
L-filter inductance L 1180 μH



Eigenvalue ζ f
Sensitivity

(Hz) s
i
scr s

i
H s

i
KD

s
i

k
Q
p

s
i

k
Q
i

λ1,2=−1333.8±j8.9 1 1.42 89.278 −0.002 0 −276.819 0.204
λ3,4= −48.3±j301.7 0.16 48.02 −3.278 0.077 0 94.000 0.852

λ5= −13.0±j0 1 0 −0.143 5.899 −0.227 23.773 −1.829
λ6,7= −9.9±j5.4 0.88 0.86 −0.136 2.697 −0.012 −1.246 −0.141

TABLE II: Eigenvalues and sensitivities of SPC
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Fig. 2: Eigenvalues for a sweep of SCR from 10 to 1.

The VSC specifications is shown in Tables I. For all the
graphs, the operation point is given by P0 = 0.8pu and
Q0 = 0.8pu. Eigenvalues and sensitivities of the system are
showed in Table II for SCR = 10, P0 = 0.8pu and Q0 =
0.8pu.

Although the resulting system (17) is of seventh order,
some of the eigenvalues are too far away in the left half-
plane and therefore is neglected. The remaining ones are
the dominant eigenvalues.

A. Influence of the SCR

Fig. 2 shows the eigenvalues of the system for a sweep of
the SCR from 10 to 1. The arrows points in the direction
in which the SCR decreases. It can be seen that as the
SCR decrease, the conjugated complex eigenvalues λ6,7
become real and move toward the right decreasing the
relative stability of the system and showing a very slow
response in the time domain.

This is confirmed by the sensitivity values in Table II
according to which the sensitivity si

scr for the eigenvalues
λ6,7 and the variation of the SCR are of opposite sign.

B. Influence of the inertia constant H

Fig. 3 shows the eigenvalues of the system for a sweep
of H from 1 to 10. The arrows show direction in which
the H increases. It can be seen that as H increases, the
conjugated complex eigenvalues λ6,7 move to the right
producing a slow oscillatory response in the time domain.

This is confirmed by the sensitivity values in Table II
according to which the sensitivity si

H for the eigenvalues
λ6,7 and the variation of the H are of same sign.
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Fig. 3: Eigenvalues for a sweep of H from 1 s to 10 s.

-30 -25 -20 -15 -10 -5 0 5

-15

-10

-5

0

5

10

15

-60 -50 -40 -30 -20 -10 0 10

�

-400

-300

-200

-100

0

100

200

300

400

��

Fig. 4: Eigenvalues for a sweep of ζ from 0 to 1.

C. Influence of the damping constant KD

Fig. 4 shows the eigenvalues of the system for values of
KD equivalent to a sweep of the damping values ζ from 0
to 1. The arrows show direction in which the ζ increases.
It can be seen that for ζ ≈ 0 the location of the conjugated
complex eigenvalues λ6,7 shows a totally oscillatory beha-
vior. As ζ increases, these eigenvalues become real which
indicates an over damped response.

This is confirmed by the sensitivity values in Table II
according to which the sensitivity si

KD
for the eigenvalues

λ6,7 and the variation of the KD are of opposite sign.

D. Influence of the kQ
p constant of the Q controller

Fig. 5 shows the eigenvalues of the system for a sweep of
kQ

p from 0 to 0.72. The arrows show direction in which the
kQ

p increases. It can be seen that the conjugated complex
eigenvalues λ3,4 shows a oscillatory behavior that increases
as the value of kQ

p increases until the system becomes
unstable.
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Fig. 5: Eigenvalues for a sweep of kQ
p from 0 to 0.72.
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Fig. 6: Eigenvalues for a sweep of kQ
i from 0 to 56.

This is confirmed by the sensitivity values in Table II
according to which the sensitivity si

k
Q
p

for the eigenvalues
λ3,4 and the variation of the kQ

p are of opposite sign.

E. Influence of the kQ
i constant of the Q controller

Fig. 6 shows the eigenvalues of the system for a sweep
kQ

i from 0 to 56. The arrows show direction in which the
kQ

i increases. As in the case of kQ
p , it can be seen that the

conjugated complex eigenvalues λ3,4 shows a oscillatory
behavior that increases as the value of kQ

i increases until
the system becomes unstable.

This is confirmed by the sensitivity values in Table II
according to which the sensitivity si

k
Q
i

for the eigenvalues
λ3,4 and the variation of the kQ

i are of opposite sign.

V. Simulations

Some time-domain simulations were performed in
Simulink to confirm the results of the sensitivity analysis
in the previous section as can be observed in Fig. 7. In Fig.
7a can be observed the time step response for two different
values of H. For H = 10 the response of the system is
slower than for H = 2. In the same way in Fig. 7b it is
observed that for ζ = 0.1 the response is oscillating while
for ζ = 0.7 the response is more damped. These results are
as expected according to the analysis of Section IV.
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Fig. 7: Time response of the system: ΔP = 0.5pu at t = 1s.

VI. Conclusions
In this work, a sensitivity analysis of a three-phase grid-

connected SPC-controlled VSC SPC has been carried out.
Firstly, a non-linear mathematical model of the system has
been developed. This non-linear model has been linearized
obtaining a small signal model from which plots of the
system eigenvalues sweeping different parameters have
been made. To confirm the graphical analysis, the system
sensitivities have been calculated. Finally, time domain
simulations are performed to confirm the results of the
sensitivity analysis.

It is important to note that the eigenvalues of the system
follow a pattern similar to that of a SM. This should not
be surprising since the SPC aims precisely to emulate the
behavior of a SM. However, unlike the real SG in which
its parameters are fixed, in the SPC its parameters are
adaptive to different operating conditions of the system. In
this sense, this work makes it possible to accurately predict
the limits within which system parameters can vary to
ensure stable operation of the system.
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