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Abstract
Cells rely on an interplay of subcellular elements for motility and migration. Certain regions of
motile cells, such as the lamellipodium, are made of a complex mixture of actin monomers and
filaments which polymerize at the front of the cell, close to the cell membrane, and depolymerize at the rear. The dynamic actin turnover induces the so-called intracellular retrograde flow
and it is a fundamental process for cell motility. Apart from some comprehensive mathematical
models, the computational modelling of actin treadmilling has been based on simpler biophysical models. Here, we adopt a highly detailed theoretical model of the actin treadmilling process
and develop a coupled unsteady finite element formulation. We clearly describe the structure and
implementation of the coupled problem within the finite element method. Our numerical results
show an excellent correlation with experimental results from literature and with previous models. We include time dependent effects and convective transport terms, which expose puzzling
dynamics in the retrograde flow. We propose several biological scenarios to analyze the behavior
of the actin treadmilling along space and time. We observed response times of the main density
variables in the order of seconds. Compared to previous analytical solutions, which make assumptions related to convective transport, transient dynamics and actin fluxes, the generic solution
can have significant influence on the retrograde flow. All together, our results unveil a promising
applicability of classical finite element methods to derive an in-silico testing platform for the actin
treadmilling processes in motile cells, which could allow for an extension to other biophysical
effects.
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1

INTRODUCTION

Actin dynamics is unarguably a fundamental element in cell motility, migration and morphology [27, 37, 38]. An explicit understanding of the actin
cycle at different spatial and temporal scales of the cell have been, and still is, a jigsaw in biology. Actin dynamics control a wide range of cellular
processes and it has been proposed as a key player in the protrusion of the leading edge[39]. The continuous movement of actin in the cell body,
a flow of cellular components from the outer margin of the cell to the rear of the cell induce the so called retrograde flow. The retrograde flow is
dictated by either a passive or an active movement of actin that polymerizes against the plasma membrane and can be pulled and transported by
other phenomena. More important, retrograde flow have been identified as the major contributor for cell motility [7, 33, 37].
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Cell motility can be categorized as a function of its velocity. Classical models of slow motility are epithelial cells and fibroblast while keratocytes
stands as a widely accepted model for fast cells. Actin turnover remains almost stationary along cell progression in fast moving cells and the actin
treadmilling is mainly used for a continuous protrusion for the leading edge [47, 51]. On the contrary, slow cells transform the continuous flow of
actin on the leading edge into a notably retrograde flow [49, 46, 25], unveiling a key distinctive feature between both cell models. Actually, the
degree at which protrusion occurs in comparison with the retrograde flow has been suggested as a clear indicator of fast versus slow cells. Nonetheless, in contradiction with other reports, retrograde flow has been also distinguished in keratocytes [48, 17]. Such differences and similitudes raise
the question whether a given cell possess the same control mechanism or if differences just arise in the spatial and temporal organization of all the
actors involved. For example, the retrograde flow can present non-uniform fields over the cell domain. In the rear of keratocytes, where myosin
concentrates, the retrograde flow is faster than on the periphery of the cell [51].

1.1

Actin Dynamics

The regulation of the actin treadmilling is the most remarkable and widely studied process (see, e.g, [27, 37, 38] in the mechanism of retrograde
flow. In short, the actin dynamic turnover is dictated by a continuous assembly and disassembly of different cellular constituents. Actin monomers
nucleate, promoted by Formin, Profilin and cofilin [22, 10], and polymerize rapidly after a period of slow nucleation [38, 5]. Actin filaments, F-Actin,
are identified as polar (all monomers pointed in the same direction) acquiring a fast-growing end, the (+) end or barbed end, and a slow dissociating
end, the (-) end or the pointed end. The constant growth of the F-actin through the polymerization of the barbed ends pushes the filaments backwards to be balanced by the depolymerization mechanism along the lamellipodium of the cell at the pointed ends of the F-actin. During this process
the association and disassociation rates control the rate of filament formation [5]. Furthermore, F-Actin undergoes a complex reaction while assembling and disassembling. Barbed ends terminate its formation when capping proteins associate in a process referred as capping [8], which inhibites
further growth. The process of capping and uncapping in the leading edge is still not well understood but a number of proteins have been described
to control both the uncapping and capping of barbed ends [6, 36]. F-Actin dissociates, mediated by ADP and cofilin, at the pointed-end producing
ADP-actin dissociations. Then, profilin promotes the ATP replacement of ADP, providing a pool of new actin monomer ready to bind the barbed ends
[37, 5]. A key actor in the actin turnover is the nucleation promoting factor Arp2/3. Arp2/3 activates and promotes the formation of new branches
of actin filament along the barbed end of the actin filament [2]. The Arp2/3-dependent formation [31, 2] of actin filaments has been experimentally
demonstrated [32, 38].
Apart from the actin dynamics briefly described above, myosin motor can also regulate the dynamics of the actin retrograde flow as it has been
demonstrated in neural growth cones [24] and keratocytes [51]. In fact, this coupling establishes the active mechanism required for cell crawling
[45, 51]. In few words, the motor domain of myosin, a superfamily of ATP-dependent motor proteins, binds to F-actin and generate force via ATP
hydrolysis to move along the filament towards the barbed end [14]. [51] showed the role of the non-muscle myosin II in the disassembling actin
network. [52] demonstrated that the actin-myosin organization could be in charge to initiate polarization of the cell and further cell motility. There
is still an open debate about the role of different types of myosin in overall dynamic behavior of the actin-myosin complex cell mechanics and
retrograde flow in particular.

1.2

Mathematical and Computational Models

Mathematical and computational models have been extensively used [16, 13] to unravel open questions in cell motility. The foundations of actin
treadmilling have been mathematically established [35, 29, 4, 41] and more and more detailed models have appeared [19, 23, 4]. Some models
couple the actin treadmilling with the mechanics of the membrane protrusion [34, 28, 11]. The most detailed theoretical models today (see, among
others, [29, 4] have been solved either analytically or in simple 1D numerical schemes. However, they have not been extended to more complex
2- and 3D geometries. Therefore, there is a need to incorporate the latest modeling developments in the actin treadmilling process into classical
numerical schemes so that they could provide new insights.
In this work, we adopt one of the most complete theoretical models of actin treadmilling [29] and develop a fully coupled finite element model. We
aim to describe through numerical methods how all the constituents involved in the retrograde flow work together. We focus on fast motile cells,
such as keratocytes, where both the protrusion and the retrograde flow speed remains steady along cell crawling. Moreover, we focus on a portion
of the front of the cell, as highlighted in Fig. 1 . We can choose our frame of analysis as a system of reference that moves at constant speed with the
cell. We will call this the cell frame system while the movement of the cell will be defined from a reference cartesian system. The paper is organized
as follow: First, we describe the basic equations describing the complex transport problem in cell mechanics. Second, we particularize the transport
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problem for the pool of actin monomers as well as actin filaments. We focus then in the numerical implementation by using the finite element
method, where the temporal and spatial discretization are discussed. Then we describe in detail the linearized coupling procedure needed for a
Crank-Nicolson implicit formulation. Third, we present several results for physiological conditions as well as drug treated-like situations, usually
described in experimental results. Finally, we discuss our methodology and results.

2
2.1

GOVERNING EQUATIONS
The Actin Treadmilling Model

We consider here the turnover of G-actin and F-actin in several of its forms. The model is adopted from [29] which is one of the most complex and
the most accurate model developed up to date. We first consider the dynamics of barbed ends, defined as ρB . Barbed ends are the filament ends
pointing towards the cell membrane and with fast-growing dynamics. Uncapped minus ends (ρm ), those still available for polymerization of actin
monomers with the fuelling ATP attached, are concentrated close to the leading edge and therefore they can be described per unit length of the
membrane. The variable describing the process of capping of the minus ends is denoted by ρmc . The disassembling process has been described as
follow. The ATP attached to actin hydrolyze and are converted to ADP. The hydrolyzed ADP-F-actin attach to ADF-cofilin, promoting its dissociation
into fragments, denoted here by ρs , that at the same time creates new uncapped pointed ends (ρm ). Profilin makes the ADP to ATP exchange
possible, creating ATP-G-Actin-profilin complexes (ρa ) which will be later used at the leading edge by the barbed end for the nucleation process.
Finally, ATG-Thymosin, denoted by ρβ , depletes or promotes the amount of ATP-G-Actin-profilin which increases the ATP form of G-actin. The
depolymerization of the actin filaments plays a key role not only for keeping the extension of the filaments within the cell margins but for providing
a pool of actin monomers in the lamellipodium to be recycled at the leading edge. We have summarized the main substances involved in the process
in Fig. 1 (c). All constituents considered in the model are tabulated in Fig. 1 (b). In the following section we describe in detail the mathematical
modeling adopted for each F-actin and G-actin form.

FIGURE 1 Top left: Keratocyte cell, adapted from [51]. The region of interest highlighted in white. Bottom left: the model is described through 7
different forms of actin. The model takes into account the density of the barbed ends ρB at the leading edge of the lamillopod as well as the dynamics
of the pointed ends, described by the uncapped and capped forms ρm and ρmc . The pool of G-actin monomers is also described. The densities of
ADP-G-actin sequestered by ADF/cofilin ρs , the exchange of ADP-G-actin to ATP-G-actin-profilin and ATP-G-actin-thymosin β4 complexes are also
considered and denoted by ρa and ρβ respectively. Middle: we sketch the domain of interest, corresponding to the central section of the cell. The
figure shows the main interaction between the main structures and components in the actin turnover process, which is modeled through Eq.5-12.
Right: Details of the geometry analyzed.
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2.2

Problem Statement

Consider the following advection-diffusion-reaction model for the evolution of the concentration ρi = ρi (x, t) of a constituent i within the
lamellipodium of the cell as
in Ω, t > 0

(1)

i

ρid (x, t)

on ΓD , t > 0

(2)

i

hin (x, t)

on ΓN , t > 0

(3)

ρi0 (x)

in Ω

(4)

∂t ρi + u · ∇ρi − ∇ · (ν∇ρi ) + σρi = s(ρj )
ρ (x, t) =
∂n ρ (x, t) =
i

ρ (x, 0) =

where Ω ∈ R2 is the domain of interest with boundary ∂Ω such that ∂Ω = ΓD ∪ ΓN where ΓD and ΓN are the Dirichlet and Neumann boundaries
respectively. The vector field u represents the advection velocity, ν is the diffusion coefficient and σ is the reaction coefficient. s(ρj ) is the source
term for the creation and removal of material which depends on the concentration of other constituents of the system. The reaction term is treated
as a reaction if it has a constant coefficient. Any non-linearities or couplings with other concentration variables are treated inside the source term,
with the exception of the convection velocity u. Finally, ρid and hin are given functions for the Dirichlet and Neumann boundary conditions respectively. The entire cell treadmilling can be described by means of combination of this general transport equation for each constituent. In Fig. 1 we
summarize the interplay between the different constituents i, which accounts for the different elements of the actin turnover.

2.3

Dynamic of Actin Monomers

First we describe the complex interplay between the different forms of actin monomers. We account for four forms of the actin monomers concentration (see Fig. 1 ). Following [29], we consider the concentration of ADP-G-actin-ADF/cofilin ρs , ADP-G-actin-profilin ρp , ATP-G-actin-profilin
ρa and ATP-G-actin-tymosin ρβ . These forms of actin account for the sequestering due to three main proteins, ADF/cofilin, profilin and thymosin.
ρs and ρp represents the dynamics of ADP-G-actin sequestered by cofilin and profilin, while ρa and ρβ represents the dynamics of ATP-G-actin

sequestered by thymosin and profilin, respectively. This set of equations can be modeled as follow:

∂t ρ s

+ u · ∇ρs

∂t ρ

p

p

∂t ρ

β

∂t ρ

a

− ∇ · (ν s ∇ρs )

+ u · ∇ρ

p

p

β

β

a

a

+σ s ρs

− ∇ · (ν ∇ρ )

β

+ u · ∇ρ

+ u · ∇ρ

p

=s (ρ ),

β β

=s (ρ , ρ ) and

+σ ρ

β a

− ∇ · (ν ∇ρ )

+σ ρ

(5)
(6)

p p

+σ ρ

− ∇ · (ν ∇ρ )

a

=ss (ρp , ρm ),
s

β

a

p

(7)

a

β

p

(8)

=s (ρ , ρ ).

We define the following reaction and source terms:
σs
σ

p

σ

a

σ

β

and

=k1 ∈ R+
=k−1 + k2 ∈ R
=k3 ∈ R

and

+

and

+

=k−3 ∈ R

and

+

ss (ρp , ρm )
p

s

a

β

p

β

a

p

s (ρ )

=k1 ρ

s (ρ , ρ )
s (ρ , ρ )

(9)

=k−1 ρp + jd

(10)

s
β

=k−3 ρ + k2 ρ
p

=k2 ρ − k3 ρ

a

p

(11)
(12)

The above equations define the complex association and dissociation kinetics of actin filaments. Equations [5-8] satisfy no-flux boundary conditions
at the front and rear of the cell. The source term jd = Vdep /(δη)ρm defines ADP-G-actin-ADF/cofilin being formed due to disassembling of Factin. Here, Vdep represents the rate of depolymerization of the filaments. Just the ATP-actin-profilin, ρa , that is used in the leading edge during
polymerization, fulfils

∂ρa
V B
+ uρa
=−
ρ
(13)
∂n
δη
f ront
f ront
a
The flow of ρ in the boundary points toward the cell membrane. Jp is defined by the addition of monomer per filament δ[nm], the protrusion


Jp =

−D

velocity V[µm/s] (discussed below) and the density of uncapped barbed end ρB in the leading edge. The factor η converts the flux [µm−1 s−1 ] into
[µM s−1 ] (see [29] for more details).

2.4
ρm

Dynamic of Actin Filaments

and ρmc represent the concentration of actin filaments still capped by Arp2/3 and pointed end filaments. In short, we can write the overall actin

filament turnover following the mathematical description in [29]:
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∂t ρmc + u · ∇ρmc + σ mc ρmc = smc
∂t ρ

m

+ u · ∇ρ

m

m m

+σ ρ

=s

m

in Ω, t > 0

(14)

in Ω, t > 0.

(15)

σ mc describes the rate of uncapping in the pointed ends. Capped ends are not generated in the interior of the cell, which motivates to set smc = 0.

We also assume that sm acts as a negative source term in the dynamics of the pointed ends. The reaction term σ m accounts for the half life of the
actin filament. The total concentration of barbed ends in the domain is represented by ρB . The time derivative of ρB can be defined at the leading
edge as ∂t ρB + σ B ρB = sB . The terms σ B represent the half life of capping barbed ends. sB [s−1 µm−1 ] is the rate of branching barbed ends
promoted by Arp2/3. In summary, we can describe the reaction and source terms as

σ B = γ ∈ R+

and

mc

= τ1 ∈ R

+

and

= τ2 ∈ R

+

and

σ

σ

m

(16)

sB = n ∈ R + ,
s

mc

=0

m

mc

s (ρ

(17)
mc

) = τ1 ρ

+

∈R

(18)

To furnish (14) with appropriate boundary conditions the following physical observations are assumed. The terms proportional to ρmc and ρm
describe the uncapping of minus ends and removing of uncapped minus ends due to the disassembly of the actin filaments, respectively. Capped
pointed ends are capped at the same rate as barbed ends at the leading edge where the flux of capped ends must equal the nucleation rate n.
The density of capped and minus ends at the leading edge are ρmc (LE, 0) = n/V and ρm (LE, 0) = 0. Here, LE denotes the leading edge. The
rate of capping and branching are assumed constant since the amount of Arp2/3 is the limiting factor in the growing process and the amount of
branching sites is in abundant supply. Therefore, the density of filaments capped with Arp2/3 are described by the constant nucleation rate divided
by the velocity of the leading edge. At the front and rear edges the concentrations are assumed to fulfill no-flux boundary conditions. A schematic
representation of the constituents and their interactions are shown in Fig. 1 .
These equation can be dramatically simplified if the transient and convective terms are neglected. See [29] for a complete discussion. One of the
most important results of this simplification is obtained by substituting Eq. 14 in the definition of jd in the previous section, obtaining a simplified
form of the flux. Following this reasoning, we can obtain that jd ≈ 7µM s−1 . Following further assumptions, the form of the polymerization flux
can be also simplified as Jp = Ljd . Both assumptions has been described in depth in [29] and simplifies the coupling between the velocity and the
density profiles.

2.5

Protrusion and Moving Velocity

A key aspect in the model is the definition of the different velocities involved in the model. We define in this section the protrusion and moving
velocity of the cell, which is directly related with the velocity of the retrograde flow (see [29, 3] for further discussion). It is important to note that
we define our problem in the cell frame, meaning that we follow the cells as it moves. We start by recalling some physical models of membrane
protrusion. Let’s consider a free polymerization velocity, meaning that the constant actin assembly do not face any restriction as it moves. In this
situation we can define the free polymerization velocity as
V0 = kon ρa (LE, 0).

(19)

kon defines the constant rate of actin nucleation and ρa (LE, 0) is the density of ATP-G-actin-profilin at the front of the cell. We weight the product

of these two variables by the length of one single actin monomer. However, actin filaments grow against a resistance membrane, the cell membrane.
Following previous physical reasonings [34, 28, 29], the final protrusion velocity has been approximated as
V = V0 exp(−F δ/ρB kb T ),

(20)

where F represents the resistance force of the cell membrane per unit length [pN/µm]. The thermal energy constant is kb T = 4.1[pN · nm].
Let’s now consider the velocity of the actin network in the coordinate system of the moving cell, therefore moving with the cell at a velocity V. The
moving velocity can be approximated by
V = −u(x, t) · n.

Any substance within the cell will drift at a rate u(x, t).

(21)
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3

NUMERICAL APPROXIMATION

Next, we provide the basic ingredient for the complete temporal and spatial discretization of the parabolic equations presented in (5-8) and (14-16).
The reader is referred to [15] for a detailed description and overview.

3.1

Time Discretization

n+1
The time integration of our set of equations is performed through the θ family methods, which are based on a weighted average of ρn
t and ρt

within a truncated Taylor expansion of order O((1/2 − α)∆t, ∆t2 ). The temporal discretization is given by a time interval T and a number of
S
subintervals n, T = n−1
[tn , tn+1 ], with a time increment ∆t = tn+1 − tn ≥ 0. The temporally discretized form of the general parabolic equation
0
(1) reads
ρ
ρn
+ θL(ρ) =
− (1 − θ)L(ρn ) + θs + (1 − θ)sn
∆t
∆t

(22)

Here, we define the operator L(•) = u · ∇ − ∇ · (ν∇) + σ acting on ρ. Note that for sake of simplification of notation, the superindex i in the
previously denoted ρi in (1) and the superindex for the time increment n + 1 have been dropped from now on. We adopt the classical implicit 2nd
order by choosing θ = 1/2.

3.2

Weak Form of the Convection-Diffusion Equation

We focus next on the spatial discretization of the problem. Following the standard Galerkin formulation for the weak form of the initial boundary
value problem we define a set of weighting functions and admissible solutions. The trial function S are required to fulfill the Dirichlet condition in
ΓD . The test function V are all functions that are square integrable, have square integrable first derivatives in Ω and vanish in ΓD . Writing these

spaces in a mathematical fashion, and recalling the usual Hilbert spaces, we can define
(23)

St = {ρ|ρ(·, t) ∈ H1 (Ω) t ∈ [0, T ]| ρ(x, t) = ρd on ΓD }
1

V = {ω ∈ H (Ω) | ω = 0 on ΓD }

By using these solution spaces and weighted residuals the weak form reads
Z
ω
Ω

ρ
dΩ + θ
∆t

Z

Z
ωL(ρ)dΩ =

Ω

ω

ρn
dΩ − (1 − θ)
∆t

Ω

Z

ωL(ρn )dΩ +

Ω

Z

ω[θs + (1 − θ)sn ]dΩ

(24)

Ω

By applying the Gauss theorem on the second term of the left hand side of the previous equation, considering the boundary such that ∂Ω = ΓD ∪ΓN
and using ν∂n ρ + u · ∇ρ = hN on ΓN the problem can be written in a compact form as:
find ρ ∈ St , for any t ∈ [0, T ] such that all weighing functions in ω ∈ V

(ω,
(ω,

ρ
) + θ[a(ω, ρ) + c(u; ω, ρ) + (ω, σρ)] =
∆t

ρn
) − (1 − θ)[a(ω, ρn ) + c(u; ω, ρn )+(ω, σρn )] + θ(ω, s) + (1 − θ)(ω, sn ) + θ(ω, h)ΓN + (1 − θ)(ω, hn )ΓN
∆t

where each of the operators can be defined as
Z
Z
(ω, ρ) =
ωρdΩ,
c(u; ω, ρ) =
ωu · ∇ρdΩ,
Ω

Z
∇ω · (ν∇ρ)dΩ

a(ω, ρ) =

Ω

and

Ω

Z
(ω, ρ)ΓN =

ωρdΓ.

Ω

(26)

ΓN

By analogy with the previously defined spatial operator, we define an associated form as
Z
Z
Z
L̂ω (•) =
ωu · ∇(•)dΩ + ∇ω · (ν∇(•))dΩ + ωσ(•)dΩ
Ω

(25)

(27)

Ω

so that we can rewrite the weak form in a more compact form as
(ω,

ρ
ρn
) + θL̂ω (ρ) = (ω,
) − (1 − θ)L̂ω (ρn ) + θ(ω, s) + (1 − θ)(ω, sn ) + θ(ω, h)ΓN + (1 − θ)(ω, hn )ΓN
∆t
∆t

(28)

In order to avoid instabilities due to the convective part of the equation we introduce the SUPG stabilization (see [15] for more details). We
introduce a new term, s(ω, ∆ρ), to be added at the left hand side of (25). This new term is defined
XZ
S(ω, ρ) =
P(ω)τ R(ρ)dΩ
e

Ωe

(29)
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where
P(ω) = u · ∇ω

and

R(ρ) =

ρ − ρn
+ θL(ρ) + (1 − θ)L(ρn ) − [θs + (1 − θ)sn ]
∆t

(30)

The choice of the stabilization parameter is a central part of the stabilization scheme. Its definition is not obvious and it is still matter of research.
Here we adopt the following expression:

τ =

2
2|u|
4ν
+
+ 2 +σ
∆t
h
h

−1

(31)

where h is the mesh size.

3.3

Spatial Discretization

The spatial discretization of the transport equations are discretized now in space following the Galerkin formulation through out two finite
dimensional spaces S h and V h , subsets of S and V .

S h = {ρ | ρ(·, t) ∈ H1 (Ω), ρ(·, t)|Ωe ∈ Pm (Ωe ) t ∈ [0, T ] ∀e and ρ = ρD on ΓD } and

(32)

V = {ω ∈ H (Ω) , ω|Ωe ∈ Pm (Ωe ) ∀e and ω = 0 on ΓD }

(33)

h

1

where Pm is the finite element interpolating space. Now the semi-discrete Galerkin formulation is adopted by restricting the weak form to find
ρh ∈ S h for any t ∈ [0, T ] such that all ω h ∈ V h the following fulfills:
ρh
) + θL̂h (ρh ) − (ω h , θs) − (ω h , θh) + S h (ω h , ρh )
∆t
ρn
= (ω h ,
) − (1 − θ)L̂h (ρn ) + (ω h , (1 − θ)sn ) + (ω h , (1 − θ)hn )ΓN + S n (ω h , ρn )
∆t

(ω h ,

(34)

where, S h (ω h , ρh ) and S n (ω h , ρn ) are such that S h (ω h , ρh ) + S n (ω h , ρn ) = S(ω h , ρh ).
By an abuse of notation we have transformed L̂w (•) into L̂h (•h ) by just replacing our unknowns in the weak form for the ρh and ω h . To clearly
define every term, let us expand the term associated with the SUPG stabilization as:



ρh
+ θLh (ρh ) − (ω h , θsh )
S h (ω h , ρh ) = P(w)τ
ωh ,
∆t


n
n
h n
h ρ
S (ω , ρ ) = P(w)τ
ω ,
+ (1 − θ)Lh (ρn ) − (ω h , (1 − θ)sn )
∆t

(35)

It is worth to note the difference between L̂h (•h ) and Lh (•h ). The latter is an operator in strong form and has a second order differential operator
appears, which of course impose important consequences in the following finite element discretization.
The domain Ω is discretized into nel elements named Ωe . The geometry is interpolated by the shape functions N i using the nodal positions xi with
i = 1..nen as
x h |Ω e =

n
en
X

(36)

N i xi

I=1

In the spatial discretization of Ω, a C 0 -continuous finite element is used for the density variable ρ. The unknowns quantities ρ are interpolated on
the element level in an isoparametric fashion with the shape functions N i . The test functions ω are also interpolated using the same shape functions
as
δρh |Ω e =

n
en
X

N i ωi ∈ H10 (Ω) and ρh |Ω e =

i=1

n
en
X

N k ρk ∈ H1 (Ω)

(37)

k=1

Following the same interpolation, the gradients of the unknowns and the test functions are written as
∇δρh |Ω e =

n
en
X
i=1

ωi ∇N i and ∇ρh |Ω e =

n
en
X

ρk ∇N k

(38)

k=1

and the second order gradient approximations as
∇2 δρh |Ω e =

n
en
X
i=1

ωi ∇2 N i and ∇2 ρh |Ω e =

n
en
X
k=1

ρk ∇2 N k

(39)
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Finally, we will call B the full set of nnp global node points in the finite element discretization described as B =
Be

gathers the complete set of all element nodes nel ,

Snel

e=1

Be with B = {I | I = 1, nnp }.

= {i | i = 1, nen }. Considering BD the set of nodes on the Dirichlet boundary, the

Be

approximation ρh can be expressed as,
X

ρh (x, t) =

N I (x)ρD (xI ) +

I∈BD

X

(40)

N I (x)ρI

I∈B\BD

Applying the above finite element discretization in space and time we can write the transport equation in the spatial and temporal semi-discretized
system of partial differential equations as
"

#
"
#
M + M̊
M + M̊ n
ρ + θ(L + L̊)ρ − [m + m̊][θs] =
ρ − (1 − θ)[L + L̊]ρn + [m + m̊][(1 − θ)sn ]
∆t
∆t

(41)

where
L = mc + K + σM and L̊ = m̊c + K̊ + σ M̊

Each one of the terms in the previous equations can be expanded as
nel Z
nel Z
M= A
Ni Nj dΩ, m = A
Ni dΩ, m̊c =
e=1
e
Ω0
nel

K=

A
e=1

e=1
e
Ω0

nel

K̊ =

A
e=1

e
Ω0

nel

mc =

A
e=1

A
e=1

Z
τ (u · ∇Ni ) u · ∇Nj dΩ

e
Ω0

Z
∇Ni · (ν∇Nj )dΩ,

nel

(42)

Z

(43)

τ (u · ∇Ni ) · (ν∇2 Nj )dΩ,

e
Ω0

nel

Z
Ni u · ∇Nj dΩ, M̊ =

A
e=1

Z

nel

τ (u · ∇Ni ) Nj dΩ and m̊ =

e
Ω0

e
Ω0

A
e=1

Z
τ (u · ∇Ni ) dΩ.

e
Ω0

nel

A

R

e
e=1 Ω0

4

denotes the assembly operator acting on the local element matrix and nodal vectors.

COUPLING PROBLEM

In Section 3 we have presented the spatial and temporal discretized form of the general parabolic model. In this section we take the constitutive
model of actin treadmilling described in Section 2, apply the numerical approach described in Section 3 and couple them together to end up with a
fully coupled system of equations. Once our system of equations has been built we can see that each of the original source terms are now reaction
terms with respect to the other equations. Another coupling that appears is through the dependence of convective transport velocity on the magnitude of ρa on the leading edge (Eq. (13)). The first coupling is linear in nature, but the second one is non-linear. Hence, the discretized system has
to be solved iteratively. A fixed pointed method is used to solve this coupled system. Convergence is not guaranteed for this iterative method and is
sensitive to the initial guess, still it is practical option because of its ease implementation. Consider, that we need to find the root of a function f (x),
it is first algebraically manipulated to an equivalent form x = g(x). To solve (41), it first needs to be expressed in the equivalent form of x = g(x) as
"

"
#
#
M + M̊ k+1
M + M̊ n
k
k k+1
k
ρ
+ θ(L + L̊ )ρ
− [m + m̊][θs ] =
ρ − (1 − θ)[Ln + L̊n ]ρn + [m + m̊][(1 − θ)sn ]
∆t
∆t

(44)

The initial guess of ρ is taken as ρn . Let ρk be the k-th iterate of fixed pointed process. Hence, ρ1 = ρn . The iterations continue till the norm of
residual of the (44) attains a value below specified tolerance. The last iterate is considered to be the converged solution for the time step n + 1.
After solving (44), ρk+1 is obtained. With this, first the velocities are updated as follows,
k+1

V0k+1 = kon ρa

(LE, 0)

and

V k+1 = V0k+1 exp(−F δ/ρB

k+1

kb T )

(45)

V k+1 is used to update the convection velocity u. The highlighted domain of interest in Fig. 1 is roughly a sector of a circle, as shown in the Fig. 1 .

Convection of various constituents happens from leading to trailing edge and the radial edges are assumed to have no fluxes across it. Consequently,
in this particular region of the cell, the spatial distribution of the velocity is assumed to be radial and divergence free, as there is no source or sink
for the convective fluids, with direction of the velocity in radial direction all over the domain, i.e.
u = V k+1

R
r̂
r

where the R is the leading edge radius. With the updated velocities (V k+1 ) and ρk+1 , the operators and sources are evaluated as
k+1
˚
Lk+1 = mc (V k+1 ) + K + σM and L̊k+1 = m̊c (V k+1 ) + K̊(V k+1 ) + σM(V
)

(46)
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Algorithm 1 Velocity - ρa coupling for any given time-step
1: while convergence = false do
2:

Set V = kon δρa (0) exp(−δF/kB ρB T ) using current iterates of densities ρa , ρB

3:

Set Jp =

V ρB
δη

4:

Apply Neumann B.C: νa ∇ρa + uρa = −Jp

5:

Compute new iteration for all densities, ρi

6: end while

5

RESULTS

First, we present the results of actin treadmilling in physiological conditions based on the coupling procedure described in previous section, that is
considering Jp = V ρB /(δη) and with convective terms. Then we compare the results with the steady-state and non-convective solution described
in [29] where the polymerization flux was described as Jp = Ljd . Note that this assumption is only valid for the analytical 1D case and can not be
imposed in a general 2D geometry. Then we show the effect of different modified conditions in the dynamics of the retrograde flow. We focus on the
effect of the depolymerization, polymerization and nucleation rate, main responsible for the dynamics in the actin turnover and, therefore, in the
retrograde flow and cell migration. We further analyze the effect of the membrane resistance, and mechanical variable that has been also described
to condition the overall dynamics o the actin flow. We compute numerically a section of the middle part of a keratocyte, as described in Fig. 1 .
We analyze the six actin forms described in previous sections. Boundary conditions were also provided which were either zero or a function of the
parameters described in Table 1 . The geometry is shown in Fig. 1 (d) and discretized in 20 linear elements in radial and circumferential direction.

5.1

Actin Treadmilling in Physiological Condition

In this section we consider physiological conditions of motile keratocytes to analyze the patterns of actin within the lamellipodium of the cell. We
provide a summary of the parameter values in Table 1 that we consider to represent physiological conditions.
The results at steady-state in the mid section as well as in a line from the front down to the rear of the section are shown in Fig. 2 as it has been
recapitulated in theoretical and experimental models [46, 29]. A constant profile of ρs and ρp is obteined. ρa starts at ≈ 10µM and increases up
to ≈ 17µM and ρβ starts at ≈ 13.5µM and increases up to ≈ 15.5µM . The gradient in these two monomers forms induce a diffusion from the
back of the cell to the front. Then, we also solve the problem with the assumption of Jp = Ljd with jd constant and neglecting the convective
terms, as described in [29], instead of the coupling form of the flux we have described above. We plot the differences of the monomeric forms for
both descriptions of the flux in Fig. 2 , which are explained in terms of the convection and the change in the polymerization term Jp . We observed
a crossing in both variables at ≈ 3.5µm in our solutions while the spatial distribution of ρa and ρβ in [29] increase uniformly from ≈ 13 and 14µM
up to ≈ 18 and ≈ 20µM , respectively, without the crossing observed in our results. To check if we made any mistake during the FE implementation
we also solved the problem with Jp = Ljd analytically. Our results showed the same behaviour as the FE results. The flux of ATP-actin-profilin at
the leading edge is Jp = 52.26µM µms−1 in comparison with the Jp = 70µM µms−1 in the analytical solution.
The density of capped minus ends, ρmc , is maximum at the leading edge and decreases exponentially up to the trailing edge. Therefore, we describe
a capping process occurring mainly in the first 2-4µm from the leading edge after which no more capping occur. This tendency is in agreement with
experimental [39] and theoretical results [29]. The density of uncapped minus end, ρm , increases from the leading edge and forms a plateau at the
rear. The interplay of all the substances provides a protrusion velocity at steady state value of V = 0.14µms−1 , in agreement with experimental
values of fast moving keratocytes [19, 51]
In this physiological conditions we calculate the Peclet number, Pe, as an indicator of the role of advection against diffusion. We found that Pe=0.071,
clearly indicates the low role of the advection process in the model. We removed the convective part of the model equations to analyze at what
extent the diffusion process dominates the transport of substances in the interior of the cell. The results in Fig. 3 confirm that all concentration
remains the same but ρβ and ρa showed minor differences. Although the differences are not remarkable, the increase in the available ATP-G-actin
at the leading edge modified the protrusion velocity of the cell to V = 0.15µms−1 . It presents a barely 7% increase with respect to the inclusion of
the advection into the model equations.
Given the low relevance of the convective term in the evolution of the densities in this particular model case, we were also wondering about the
effect of the diffusion in the density profiles. Given the different values considered in literature, e.g. D=1.15 µm2 s−1 [19] or D=30µm2 s−1 [1],
we vary the diffusion parameter to D=0.1, 1 and 100 µm2 s−1 to analyze the effect of the diffusion parameter as it was done similarly in [19]. As
shown in Fig. 4 ρβ [µM ] and ρa [µM ] increase remarkable in the rear of the lamellipodium as the diffusion coefficient decreases. The decrease in
the diffusion coefficient makes the G-actin monomers in the rear of the cell to accumulate since the diffusion of the monomers is diminished by the
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low coefficient. ρmc increases at the front of the cell, showing an accumulation of capped pointed ends from the leading to the rear edge. Similarly,
the uncapped pointed end ρm increased close to the leading edge as the diffusivity decreases. Moreover, the protrusion velocity was also modified
to V = 0.03, 0.09, 0.146 and 0.1437µms−1 , respectively. These results indicate that as the diffusion coefficient decreases and the monomers start
to accumulate in the rear of the cell, the amount of ATP-G-actin in the leading edge decreases and therefore the leading edge velocity decreases.
The steady state of the physiological case will be used as the initial conditions for the following simulations.

5.2

Effect of Depolymerization at the pointed Ends

We simulate the effect of the velocity of depolymerization. Although this is a quantity of difficult measurement experimentally some estimates
have been proposed [21, 6] to be in the order of Vdep = 0.1µms−1 . We explored the effect of varying the depolymerization rate to Vdep =0.05 and
0.2 µms−1 respectively. Results in Fig. 5 describe the resulting density profiles. When Vdep =0.2 increases, we observed an increase of ρβ and ρa
across the lamellipodium. As more and more monomers are created at the rear, they diffuse across the lamellipodium increasing the overall amount
of monomers in the cell. Similarly, ρp and ρs increased uniformly. The amount of capped and uncapped minus ends, ρm and ρmc , also increased. A
similar decrease is observed when Vdep =0.03 µms−1 .

5.3

Effect of the Nucleation rate of Barbed Ends

In sections 5.3 to 5.5 we consider cases of temporal variations of different parameters affecting the treadmilling process, such as those occurring
due to externally stimulation using drug treatments. Such stimulations can possibly change one or more model parameters. In each of the following
sections we use the steady-state of the physiological conditions described in Section 5.1 as the initial condition, and force a temporal change in one
parameter of interest. We assume that an external stimulation would cause the concerned parameter to change in an exponential manner, which
slowly settle down, similar to a first order chemical reaction. The temporal change of parameters of interest vary in an exponential manner such
that the 99% of the imposed variation is achieved in 30s.
Now, we vary the nucleation rate to describe situation with faster and slower nucleation rates. Slower rates indicate fewer branches in the barbed
ends while higher values provide larger number of branches pushing the leading edge. In particular we consider n=100µm−1 s−1 as estimated in
[29] and then perform variation to n=50µm−1 s−1 and n=150µm−1 s−1 . We first analyze in Fig. 6 how the monomer pool and the actin fibers
change due to the variation in the nucleation rate of the barbed ends.
At the front of the cell, we obtained an expected reduction and increase in the density of uncapped leading barbed ends ρB when we decrease and
increase the nucleation rate respectively. These results were expected on a straight forward revision of the model equations. ρβ and ρa increase
a 2.5-fold when the polymerization rate decreased to n=50µm−1 s−1 while decreased at a 60% of its baseline value due to the increase of the
polymerization rate to n=150µm−1 s−1 . Therefore, the model predicts an increase in the amount of ATP-G-actin in the front when the nucleation
rate reduces, since less ATP-G-actin monomers are used at the front for nucleation of the actin filaments. When the nucleation rate increases, the
pool of ATP-G-actin also decreases since more monomers are used in the leading edge to promote the F-actin formation. The density variation of
these five components were very similar at the back of the cell. However, the variation of the uncapped and capped minus ends was different at the
front and rear of the cell. In the rear ρmc increase a 2-fold at t=45s when the polymerization rate decreased to n=50µm−1 s−1 while decreased
at a 100% of its baseline value due to the increase of the polymerization rate to n=150µm−1 s−1 at t=95s. After, both densities evolved to an
stable state of approximately ρmc = 50µm−2 . This behaviour at the rear can be expected as the changes in velocity increases in the whole domain
instantaneously, the convection term for ρmc appears as a positive source term and ρmc first increases. However, at the leading edge the density
increases exponentially up to 1550µm−2 when the polymerization rate decreases to n=50µm−1 s−1 . Similarly, when n=150µm−1 s−1 the density
of capped minus ends reduces to 200µm−2 .
Then, we investigate the evolution of the densities over time across the thickness of the lamellipodium. In Fig. 7 ρa and ρβ show larger variation
when n=50µm−1 s−1 than n=150µm−1 s−1 , where the densities variations are negligible. ρm and ρmc presented larger variation in both cases
although increasing or decreasing uniformly from the initial conditions.
Next, we also explore the change in the protrusion velocity along time as the nucleation rate change. Our results in Fig. 8 predict that the protrusion
velocity decrease overtime as the nucleation rate increase, and vice versa. When n decreases, ρB decreases, and so does the magnitude of flux of
ρa . As the flux is negative, i.e. going out of the boundary, the outflux decreases, ρa increases and consequently the velocity V increases.

5.4

Effect of Actin Polymerization at the Front of the Cell

Next, we analyze how variations of the rate of monomers assembling affects the turnover process as well as the protrusion velocity (see Fig. 9 ).
Similarly to what we observed for the nucleation rate, we obtained here that as kon is reduced or increased the amount of available ATP-G-actin
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increases or decreases. This behavior follows the need for accommodation of larger or lower polymerization rates. Here the densities ρB , ρs and
ρp are unaffected. The results on the capped and uncapped pointed ends is however different to previous results. At the leading edge, ρmc first

increases and then decreases due to the multiple time scales in the problem. Moreover, the density of actin fibers do not include diffusive terms,
making the monomer densities to reach steady values faster than the F-actin forms. Both at the leading edge and the rear, ρa and ρβ follows
inversely the increase or decrease of kon by a 2- and 1.5-fold, respectively. At the rear, evolution of the F-actin shows the same increase and decrease
as reported in the leading edge. However, an inertial-like behavior is observed, where the densities drop or increase below or above the initial values
to stabilize, after a short period, at values close to the initial state. The velocity of the leading edge also changed along variation of the polymerization rate. For kon = 5.8µM −1 s−1 we obtained a sudden decrease up to V=0.1µM s−1 at t=8s going back to V=0.11µM s−1 at the long term. The
increase to kon = 23.2µM −1 s−1 increases the protrusion velocity to V=0.13µms−1 at t=5s going back to V=0.11µM s−1 at the long term.
Then, we investigate the evolution of the densities over time across the thickness of the lamellipodium. Similarly with the previous case, all the
densities showed uniform variation across the lamellipodium when the polymerization rate was modified (Fig. 10 ). ρa and ρβ show larger variation
when kon = 5.8µM −1 s−1 than kon = 23.2µM −1 s−1 . The variation in ρm and ρmc were almost negligible and maintain a profile similar to the
physiological case. This result could indicate that the increase of ATP-G-actin is redundant and the increase in its content in the leading edge is not
used for modifying the barbed ends and the velocity of the cell.

5.5

Effect of Membrane Resistance

We also explored the effect of the membrane resistance to the actin turnover as well as to the protrusion velocity similarly to previous models [29].
Given the different values reported in literature (see e.g. [43]) we varied up and down the initial value, and the effect is seen in Fig. 11 and 12 .
An increase in the membrane resistance would be due to an osmotic shock [9, 30], a sucking micropipette [12] or even obstacle in the cell path.
The increase of the membrane resistance to 200pN increased the amount of ρa [µM ] and ρβ [µM ] at the rear and leading edge of the cell while
they decreased as the membrane resistance was decreased up to 50pN. The increase of ρa [µM ] and ρβ [µM ] would be motivated by the need of
higher amount of monomers in the leading edge to keep the protrusion velocity to a physiological value. The associated changes in the protruding
velocity would change the flux of ATP-G-actin which would explain the subsequent changes. For F=200pN we obtained an sudden decrease up to
V=0.1µM s−1 at t=8s going back to V=0.11µM s−1 at the long term. The decrease to F=50pN increases the protrusion velocity to V=0.12µms−1
at t=5s going back to V=0.11µM s−1 at the long term. At the rear the variation showed a similar behavior.
The evolution of the densities over time across the lamellipodium showed a uniform pattern across the lamellipodium when the membrane resistance was modified. Also note that the evolution of the density changes are similar to those observed in Section 5.4 since both parameters appear
in the same coupling equation; the expression for the velocity of the cell (see Eq. 20). ρa showed a 1.5-fold increase and 0.75-fold decrease when
F=200pN and F=50pN, respectively. The decrease and increase of ρβ was barely a 10% when the membrane resistance was increased or decreased.
The variation in ρm and ρmc where almost negligible and maintain a profile similar to the physiological case. These results indicate that the variation in the membrane resistance affect the pool of actin monomers and not the dynamics of the minus ends. The velocity of the leading edge was
kept constant along the different membrane resistances.
Finally, we analyzed the coupled effect of the membrane resistance and the nucleation rate in the protrusion velocity of the cell, similarly to previous
founds [29]. Fig. 13 predict a maximum velocity for each membrane resistance. Note that this is equivalent to plot the velocity as a function of
ρB . For F=200pN the maximum protrusion velocity (V=0.345µm/s) is achieved for n=30. When increasing to a membrane resistance F=100pN the

maximum velocity (V=0.57µm/s) is achieved for n=16 while for F=50pN and n=10 the maximum velocity of V=0.92µm/s is obtained. The maximum
velocity and the associated nucleation rates establish a limit for which an increase or decrease of the nucleation rate will lead to a decrease of the
protrusion velocity. The constant velocity described previously for the different membrane resistance can be observed here for the value of n=100.
In table 2 we show a comparison of our results and those found in [29]. The results do not match exactly although the pattern is very similar. For the
different membrane resistances we found that the maximum velocity is higher, and is achieved at lower nucleation rates. The fully coupled approach
adopted here, where both time and convective terms are included and where no simplifications in the analysis of the equation were adopted, would
explain the quantitative differences in the theoretical and computational approach. The effect of the advection terms as we change the nucleation
rate and, therefore, the polymerization flux and the velocity could be the reason of these differences. The variation in the density profiles when the
advection is turned on or off in the model is almost negligible at the base case. Note that at n = 100µm−1 s−1 our results for the velocity closely
match the analytical results. However, as we move away from that specific case, the effect of the varying velocity in the convective terms modifies
the overall response.
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DISCUSSION

The retrograde flow is a continuous movement of cellular elements from the outer margin of the cell, the leading edge, to the back of the cell. The
retrograde flow has been directly related to cell motility [7, 33]. The leading edge protrusions arising in the cell membrane are also in charge of the
cell movement. During this intriguing and well orchestrated coupling of cellular elements, actin treadmilling has been shown as one of the most
determining processes for the retrograde flow. And, among them, actin treadmilling and the forces generated by the myosin motors are key to
generate the retrograde flow and motion of the cell.
Apart from tremendous achievements in experimental cell biology in terms of understanding the retrograde flow, mathematical and computational
models have kept well behind the achievements of its experimental counterparts. Mathematical and computational models (see, e.g. [16, 13] for
some reviews) are highly reliable, reproducible and low-cost tools that can help to unravel many of the open questions in cellular biology. For
example, the measurement protocols of each individual G-actin forms are not fully developed and the spatial and temporal quantification over the
lamellipodium is complicated to measure experimentally. In this regard, e.g, computational models can provide new insights in cell motility.
In this work, we focused mainly in fast motile cells. In slow motile migrating cells, the polymerization rate should be high enough to favor a low
protrusion velocity of the leading edge, independently of the membrane resistance. We adopted one of the most advance and accurate models
in literature [29]. Our goal was to move forward and analyze the complex behavior of the actin treadmilling through numerical approaches. We
aimed to describe the non-uniform spatial and temporal evolution of the actin treadmilling involved in cell motility and solve phenomena that are
not possible through analytical solutions. We implemented a classical finite element scheme for parabolic equation to account for the unsteady
and convective nature of the model as well as the reaction and source terms. The numerical model described here allowed for a more flexible
description of the problem compared with previous contributions [29]. It allowed us to measure the time evolution of all the quantities over time
and along space when the physical quantities of the problem, related to the kinetics of the actin treadmilling, were modified.Although for some
cells the convective velocity is relatively low compared with the diffusion (low Pe), in other circumstances (higher retrograde flows) and regions
(those where flow speeds up due to the effect of myosin or due to geometric features) it may play a more critical role. Therefore, we included
the convective term and its stabilization to account for an eventual numerical difficulties. Although the inclusion of the convective term and its
numerical stabilization is not required in most of the situations, its inclusion is neither in detrimental of the modeling capabilities of the retrograde
flow and, in fact, it provides a more general description of the transport problem. The general numerical scheme, although well set in literature, has
never been described for models of actin treadmilling. We have included a version of the code at http://www.lacan.upc.edu.
In the physiological state, our results are comparable to those reported in [29]. We first solved the problem with the assumption of Jp = Ljd , with
jd constant, and neglecting the convective terms as in [29]. Then, we use our FE framework to impose a velocity-dependent polymerization flux,

as also indicated by [29] and to be able to analyze situation here the model parameters change from those defined for the physiological case. We
reproduce some of the results described in [29], which at the same time are in agreement with experimental observations [39, 19, 51]. We found a
strong correlation with the diffusion coefficient of the G-actin transport, indicating its key role of the dynamics of the actin monomers in the migration of the cell. However, we also found that our analytical solution varies from the results reported in [29]. Besides a change at the beginning and
ending of the density profiles, we observed a crossing of ρa and ρβ at ≈ 3.5µm. We also solved the assumptions of the simplified model analytically
and we found the same behaviour of the densities across the lamellipodium than in our FE solution. Although it was not possible to track down the
origin of these discrepancies, the main quantitative and qualitative features of the model are reproduced within the range of values reported in
experimental observations.
Then we moved forward to hypothesize eventual responses in space and time due to the easily manipulation of the cellular mechanisms within a
computational framework. We use our time dependent FE framework with convective terms as well as the velocity-dependent polymerization,
Jp = V ρB /(δη), to investigate the effect of different parameter scenarios. Note that this assumption was also used in [29] to anaylze the optimum

velocity as a function of ρB , but it was not used to analyze the density profiles for different values other than n=100µm−1 s−1 . If the flux Jp = Ljd
is used to analyze the dependency of the velocity to the nucleation rate a monolitic increase is observed. If Jp = V ρB /(δη) is used, as in [29] and
in our results, different results are obtained. Therefore, we have been able to impose the velocity-dependent polymerization flux to account for
a large range of model parameters. We have shown that changing the assumptions made for the convective and specially for the polymerization
flux we obtain quantitive different actin densities in the lamellipodium of the cell. However, the results obtained for both approaches are still
within the range of experimental observation and, therefore, further theoretical and experimental work will be required in the future. Then, we
provided numerical results of transient effects of different biological quantities of our system; the protrusion velocity and actin density profiles.
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We described how variations of the actin treadmilling rates change the velocity of the leading edge and the density of actin monomers and filaments along time. We observed complex trends in the G-actin and F-actin dynamics, both spatially and temporally. Given the time-dependent
parameters involved in the model and the time variations of the rates of interest, we obtained a dynamic response of the associated actin forms.
Actin monomer variations in time both at the rear and the leading edge followed the exponential variations of the treadmilling rate variables, in the
range of ≈ 30sec. The F-actin forms, however, vary rapidly along time, in the range of ≈ 10sec., indicating a differential time response of actin Gand F-actin due to the variations in the internal rates of polymerization or depolymerization. We also analyzed the effect of the convective term in
the dynamics of actin treadmilling. Although, as we described before, the convective terms is mostly negligible with respect to the diffusion of the
monomers, we believe that the effect of the velocity in the coupling with the flux of ATP-G-actin-profilin in the boundary may be more relevant for
the dynamics of the actin treadmilling out of the physiological case. In fact, the discrepancies we found in the velocity with respect to the variation
of the nucleation rate are due to the inclusion of the convective terms. In any case, and apart from small quantitative differences, the computational
approach reassemble the qualitative finding in [29]. All these aspects focus on the relevance and, at the same time, the complexity of mathematical
models of actin treadmilling and the need of further experimental validation. We hope to have provided a new flexible and easily extendible finite
element framework for the physical modeling and analysis of the actin treadmilling problem.
The current model is the first of further developments of finite element modeling on actin dynamics. First of all, the model is easily extendable
to other mechanisms of actin treadmilling. Further interactions, such as active forces or adhesion mechanisms, can be introduced in a straightforward fashion. When coupled with mechanical equations, models would be able to account for the movement, crawling and polarization of the cell.
We believe that the inclusion of the mechanics of the fluid as well as the substrate adhesion could provide new insights in the fascinating phenomenon of cell migration. A fully coupled model of all these ingredients is still missing in literature and should be the focus of our attention in future
developments.
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Parameter [Units]
δ [nm]
n [µm−1 s−1 ]
kB T [pN nm]
jd µM s−1
γ [s−1 ]
k−1 [s−1 ]
k3 [s−1 ]
t1 [s]

2.2
100
4.1
7
1
10
2
30

Ref.
[29]
[29]
[34]
[29]
[36]
[29]
[29]
[29]

Parameter [Units]
η[µM −1 µm−2 ]
kon [µM −1 s−1 ]
F [pN/µm]
D µm2 s−1
k1 [s−1 ]
k2 [s−1 ]
km3 [s−1 ]
t2 [s]

100
11.6
100
30
2
20
2
1

Ref.
[29]
[35]
[43]
[29]
[29]
[29]
[29]
[29]

TABLE 1 Parameters values of the treadmilling models which are considered for physiological condition of the migrating cell.

FIGURE 2 Concentration of G-actin and F-actin at the considered physiological conditions. Concentration of actin monomers ρβ [µM ] and ρa [µM ],
ρs [µM ], ρp [µM ] and filaments ρm [µm−2 ] and ρmc [µm−2 ] in the domain of analysis (top). Evolution of the densities of monomers (bottom, left),

and filaments ρm [µm−2 ] (bottom, center) and ρmc [µm−2 ] (bottom, right) along a line from the front to the rear of the cell, distance in µm.

FIGURE 3 Concentration of G-actin and F-actin when the convective term of the model equation is neglected (+) when it is not (-). Concentration
of actin monomers ρβ [µM ] and ρa [µM ], ρs [µM ], ρp [µM ] and filaments ρm [µm−2 ] and ρmc [µm−2 ] along a line from the front to the rear of the
cell, distance in µm.
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FIGURE 4 Concentration of actin monomers ρβ [µM ] and ρa [µM ] and filaments ρm [µm−2 ] and ρmc [µm−2 ] along a line from the front to the rear
of the cell when the diffusion coefficient varies, distance in µm.

FIGURE 5 Concentration of G-actin and F-actin at different condition of the depolymerization velocity, Vdep =0.05, 0.1 and 0.2 µms−1 represented with crosses(+), lines(−) and circles(o) respectively. Concentration of actin monomers ρβ [µM ] and ρa [µM ], ρs [µM ], ρp [µM ] and filaments
ρm [µm−2 ] and ρmc [µm−2 ] along a line from the front to the rear of the cell (bottom), distance in µm.

Leading Edge
FIGURE 6 Time evolution of filaments at front (top) and rear (bottom) ρm , ρa and ρβ , ρmc and ρB across the lamellipodium at different times when
n = 50µm−1 s−1 (black) and n = 150µm−1 s−1 (black).

Membrane resistance
F = 200 [pN]
F = 100 [pN]
F = 50 [pN]

Velocity [29] (Velocity [our findings])
0.18 (0.35) [µms−1 ]
0.27 (0.57) [µms−1 ]
0.39 (0.92) [µms−1 ]

Nucleation rate [29] (Nucleation rate [our findings])
59 (30) [µm−1 s−1 ]
36 (16) [µm−1 s−1 ]
22 (10) [µm−1 s−1 ]

TABLE 2 Comparison of optimal values of leading edge velocity and nucleation rate with [29]
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FIGURE 7 Concentration of filaments ρm [µm−2 ] and ρmc [µm−2 ] and actin monomers ρa [µM ] and ρβ [µM ] along a line from the front to the rear
of the cell when the nucleation rate is varied from physiological conditions (n = 100µm−1 s−1 ) to n = 50µm−1 s−1 (black) and n = 150µm−1 s−1
(brown), distance in µm.

FIGURE 8 Varation of the protrusion velocity from the
physiological case, due to an increase and decrease to n =
150µm−1 s−1 (black) and n = 50µm−1 s−1 (black) respec-

tively. For n = 50µm−1 s−1 we obtained an increase to
V = 0.225µm s−1 while the increase to n = 150µm−1 s−1

reduce the protrusion velocity to V = 0.077µm s−1 .
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Leading Edge
FIGURE 9 Concentration of actin monomers at the leading (top) and rear edge (bottom) ρβ [µM ] and ρa [µM ] and filaments ρm [µm−2 ] and
ρmc [µm−2 ] when the actin polymerization rate changes, distance in µm. In the top right figure, variation of the protrusion velocity from the base-

line case. Lines show variation with respect to the baseline case, kon = 11.6µM −1 s−1 [35], due to an increase and decrease to kon = 5.8µM −1 s−1
(black) and kon = 23.2µM −1 s−1 (black) respectively. The actin polymerization rate is changed from the physiological value to the said values,
exponentially in time interval of 30s

FIGURE 10 Time evolution snapshots of ρa [µM ], ρβ [µM ] and filaments ρm [µm−2 ] and ρmc [µm−2 ] across the lamellipodium at different times,
with changes in protrusion velocity from physiological value to kon = 5.8µM −1 s−1 (black) and kon = 23.2µM −1 s−1 (brown), exponentially in
30s.
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Leading Edge
FIGURE 11 Concentration of actin monomers at the leading edge (top) and rear edge (bottom) of the cell ρβ [µM ] and ρa [µM ] and filaments
ρm [µm−2 ] and ρmc [µm−2 ] when the membrane resistance is modified from physiological value of 100pN µm−1 to 50pN µm−1 (black) and
200pN µm−1 (black). In the top right figure, variation of the protrusion velocity from the baseline case due to an increase and decrease of the

membrane resistance.

FIGURE 12 Time evolution snapshots of ρβ [µM ] and ρa [µM ] and filaments ρm [µm−2 ] and ρmc [µm−2 ] across the lamellipodium, when the
membrane resistance is changed from physiological value of 100pN µm−1 to 50pN µm−1 (black) and 200pN µm−1 (brown), exponentially in 30s
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FIGURE 13 Variation of the leading edge velocity as a function of the membrane resistance and the nucleation rate.

