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ABSTRACT 
 

Transesterification of triglycerides is a process by which biodiesel is produced. Biodiesel is a 

sustainable alternative to petroleum diesel; hence, its efficient production is of significant 

importance.  The transesterification of triolein with methanol under supercritical conditions in the 

presence of a solid catalyst structured as packed beds is of particular interest due to high yields at 
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moderate temperatures and continuous operability. Fundamental understanding of the heat and 

mass transfer phenomena in a supercritical transesterification reaction is paramount for a better 

modelling of the reaction.    

Computational Fluid Dynamics (CFD) were used to study, by means of a simplified numerical model, 

heat and mass transport phenomena in a supercritical transesterification reactor. The CFD model 

was built replicating an experimental pilot plant reactor. Simulations were performed for a 3D 

geometrical model of a packed bed of cylindrical catalysts. Wall-to-fluid and particle-to-fluid heat 

and mass transfer were studied for a fluid mixture of methanol (CH3OH) and triolein (C57H104O6) 

along with co-solvent carbon dioxide (CO2), flown into the packed bed under supercritical conditions 

(25 MPa, 473.15 K). Detailed flow, temperature and concentration profiles in packed bed were 

obtained.  Free and forced convection effects for different flow rates were analyzed. Large density 

gradients were observed near the packed bed inlet, generating hydrodynamic instabilities due to 

natural convection as observed in Metais-Eckert maps.  Heat and mass transfer coefficients were 

estimated from CFD data, and the obtained values of Nuw, Nup, Shp were compared against empirical 

models for different flow rates for validation of the CFD data. The simulation data agreed well with 

empirical correlations for predicting transport coefficients.  

Keywords: 

Packed bed; Heat transfer; Mass Transfer; Particle-to-fluid transport; Computational Fluid 

Dynamics; Wall-to-fluid transport; Supercritical fluids; transesterification of vegetable oils; 

 

1. Introduction 

Biodiesel, a sustainable alternative to petroleum diesel, is produced by transesterification reaction 

of triglycerides (commonly found in vegetable oils) with alcohols, producing mono-alkyl esters of 

long-chain fatty acids (FAMEs, the molecules of biodiesel) and glycerol as shown in Fig. 1 [1]. In a 

typical transesterification reaction, the two reactants (alcohol and oil) are immiscible at operating 

conditions, forming layers at initial stage that require vigorous stirring in order to mix them, making 

the process highly energy intensive.  

Using a supercritical cosolvent turns the transesterification system into a homogeneous phase, 

eliminating interphase mass transfer resistances; it also significantly decreases the 

pressure/temperature requirements for achieving supercritical conditions. The transesterification  

of triolein using supercritical CO2 as cosolvent with methanol in order to decrease supercritical 
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temperature to 200 °C along with a solid acid catalyst was successfully tested for continuous 

production of high yield biodiesel [2]. 

 
Fig. 1. Transesterification reaction scheme 

The main objective of this research is to characterize heat and mass transfer on a supercritical 

transesterification packed bed reactor. In that regard, the transport phenomena taking place in the 

packed bed was studied using Computational Fluid Dynamics (CFD).  

Knowledge of the heat and mass transfer parameters and species spatial distributions is relevant 

for the design and analysis of a packed-bed catalytic reactor. The accurate estimation of heat and 

mass transfer coefficients is fundamental, and so, considerable amounts of work have been put into 

predicting or evaluating these parameters over the years. These transport coefficients have been 

determined from experimental data and numerous empirical correlations have been proposed. 

However, due to the vast number of variable conditions in the experiments, the correlations are 

often conflicting in predicting the transport coefficients [3,4]. Theoretical models with simplifying 

assumptions were also developed based on conservation principles explaining the experimental 

data. The pseudo-homogeneous model for near-wall coefficients and dispersion-concentric model 

for particle-to-fluid transport coefficients are widely accepted in predicting packed bed transport 

coefficients in packed beds [5-7]. These models do not explain all the transport phenomena 

occurring in packed beds due to the underlying assumptions made by the authors.    

CFD numerical simulations in which flow through the actual packed bed structure is simulated 

instead of the usual pseudo-continuum idealization is becoming a standard approach in analyzing 

catalytic reactors. 3D Navier-Stokes equations based on the physical principles of mass, energy and 

momentum conservation are solved by means of a Finite Volume (FV) code. CFD has proven to be a 

reliable tool in designing process equipment. With the increased computational capabilities 

available nowadays, complex geometries can be simulated with good accuracy [8-10]. 
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Diverse methods have been used along the years to generate the 3D geometry of a randomly 

packed bed required for CFD simulations. Freund et al. [11] implemented a Monte-Carlo process 

imitating the processes of filling a tube with particles. In which, spherical particles of uniform size 

are dropped successively into a cylindrical tube, and stop when they come in contact with any other 

sphere, and later the packing is compressed.  Magnico [12] used Bennet method approach, in which 

spheres are added sequentially on a basal horizontal plane. Augier et al. [13] used a dynamic 

simulation method known as Smooth Discrete Element Method (SDEM) in order to construct 

packed spherical particles. Dixon et al. [14] generated a packed bed of sphered by code based on a 

“soft-sphere” algorithm, which allows interpenetrations of spheres to obtain a tighter packing. 

Tavassoli et al. [15] built arrays of non-overlapping spherocylinders with random positioning in a 

3D tube using a standard Monte-Carlo technique and used Immersed Boundary Method (IBM) to 

impose boundary conditions at the particle surfaces. Dorai et al. [16] developed a granular solver 

based on a discrete-element method and a soft-sphere collision model. The overlapping of the 

particles also eliminates highly skewed cells at the contact region.  

Wall-to-fluid heat transfer in packed beds with spherical particles have been studied using CFD 

[17,18]. In these studies, CFD was used to estimate wall Nusselt numbers. Cylindrical shaped 

particles with different internal voids have also been studied for catalyst design including wall-to-

fluid heat transfer [19,20]. 

CFD has also been used to study particle-to-fluid heat transfer, analyzing mixed convection effects 

under supercritical conditions [21]. Nusselt numbers were estimated for free and forced convection 

and compared against experimental data. Analogous mass transfer work was further done 

modelling the extraction of toluene from particle surface at supercritical conditions, having good 

agreement with a proposed correlation [22]. This group also studied mass transfer and intra-particle 

diffusional effects in supercritical hydrogenation in packed bed reactors [23]. Augier et al. [13] used 

CFD to investigate particle-to-fluid heat and mass transfer inside a packed bed of spheres. The 

obtained transport coefficients agreed well with correlations. The model was also used to estimate 

dispersion coefficients. Atmakidis and Keing [24] studied particle-to-fluid mass transfer in packed 

beds, imitating experimental procedures. Good agreement with empirical correlations was found.  

Tavassoli et al. [15] conducted simulations of fluid-to-particle heat transfer in non-spherical 

particles. Their results showed the heat transfer correlation of spherical particles could be applied 

to beds of spherocylinders by choosing a proper effective diameter.  The use of CFD for modeling 

packed beds under supercritical conditions is especially useful, as experimentation in high-pressure 
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processes are much costlier. Having accurate numerical models can help in the process design and 

troubleshooting of such systems.  

Portha et al. [25] studied transesterification at 50 bar and 175°C (not supercritical) using CFD on a 

2D model, determining transesterification reaction rates. Their data showed good agreement with 

the experimental data. To our knowledge, no CFD studies of transesterification reaction under 

supercritical conditions in a packed bed are available in the open literature. In view of the 

importance of transesterification, CFD can be a valuable tool in design and analysis of these systems. 

 

2. Model description and development 

2.1. Simulation model geometry and mesh generation 

The studied packed bed was based on the geometry of a catalytic reactor used in our research group 

by Maçaira et al. [2] with a length of 152 mm and a diameter of 17.5 mm (Fig. 2a). This reactor was 

filled with cylindrical particles of 1mm diameter and 5mm length, resulting in tube-to-equivalent 

spherical particle diameter ratio of 9 (Fig. 2c) Packed bed models have been usually developed for 

high tube-to-particle diameter ratio beds, in which temperature gradients are smaller and could be 

averaged [26]. The current model was constructed following the bottom-up technique by 

constructing the geometrical model from edges to surfaces and from surfaces to volumes (Fig. 2b). 

A wall segment (WS) model, which is a 120° segment of the packed bed, was developed in full 

length, half length, and one-tenth of the length of the experimental reactor (Figs. 3b, 3c and 3d 

respectively). The WS model uses significantly lower computational resources as opposed to a 

complete wall (CW) model, by using a symmetrical one-third volume geometry. Taskin et al. [27] 

validated the use of a WS model on a packed bed, finding that the overall axial velocites and 

tempertures for a WS model were only  marginally different compared to a CW model. In the present 

study, a one-tenth length WS model (Fig. 3d) was used for checking mesh independence.    

In order to have randomness in the packing (Fig. 3e) the particles were arranged such that they are 

oriented at different angles with the reactor axis (see Table 1). Each particle was positioned by 

sequential operations in the CAD software, moving them around in the tube. The complete packed 

bed model consisted of 3780 cylindrical particles with an overall void fraction (ε) of 0.61. Fig. 4 

shows the radial porosity of the geometrical model against a dimensionless wall distance. 
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Fig. 2. (a) Titanium reactor used for the high-pressure experiments (b) geometrical model used for simulations (c) 
Nafion SAC-13 acid catalyst particles used in experiments 

 
Fig. 3. Packed bed geometry: (a) Full packed bed complete wall (CW) model; (b) A 120° full-length wall-segment (WS) 

model with extensions for inlet and outlet sections; (c)120° half-length WS model with extensions; (d) One-tenth 
length WS model; and (e) Randomly arranged overlapping cylindrical particles 
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Fig. 4. Radial porosity profile of the packed bed WS model 

Table 1. Particles in full length wall-segment (WS) model and in full length complete-wall (CW) packed bed model 
geometry with inclination angles respect tube axis 

Orientation 
respect to 

reactor axis 

Number of particles 
in full length WS 

models 

Number of Particles 
in Full packed bed 

(CW model) 
0° 180 540 

15° 210 630 
30° 210 630 
45° 180 540 
60° 150 450 
75° 180 540 
90° 150 450 

 

In packed bed geometries previously reported by Prof. A. Dixon’s group the particles have small 

gaps (and assumed zero velocity) between each other to avoid convergence problems [28]. Guardo 

et al. [21] used a particle overlap of about 1% of the particle diameter at contact points and found 

no convergence problem. For the model used in the current work, particle-to-particle contact areas 

were overlapped about 1% of the particle length with adjacent particles as shown in Fig. 3e. Some 

particles were chipped near the reactor’s wall and within the segment sides; this helped in treating 

the particles as a single volume, having ease of mobility and avoiding meshing errors that could 

cause convergence problems. However, wall-to-particle contact was avoided by having a very small 
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gap at the wall contact points. This was done to avoid errors during meshing.  No convergence 

problems were experienced during simulation runs.  

The computational mesh generated is based on hybrid tetrahedral/hexahedral elements (Fig. 5). 

The reactor wall surfaces were meshed using an unstructured triangular mesh as shown in Fig. 5a 

while the particles surfaces were meshed using an unstructured quadrilateral mesh as shown in Fig. 

5c. The generated mesh was further refined (by curvature and proximity) on the particles’ surface 

and other sensitive regions of the geometry as the near-wall zone.   

 

Fig. 5. Mesh detail for the packed bed model. (a) Bulk mesh; (b) Catalytic particles surface mesh with monitoring 
points at positions A, B, C, D for mesh validation with axial distance for (c) Magnified view of structured quadrilateral 

mesh on particles surface. 

A mesh-independency test was carried out using a one-tenth length WS geometrical model (fig. 

3d). Four meshes of 1770, 1830, 1940 and 2180 kEl were created for this test. The distance between 

nodes imposed on the particle surface mesh was 0.12mm, 0.1mm, 0.08mm and 0.06 mm 

respectively. Mesh independence was tested by checking flow velocity at different monitoring 

points. Fig. 6 shows the velocities at the monitoring points for the tested meshes. It can be observed 

that the velocity remained almost unchanged for different values of mesh refinement. Mesh 

independency was achieved using a face mesh size of 0.1 mm. This sizing was used on further 

numerical models. Mesh sizes obtained were 1830 kEl, 9150 kEl ad 18640 kEl for the one-tenth 

length, half-length and full length WS model respectively. 
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Fig. 6. Mesh-independency test 

2.2. Governing Equations and applied numerical models. 

The commercial software ANSYS Fluent was used for the current study, which is a FV-based CFD 

solver, suitable for solving transport phenomena around complex geometries. This solver uses 

three-dimensional Navier-Stokes equations, based on physical principles of mass and momentum 

conservation, that accurately describe fluid flow. These equations are coupled with thermal energy 

and species diffusion models and solved for incompressible (subsonic) flow conditions.  

Eq. (1) shows the conservation of momentum in a non-accelerating inertial reference frame [29] as 

used in the numerical solver: 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌�⃗�𝑣 )  �⃑�𝑣 + ∇ · (𝜌𝜌 𝑣𝑣 𝑣𝑣) = −∇𝑝𝑝 + ∇ · (𝜏𝜏̿) + 𝜌𝜌𝑔𝑔 + 𝐹𝐹 
(1) 

 

Where p is the static pressure, 𝜏𝜏 is the stress tensor and F are the external forces applied to the 

fluid. 

𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕

+
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) ≡
𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕

+ ∇ · (𝜌𝜌𝑣𝑣) = 𝑆𝑆𝑚𝑚 
(2)  

 
 

If ρ is the density of fluid, then the balance of mass flow 𝜌𝜌𝑣𝑣𝑥𝑥 entering and leaving an infinitesimal 

fluid element of volume 𝑑𝑑𝑑𝑑 is the density variation rate, expressed by Eq. (2). This equation is the 
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general form of the conservation of mass, applicable for compressible and incompressible flows. 

The source Sm is the mass added to the continuous phase from a dispersed phase (e.g., due to 

particle-to-fluid mass transfer) and/or any user defined sources [30]. 

The FV code solves the energy equation in the following form 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ · ��⃗�𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ · �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 −�ℎ𝑗𝑗𝐽𝐽𝑗𝑗
𝑗𝑗

+ �𝜏𝜏̿𝑒𝑒𝑒𝑒𝑒𝑒 · �⃗�𝑣�� + 𝑆𝑆ℎ 

(3) 

 

 
The first three terms on the right-hand side of Eq. (3) denote energy transfer due to conduction, 

diffusion, and viscous dissipation, respectively. 𝑆𝑆ℎ includes the heat of chemical reaction, and any 

other volumetric heat sources defined by the user [30]. The energy balance equation is solved for 

wall-to-fluid and particle-to-fluid heat transfer simulations.   

For flows involving multiple-component mixtures, a species balance s for chemical species is solved 

in which the mass of each species  𝑚𝑚𝑖𝑖  obeys the conservation law. When you chose to solve 

conservation equation for chemical species, the FV code predicts the local mass fraction of each 

species, 𝑌𝑌𝑖𝑖, using the solution of a convection-diffusion equation for the ith species. The conservation 

equation in its general form in shown below. 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ · (𝜌𝜌�⃗�𝑣𝑌𝑌𝑖𝑖) = −∇ · 𝐽𝐽𝑖𝑖 + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖 
(4) 

 
Si is the rate of creation by addition from the dispersed phase plus any user-defined sources. Ri is 

the net rate of production of species i by chemical reaction This form of equation will be solved for 

N – 1 species where N is the total number of fluid phase chemical species present in the system. As 

the mass fraction of the species must sum to unity, the Nth mass fraction is determined as one minus 

the sum of the N – 1 solved mass fractions. In order to minimize numerical error, the Nth species 

should be selected as that species with the overall largest mass fraction [30]. In our case, the solvent 

CO2 has the highest mass fraction in the studied cases.  

In order to estimate the radial thermal conductivity and the wall heat transfer coefficient in the 

packed bed, a two-dimensional model was applied to the numerical results obtained. The model, 

described as a pseudo-homogeneous model, is a classic energy balance equation given by: 

𝐺𝐺𝐺𝐺𝑝𝑝,𝑒𝑒
𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕

= 𝑘𝑘𝑟𝑟
1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 �

𝑟𝑟
𝜕𝜕𝑇𝑇
𝜕𝜕𝑟𝑟�

+ 𝑘𝑘𝑎𝑎𝑥𝑥 �
𝜕𝜕2𝑇𝑇
𝜕𝜕𝜕𝜕2

� 
 (5) 
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This pseudo-homogeneous model was solved by Coberly and Marshall [31] using the following 

boundary conditions: 

𝑇𝑇 = 𝑇𝑇0   

𝜕𝜕𝑇𝑇
𝜕𝜕𝑟𝑟

= 0 

𝑘𝑘𝑟𝑟
𝜕𝜕𝑇𝑇
𝜕𝜕𝑟𝑟

= ℎ𝑤𝑤(𝑇𝑇𝑤𝑤 − 𝑇𝑇) 

𝑧𝑧 = 0 

𝑟𝑟 = 0 

 

𝑟𝑟 = 𝑅𝑅 

 

  (6) 

 

The wall heat transfer coefficient was obtained from solving Eq. (5) using the numerically-obtained 

axial temperature data and wall heat flux.  

A steady-state energy balance equation for the dispersion concentric model (D-C), given below, was 

applied to the packed bed model in order to estimate particle-to-fluid heat transfer coefficients. 

𝑢𝑢
𝑑𝑑𝑇𝑇𝑒𝑒
𝑑𝑑𝜕𝜕

+
6ℎ · (1 − 𝜀𝜀)
𝑑𝑑𝑝𝑝 · 𝜀𝜀 · 𝐺𝐺𝑝𝑝𝜌𝜌

(𝑇𝑇𝑒𝑒 − 𝑇𝑇𝑝𝑝) = 𝛼𝛼𝑎𝑎𝑥𝑥
𝑑𝑑2𝑇𝑇𝑒𝑒
𝑑𝑑𝜕𝜕2

 
 (7) 

 

The analytical solution to this equation [32] is based on the following boundary conditions: 

𝑢𝑢(𝑇𝑇𝑒𝑒 − 𝑇𝑇0) = 𝛼𝛼𝑎𝑎𝑥𝑥
𝑑𝑑𝑇𝑇𝑒𝑒
𝑑𝑑𝜕𝜕

 
 At  𝜕𝜕 = 0   (inlet),  (8) 

 
𝑑𝑑𝑇𝑇𝑒𝑒
𝑑𝑑𝜕𝜕

= 0 
At   𝜕𝜕 = 𝜕𝜕𝐿𝐿   (outlet)  

 

Particle-to-fluid heat transfer coefficients were obtained from solution of the Eq. (7) which takes 

into consideration the axial dispersion, and the boundary conditions in Eq. (8)  using temperature 

data obtained from numerical simulations. 

The steady state mass balance equation for species transport is given by:   

𝑈𝑈
𝜕𝜕𝐺𝐺
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑎𝑎𝑥𝑥
𝜕𝜕2𝐺𝐺
𝜕𝜕𝜕𝜕2

−
𝑎𝑎
𝜀𝜀𝑏𝑏
𝑘𝑘𝑐𝑐(𝐺𝐺 − 𝐺𝐺𝑝𝑝𝑝𝑝) 

(9) 

 
With boundary conditions: 

𝑈𝑈(𝐺𝐺 − 𝐺𝐺𝑖𝑖𝑖𝑖) = 𝐷𝐷𝑎𝑎𝑥𝑥
𝜕𝜕𝐺𝐺
𝜕𝜕𝜕𝜕

 
At  𝜕𝜕 = 0   (inlet), (10) 

𝑑𝑑𝐺𝐺
𝑑𝑑𝜕𝜕

= 0 
At   𝜕𝜕 = 𝜕𝜕𝐿𝐿   (outlet)  
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Particle-to-fluid mass transfer coefficient were evaluated from the solution of the mass balance 

equation obtained with boundary conditions by Wakao et al. [6] from the concentration and 

thermo-physical property data from numerical simulations. Eq. (9) takes into consideration axial 

dispersion. 

2.3. Simulation model setup 

In this work, CFD simulations were performed modelling the experimental work previously 

published by our research group [2], where biodiesel was produced by continuous operation in a 

packed bed reactor using supercritical CO2 as solvent, in the presence of methanol as co-solvent and 

an acid catalyst. Simulation models replicate the geometry and operating conditions of an 

experimental reactor (Fig. 2). Cylindrical particles, corresponding to NafionTM catalysts of 5 mm 

length and 1 mm diameter, were used as reactor packing.  

The goal of the present research was to study the heat and mass transfer phenomena present on a 

supercritical transesterification reaction using simplified, isolated models where the effects of one 

phenomenon would not cause interference on others. In order to achieve the aforementioned, 

three different simplified models for wall-to-fluid/particle-to-fluid heat transfer and particle-to-fluid 

mass transfer were created and studied by means of CFD.  Table 2 shows a summary of the boundary 

and operating conditions used for this work. 

For wall-to-fluid and particle-to-fluid heat transfer, a tertiary mixture of methanol (CH3OH) and 

triolein (C57H104O6), (reactants for the transesterification reaction) with carbon dioxide (CO2) as 

supercritical solvent was used as inlet feed for a packed bed at 25 MPa and 473.15 K. The mixture 

was taken to be Newtonian and in laminar flow. For wall-to-fluid studies the tube wall was set to 

483.15K to create a temperature gradient respect to the bulk flow. In the case of particle-to-fluid 

heat transfer, the particles’ surface temperature was set to 483.15 K, assumed as a simplified model 

of an exothermal reaction.   

For particle-to-fluid mass transfer simulations, a mixture of CO2 and methanol was used as inlet 

feed. A fix glycerol and FAMEs concentration was imposed at the particles surface, assumed as a 

simplified model of the supercritical transesterification reaction. The species concentration gradient 

causes a mass transfer to the bulk flow.  
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For all studied cases heat and mass transfer coefficients were evaluated at varying inlet flow rates. 

Further details on the boundary conditions applied for each case are given in. 

Table 2. Boundary and operating conditions used for the analyzed cases 

Boundary conditions, 

methods 

Wall-to-fluid heat 

transfer 

Particle-to-fluid 

heat transfer 

Particle-to-fluid 

mass transfer 

Fluid mixture inlet CO2 + CH3OH + 

C57H104O6 

CO2 + CH3OH + 

C57H104O6 

CO2 + CH3OH 

Particle surface species - - FAMEs + C3H8O3 

Mass fraction ratio methanol: 

oil  

0.22998: 0.0801 0.22998: 0.0801 - 

Fluid temperature at inlet 473.15 K 473.15 K 473.15 K 

Wall temperature  483.15 K Zero diffusive flux Zero diffusive flux 

Particle surface temperature Zero diffusive flux 483.15 K Zero diffusive flux 

Pressure 25 MPa 25 MPa 25 MPa 

Fluid velocity range at the 

inlet  

2.49x10-4 – 2.51 

x10-1 m/s 

8.22 x10-4 – 2.51 

x10-1 m/s 

7.00 x10-4 – 4.80 

x10-3 m/s 

Shear condition on wall, 

particle surface 

No slip No slip No slip 

 

Density of CO2 was estimated by Redlich Kwong equation of state [33]. Methanol density and 

viscosity as a function of temperature was taken from NIST data [34]. Triolein, glycerol and FAMEs 

density at high temperatures was calculated using Rackett Equation [33] and corrected for high 

pressure using Tait equation [35]. CO2, triolein, glycerol and FAMEs viscosities at high pressure and 

temperature were estimated using a method proposed by Lucas [36]. Specific heat capacity for 

methanol was obtained from Goodwin [37]. For all other species, the specific heat capacity was 

calculated by a group contribution method [38]. Thermal conductivity for all species was estimated 

using excess thermal correlations [39], and corrected for pressure using the correlation proposed 

by Missenard [40]. 

The obtained thermo-physical property models as a function of temperature were incorporated into 

the CFD code and the resulting mixture properties were estimated using mixing rules. The mixture 
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properties were volume-weighted averaged for density and specific heat, and mass-weighted 

averaged for thermal conductivity and viscosity.  

Dilute approximation mass diffusivity coefficients were estimated for all species in carbon dioxide. 

Methanol, triolein, glycerol or FAMEs were taken to be dilute species diffusing into CO2 as “carrier” 

fluid. The infinite-dilution mass diffusion coefficients in supercritical solvents were estimated by the 

method proposed by He and Yu [41]. The obtained diffusivities were validated with available 

literature data [42]. 

Convergence for simulations was checked by monitoring the temperatures or concentration on 

clipped surfaces near the packed bed outlet. Simulations were run on a 64-bit, Intel core i7 processor 

(6 core|12 thread) @3.3GHz and 32GB RAM. Convergence occurred within about 5000 iterations, 

which took approximately 100 iterations/hour with 12 parallel processes for a full length WS model. 

 

3. Results and Discussion 

3.1. Temperature distribution for wall-to-fluid and particle-to-fluid heat transfer. 

Temperature contours were obtained for radial planes along the packed bed. Fig 7 shows axial and 

radial temperature profiles respectively for Re 12 to Re 75 for full-length WS model.  

For particle-to-fluid heat transfer (Figs. 7a to d), large temperature gradients were observed near 

the inlet of the packed bed with due to the temperature difference between the hot particles and 

the colder flow. These temperature differences create density gradients important enough to 

enable free convection effects. Temperature gradients decreased as the fluid progressed into the 

packed bed, and reached a minimum value in the bed outlet.   

It can be seen from the contour profiles for wall-to-fluid heat transfer (Figs. 7e to h) that the 

temperature reaches its highest value near the wall for all cases, due to the combination of high 

wall temperature and higher flow velocity in this region due to flow channeling. The outlet 

temperature decreases with Re for a particular length of the bed, as expected. 

Comparing both studied cases, in particle-to-fluid heat transfer the heated surface area was higher 

than the heated surface area in wall-to-fluid heat transfer, as a result the temperature reaches 

higher temperatures at shorter distance from the bed inlet. This can be observed in temperature 
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profiles in Fig. 7. As a result of these temperature gradients, free convection effects were found to 

be predominant near the particles surface.  

 

Fig. 7. Temperature contours (in K) on axial and radial surfaces for particle-to-fluid heat transfer in gravity opposing 
flow (a-d): (a)Re = 75, (b)Re = 40, (c)Re = 20, (d)Re = 12; and wall-to-fluid heat transfer in gravity opposing (ascending) 

flow (e-h): (e)Re = 75, (f)Re = 40, (g)Re = 20, (h)Re = 12. 

3.2. Species concentration profiles for particle-to-fluid mass transfer.  

Concentration profiles for particle-to-fluid mass transfer simulations were obtained to check the 

effect of flow rates on the distribution of species in the packed bed, in order to assess possible 

influence of species densities on flow patterns. Figs. 8 and 9 show FAMEs concentration plots and 

contours at different Re.  As seen in the figures, FAMEs concentration is greater near the bed inlet 

for lower flow rates This effect has similarly been observed in other numerical models of 

supercritical packed bed reactors [21]. It can be observed from the contours that high density 

gradients are present in all cases, giving rise to free convection effects as it will be highlighted in the 

following sub-sections. For higher Re it can be observed that saturation of the solvent feed occurs 

further away from the inlet than at lower Re, indicating that a longer reactor could be used for 

higher flow rates.  
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Fig. 8. FAMEs concentration (kmol/m3) along axial-line for different flow rates for full length WS particle-to-fluid mass 

transfer model. 

 

 

Fig. 9. Concentration contours of FAMEs (in (kmol/m3) on axial and radial planes for half-length WS model in gravity 
opposing flow for (a) Re = 81 (b) Re = 64.8 (c) Re = 40 (d) Re = 21.6 and (e) Re = 6. 
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3.3. Velocity and density profiles  

Fig. 10 shows a velocity vectors plot (colored by density) near the wall for the packed bed reactor 

for wall-to-fluid heat transfer case studies. These profiles were used in order to assess the effect of 

density on the flow magnitude and direction, and for checking for any buoyancy effects. Velocity 

vectors on axial cuts for Re = 0.37, 2.6 and 7.8, for wall-to-fluid heat transfer are shown. The 

simulations for these cases were run in a one-tenth length wall-segment model with periodic 

boundary conditions. Channeling was observed to be occurring on the bed axis and in the near-wall 

region, resulting in strong axial flows and reduced radial flow (lengthy vector pointers in axial 

direction are noticeable).  

 

Fig. 10. Velocity vectors colored by density (kg/m3) on axial planes of the reactor 
for (a) Re 0.37 (b) Re = 2.6 and (c) Re = 7.8 

3.4. Wall-to-fluid heat transfer 

For the supercritical transesterification reaction, it is necessary to control the reactor’s temperature 

as the reaction components’ properties and solubility are very much dependent on it, and activation 

energy is required for the reaction to initiate. Hence the knowledge of the effective thermal 

conductivity and the wall heat transfer coefficient for the bulk flow is essential. 

The heat transfer coefficient obtained by solving Eqs. [5-6] using the numerically obtained data was 

correlated in terms of Nusselt number. For the calculations of Nuw, fluid thermal conductivity kf was 

kept a constant reference value.  
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The particle Re number for packed bed was defined as 

𝑅𝑅𝑅𝑅𝑝𝑝 =
𝐷𝐷𝑝𝑝𝐺𝐺

µ
 

  (11) 

Dp is the average particle diameter, defined as the diameter of a sphere of the same volume as the 

cylindrical particle used of length 5 mm and diameter 1 mm [43]. This definition of diameter is used 

for non-spherical particles in packed beds. G is fluid superficial mass velocity based on empty 

chamber cross-section.  Re was calculated at the average values of viscosity in the bed and mass 

flux G=ṁ/S=ρVs. Vs is superficial velocity, which is ratio of volumetric flow rate to cross sectional 

area. The inlet velocity or average velocity (ū) is defined as ratio of this superficial velocity to void 

fraction. 

 

Fig. 11. Wall Nusselt number vs Reynolds number for CFD simulations 

Fig. 11 shows the obtained values for wall Nusselt number (Nuw) for different values of Re. The Nuw 

vs. Re plots show an increase of heat transfer with Re as predicted by the correlations. Yagi and 

Wakao [44] predict much lower heat transfer in these conditions. This was expected as the 

correlations were prepared from experiments with air using a spherical packing while the 

simulations were carried out for supercritical flows and cylindrical particles. The higher heat transfer 

rates obtained with supercritical fluids are due to the high density and low viscosities (hence large 

Grashof numbers) characteristic of these fluids under supercritical conditions. This behavior is 

coherent with the observations of Guardo et al. [21] for particle-to-fluid heat transfer. Flow 
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channeling near the walls also help to enhance the wall-to-fluid heat transfer coefficients, which 

can also help explaining the larger values found via numerical simulations. 

Data obtained shows a good agreement with Lin and Finlayson [45] correlation, which is based on a 

wide range of experiments involving chemically reactive flows from various researchers at low flow 

rates (20 < Re < 800). The data of these correlations was obtained using non-supercritical conditions, 

which also contributes to the disagreements found between the predictions and the simulations.  

 Fig. 12 shows effective radial thermal conductivities for a mid-cross section of the bed in radial 

direction. The figure shows a good agreement with the selected correlations [44,46]. Flow profiles 

showed strong axial flows and low radial mixing. Radial flow is also not as impacted by buoyancy or 

mixed convection effects as axial flows. The combination of these two factors can help understand 

this agreement, due basically to non-dependence on Grashof numbers. 

 

Fig. 12. Effective radial thermal conductivity vs Reynolds number for CFD simulations 

3.5. Particle-to-fluid heat transfer 

The objective of this set of simulations was to verify the particle-to-fluid heat transfer under the 

supercritical transesterification reaction conditions. Being an exothermal reaction, it is of 

paramount importance to understand particle-to-fluid heat transfer mechanisms. Obtained Nusselt 

numbers were computed and plotted against Reynolds numbers. Fig. 13 shows the Nusselt number 

for all the cases (from Re 2.5 to 75) simulated for “hot” particles heat-transfer in packed bed. All 

simulations were performed for a full-length WS model. The Prandtl number for all the cases is Pr = 



20 
 

7.24. The temperature data at three axial-positions (which are one-tenth, four by tenth, and full-

length of the packed bed located at x=0.0153 m, x=0.0609 m and x=0.1522 m respectively from the 

inlet) were recorded for analyzing the heat transfer coefficients up to these axial positions.  

 

 

Fig. 13. Nusselt number vs. Reynolds number for particle to fluid heat transfer at different reactor lengths. 

 

It can be observed that Nup decreases with an increase in the axial position. Assuming Nup = f (Gr, 

Pr) for free convection, and knowing Gr is a function of the temperature gradient, Nup is expected 

to depend on temperature gradient, and this gradient decreases with axial position as observed 

from the temperature contours in Fig. 7. As a result, Nup decreases with an increase in the axial 

position. 

Some of the correlations selected for comparison agreed well with the CFD results. For the data 

from plane x= 0.0153 m, the correlation by Kunii and Levenspiel [47] and the data from plane x= 

0.0609 m agrees well with Abaroudi et al. [48]. Further away from the inlet Nup shows much lower 

values at equal Re, such that only Cybulski et al. [49] correlation estimates lower values than those 

obtained numerically. 
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3.6. Particle-to-fluid mass transfer  

The goal of this section is to present numerically obtained mass transfer coefficients under 

supercritical transesterification reaction conditions in terms of Sherwood number and compare 

them against some empirical correlations, validating the numerical results.  (Shp) as shown in Fig. 

14. The obtained Sh for 6 < Re < 81, were compared against broadly accepted empirical correlations 

for predicting mass transfer coefficients [5,48,50-52]. 

 

Fig. 14. Sherwood number vs Reynolds number for particle to fluid mass transfer. 

The numerical data is plotted for two bed lengths (x = 0.0152 m and x = 0.061 m). Obtained Shp 

decrease with bed length. This is due to the higher concentration gradients near the packed bed 

inlet. This effect can be observed in Fig. 9. From Fig. 14 it can also be seen that there is increased 

difference in Shp for 0.0152 m and 0.061 m at higher Re, but however for lower Re, the difference 

between Shp values is narrowed, since for lower Re the concentration reaches equilibrium closer to 

the packed bed inlet.  

The simulation data agrees well with the empirical correlations. All the CFD results fall within the 

range of the selected correlations. A good agreement was found between the numerical results and 

the correlation predictions of Lim et al. [51] which is for supercritical conditions at low Re with 

natural convection considerations. Abaroudi et al. [48] also correlated mass transfer using 

supercritical empirical data, which gave good estimate at lower Re but overestimates mass transfer 

at higher Re. Wakao and Funazkri [5] also yields high estimates, but this correlation does not take 
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into account supercritical conditions. Tan et al. [51] predicts much lower mass transfer coefficients 

for lower Re as the radial and axial dispersion effects are not considered.  

3.7. Mixed convectional effects 

Under supercritical conditions, mixed convection (combined free and forced convection) heat or 

mass transfer is likely to occur. Large density variations cause substantial amount of free convection. 

Numerical simulations were performed with gravitational acceleration activated in the opposite 

direction to the flow (i.e., flow was in the upward direction). For these conditions, density gradients 

were more likely to be observable in mixture flows. These gradients are likely to produce hydrostatic 

instabilities (viz., counter current flow, recirculation, stream differentiation) caused by buoyancy 

effects [54]. 

In order to test the convection at different areas in the bed, data from points on the lines - axial line, 

mid-section line and line near the wall, or from the radial planes were extracted. The local values of 

Gr, Pr/Sc and Re in these regions were estimated and plotted on an adapted Metais-Eckert map [55] 

in order to verify the transport mechanism inside the packed bed at different locations. 

 

Fig. 15. Metais-Eckert maps for wall-to-fluid heat transfer (a) Re = 75 and (b) Re = 12 with data points from line near 
wall and axis of the packed bed tube 

Fig. 15 shows the Metais-Eckert maps for data obtained at Re = 12 and Re = 75 on the bed axis and 

the near-wall region wall-to-fluid heat transfer simulations. From Fig. 15a for lower Re it can be seen 

that the convection on the axial region is mostly driven by natural convection, while on the near 

wall region the convection is driven by mixed convection. This indicates higher density gradients 
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near the axial region for lower Re, and lower influence of high temperature near the walls. This is 

expected as the temperature is more uniform near the wall resulting in lower density gradients. 

Also, flow channeling near the wall accelerates the flow giving more preponderance to forced 

convection effects.  

The data points on the axial region for higher Re lie mostly in mixed convection/laminar flow area 

as shown in Fig. 15b. Convection in the near wall region and on the axial line clearly lies on the mixed 

convection zone. Due to higher flow velocity, forced convection was occurring even at the bed 

center. So, at higher Re, the heat transfer takes place both by free and forced convection as a result 

of higher flow velocity. 

 

Fig. 16. Metais-Eckert maps for (a) particle-to-fluid heat transfer, and (b) particle-to-fluid mass transfer with data from 
axial planes at different axial positions (x) into the packed bed 

In case of particle-to-fluid heat transfer, temperature data was extracted from radial planes on two 

axial positions at x=0.0153 m and x=0.0609 m of the packed bed at various Re. The estimated local 

values of Gr, Pr for different Re were plotted on the M-E maps as shown in Fig. 16a for particle-to-

fluid heat transfer. As the flow moves along the bed from x = 0.0153 m to x = 0.0609 m, the type of 

convection changes from predominantly mixed convection to predominantly forced convection.  

Mass transfer due to mixed convection was studied for particle-to-fluid mass transfer simulations. 

Concentration data from the radial planes on three axial positions of x= 0.0153 m, x= 0.0306 m and 

x= 0.061 m were extracted for various Re. The local values of Gr, Sc estimated for different Re are 

shown in Fig. 16b. It can be seen from the figure that there is little change in the convection 
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mechanism with position through the bed. All the points lie in the free-convection laminar region, 

indicating the presence of hydrostatic instabilities mentioned earlier.   

 

Fig. 17. CFD obtained contribution of forced convection to total convection vs. Reynolds number and comparison 
against mass transfer analogous experimental data presented by Stüber et al., (1996) for (a) particle-fluid heat 

transfer (b) particle-to-fluid mass transfer. 

Flow velocity is directly proportional to forced convection heat or mass transfer [22,56]. An increase 

in velocity favors a better mixing yielding higher heat/mass transfer coefficients.  The contributions 

of free and forced convections to total heat/mass transfer could be assessed following the 

suggestions of Stüber et al. [56]. In Fig. 17 the contribution of forced convection to the total 

convection was plotted, which increased with Re as expected. Sh0 accounts for mass transfer due to 

molecular diffusion in radial direction from the pellet, for which a value of Sh0 = 0.3 was selected 

[57].  ShT, ShF and ShN indicate total, forced and free Sherwood numbers respectively. These terms 

were used analogously for heat transfer analysis as NuT, NuF, and NuN for total, forced and natural 

Nusselt numbers respectively as used in [21]. The correlations recommended by Stüber et al. [57] 

for Sherwood numbers are 

 

𝑆𝑆ℎ𝑇𝑇 − 𝑆𝑆ℎ0 = |𝑆𝑆ℎ𝐹𝐹 ± (𝑆𝑆ℎ𝑁𝑁 − 𝑆𝑆ℎ0)| (12) 

𝑆𝑆ℎ𝐹𝐹 = 0.269𝑅𝑅𝑅𝑅0.88𝑆𝑆𝑆𝑆0.3 (13) 

𝑆𝑆ℎ𝑁𝑁 = 𝑆𝑆ℎ0 + 0.001(𝑆𝑆𝑆𝑆𝐺𝐺𝑟𝑟)0.33𝑆𝑆𝑆𝑆0.244 (14) 



25 
 

 

Analyzing the mixed convection results indicate the forced convection component is increases with 

flow velocity. The numerical results are also in concordance with the experimental analogous mass 

transfer results presented by Stüber et al. [57]. 

 

4. Conclusions 

CFD proves to be a reliable tool for modelling convective wall-to-fluid heat transfer, and particle-to-

fluid heat and mass transfer in high pressure supercritical conditions for species mixtures in complex 

geometries. Free/Forced convection situations in the packed bed have been analyzed. A working 

packed bed model with a cylindrical packing has been developed and tested for heat and mass 

transfer.  A wall-segment model which is less computational intensive was developed.  

CFD simulations were performed for a full-length WS model for a supercritical transesterification 

reactor with wall-to-fluid heat transfer, particle-to-fluid heat transfer and particle-to-fluid mass 

transfer. Velocity, concentration and temperature profiles were obtained on radial, axial planes and 

central axis line of a packed bed.  

Heat transfer coefficients were correlated in terms of Nusselt number. The values of wall Nusselt 

number and effective radial thermal conductivity were estimated for different Re. Higher heat 

transfer rates were observed under supercritical conditions than the predicted values by some 

empirical correlations, which agrees with higher heat transfer coefficients under supercritical 

conditions previously reported by several authors. The Nuw almost increases linearly with Re 

number for full length packed bed, along with some empirical correlation, validating the numerical 

results for higher Re. Li and Finlayson [45] correlation is based on wide range of experiments 

involving chemically reactive flows from various researchers for Re ranging from 20 to 800 shows 

the best agreement with the numerical data. Effective radial thermal conductivities for a bed cross 

section was in good agreement with the correlations proposed, validating the results. 

The influence of Re over heat and mass transfer was analyzed and plotted for particle-to-fluid 

transport. The values of particle Nusselt and Sherwood number increases almost linearly with an 

increase in velocity. The transport coefficients also decreased with reactor length. This is due to the 

fact that temperature/concentration reaches equilibrium with a length increase, reducing the 

effective transport driving forces. The decrease of the transport driving force was found to be not 
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proportional to the length on the packed bed. The particle Nu/Sh data agrees with some of the 

empirical correlations for predicting particle-to-fluid transport.  A functioning simulation model was 

developed based on experimental model and could be used to study the heat and mass transfer 

taking place in the reactor. 

Mixed convection at high pressure in a packed bed was also analyzed. For a supercritical fluid in 

laminar flow regime it was possible to study the effects of density gradients and velocity over heat 

and mass transfer. Free convection effects were found to be higher away from the wall, around the 

reactor center line. CFD can be used in estimating the packed bed length to bed used in extraction.     
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Nomenclature 
C concentration, kmol/m3  

Cps concentration on particle surface, kmol/m3  

Cin inlet concentration , kmol/m3  

Cp, f specific heat of fluid, J / kg·K  

Dp (or)𝑑𝑑𝑝𝑝 particle diameter, m  

DAB mass diffusivity, m2/s  

Dax dispersion coefficient, m2/s  

E  total Energy, J  

𝐹𝐹 external body forces, N  

G mass flux, kg/m2.s J  

Gr Grashof number for heat transfer 𝐺𝐺𝑟𝑟𝐻𝐻  = 𝑔𝑔𝑔𝑔(𝑇𝑇𝑠𝑠−𝑇𝑇𝑝𝑝)𝐷𝐷𝑝𝑝3

𝜈𝜈2
 

for analogous mass transfer 𝐺𝐺𝑟𝑟𝐷𝐷  = 𝑔𝑔𝐷𝐷𝑝𝑝3𝛥𝛥𝛥𝛥
𝛥𝛥

�𝛥𝛥
µ
�
2
 

 

𝑔𝑔 gravitational acceleration, m / s2  
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ℎ𝑗𝑗 species enthalpy of species j, J/kg,  ℎ𝑗𝑗  = ∫ 𝐺𝐺𝑝𝑝,𝑗𝑗
𝑇𝑇
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟

𝑑𝑑𝑇𝑇, Tref  = 

298K 

 

h heat transfer coefficient, W / m2·K  

hp particle heat transfer coefficient, W / m2·K  

hw wall heat transfer coefficient, W / m2·K  

𝐽𝐽𝑗𝑗 the diffusion flux of species j, kg /m-s  

k thermal conductivity, W / m·K  

kax axial thermal conductivity, W / m·K  

kc mass transfer coefficient, W / m·K  

𝑘𝑘𝑒𝑒 ,𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒 effective thermal conductivity, W / m·K   

kf thermal conductivity of fluid, W / m·K  

ker effective radial thermal conductivity, W / m·K  

kr radial thermal conductivity, W / m·K  

L packed bed height, m  

m Mass, kg  

ṁ mass flow rate, kg / s  

N the total number of fluid phase chemical  

Nu Nusselt number    

 particle Nusselt number 𝑁𝑁𝑢𝑢𝑝𝑝 =  ℎ𝑝𝑝/𝐷𝐷𝑝𝑝𝑘𝑘𝑒𝑒  

 wall Nusselt number 𝑁𝑁𝑢𝑢𝑤𝑤 =  ℎ𝑤𝑤/𝐷𝐷𝑝𝑝𝑘𝑘𝑒𝑒  

P  Pressure, Pa  

p static pressure, Pa  

Pr Prandtl number 𝑃𝑃𝑟𝑟 =  𝐺𝐺𝑝𝑝µ/𝑘𝑘𝑒𝑒  

r radial distance, m  

R packed bed radius, m  

Re Reynolds number 𝑅𝑅𝑅𝑅 = 𝐷𝐷𝑝𝑝𝑑𝑑𝑝𝑝𝜌𝜌/µ  

Ra Rayleigh number, 𝑅𝑅𝑎𝑎 = 𝐺𝐺𝑟𝑟.𝑃𝑃𝑟𝑟  

Sc Schmidt number 𝑆𝑆𝑆𝑆 = µ/𝜌𝜌𝐷𝐷𝐴𝐴𝐴𝐴   

Sh Sherwood number 𝑆𝑆ℎ = 𝑘𝑘𝑐𝑐𝐷𝐷𝑝𝑝/𝐷𝐷𝐴𝐴𝐴𝐴  
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T temperature, K   

T0 initial temperature, K  

Tf fluid temperature, K  

Tp particle surface temperature, K  

Tw wall temperature, K  

t Time, s  

𝑣𝑣 overall velocity vector, m / s  

v velocity magnitude, also written with directional subscripts (vx, 
vy, vz), m / s 

 

Vs superficial velocity, m / s  

x, y, z cartesian coordinates, m  

x axial distance, m  

Yi mass fraction of species i  - 

αax axial thermal diffusion coefficient, m2/s  

β volumetric thermal expansion coefficient, 1/K  

ε bed void fraction/porosity - 

μ molecular dynamic viscosity, kg / m·s  

ρ Density, kg / m3  

ν kinetic viscosity, m2/s  

𝜏𝜏̿ stress tensor, Pa 
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