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Abstract—A system of nonlinear measurement and non-
linear elastic characterization of resonators is presented,
which increases the possibilities and characteristics of the
other classic nonlinear characterization methods. This char-
acterization has been necessary due to the use of resonators
in power devices, where their behavior departs from the
linear characteristics. The use of burst signals and a sys-
tem of acquisition and data processing is proposed instead
of impedance analyzers, thus avoiding the thermal effects
associated with the high-signal measures, which are neces-
sary for this characterization. The measures are repeated
for different amplitudes and at the same frequency near
the resonance by a single amplitude sweep, which is simpler
and faster to carry out than the multiple frequency sweep-
ings used in other methods. As a last resort, a variation on
the proposed method, closer to the classical measures, is
put forward, in which the resonance is ensured in all the
measures. Special emphasis is placed on obtaining nonlin-
ear characterization of the piezoceramic material in order
to increase its optimization in the transducers in terms of
both its use and its composition and structure.

I. Introduction

When piezoelectric devices are used in resonance, if
the excitation signal is elevated, as happens in the

power devices, an alteration of the linear resonator behav-
ior occurs and nonlinear phenomena appear [1]–[12]. In
many cases, this behavior alters the normal operation of
devices; thus it is important to have a nonlinear charac-
terization that can foresee what will occur.

This nonlinearity is due to the great strains and stresses
that the resonator undergoes in the neighborhood of the
resonance, and for this reason we will deal in general with
nonlinear elastic behavior. This does not rule out the ex-
istence of other piezoelectric and dielectric nonlinear be-
haviors, which can be superposed to the nonlinear elastic
one.

Among the most important nonlinear elastic alterations
that may occur in the resonance, the following phenomena
that appear when the excitation signal is increased may be
emphasized:

• Increase of mechanical losses.
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versitat Politècnica de Catalunya, Barcelona, Spain (e-mail: al-
fons@fa.upc.edu).

Digital Object Identifier 10.1109/TUFFC.2007.514

• Amplitude-frequency shift effect.
• Appearance of frequency hysteresis when a frequency

sweep at constant voltage is applied. For certain mate-
rials and for high amplitudes, the resonance is reached
only when the sweep is made in decreasing frequencies.

• Harmonic generation at frequencies different from the
excitation signal.

If these nonlinear properties of the materials and the
devices are known accurately, the operating limits of the
resonators can be determined. It is also important to de-
termine when the frequency hysteresis takes place, because
sweepings in decreasing frequencies must be carried out so
that the resonance can always be reached [12].

To carry out the material nonlinear characterization, it
is necessary to take piezoelectric resonators with suitable
forms to be able to characterize the nonlinearity of the
relevant elastic tensorial coefficients: s33, s11, etc. In the
present work, it is assumed that the constitutive equations
are valid, but it is accepted that the coefficients cease to
be constant and become a function of the excitation level
amplitude.

This nonlinear characterization informs us about the
material characteristics. In effect, the piezoelectric ma-
terials used are usually PZT ceramics, and they present
extrinsic behaviors due to the ferroelectric domain wall
movements. These extrinsic effects are the main cause
of the nonlinear behavior, whereas the intrinsic contribu-
tion, which corresponds to a monodomain, is linear [13]–
[20]. Therefore the nonlinear coefficients measure approx-
imately the quantity of the extrinsic effect, thus provid-
ing us with information about the ceramic microstructure.
Nevertheless, this extrinsic effect, which for their nonlin-
earity may be better to avoid, is indeed responsible for
the fact that these PZT ceramics have such good qual-
ities, both their high piezoelectric coefficient value and
their high dielectric permittivity value. Thus the materi-
als that have high piezoelectric coefficient values are often
also those that present a higher nonlinearity (for example,
soft materials) [19], [21].

A possible nonlinear characterization is made by using
the intermodulation method. A nonlinear effect charac-
teristic is the harmonic generation, so signals at frequen-
cies different from the excitation frequency are produced.
When two excitation signals at different frequencies are
used, the response will contain a combination of the sum
and the difference of the excitation signals. This sensitive
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method [22], [23] enables us to obtain the nonlinear char-
acterization with good accuracy, without increasing the
excitation signal level excessively. However, this character-
ization type will not be considered in this work, because
this system departs too much from the possible power ap-
plications we wish to characterize and does not enable us
to measure the vibration velocity at the same time. Fur-
thermore, the results obtained by this method are correct
only for very low nonlinearities, and the high-level behav-
ior is not always similar.

Nonlinearity also produces harmonic generation at fre-
quencies different from the excitation signal. These new
signals are generally of little importance because their fre-
quencies are far away from the natural resonance and their
amplitudes are low, so they do not disturb the normal de-
vice operation. In the present work, only the generator
frequency signals are measured in order to obtain the de-
pendence of compliance and losses on the amplitude level.
However, the system is able to measure the other harmonic
signal contributions if required.

An important aspect in nonlinear behavior characteri-
zation of piezoelectric resonators is to prevent sample tem-
perature increase when the measurements are made. Ap-
plication of a high-level signal to a resonator causes an
increase in its temperature, so that both phenomena can
be superposed: nonlinearity and thermal effects. In order
to prevent this, it is necessary to design an appropriate
measurement method.

One of the ways of preventing the thermal effects is
to take the measurements as rapidly as possible—with an
impedance analyzer—at the cost of reducing the accuracy
of the measurements. After each measurement it is neces-
sary to wait long enough before taking the next one.

Another way of obtaining this is by the use of burst
signals which, since they are more limited in time, prevent
overheating. In this work we present the advantages of this
characterization system with burst excitation, analyzing
to the maximum all of the possibilities and improvements
that we have developed in its implementation.

First, we present the different measurement and char-
acterization methods, and later we will adapt these mea-
surement types to the burst signals used. Throughout this
work, resonant discs in radial mode have mainly been used,
since there are no superposed spurious signals due to other
modes, and they are easy to use, although some mathe-
matical aspects are more complex and are detailed in the
appendix. References to other resonant modes are made
only in some cases. The method developed here will be use-
ful for the characterization of those nonlinear coefficients
that correspond to the vibration mode used, and the con-
clusions presented are generalized to any other vibration
mode.

II. Previous Work: Measurement Types

The most usual resonator nonlinear characterization
consists of the measurement of the mechanical losses in-

crease, ∆ tan δm, and the resonance frequency decrease,
versus the amplitude of the excitation signal [12], [24].

A way of obtaining this characterization is by the resis-
tance measurement R (or inverse of the maximum admit-
tance modulus |Ymax|) at resonance, which is proportional
to the losses, and the reactance variation measurement,
∆X , due to the signal level increase. This reactance in-
crease is proportional to the resonance angular frequency
decrease ∆ωs:

∆R

Z
= ∆tan δm = ∆

(
1

Qm

)
= Ψ(Im), (1)

∆X

Z
= −2

∆ωs

ωs0
= Ψ′(Im), (2)

Z = Lm0ωs0, (3)

where Lm0 is the motional inductance, from the low signal
equivalent circuit; ωs and ωs0 are the resonant frequen-
cies at high and low signal level; Qm is the mechanical
quality factor; and Ψ and Ψ′ are functions of the motional
current Im.

In these equations, the mechanical losses and the res-
onant frequency variations are related to the excitation
signal level through the motional current Im. This mo-
tional current is proportional to the spatial mean strain
〈S〉 that exists in the resonator, and is the main cause of
the nonlinear behavior at these frequencies. This will be
the independent magnitude [12] which makes it possible
to obtain a good nonlinear elastic characterization.

There are several measurement systems used to make
the nonlinear characterization: frequency sweeps at con-
stant voltage or at constant current, or amplitude sweeps
at constant frequency. We analyze each of them.

A. Frequency Sweeps at Constant Voltage

The classical system to carry out the nonlinear char-
acterization is the use of an impedance analyzer making
frequency sweeps at different voltage amplitude levels, ob-
taining for each level the resistance value at resonance and
the resonant frequency (Fig. 1). This is the measurement
system at “constant voltage.” Both the mechanical losses
values tan δm and the resonant frequency fs are obtained
at each voltage amplitude level of the applied signal [7],
[11], [12], [24].

The nonlinear effects are due to the high strains and
stresses that appear at resonance, so it is necessary to
carry out the current measurement in order to obtain the
motional current and the mean strain 〈S〉 (A15).

This measurement system has been used to study the
elastic nonlinearities, and the characterization obtained
shows that the nonlinear contributions, both on the me-
chanical losses and in resonant frequency, depend exclu-
sively on the motional current or mean strain 〈S〉.

One of the problems of this method is that in these
measurements one complete frequency sweep is carried out
to obtain only one point on the nonlinear characterization
curve. Therefore it is necessary to make as many frequency
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Fig. 1. Admittance modulus representation of resonance for different
input levels: frequency hysteresis at high level amplitude.

sweeps as points on this curve, with the corresponding
temperature increase. Another problem is that it is neces-
sary to make the frequency sweep only in decreasing fre-
quencies, in order to ensure that the resonance is always
reached, even if the hysteresis phenomenon appears. Fi-
nally, some analyzers do not enable the impedance and
current measurements to be taken simultaneously.

B. Frequency Sweeps at Constant Current

Hirose [6], [25] has proposed carrying out the measure-
ments at “constant motional current.” He uses a feedback
electronic system that generates a constant current signal,
after compensating the electrical capacitance C0 (dielec-
tric capacitance, in parallel with the motional branch), to
ensure that the motional current flowing through the res-
onator remains constant. The main advantage of this sys-
tem is that the frequency hysteresis disappears, enabling
frequency sweeps at increasing or decreasing frequencies
to be made.

A drawback of this system is the use of a rather sophisti-
cated, nonstandard generator. However, the main problem
of this measurement method is that the power applied to
the resonator is always very high. For all the frequencies of
a sweep, the power applied is the same as that used only
at resonance fs in the previous method.

C. Amplitude Sweeps at Constant Frequency

A further measurement method developed in [11], [12]
consists of making an amplitude sweep at “constant fre-
quency.” The measurements of resistance and reactance
increase for the nonlinear characterization depend only on
the motional current and not on the frequency. In this
system, an amplitude sweep is carried out for a fixed fre-
quency near the resonance, and the measurements of the
resistance R, reactance X , and current I are made in order
to obtain the resonator nonlinear characterization. This

amplitude sweep is repeated at another close frequency to
verify that the nonlinear characterization is similar.

This is a very important point in this work. Only if the
curves R(Im) and ∆X(Im) are frequency independent is
it possible to obtain the nonlinear laws by this method.
Furthermore, in this case, only one amplitude sweep is
necessary to complete the nonlinear characterization.

A drawback of this method is that not all impedance an-
alyzers allow these measurements. Some have no amplitude
sweep capability available, even if it allows the necessary
measures R, X , and I (Agilent 4194 impedance analyzer,
Agilent Technologies, Inc., Santa Clara, CA). Other an-
alyzers could make these amplitude sweeps, but they do
not allow the simultaneous measurements of the current
(Agilent 4294). Given these disadvantages, the solution
adopted consists of making the voltage and the current
measurements by an oscilloscope, using a burst excitation
signal explained later. An automatic measurement control
system performs the data acquisition, and later performs
the data treatment necessary to obtain the nonlinear char-
acterization.

These measurements are made simultaneously with the
vibration velocity measurements v on a resonator charac-
teristic point, for example, on an edge point. They could
easily be made by the use of a laser vibrometer. The vi-
bration velocity measurements informs us directly of the
mean strain 〈S〉, making the nonlinear measurement of
piezoelectric coefficients d and e possible. These laser vi-
brometer measurements are difficult to carry out simulta-
neously with the impedance analyzer measures, but they
are easily carried out when an oscilloscope performs the
data acquisition (it suffices to use a three-channel oscillo-
scope to obtain the signals V , I, and v).

As set out above, a nonlinear characterization method
by means of an amplitude sweep at constant frequency is
proposed, with an oscilloscope data acquisition to obtain
the voltage V , the current I, and the vibration velocity v,
and a subsequent data treatment. Another possibility will
be also commented upon, which consists of taking the mea-
surements at resonance instead of at constant frequency,
but with only one amplitude sweep.

III. Burst Measurements: Free Vibrations

in the Tail

As previously stated, an important aspect in the non-
linear characterization at high power is to take the mea-
surements without the resonators overheating [7], [10]. The
best solution is the use of burst signals, since this prevents
the temperature effects and is perfectly compatible with
the use of an oscilloscope to make the measurements, as
well as measurement of the vibration velocity at a point of
the resonator by a laser vibrometer.

To do this, the first option is the use of a burst with a
high signal level and by taking the measurements in the
free response at the transient state produced in the tail of
the burst, when the excitation signal is finished [Fig. 2(a)]
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Fig. 2. Voltage and current of the burst signal: (a) free vibrations
in the tail; (b) steady-state vibrations before the end of the burst
excitation.

[26]–[30]. The time constant τ(I) is calculated from the
enveloping amplitude signal for different current levels I,
and so for different instants of the burst tail. The oscil-
lation period T and frequency f at the same instants are
also calculated. From all of these measurements, the losses
tan δm(I), and shift frequency ∆f/f0(I) versus the current
level can be obtained. This measurement system is com-
pleted with velocity measures by a laser vibrometer v(I).

To carry out these measurements, an oscilloscope with
a data acquisition is necessary. A data treatment sys-
tem allows us to obtain the enveloping signal from the
consecutive maximum points of the damping oscillations.
From this decay curve the time constant τ(I) is calculated.
This calculation is made from the logarithmic variation of
the current. The measurement of the oscillation period T
and the calculation of the resonant frequency fs(I) allow
us to obtain the losses tan δm(I) and the shift frequency
(fs − fs0)(I) for each current level amplitude I, where fs0
is the resonant frequency at low level amplitude:

tan δm =
1

Qm
=

1
2πfτ

, (4)

∆fs

fs0
=

fs0 − fs

fs0
. (5)

This measurement system produces noise, particularly
in the velocity measurements taken by the laser vibrom-
eter, because, for example, it does not allow the use of
adequate filters to eliminate this noise. To prevent or min-
imize this noise, it is necessary to use digital filters in the
treatment data, and to repeat the measures several times
and work out an average.

Measurements of this type have been successfully used
[29] to characterize materials with a high mechanical qual-

ity factor, working at the first resonance mode, which is
that at the lowest frequency. However, when it has been
used to characterize 3-1 composites [26]–[28], serious mea-
surement difficulties has been found. Indeed, in this case it
is easy to find several resonant modes, for example, thick-
ness and lateral modes, with close frequency values. When
the resonator is in the free oscillation interval, at the tran-
sient state produced in the tail of the burst, a beat phe-
nomenon may easily occur between the different frequen-
cies, because several vibration modes are excited. These
beat effects, which are reflected in the enveloping signal,
make the correct time constant measurements impossible.

IV. Burst Measurements: Steady-State

Vibration, Constant Frequency

The solution adopted in this work is the use of burst sig-
nal excitation to prevent thermal effects on the resonators,
but carrying out the measurements in the time interval of
the steady-state vibration zone [Fig. 2(b)]. To this end, af-
ter the beginning of the burst excitation, a prudent delay is
incorporated during a number of cycles N1 to ensure that
the transient state is finished and that the steady-state is
achieved. At this moment, all signals are captured for a cy-
cle number N2, just before the end of the burst excitation
signal. During this interval of N2 cycles, all signals neces-
sary for making the characterization are obtained: voltage
V (t), current I(t), and velocity v(t).

With this acquisition data system it is possible to per-
form the nonlinear measurements, preventing, for example,
the beating phenomenon generated in the piezocompos-
ites: When a work frequency is imposed, these beats are
avoided, because the undesired modes are not excited. At
the same time, it is possible to use acquisition measure-
ments at generator frequency, which enables noise to be
eliminated.

In the experimental system developed, a four-channel
oscilloscope allows us to obtain the signals V (t), I(t), and
v(t) during N2 cycles of period T . The cycle number value
N1 necessary to reach the steady state is a function of
the mechanical quality factor Qm of the resonator. The
value of N1 = 3 · Qm has been accepted. After the ac-
quisition of these signals, they are multiplied by the sine
and cosine functions at the same generator frequency ω,
and integrated during a time N2T . This method prevents
the noise and obtains the relative phase between signals:
Exclusively, measurements of the fundamental harmonic
component are made, similar to those carried out in a lock-
in amplifier, by a synchronous detection.

If we suppose that the voltage is V0 cos(ωt + ϕv), and
that there are noise signals at other ω′ frequencies, the
average of the product with the sine and cosine functions
during an entire number N2 of periods will be

1
N2T

t1+N2T∫
t1

V0 cos(ωt + ϕv) cos(ωt)dt =
1
2
V0 cos(ϕv),

(6)
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Fig. 3. Experimental block diagram.

1
N2T

t1+N2T∫
t1

V0 cos(ωt + ϕv) sin(ωt)dt = −1
2
V0 sin(ϕv).

(7)

The result of this integration is zero for all noise signals
with frequencies ω′ different from the ω frequency of the
sine and cosine signals.

These results will constitute the real and imaginary part
of the complex V . Calculating in a similar way with the
current I and the velocity v, this method allows us to
construct the complex impedance Z = V/I = R + jX .
In a first step, the nonlinear behavior can be obtained
from the dependences R(I), X(I), and v(I) to arrive at
the nonlinear coefficient and dependence laws by a data
treatment.

This measurement process can be performed for a small
number of cycles, repeating the process several times and
making an average in the oscilloscope. However, this im-
plies that several long burst signals are applied for each
measure, but using only these few numbers of cycles. Fi-
nally, the solution adopted consists of using a large number
of N2 cycles, for example, N2 = 100 or 500, employing only
one burst signal. This system avoids the use of an average
of several signals and optimizes the efficacy of the burst sig-
nal in relation to the information obtained. Consequently,
a lower thermal effect is produced on the resonator.

V. Experimental System

The excitation measurement system is composed of a
generator (HP 33120A, Agilent Technologies, Inc.) and
an amplifier (NF 4025, NF Electronic Instruments, Yoko-
hama, Japan) with low output impedance (0.1 Ω) and high
maximum frequency (2 MHz), well adapted to the res-
onance measurements requirements (Fig. 3). The velocity
signal v(t) is obtained by a vibrometer laser (Polytec OFV
3001/303, Polytec GnbH, Waldbronn, Germany). A four-
channel digital oscilloscope (LeCroy 6030, LeCroy Corpo-
ration, Chestnut Ridge, NY)) provides the time dependent
signals of voltage V (t), current I(t) (by a Tektronix CT-
2 current probe, Tektronix Espanola SA, Madrid, Spain),
and velocity v(t).

The data acquisition and treatment system (HP-VEE,
Hewlett-Packard Espanola, Madrid, Spain) has the follow-

ing important aspects, which are pointed out schemati-
cally:

• It controls the generator: fixes the frequency and am-
plitude of the burst signal and the number of cycles. A
single burst is used to make a measurement point. A
typical measurement cycle contains several amplitude
levels (16 different values) for each frequency (3 or 6
different values) near the resonance. These measure-
ments allow us to verify that the nonlinear character-
ization is frequency independent, with a good approx-
imation.

• It controls the oscilloscope: the delay time of N1 pe-
riods, after the beginning of the external signal of the
burst generator. Special attention has been given to
the vertical scale for each channel: It is programmed
to provide the optimum scale for each channel, tak-
ing into account the previous measurements and the
consecutive adjustments, in order to obtain a signal
without exceeding the oscilloscope limits, but with the
maximum of information, with the aim of covering be-
tween 70–80% of the scale maximum. That is to say,
an automatic vertical scale generation has been car-
ried out. The oscilloscope sampling frequency is about
100 times the resonant frequency.

• An estimation of the resonator maximum tempera-
ture overheating is obtained. From the material heat
specific and dimensions, the heat capacity and the
temperature maximum increase is calculated, start-
ing from the measured voltage and current and from
the cycle number and frequency of the burst. It is as-
sumed that the resonator always works in the steady
state and that there is no radiation heat, so a max-
imum value of the temperature increase is obtained.
The process is accumulative for all of the measure-
ments.

• From the imposed data of excitation signal frequency,
the signals sin(ωt) and cos(ωt) are generated, to be
used in the previously mentioned measurements at
generator frequency (6), (7). As previously explained
(Section IV), the complex voltage V , current I, and
velocity v are obtained from the oscilloscope signals
V (t), I(t), and v(t), respectively. Finally, the complex
impedance Z = V/I = R + jX , is calculated.

• A calibration is necessary to correct the phase induced
by the whole system between the signals.

• After the research data R, X , I, v, and f , are obtained,
they are transferred to a spreadsheet for later data
treatment.

VI. Nonlinear Characterization

A. Motional Impedance Plane

To make the nonlinear characterization, it is necessary
to transform the direct measurements to other more ap-
propriate magnitudes. First, since the nonlinearity is asso-
ciated to the mechanical or motional parameters of the res-
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onator, it is necessary to modify the magnitudes R and X
for the corresponding motional magnitudes Rm and Xm,
which the resonator would have if the dielectric contri-
bution Cp

0 were disconnected. This capacitance Cp
0 cor-

responds to the dielectric contribution in the frequency
interval between the radial resonance and the thickness
resonance, for the disc resonators (see Appendix):

Rm + jXm = Zm =
1

Ym
, (8)

where

Ym = Y − Y P =
1
Z

− Y P , (9)

and

Y P = jωCP
0 . (10)

For other vibration modes this capacitance will be taken
similarly.

In the same way, the total current I allows the cal-
culation of the motional current Im, to be used as the
independent variable. In the second step, it is necessary
to find a magnitude that is independent of the resonator
dimension. A first possibility is the use of the electric dis-
placement Dm = Im/Aω corresponding to the motional
current, which is directly proportional to the mean strain
〈S〉. An important question is whether the mean strain 〈S〉
or its time derivative 〈dS/dt〉 is the best magnitude; that
is to say, whether magnitude Dm or dDm/dt is better. To
this end, nonlinear characterization of resonators with the
same material and different dimensions has been carried
out [12]. It is observed that the best magnitude to explain
the nonlinearity is 〈S〉 or Dm, because the dependence
of the nonlinear parameters on the resonator frequency is
much lower than if the magnitudes 〈dS/dt〉 or dDm/dt are
used.

It is important to remark on the dependence on the
mean strain 〈S〉. Uchino and Hirose [6], [7], [25] analyzed
the nonlinear behavior of resonators, taking as the in-
dependent magnitude the velocity v in a resonator edge
point. For a bar resonator in longitudinal mode, the rela-
tion between these magnitudes v and 〈S〉 is

v =
〈S〉ωsL

2
=

〈S〉ωsλ

4
=

〈S〉cπ
2

, (11)

where L is the bar longitude, and c is the acoustic wave
propagation velocity, which is near constant, with low vari-
ations for different materials. For other resonant modes,
the frequency is always proportional to the inverse of the
dimension associated to the resonator mode ωα1/L.

Thus the velocity vibration v and the main strain 〈S〉
are proportional magnitudes, and are equivalent to taking
any of them as the independent magnitude. The distinc-
tion is only qualitative, whereas the vibration velocity is
important in applications, and more especially in resonant
devices. On the other hand, the mean strain 〈S〉 and the

Fig. 4. Resonance measurements at constant voltage and at constant
frequency, in the motional impedance plane: straight lines, with slope
m, for sweeps at constant frequency. PXE5 material.

mean stress 〈T 〉 are more related to the material nonlin-
earity and allow a characterization nearer to the ceramic
properties.

Assuming that the independent magnitude responsible
for the nonlinear behavior is the mean stress 〈T 〉 instead
of the mean strain 〈S〉, it will be necessary to use the
magnitude I ′, proportional to the mean stress 〈T 〉 (see
(A10)), which for a radial resonator corresponds to the
use of a dielectric capacitance C0 = CT

0 [31]:

I ′ =
V

Z ′ = V

(
1
Z

− Y0

)
, (12)

where

Y0 = jωCT
0 . (13)

A very interesting analysis, of great help in understand-
ing the nonlinear behavior near the resonance, can be car-
ried out through the representation of the motional com-
plex impedance Zm in the impedance plane (Fig. 4). It is
observed that when the amplitude level at constant fre-
quency increases, the motional resistance Rm increases
when the losses increase, and the motional reactance Xm

also increases. In the impedance plane, the points corre-
sponding to an amplitude sweep at constant frequency f1
are aligned on a straight line with a slope m. For other
close frequencies this representation is similar on another
straight line nearly parallel to the above line. When the
frequency of this second sweep is higher than that of the
first sweep, f2 > f1, it can be observed that the second
straight line corresponds to higher reactances Xm. This
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Fig. 5. Motional resistance Rm and reactance Xm versus the current I′, for different frequency sweeps. Soft Pz 27 material, from Ferroperm
Piezoceramics A/S.

representation shows that the nonlinearity due to the am-
plitude increase brings about a reactance increase. Thus,
in order to reach the resonance, that is to say, Xm = 0,
it is necessary to use a lower frequency with a high-level
signal: point A at low signal, point B at high signal. One
may therefore conclude that by increasing the excitation
amplitude, there is equivalence between the decreases or
shift frequency of resonance fs and the motional reactance
increase ∆Xm [11], a relation previously pointed out in (2).

Fig. 5 shows the motional resistance Rm and reactance
Xm dependences versus the current I ′. It can be observed
that, with a good approximation, these curves are parallel
for different frequencies. So, the variations ∆Rm and ∆Xm

are approximately frequency independent. This result al-
lows us to state that it suffices to perform only one simple
amplitude sweep, at a frequency near the resonance, to ob-
tain the laws Rm(I ′) or Xm(I ′) in the resonator nonlinear
characterization. Moreover, it is always prudent to repeat
this amplitude sweep at other close frequencies in order to
verify that this dependence is approximately the same and
independent of the frequency.

This is a very significant result: The nonlinear behav-
ior depends only on the current I ′, which is proportional
to the main stress 〈T 〉, and is frequency independent. In
view of this result, it is easy to understand that the non-
linear characterization by means of frequency sweeps at
constant voltage or constant current would imply a slower
data acquisition, since it would be necessary to make more
individual measurements (corresponding to one frequency
and one amplitude level) than those carried out in the case
of one amplitude sweep at constant frequency. In the latter
case, it suffices to perform one sweep at constant frequency
and increasing amplitudes.

This result also enables us to draw an appropriate
comparison between the three characterization systems
(Fig. 6) in the motional impedance plane Xm(Rm). In the
case of constant voltage, the impedance curve is bent with
a great resistance near the resonance, because at these fre-
quencies the total resonator impedance is minimum and
the current I ′ is maximum; so the resistance is also maxi-
mum. This representation is unable to show that the inde-

Fig. 6. Measurements in the motional impedance plane: straight lines
at constant frequency; vertical straight line for sweep frequencies
at constant current. At high level, the impedance increase ∆Zm is
frequency independent.

pendent magnitude is the current I ′. As previously stated,
it is necessary to repeat as many sweeps at constant am-
plitude as points of the nonlinear characterization.

Second, for a characterization at constant current [6],
[25], the nonlinearity produces ∆Rm and ∆Xm that are
constant throughout the entire sweep, so the curve in this
Zm plane is approximately a straight line, parallel to the
corresponding one at low signal. The straight line at low
signal is displaced ∆Rm horizontally and ∆Xm vertically,
quantities that are constant across all of the sweep, since
the current I is constant (also I ′). The fact that in this case
there is no bending of the curve in this impedance plane
ensures the disappearance of the hysteresis phenomenon
[11], [12].

Finally, when the amplitude sweep is carried out at con-
stant frequency, as proposed in this paper, the measured
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Fig. 7. Curves at constant voltage and straight lines at constant
frequency: hysteresis phenomenon in the interval f1 < f < f2 only
for high amplitude level.

points are aligned on a straight line with a slope m, as
mentioned above. The straight lines are parallel for differ-
ent frequencies and are longer the closer they are to the
resonance X = 0 at high signal.

B. Hysteresis Phenomenon

The use of the motional impedance plane Zm also al-
lows us to characterize the hysteresis phenomenon. When
the resonator is excited at high signal level, a frequency
sweep performed at constant voltage may pass through a
different path or points if this sweep is made with increas-
ing or decreasing frequencies (see Fig. 1). Fig. 7 shows [11]
that when the slope m of the straight lines at constant
frequency is higher than the slope of the curves at con-
stant voltage, dXm/dRm, then the intersection between
the straight lines and the curves at constant voltage is
produced at three points for one frequency (in the inter-
val f1 < f < f2, in Fig. 7). A point is reached when
the sweep is made at increasing frequencies (zone B–C);
another when the sweep is made at decreasing frequen-
cies (zone D–E), and the third is unattainable (zone C–
D) because it is unstable. Thus the slope m characterizes
this hysteresis phenomenon completely. At low signal, the
hysteresis never appears, because the curve at constant
voltage is approximately a straight line. Only when the
nonlinearity bends the curve enough, at constant voltage,
does the hysteresis appear. The value of this slope m is
near m = 2 for soft PZT ceramics, and very much higher,
m = 6 or 12, for hard piezoceramics. This result implies
that it is in hard materials used in power devices where
the hysteresis phenomenon is more likely to be reached.

If the Hirose characterization [6], [25] is used at constant

current, this phenomenon does not occur, since the sweep
curves remain vertical straight lines and the intersection
with the straight lines at constant frequency always gives
only one point.

It has been observed that the hysteresis zone always
occurs in the lower zone (Xm < 0) of the bent curve at
constant voltage; that is to say, at frequencies lower than
the resonance. The resonance is always reached with de-
creasing frequencies. When amplitude sweeps are used at
constant frequency, a zone of the impedance plane Zm

without measured points (see Fig. 6) has also been ob-
served [11], since these points correspond to the above-
mentioned unattainable points.

It is important to point out that the extreme part of
this bent curve, with the maximum resistance Rm, is found
where the current I ′ is also maximum. Generally, it occurs
just at resonance, X = 0. However, this place depends on
the amplifier employed. Indeed, the current is maximum
when the total reactance, the resonator reactance X plus
the amplifier reactance Xg, is zero, X + Xg = 0. So, this
curve maximum at constant voltage is moved vertically a
quantity X = −Xg due to the amplifier reactance [11]. It
is equivalent to moving the origin, and is the cause of the
bending on the constant voltage sweep representation, ver-
tically −Xg and horizontally −Rg. This analysis of the ex-
perimental system, which includes the generator-amplifier
impedance, allows us to avoid the hysteresis phenomenon
when it appears. If a series resistance Rs is added between
the amplifier and the resonator, the bent curve at constant
voltage will be less bent and the hysteresis disappears. The
curve looks more like a vertical straight line, because the
horizontal origin is at −Rg−Rs. This new set-up makes the
configuration somewhat similar to that proposed by Hirose
with a constant current generator. This system has been
verified and used every time that the hysteresis appears.
The only problem with this system is that the maximum
current reached is lower at resonance.

C. Elastic Nonlinear Characterization

The high performance of the above results is clearly
shown in Fig. 8 [31]. Fig. 8(a) and (b) shows the res-
onator total impedance near the resonance [Fig. 8(a)] and
near the antiresonance [Fig. 8(b)]. It is observed that when
the excitation level increases, the antiresonance is reached
from the low level resonance, due to the reactance nonlin-
ear increase. However, all of these curves become parallel
straight lines when they are represented in the motional
impedance plane Zm [Fig. 8(c)], or when they are ana-
lyzed in terms of the current I ′, proportional to the mean
stress 〈T 〉 [Fig. 8(d)].

A laser vibrometer enables us to obtain the velocity of
a resonator point, so it allows the calculation of the main
strain 〈S〉 in the vibration direction. Thus the dependence
of the quotient D′/〈S〉 = f(v), and the study of the nonlin-
ear electromechanical quotient D′/〈S〉 ∝ I ′/v, between
the motional current and the velocity can be obtained
when the resonator vibration velocity increases. Generally,
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Fig. 8. Resonance (a) and antiresonance (b) measurements at constant frequencies, in the impedance plane; (c) the same measurements in the
motional impedance plane; (d) motional reactance versus current I′. Soft PZT-5A material, from Morgan Matroc Ltd., Southampton, UK.

it has been observed that these quotients are weakly non-
linear in ceramics (Fig. 9).

The representations of the nonlinear motional resistance
Rm(I ′) and motional reactance Xm(I ′), for different ma-
terials show very different dependences. For soft materials,
this dependence is shown in Fig. 5 (soft ceramic Pz27, Fer-
roperm Piezoceramics A/S, Kvistg̊ard, Denmark), and a
proportional dependence is verified:

∆Rm = r1 · I ′, (14)
∆Xm = x1 · I ′. (15)

For hard ceramic materials, Fig. 10, the dependence ver-
sus the current I ′ ceases to be linear and becomes approx-
imately quadratic:

∆Rm = r2 · I ′2, (16)

∆Xm = x2 · I ′2. (17)

These dependences, either linear or quadratic, have
been also observed in the same ceramic materials when
a nonlinear dielectric characterization is performed at low
frequency (typically at 1 kHz). In this case, the dependence
is between the increase of dielectric permittivity (and the
dielectric losses) versus the applied electric field. For soft
materials, the nonlinear dielectric behavior shows a de-
pendence on the electric field amplitude ∆ε = α · E0, in
agreement with the Rayleigh model [18], [21], [32].

Finally, the magnitudes Rm, Xm, I ′, and v must subse-
quently be modified in order to obtain other magnitudes
closer to the constitutive equations and to the ceramic elas-
tic coefficients. To this end, the mechanical losses tangent
tan(δm) is used instead of Rm, and the shift resonance
frequency instead of the motional reactance, by the ex-
pressions:
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Fig. 9. Dependence of D′/〈S〉 versus the velocity v of a resonator
edge point. Soft Pz 27 and hard Pz 26 materials, from Ferroperm
Piezoceramics A/S.

∆Rm

Z
= ∆tan δm = ∆

(
1

Qm

)
= F (I ′), (18)

∆Xm

Z
= −2

∆f

f0
= F ′(I ′). (19)

The main strain 〈S〉 can be obtained through the cur-
rent Im or by laser measurements of v. The main stress 〈T 〉
is obtained from I ′. In the case of a disc resonator in the
radial mode, the expressions developed in the Appendix
are fulfilled.

After obtaining the direct measurements R, X , I, and
v, as well as the modified magnitudes Rm, Xm, I ′, D′,
Dm, ∆f/f , and 〈S〉, it is necessary to make some transfor-
mations to analyze the elastic and piezoelectric coefficient
variations. From the linear elastic coefficient cP

110 and the
decrease of resonant frequency (increase of motional reac-
tance), it is possible to obtain the high signal stiffness cP

11,
assuming that the Poisson ratio σ remains constant:

√
cP
110

cP
11

= 1 +
(Xm − Xm0)/ω

dXm0

dω

, (20)

where Xm0 is the low signal motional reactance, ω is the
angular frequency of the measurement amplitude sweep,
and dXm0/dω is the linear variation of the motional reac-
tance with the angular frequency.

From the vibration velocity in edge disc point measure-
ments, the mean strain 〈S〉 (A7), the electric displacement
Dm (A15), and the piezoelectric coefficients e31 and d31
can be obtained:

e31 =
Dm

〈S〉 , (21)

d31 =
e31

cP
11(1 + σ)

, (22)

as well as the mean stress 〈T 〉 (12).
With all of these magnitudes it is possible to analyze

these coefficient nonlinear variations with the mean stress,
assuming that the Poisson coefficient σ remains constant.
Fig. 11 shows the dependence between the elastic c11 co-
efficient and the mean stress for two different materials.
The relation between the piezoelectric coefficient d31 and
the elastic s11 allows an interpretation of these results, ob-
taining that the extrinsic coefficient ∆d31/∆s11 is higher
than the low signal linear d31/s11 coefficient [31].

The proposed independent variable is the mean stress
〈T 〉 or the mean strain 〈S〉. The advantage of the use of
the mean stress is that the nonlinear relations are verified
both in the resonance and in the antiresonance, but the
drawback is the necessary hypothesis to obtain this mean
stress: When the stress is obtained from (A12), it is neces-
sary to suppose that the Poisson coefficient σ is constant.
Otherwise, the use of the mean strain 〈S〉 as the inde-
pendent variable is easier, because (A7) allows its direct
measurement (it is also possible to obtain the mean strain
from (A15) with the hypothesis that eP

31 is constant, if the
velocity vibration has not been measured). In this case,
the nonlinear behavior depends weakly on the frequency
between resonance and antiresonance.

VII. Amplitude Sweep at Constant Motional

Reactance: Strict Resonance

A final improvement in the measurement system is pro-
posed. It consists of making the amplitude sweep at con-
stant motional reactance, in the resonance Xm = 0, in-
stead of at constant frequency. To do this, it is necessary to
change the frequency and the amplitude in order to ensure
the Xm = constant condition. As previously described, a
similar burst signal is used.

The main advantage of this system is that no hypoth-
esis about the nonlinear behavior being independent from
frequency is necessary. It also improves the characteriza-
tion possibilities and provides a better comparison with
other classical nonlinear measurement systems.

In this case, it is necessary for the control computer
to know the electric capacitance CP

0 in order to calculate
the electric branch admittance Y0. For each measurement,
the impedance Z is calculated as well as the motional
impedance Zm (8). At the beginning, the low signal mea-
surement must correspond to values of Rm and Xm near
the resonance (Fig. 12, point a). The amplitude increases
until Xm > 0 (point b). At this moment the frequency de-
creases, at constant amplitude (point c), reaching Xm < 0.
After the impedance measurement is obtained, the ampli-
tude increases until Xm > 0 again (point d), the process is
repeated, decreasing the frequency, and so on. After tak-
ing all of these measurements, it is necessary to make the
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Fig. 10. Motional resistance Rm and reactance Xm versus the square of current I′. Hard Pz 26.

Fig. 11. Stiffness coefficient c11 versus the mean stress 〈T 〉. Soft Pz 27
and hard Pz 26 materials.

Fig. 12. Measurement points, in the motional impedance plane, to
obtain the strict resonance values at Xm = 0 by interpolation.

interpolations to obtain for each frequency the amplitude
level corresponding to the resonance, Xm = 0. The nec-
essary data to analyze the nonlinear behavior will be the
current I ′, the frequency ωs, the resistance Rm, and the
vibration velocity v.

This process is necessary to prevent the hysteresis phe-
nomenon, because the interpolation would otherwise be
incorrect.

VIII. Conclusions

An exhaustive study to optimize the high signal reso-
nance measurements in order to allow the nonlinear char-
acterization has been carried out. Burst signal excitations
with increasing amplitudes at constant frequency near the
resonance have been used. The burst signals are the only
ones that prevent the temperature increase typically asso-
ciated with high signal measurements, which would other-
wise distort the results. The proposed systems do not use
impedance analyzers, but rather burst excitation signals
in short time intervals when the measurement is taken.

The use of the mean stress 〈T 〉 as independent mag-
nitude is proposed for the nonlinear characterization, be-
cause it has been verified that it provides a better non-
linear characterization throughout all of the resonance-
antiresonance interval. This magnitude could be easily ob-
tained from the current I ′, close to the motional current.
The nonlinear characterization shows a dependence on all
coefficients—elastic, piezoelectric, and dielectric—with the
mean stress amplitude 〈T 〉 in the resonator.

The study through the motional impedance plane is
a decisive factor for understanding the nonlinear behav-
ior and for determining the different possible characteri-
zation methods. When the frequency-independent condi-
tion is verified, the nonlinear characterization is carried out
through a single amplitude sweep at constant frequency.
Otherwise, a measurement system which always ensures
the resonance is also performed.

These measurement types, at constant frequency or at
strict resonance, have advantages over the classical sys-
tems, which make frequency sweeps at constant voltage or
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constant current by reducing the number of measurement
points, since a single amplitude sweep is sufficient.

Together with a numerical simulation that provides the
relation between the nonlinear measured laws with the be-
havior at each resonator point and instant, this system can
be of great help in determining high signal phenomena in
resonators more precisely.

Appendix A

Radial Resonance in a Disc

For a disc of radius R and thickness t, verifying the
standard conditions [24], [33] R � t in radial resonance,
the strains Sr and Sθ depend only on the radial mechanical
displacement u. It is possible to define a strain S, and a
stress T , by [19], [24], [33]:

S = Sr + Sθ = u′ +
u

r
=

1
r

d(ur)
dr

, (A1)

T = Tr + Tθ. (A2)

The constitutive equations may be written as

S = sE
11(1 − σ)T + 2d31E3, (A3)

D3 = d31T + εT
33E3, (A4)

σ = −sE
12

sE
11

, (A5)

where σ is the Poisson coefficient.
To obtain the mean value 〈X〉 for any magnitude X

on the entire disc surface, the calculus of the integral is
necessary:

〈X〉 =
2

R2

R∫
0

Xrdr. (A6)

So, the mean strain value can be an accessible mag-
nitude by measuring the radial vibration movement in a
disc edge point, for example, through the radial vibration
velocity on a border of the disc v(R):

〈S〉 =
2u(R)

R
=

2v(R)
Rω

. (A7)

In addition, other accessible magnitudes, which can be
calculated from the tension V and current I, are the elec-
tric field E, which is uniform, and the mean electric dis-
placement 〈D3〉, related by:

〈S〉 = sE
11(1 − σ)〈T 〉 + 2d31E3, (A8)

〈D3〉 = d31〈T 〉 + εT
33E3, (A9)

〈D′〉 = 〈D3〉 − εT
33E3 = d31〈T 〉 =

I ′

jωA
.

(A10)

These equations show the relation between the mean
stress 〈T 〉 and the current I ′, obtained from the total cur-
rent I after subtracting the current across the electrical
branch, with capacitance CT

0 .

From (A8) and (A9), it is possible to obtain

〈D3〉 = eP
31〈S〉 + εP

33E3, (A11)

〈T 〉 = cE
11(1 + σ)〈S〉 − 2ep

31E3, (A12)

ep
31 =

d31

sE
11(1 − σ)

, (A13)

εp
33 = εT

33 − 2d2
31

sE
11(1 − σ)

. (A14)

where eP
31 is the planar piezoelectric coefficient.

From (A11), the mean 〈Dm〉 value can be obtained,

〈Dm〉 = 〈D3〉 − εP
33E3 = eP

31〈S〉 =
Im

jωa
.

(A15)

So, the motional current Im can be calculated from the
total current I by subtracting the current across the elec-
trical branch, with capacitance CP

0 . This motional current
is proportional to the mean strain 〈S〉. The capacitance
CP

0 corresponds to the dielectric planar constant εP
33 [24],

obtained after the radial resonance and before the thick-
ness resonance.
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in 1969. He received the physics degree from
the University of Oriente, Cuba, in 1994, and
the Ph.D. degree in physics from the Polytech-
nic University of Catalonia, Barcelona, Spain,
in 2005.

Since 1994 to 1997 he worked as a teacher
assistant in the Physics Department and dur-
ing 1998 in the Industrial Engineering De-
partment of the University of Holguin, Cuba.
Since 2002 he has been at the Polytechnic
University of Catalonia, in the Department of

Physics and Nuclear Engineering, where he has been teaching physics
at the College of Industrial Engineering of Terrassa, Barcelona. His
current research interests include power applications and nonlinear
characterization of piezoceramic and piezocomposites devices.
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