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Abstract

We study regular graphs whose distance-2 graph or distance-1-or-2 graph is strongly
regular. We provide a characterization of such graphs I' (among regular graphs with
few distinct eigenvalues) in terms of the spectrum and the mean number of vertices at
maximal distance d from every vertex, where d+ 1 is the number of different eigenval-
ues of I'. This can be seen as another version of the so-called spectral excess theorem,
which characterizes in a similar way those regular graphs that are distance-regular.
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1 Preliminaries

Let I be a distance-regular graph with adjacency matrix A and d+ 1 distinct eigenvalues.
The distance-i graph (associated with I') is the graph I'; having the same vertices as T’
and in which two vertices are adjacent if and only if they are at distance ¢ in I'. Similarly,
the distance-i-or-j graph is the graph I'; ; with the same vertices as I' and in which two
vertices are adjacent if and only if they are at distance ¢ or j in I'. In the recent works
of Brouwer and Fiol [4], 15], it was studied the situation in which the distance-d graph I'y
of I' (or the Kneser graph K of I') with adjacency matrix A4(= ps(A)), where pg is the
distance-d polynomial, has fewer distinct eigenvalues than I'. Examples are the so-called
half antipodal (K with only one negative eigenvalue, up to multiplicity), and antipodal
distance-regular graphs (where K consists of disjoint copies of a complete graph).

Here we study the cases in which I' has few eigenvalues and its distance-2 graph I'y
or its distance-1-or-2 graph I'i o are strongly regular. The main result of this paper is
a characterization of such (partially) distance-regular graphs, among regular graphs with
d € {3,4} distinct nontrivial eigenvalues, in terms of the spectrum and the mean number
of vertices at maximal distance d from every vertex. This can be seen as another version
of the so-called spectral excess theorem. Other related characterizations of some of these
cases were given by Fiol in [I1, 12} [13]. For background on distance-regular graphs and
strongly regular graphs, we refer the reader to Brouwer, Cohen, and Neumaier [3], Brouwer
and Haemers [5], and Van Dam, Koolen and Tanaka [9].

Let T' be a regular (connected) graph with degree k, n vertices, and spectrum spI" =
{65,607, ...,07"}, where 6p(= k) > 61 > --- > 04, and mg = 1. In this work, we use
the following scalar product on the (d 4 1)-dimensional vector space of real polynomials
modulo m(x) = H?:o(ﬂf — 0;), that is, the minimal polynomial of A.

d
b0 = - x(p(A)g(A) = - S map(@)a(6r),  pa € Rafal/Gm(x)). (1)
=0

This is a special case of the inner product of symmetric n X n real matrices M and IN,
defined by (M, N) = %tr(MN). The predistance polynomials pg, p1, .. ., P4, introduced
by Fiol and Garriga [17], are a sequence of orthogonal polynomials with respect to the
inner product (1)), normalized in such a way that ||p;||2 = p;(k) (this makes sense since it is
known that p;(k) > 0 for any i = 0, ..., d, see for instance Szegd [20]). As every sequence
of orthogonal polynomials, the predistance polynomials satisfy a three-term recurrence of
the form
xp; = Bic1Pi—1 + 06ipi + Vit1Dit1 i=0,1,...,d,

where the constants f5;_1, «;, and ;41 are called preintersection numbers and are the
Fourier coefficients of zp; in terms of p;_1, p;, and p;;1, respectively (and f_1 = v4+1 = 0),
beginning with pg = 1 and p; = x.

Some basic properties of the predistance polynomials and preintersection numbers are



included in the following result (see CaAmara, Fabrega, Fiol, and Garriga [6], and Diego,
Fabrega, and Fiol [10]).

Lemma 1. Let G be a k-regular graph with d + 1 distinct eigenvalues and predistance
polynomials po, . ..,pq. Given an integer £ > 0, let Cy be the average number of circuits of
length £ rooted at every vertez, that is, Cp = %Z?:o mief. Then,

(1) po(x) =1, pi(x) =z, pa(x) = %(sc2 — oz —k).

(ii) Fori=0,...,d, the two highest terms of the predistance polynomial p; are given by

pi(z) = 71‘1..%. [0 — (a1 ++ + i)z 4]

(ii1) o + Bi +vi =k, fori=0,...,d.
(iv) ap=0, Bo =k, 1 =1, oy =C3/Ca, and

72 J—
Co — Cuk + K3

yp= A AT (2)
k(Cs+ k — k2)

(v) po+p1+---+pg=H, where H is the Hoffman polynomial [19].

(vi) For every i = 0,...,d, (any multiple of) the sum polynomial q; = po + -+ + p;
mazimizes the quotient r(0p)/||r|lr among the polynomials r € R;[z] (notice that
qi(00)*/llaill = 4i(6o)), and

(1=)q0(tb) < q1(0o) < -+ < qa(f0)(= H(bo) = n).

A graph G with diameter D is called m-partially distance-regular, for some m =
0,...,D, if its predistance polynomials satisfy p;(A) = A; for every i < m. In particular,
every m-partially distance-regular with m > 1 must be regular (see Abiad, Van Dam, and
Fiol [I]). As an alternative characterization, a graph G is m-partially distance-regular
when the intersection numbers ¢; (i <m), a; (1 <m—1), b; (i < m — 1) are well-defined.
In this case, these intersection numbers are equal to the corresponding preintersection
numbers y; (1 <m), a; (i <m—1), 5; (i <m —1), and also k; is well-defined and equal
to p;i(0y) for i < m. We refer to Dalf6, Van Dam, Fiol, Garriga, and Gorissen [7] for more
background.

Then, with this definition, a graph I' with diameter D = d is distance-regular if and
only it is d-partially distance-regular. In fact, in this case we have the following strongest
proposition, which is a combination of results in Fiol, Garriga and Yebra [I§], and Dalfé,
Van Dam, Fiol, Garriga and Gorissen [7].

Proposition 2. A regular graph T' with d + 1 different eigenvalues (and, hence, with
diameter D < d) is distance-regular if and only if there exists a polynomial p of degree d
such that p(A) = Ag, in which case p = py. O



Lemma 3. Let I" be a regular graph with diameter D, and let m < D be a positive integer.
Let n;(u) be the number of vertices at distance at most i < D from vertex u in T, and let
Ty = %ZUEV ni(u) be the average of these numbers of vertices for all w € V.. Then, for
any nonzero polynomial r € R;[x] we have

7(60)?
Ir[|2

< 7, 3)
with equality if and only if v is a multiple of ¢ = po+ - - -+ pi, and ¢;(A) = Ag+---+ A;.

Proof. Let S; = Ao+ ---+ A;. As degr < i, we have (r(A),J) = (r(A),S;), where
J is the all-one matrix. But (r(A),J) = (r, H)r = r(6y). Then, the Cauchy-Schwarz
inequality gives

r?(00) < [lr(A)PIIS:l1* = [Irl[Ems,

whence follows. Besides, in case of equality we have that r is multiple of ¢;, by Lemma
[[(vi), with ¢;(69) = 7;. Therefore, ¢;(A) = aS; for some nonzero constant a and taking
norms we conclude that o = 1. O

In fact, as it was shown in Fiol [I4], the above result still holds if we change the
arithmetic mean of the numbers n;(u), u € V, by its harmonic mean.

As a consequence of Lemma [3] and Proposition [2| we have the following generalization
of the spectral excess theorem, due to Fiol and Garriga [I7] (for short proofs, see Van
Dam [8], and Fiol, Gago and Garriga [16]).

Theorem 4. Let I' be a reqular graph with d + 1 distinct eigenvalues 6y > --- > 64, and
diameter D = d. Let m < D be a positive integer.

(i) If T is (m — 1)-partially distance-regular for some m < d, and ¢ (00) = Ty, then T
is m-partially distance-reqular.

(13) If q4—1(60) = g—1, then I’ is distance-regular.

2 The case of distance-regular graphs

Here we study the case when I' is a distance-regular graph with diameter three or four.
In fact, in the first case everything is basically known (see Brouwer [2]), although only a
combinatorial characterization was provided, whereas we think that the spectral charac-
terization is also important. Indeed, Brouwer [2] proved the following (see also Proposition
4.2.17(7) in Brouwer, Cohen, and Neumaier [3]):

Proposition 5. [2] Let ' be a distance-regular graph with degree k and diameter d = 3.
Then,



(i) g is strongly reqular <= c3(as + a2 — ay) = biasg.

(17) 'y is strongly reqular <= T has eigenvalue —1 <= k =0by +c3 — 1.

Notice that, in this case, I'1 2 is strongly regular if and only if its complement I'3 is. As
commented in the Introduction, the last case was studied for general diameter by Brouwer
and Fiol [4] and Fiol [15].

Proposition 6. Let I' be a distance-regular graph with diameter D = d = 3, and eigen-
values Op(= k) > 61 > 03 > 0.

(i) The distance-2 graph T's is strongly regular if and only if as — c3 is an eigenvalue of
.

(i7) The distance-1-or-2 graph Ty o is strongly reqular if and only if az—by is an eigenvalue
of I.

Proof. We only prove (i), as the proof of (ii) is similar. As I'y has adjacency matrix
Ag = po(A), where po(x) = é(xQ —ayx — k), it has eigenvalues é(92 —a10 — k), where 6
is an eigenvalue of I'. For two non-trivial eigenvalues 7, 0 of ', assume that n? —a;n—k =
62 —a10 — k. This implies # = 1 or § + 1 = a;. Let 7 be the third non-trivial eigenvalue of
I'. Then k+ 60 +n+ 7 = a1 + az + as and the result follows. The other direction is trivial

to see. O

For diameter D = d = 4 only the case of the distance-1-or-2 graph is known (see
Proposition 4.2.18 in Brouwer, Cohen, and Neumaier [3]). In the following result, we
give an equivalent characterization of this case and, moreover, we study the case of the
distance-2 graph which, as far as we know, it is new. The proof is as in Proposition [6] For
instance, notice that, in case (i), for I'y to have only two nontrivial distinct eigenvalues,
the only possibility is that pa(61) = p2(04) and pa(62) = p2(03).

Proposition 7. Let I' be a distance-reqular graph with diameter four and eigenvalues
90(2 k) > 01 > 0 > 03 > 04.

(i) The distance-2 graph Ty is strongly regular if and only if 01 + 04 = a3 = 62 + 03.

(13) The distance-1-or-2 graph T'y is strongly regular if and only if 61 4+ 604 = a1 — co =
02 + 05.

An example of distance-regular graph satisfying the conditions of Proposition [7]is the
Hamming graph H(4,3) (see Example [2| in the next section). Another example would
be the (possible) graph corresponding to the feasible array {39, 32,20,2;1,4, 16,30} (see
Brouwer, Cohen, and Neumaier [3, p. 420]). If it exists, this would be a graph with
n = 768 vertices and spectrum 39',15%2, 7117 1468 _9130  Tp this case, its distance-2
graph would have spectrum 3121, 24182 8585,



3 The case of regular graphs

Now we want to conclude the same result as above but only requiring that the graph I'
is regular. In this case, we use the predistance polynomials and preintersection numbers.
Notice that now p;(A) is not necessarily the distance-i matrix A; (usually not even a 0-1
matrix). However, as above, we consider that pa(A) has only three distinct eigenvalues.

3.1 The case of diameter three

We begin with the case of d = 3 (that is, assuming that I" has four distinct eigenvalues).

Theorem 8. Let I' be a regular graph with degree k, n vertices, spectrum spI' = {6y, 67",
052,053}, where (= k) > 61 > 05 > 03, and preintersection number 2 given by (2)). Let
ks = %ZuEV k3(u) be the average number of vertices at distance 3 from every vertex in
I'. Consider the polynomials

s1(x) = x% — (01 + 03 — v2)x + 72 + 02(61 — b2 + 03), (4)

82(1‘) = .232 — (91 + 6y — ’)’2).7) + v + 93(91 — 03 + 92) (5)
Then,

3 2
_ n . my(s; 92 — T )
3§ Z3’L71 ( .7( ) ]i , j:1,2, (6)
> iz mi(s;(6:) — 75)

where

S 5(60) iy mis; (6:) —32;321 mis;(6;)°
s;j(B0)(n — 1) = 325y mis;(6;)
Equality in @ holds for some j € {1,2} if and only if T is a distance-reqular graph and
its distance-2 graph I's is strongly reqular, with eigenvalues

;=12 (7)

MN=n—ks—00—1, A\ = ((01—02)(02 —03) —71)/7v2, and \g = —71/72,
or
Xo=n—ks—0p—1, A =—72/v2, and Xy = ((61 — 03)(03 — 62) — 72) /72,
where ks = ks is the constant value of the number of vertices at distance 3 from any vertex

.

Proof. Taking into account that the eigenvalues of pa(A) interlace those of I (because of
the orthogonality of the predistance polynomials with respect to the scalar product in ,
see for instance Camara, Fabrega, Fiol, and Garriga [6], or Szegd [20]), the only possible
cases are:

L. p2(61) = p2(03) = 01/v2 and pa(62) = —71 /72,



2. pa(61) = p2(b2) = o2/72 and p2(03) = —712 /72,

where o; and 7, for j = 1,2, are constants. We only prove the first case, as the other is
similar. The main idea is to apply Lemmawith a polynomial 7 € Rg[x] having the desired
properties of (any multiple of) go. To this end, let us assume that pa(61) = p2(03) = 01/72,
and pa(02) = —71/v2 where o1 and 7 are constants. Thus, if we consider a generic monic
polynomial 7(z) = 22 + az + 8 = Y2q2(x), where ¢2(z) = p2(z) + = + 1, we must have

r(61) = 07 + aby + B = o1 + 7201 + 2,
7(02) = 05 + by + B = —71 + Y202 + 7o,
7’(93) = 9% 4+ afs + B = o1 + Y203 + o.

From the first and last equation we get @ = 9 — 07 — 03 and, hence, the second equation
yields 8 = 9 + 02(01 — 02 + 03) — 71. Then, we must take r(z) = s1(z) — 71, where s1(x)
is as in , and yields

w(ry = MO _ sl -m)? o N

R S ma(s(6:) — 1)

Now, to have the best result in , and, since we are mostly interested in the case of
equality, we find the maximum of the function ®, which is attained at 7; given by .
Then, as 53 = n — ks, the claimed inequality follows. Moreover, in case of equality, we
know, by Theorem {4| that I' is distance-regular with r(z) = yg4_1(x) for some constant
7, which it is v = 2. Then, we get (with standard notation P;; = p;(6;))

1

Py = po(b2) = ——,
72

o1 1 .
Pio=pa(0;)) = — = —((601 — 02)(02 — 63) — =1,3.
12 = pa(6;) o V2(( 1 — 02)(02 — 03) — 71), i=1,
To prove the converse, we only need to carry out a simple computation. Indeed, assume
that T" is a distance-regular graph, with k; being the vertices at distance i = 1,2, 3 from
any vertex (ki = k), and pa(61) = pa(f3). Then, the same reasoning as in Proposition [f]
gives a3 = 01 + 03. Then, from kby = coko = co(n — ks —k —1) and a1 + b1 + 1 = k, we

get that ¢y = %. Thus, by putting 2 = ¢o in s1(z) of to compute 71 in (7)),
the inequality (6] becomes an equality (since k3 = k). O

The following result gives similar conditions for I' to be distance-regular with the
distance-1-or-2 graph I'1 2 being strongly regular.

Theorem 9. Let I' be a regular graph with degree k, n vertices, spectrum spI' = {6y, 67",
052,05}, where 0g(= k) > 61 > 0y > 63, and preintersection number 2. Let k3 =



%Zuev ks(u) be the average number of vertices at distance 3 from every vertex in I.

Consider the polynomials

s1(z) = 2% — (61 + 03)x + v2 + 02(61 — 02 + 63), (9)
Sg(x) =22 - (91+92)$+’}’2+03(91 —93+92). (10)
Then,
3 (e () — +.)2
e R E (1)
Yoo mi(sj(0;) — 75)?
e 55(00) S0 mis () — 30 mas; 6,
Ty = L T L S S =2 (12)
55(00)(n — 1) = 25 mys;(0;)

Equality in holds with some j € {1,2} if and only if T is a distance-regular graph and
its distance-1-or-2 graph I'1 o is strongly regular,

Example 1. The Odd graph O(4) with 7 points, has n = (g) = 35 = 1+4+12+18 vertices,
diameter d = 3, intersection array {4,3,3;1,1,2}, and spectrum 4!,2'4 —114 —36_ Then,
the functions ®(7;) in @ with j = 1,2 have maximum values at 71 = 18/5 and 7o = —8,
respectively, and their values are ®(18/5) = 138/7 and ®(—8) = 22. Then, since both
numbers are greater than ks = 18, its distance-2 graph I'y is not strongly regular.

On the other hand the function ®(71) in has maximum value at 7 = 4, and
®(4) = 18 = k3. Hence, its distance-1-or-2 graph I'i o (and, hence, also I'3) is strongly
regular with p1(z) + p2(z) = 22 + 2 — 4, and spectrum 16',220, —414,

3.2 The case of diameter four

The following result deals with the case of d = 4. As in the case of Theorem [9] we omit
this proof as goes along the same lines of reasoning as in Theorem

Theorem 10. LetT' be a regular graph with degree k, n vertices, spectrum spT' = {6y, 67",
052,05 ,0," }, where 0g(= k) > 61 > 0 > 03 > 04, such that 01 + 04 = 02 + 03, and
preintersection number vo. Let iz = 23" | no(u) be the average number na(u) = |Na(u)|
of vertices at distance at most 2 from every vertex u in I'. Consider the polynomials

s1(x) = 22 — (B2 + 03 — y2)x + 0203,

so(x) = 22 — (B3 + 03)x + o — 265,
Then,
) _ )2
72 () = Wl g (13)
>imomi(sj(0i) — 75)
where

__ s5(00) iy mis; (0) — Sy mas; (6)° i=1.9 (14)
! 55(00)(n = 1) = Y01 mis;(6) -




Equality in holds with 7 =1 or j =2 if and only if I' is a 2-partially distance-regular
graph and its distance-2 or distance-1-or-2 graph, respectively, is strongly regular.

Example 2. The Hamming graph H(4,3), with n = 3* = 81 vertices and diame-
ter d = 4, has intersection array {8,6,4,2;1,2,3,4}, so that k4 = 16, and spectrum
81,5%,224 132 416, Then, the function ®(r;) in (L3) with 5 = 1 has a maximum at
71 = 4, and its value is ®(4) = 33 = sg. Then, Piy = Py and Py = P34. Indeed,
its distance-2 polynomial is pa(z) = (2% — x — 8) with values p4(8) = 24, p4(5) = 6,
pa(2) = =3, ps(—1) = —3, and ps(—4) = 6. Hence, the distance-2 graph I's is strongly
regular with spectrum 24!, 624, —356.

Example 3. The Odd graph O(5) with 9 points, has n = (Z) =126 =14+5+4+20+
40 4 60 vertices, diameter d = 4, intersection array {5,4,4,3;1,1,2,2}, and spectrum
51,327,142, —28 — 48 Then, the function ®(7;) in with 5 = 2 has a maximum
at 7o = 3, and its value is ®(4) = 26 = s9. Then, its distance-1-or-2 polynomial is
p12(z) = p1(z) 4+ p2(z) = 22 + 2 — 5 with values p12(5) = 25, p12(3) = 7, p12(1) = =3,
p1,2(—2) = =3, and p; 2(—4) = 7. Hence, the distance-1-or-2 graph I'y 5 is strongly regular
with spectrum 25!, 73%, —3%,
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