CONTACT STRUCTURES WITH SINGULARITIES
EVA MIRANDA AND CÉDRIC OMS
A BSTRACT. We study singular contact structures, which are tangent to a given smooth hypersurface
Z and satisfy certain transversality conditions. These singular contact structures are determined by
the kernel of non-smooth differential forms, called bm -contact forms having an associated critical hypersurface Z. We provide several constructions, prove local normal forms and study the induced
structure on the critical hypersurface. In the last section of this paper we tackle the problem of existence of bm -contact structures on a given manifold. We prove that convex hypersurfaces can be
realized as critical set of b2k -contact structures. In particular, in the 3-dimensional case, this construction yields the existence of a generic set of surfaces Z such that the pair (M, Z) is a b2k -contact
manifold and Z is its critical hypersurface.

1. I NTRODUCTION
Contact structures appear naturally associated to regular level-sets H = cst of symplectic manifolds whenever a Liouville vector field is transverse to it. This construction is connected to the
study of Hamiltonian systems as the function H defining the hypersurface can be taken to be the
Hamiltonian of the system. Whenever the orbits of the Hamiltonian system present singularities
(for instance heteroclinic or homoclinic orbits), this associated contact structure will show a singularity and the Reeb vector field will be singular. This gives us a first motivation to analyze the
singular counterpart to contact structures in order to take these situations into account.
We are also interested in these structures as the odd-dimensional cousins to singular symplectic
structures largely explored in several papers by several authors recently [GMP, GMPS, KM].
From the contact perspective, there is an extra reason to consider these structures: Let M be
an (2n + 1)-dimensional manifold with a hyperplane distribution denoted by ξ. If ξ is cooriented
it can be written as the kernel of a one-form α. The distribution is contact if α satisfies the nonintegrability condition α ∧ (dα)n 6= 0 and geometrically this condition is on the antipodes of
integrability. Under this light another motivation for this article is to export the notion of nonintegrability to the setting of manifolds with boundary.
To the authors knowledge, the only work that has been done in this direction is the study of
convex hypersurfaces initiated by Giroux [Gi1]. The approach carried out in this paper is different in the sense that we ask the hyperplane distribution ξ to be everywhere non-integrable
except on the boundary, where we ask ξ to be tangent to the boundary. Hence, the hyperplane
distribution flattens out when approaching the boundary. In other words, the manifold admits a
hyperplane distribution that is nowhere integrable except on a codimension one submanifold that
is integrable. This is in line with the programme of symplectic fillability [El] (see also [FMM] for
its b-symplectic analog) since a geometrical structure is prescribed on the boundary.
Let us take an elementary, but important example in what follows. Locally, an odd-dimensional
2n+1
manifold with boundary is diffeomorphic to the half space R+
= {(xi , yi , z)|z ≥ 0, i = 1, . . . , n}.
Let us consider the set of vector fields tangent to the boundary and denote it by S. Locally, S is
∂
∂
spanned by hz ∂z
, ∂x
, ∂ , i = 1, . . . , ni. One can prove that those vector fields are the sections of a
i ∂yi
Eva Miranda is supported by the Catalan Institution for Research and Advanced Studies via an ICREA Academia
Prize 2016. Cédric Oms is supported by an AFR-Ph.D. grant of FNR - Luxembourg National Research Fund. Eva Miranda and Cédric Oms are partially supported by the grants reference number MTM2015-69135-P (MINECO/FEDER)
and reference number 2017SGR932 (AGAUR).
1

2

EVA MIRANDA AND CÉDRIC OMS

vector bundle that we call b-tangent bundle. By replacing the tangent bundle by the b-tangent bundle, we can construct differential forms which are non-smooth on the boundary, but behave well
as they are evaluated on S. The non-smooth differential forms dual to the vector fields locally genPn
dz
erating S are given by dxi , dyi , dz
i=1 xi dyi
z . The kernel of the non-smooth differential form z +
meets the desired conditions: away from the boundary, the form is smooth and the usual de Rham
exterior derivative applies to show that it satisfies the non-integrability condition. On the bound∂
ary, the vector field z ∂z
is zero, so the hyperplane distribution becomes tangent to the boundary.
The language of those non-smooth forms in the case of manifolds with boundary is not new. The
notions of b-tangent bundle were already introduced by Richard Melrose in [Me] as a framework
to study differential calculus on manifolds with boundary. Recently, it regained a lot of attention in the Poisson and symplectic setting. Indeed, in the foundational work of Radko [R], she
classifies a certain type of Poisson structures on closed surfaces, called topologically stable Poisson
surfaces. Later, in [GMP], it is shown that those Poisson structures can be treated using symplectic
techniques by using the Melrose language of b-tangent bundle and extending the de Rham derivative to this setting. Since then a lot has been done to understand the local and global behavior of
this extension of symplectic manifolds, see for example [BDMOP, FMM, MO, GL] and references
therein. This paper can be considered to be the first direction to an odd-dimensional counterpart
of the aforementioned papers.
The investigation of existence of contact structures in all dimensions has a particularly rich
history and led to many important developments in the field. We provide a partial answer in
our setting by narrowly linking the existence problem of singular contact structures to convex
hypersurfaces in Contact Geometry, thereby shedding new light on the theory of convex surfaces
initiated by [Gi1].
Organization of this paper. After the introduction, we start reviewing the basics of b-symplectic
geometry in Section 2 by explaining in greater details the construction of the b-tangent bundle
and the extension of the de Rham exterior derivative. We also include a selection of theorems in
b-symplectic geometry that we use in this paper. In Section 3, we then give the main definitions of
this paper, namely the one of b-contact manifolds. We prove local normal forms for b-contact forms
in Section 4. We will see in Section 5 that the right framework to study those geometric structures is
the one of Jacobi manifolds. We continue by explaining the relation with b-symplectic geometry in
Section 6. The induced structure by the b-contact structure on the boundary is explained in Section
7. We end up this article exploring the relation of b-contact manifolds to smooth contact structures
following the techniques of [GMW] and proving existence theorems for bm -contact structures on
a given manifold. The constructions in Section 9 and 10 rely strongly on the existence of convex
hypersurfaces on contact manifolds but also on the desingularization constructions in [GMW].
We include an appendix on computational aspects of the Jacobi structures associated to a given
contact structure and recall the local normal theorem for Jacobi manifold proved in [DLM].
Acknowledgements. We are thankful to Charles-Michel Marle and Fran Presas for several key
conversations during the preparation of this paper.
2. b- SYMPLECTIC SURVIVAL KIT
Let (M n , Z) be a smooth manifold of dimension n with a hypersurface Z. In what follows, the
hypersurface Z will be called critical set. Assume that there exist a global defining function for
Z, that is f : M → R such that Z = f −1 (0). A vector field is said to be a b-vector field if it is
everywhere tangent to the hypersurface Z. The space of b-vector fields is a Lie sub-algebra of the
Lie algebra of vector fields on M . A natural question to ask is whether or not there exist a vector
bundle such that its sections are given by the b-vector fields. A coordinate chart of a neighbourhood around a point p ∈ Z is given by {(x1 , . . . , xn−1 , f )} and the b-vector fields restricted to this
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neighbourhood form a locally free C ∞ -module with basis
(

∂
∂
∂
,...,
,f
).
∂x1
∂xn−1 ∂f

By the Serre–Swan theorem [Sw], there exists an n-dimensional vector bundle which sections
are given by the b-vector fields. We denote this vector bundle by b T M , the b-tangent bundle. We
now adopt the classical construction to obtain differential forms for this vector bundle. We denote the dual of this vector bundle by b T ∗ M := (b T M )∗ and call it the b-cotangent bundle. A
b-form of degree k is the section of the kth exterior wedge product of the b-cotangent bundle:
ω ∈ Γ Λk (b T ∗ M ) := b Ωk (M ). To extend the de Rham differential to an exterior derivative for
b-forms, we need a decomposition lemma.
Lemma 2.1. [GMP] Let ω ∈ b Ωk (M ) be a b-form of degree k. Then ω decomposes as follows:
ω=

df
∧ α + β,
f

α ∈ Ωk−1 (M ), β ∈ Ωk (M ).

Equipped with this decomposition lemma, we extend the exterior derivative by putting
dω :=

df
∧ dα + dβ.
f

It is clear that this is indeed an extension of the usual exterior derivative and that d2 = 0.
Definition 2.2. An even-dimensional b-manifold M 2n with a b-form ω ∈ b Ω2 (M ) is b-symplectic if
dω = 0 and ω n 6= 0 as element of Λ2n (b T ∗ M ).
Outside of the critical set Z, we are dealing with symplectic manifolds. On the critical set, the
local normal form of the b-symplectic form is given by the following theorem.
Theorem 1 (b-Darboux theorem). [GMP] Let ω be a b-symplectic form on (M 2n , Z). Let p ∈ Z. Then
we can find a local coordinate chart (x1 , y1 , . . . , xn , yn ) centered at p such that hypersurface Z is locally
defined by y1 = 0 and
n
dy1 X
ω = dx1 ∧
+
dxi ∧ dyi .
y1
i=2

The b-Darboux theorem for b-symplectic forms has been proved using two different approaches.
The first proof follows Moser path method, that can be adapted in the b-setting. Another way of
proving it is to show that a b-form of degree 2 on a 2n-dimensional b-manifold is b-symplectic if
and only if its dual bi-vector field is a Poisson vector field Π whose maximal wedge product is
transverse to the zero section of the vector bundle Λ2n (b T M ), that is Πn t 0. A Poisson manifold satisfying this condition is called a b-Poisson manifold. Using the transversality condition in
Weinstein’s splitting theorem, one sees that the Poisson structure is of the form
n

(2.3)

Π = y1

X ∂
∂
∂
∂
∧
+
∧
.
∂x1 ∂y1
∂xi ∂yi
i=2

Furthermore, Weinstein splitting theorem implies that the critical set of a b-symplectic manifold
is a regular codimension one foliation of symplectic leaves. Even better, it is proved in [GMP] that
the critical set is a cosymplectic manifold1.
The relation of bm -symplectic manifolds to symplectic manifolds and the less well-known folded
symplectic manifolds was investigated in [GMW].
1A cosymplectic manifold is manifold M 2n+1 together with a closed one-form η and a closed two-form ω such that
η ∧ ω n is a volume form.
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Theorem 2 ([GMW]). Let ω be a bm -symplectic structure on a manifold M and let Z be its critical
hypersurface.
• If m is even, there exists a family of symplectic forms ω which coincide with the bm -symplectic
form ω outside an -neighborhood of Z and for which the family of bivector fields (ω )−1 converges
in the C 2k−1 -topology to the Poisson structure ω −1 as  → 0 .
• If m is odd, there exists a family of folded symplectic forms ω which coincide with the bm -symplectic
form ω outside an -neighborhood of Z.
A direct consequence of this theorem is that any orientable manifold admitting a b2k -symplectic
structure admits a symplectic structure.
3. b- CONTACT MANIFOLDS
In this section we introduce the main objects of this paper. Inspired by the definition of bsymplectic manifolds, we define the contact case as follows:
Definition 3.1. Let (M, Z) be a (2n+1)-dimensional b-manifold. A b-contact structure is the distribution given by the kernel of a one b-form ξ = ker α ⊂ b T M , α ∈ b Ω1 (M ), that satisfies
α ∧ (dα)n 6= 0 as a section of Λ2n+1 (b T ∗ M ). We say that α is a b-contact form and the pair (M, ξ) a
b-contact manifold.
The hypersurface Z is called critical hypersurface. In what follows, we always assume that Z is
non-empty. Away from the critical set Z the b-contact structure is a smooth contact structure. The
former definition fits well with what is standard in contact geometry where coorientable contact
manifolds are considered (i.e. there exists a defining contact form with kernel the given contact
structure).
Example 3.2. Let (M, Z) be a b-manifold of dimension n. Let z, yi , i = 2, . . . , n be the local coordinates for the manifold M on a neighbourhood of a point in Z, with Z defined locally by z = 0
and xi , i = 1, . . . , n be the fiber coordinates on b T ∗ M , then the canonical one-form is given in these
coordinates by
n
dz X
+
xi dyi .
x1
z
i=2

The bundle
one-form

R × bT ∗M

is a b-contact manifold with b-contact structure defined as the kernel of the
n

dz X
xi dyi ,
+
dt + x1
z
i=2

where t is the coordinate on R. The critical set is given by Z̃ = Z × R. Using the definition of the
extended de Rham derivative, one checks that α ∧ (dα)n 6= 0. Away from Z̃, ξ = ker α is a nonintegrable hyperplane field distribution, as in usual contact geometry. On the critical set however,
ξ is tangent to Z̃. This comes from the definition of b-vector fields. Since the rank of ξ can drop by
1 on Z̃, we cannot say that ξ is a hyperplane field.
As we will see in the next example, the rank does not necessarily drop.
Example 3.3. Let us take R2n+1 with coordinates (z, x1 , . . . , xn , y1 , . . . , yn ). We consider the disPn
tribution of the kernel of α = dz
i=1 xi dyi . The rank does not drop on the critical set: on the
z +
∂
critical set, the distribution is spanned by { ∂x
, ∂ , i = 1, . . . n}.
i ∂yi
Using the two last examples and a generalization of Moebius transformations, we can construct
b-contact structures on the unit ball with critical set given by the unit sphere.
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Example 3.4. Let us denote the unit ball in dimension n by Dn and the half-space, that is Rn
where the first coordinate is positive, by Rn+ . The Moebius transformation maps the open half
plane diffeomorphically two open 2-ball by the following map:
Φ : {z ∈ C|<(z) > 0} → D2
z−1
z 7→
.
z+1
This map can easily be generalized to all dimension and the inverse is given by
Ψ : Dn → Rn+
(x1 , . . . , xn ) 7→

n
X

1
P
x2i − 1, 2x2 , . . . , 2xn .
n
2
2
(x1 − 1) + i=2 xi i=1

We now provide R2n+1
with the b-contact structures described in Example 3.2 (respectively 3.3)
+
and pull-back the b-contact form. We obtain hence two different b-contact structures on the unit
ball and the critical set is given by unit sphere S 2n−2 .
Example 3.5. A compact example admitting a b-contact structure is given by S 2 × S 1 . Let us
consider the 2-sphere S 2 , with coordinates (θ, h) where θ ∈ [0, 2π] is the angle and h ∈ [0, 1] is the
height, and the 1-sphere S 1 with coordinate ϕ ∈ [0, 2π]. Then (S 2 × S 1 , α = sin ϕdθ + cos ϕ dh
h )
is a b-contact manifold. Once more, the rank changes when cos ϕ = 0, where instead of a planedistribution, we are dealing with a line distribution.
Example 3.6. (Product examples) Let (N 2n+1 , α) be a b-contact manifold and let (M 2m , dλ) be an
exact symplectic manifold, then (N × M, α + λ) is a b-contact manifold. It is easy to check that
α̃ = α + λ satisfies α̃ ∧ (dα̃)n+m 6= 0.
In the same way if (N 2n+1 , α) is a contact manifold and (M 2m , dλ) be an exact b-symplectic manifold (where exactness is understood in the b-complex), then (N ×M, α+λ) is a b-contact manifold.
These product examples can even be endowed with additional structures such as group actions
or integrable systems. For instance we can produce examples of toric b-contact manifolds combining the product of toric contact manifolds in [Le] with (exact) toric b-symplectic manifolds (see
[GMPS]). We can also combine the techniques in [KM] for b-symplectic manifolds and [B] (among
others) for contact manifolds to produce examples of integrable systems on these manifolds.
4. T HE b- CONTACT D ARBOUX THEOREM
In usual contact geometry, the Reeb vector field Rα of a contact form α is given by the equations
(
iRα dα = 0
α(Rα ) = 1.
In the case where we change the tangent bundle by b T M , the existence is given by the same
reasoning: dα is a bilinear, skewsymmetric 2-form on the space of b-vector fields b T M , hence the
rank is an even number. As α ∧ (dα)n is non-vanishing and of maximum degree, the rank of dα
must be 2n, its kernel is 1-dimensional and α is non-trivial on that line field. So a global vector
field is defined by the normalization condition.
By the same reasoning, we can define the b-contact vector fields: for every function H ∈
C ∞ (M ), there exist a unique b-vector field XH defined by the equations
(
iXH α = H
iXH dα = −dH + Rα (H)α.
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∂
A direct computation yields that in Example 3.2, the Reeb vector field is given by ∂t
. In Example
∂
3.3, the Reeb vector field is given by z ∂z and hence singular. We will see that, roughly speaking,
the Reeb vector field locally classifies b-contact structures.
We now prove a Darboux theorem for b-contact manifolds. The proof follows the one of usual
contact geometry as in [Ge]. More precisely, it makes use of Moser’s path method. There are two
differences from the standard Darboux theorem: the first one is that there exist two local models,
depending on whether or not the Reeb vector field is vanishing on the critical set Z. The second
one is that in the case where the Reeb vector field is singular, the local expression of the contact
form only holds pointwise, see for instance Example 4.5. Furthermore, in the case where the Reeb
vector field is singular, this linearization is done up to multiplication of a non-vanishing function.
The proof is not following Moser’s path method in this case as the flow of the Reeb vector field is
stationary.

Theorem 3. Let α be a b-contact form inducing a b-contact structure ξ on a b-manifold (M, Z) of dimension
(2n + 1) and p ∈ Z. We can find a local chart (U, z, x1 , y1 , . . . , xn , yn ) centered at p such that on U the
hypersurface Z is locally defined by z = 0 and
(1) if Rp 6= 0
(a) ξp is singular, then
n
dz X
+
xi dyi ,
α|U = dx1 + y1
z
i=2

(b) ξp is regular, then
n

α|U = dx1 + y1

dz dz X
+
+
xi dyi ,
z
z
i=2

(2) if Rp = 0, then α̃ = f α for f (p) 6= 0, where
n

dz X
α̃p =
+
xi dyi .
z
i=1

To distinguish both local models, we call the first one regular and the second one singular model,
depending whether or not the Reeb vector field is singular or not.
Proof. We may assume without loss of generality that M = R2n+1 and that p is the origin of R2n+1 .
Let us choose linear coordinates on Tp R2n+1 . By the non-integrability condition, dα has rank 2n
and α is non-trivial on the kernel of dα. We first choose the vector belonging to the kernel of dα
and then complete a symplectic basis of dα.
Let us first treat the case where ker dα ⊂ Tp Z: We choose x1 such that ∂x∂ 1 ∈ ker dα and α( ∂x∂ 1 ) =
1. Now let us take V ∈ ker α, but V 6∈ Tp Z such that iV dα 6= 0. As V 6∈ Tp Z, V belongs to the
kernel of the a vector bundle morphism
b

T M |Z → T Z

∂
as explained in [GMP]. We take the coordinate z such that V = z ∂z
. We then choose a coordinate
∂
∂
∂
y1 such that ∂y1 ∈ ker α and dα(z ∂z , ∂y1 ) = 1.
We complete a symplectic basis of dα and we can choose the remaining 2n − 2 coordinates xi
∂
and yi in both cases so that for all i = 2, . . . , n that ∂x
, ∂ ∈ Tp Z.
i ∂yi
We now set
n
dz X
(4.1)
α0 = dx1 + y1
+
xi dyi when ker dα ⊂ Z
z
i=2
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when ξp is singular and when ξp is regular we set
n

dz dz X
α̃0 = dx1 + y1
+
+
xi dyi when ker dα ⊂ Z.
z
z
i=2

By the choice of the basis, it is clear that at the origin,
(
α = α0
dα = dα0
when ξp is singular. We only work out the details in this case, as the case ξp regular works analogously.
Note that, until this stage, we only used linear algebra arguments, which are more involved
due to the structure of the vector bundle b T M . Let us now apply Moser’s path method. In a
neighbourhood of p, we consider the family of b-forms of degree 1
αt = (1 − t)α0 + tα for t ∈ [0, 1].
By the choice of basis, it is clear that at the origin,
(
αt = α
dαt = dα
and so αt is a path of b-contact forms in a neighbourhood of the origin. We want to show that there
exist an isotopy ψt : U 7→ R2n+1 satisfying

∗

ψt αt = α0
(4.2)
ψt (p) = p


ψt |Z ⊂ Z.

−1
s
Differentiating the first equation, we obtain LXt αt + α̇t = 0, where Xt (p) = dψ
ds ψt (p) s=t .
Inserting the splitting Xt = Ht Rαt + Yt , where Ht ∈ C ∞ (M ) and Yt ∈ ker αt and applying Cartan’s
formula, we obtain
(4.3)

iYt dαt + dHt + α̇t = 0.

Evaluating this differential equation in the Reeb vector field Rαt , we obtain
(4.4)

dHt (Rαt ) + α̇t (Rαt ) = 0.

This equation can be solved locally around the point p, as we can assume without loss of generality
that Rαt does not have closed orbits around that point. This is due to the fact that Rαt 6= 0. In fact,
by the construction of the coordinate system Rα = ∂x∂ 1 . Furthermore, as α̇t (p) = 0, dHt (p) = 0,
and we can choose the constant of integration such that Ht (p) = 0. Once Ht is chosen, let us take
a look at Equation (4.3), given by
iYt dαt = −(dHt + α̇t ).
We want to solve this equation for Yt . By the previous observation and the fact that dαt is a bsymplectic form, we obtain that Yt (p) = 0, so Xt (p) = 0. Furthermore, it is clear that Yt is a b-vector
field because dα is a b-form. Integrating the vector field Xt gives us the isotopy ψt , satisfying the
conditions of (4.2). This proves the first part of the theorem.
Let us now consider the case where ker dα * Tp Z, which corresponds to the case where Rp = 0
and dα is a smooth de Rham form. A b-form decomposes as f dz
z +β, where z is a defining function.
As dα is smooth, the function f can only depend on z on Z and hence, f (p) 6= 0 as we would be
in the smooth case otherwise. We choose a neighbourhood U around the origin such that f is
non-vanishing on that neighbourhood. By dividing by f , the b-form α̃ = dz
z + β̃ defines the
same distribution. Now take a contractible 2n-dimensional disk D2n 3 p in U. As (D, dα) is
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symplectic, we know by applying Darboux theorem for symplectic forms P
(we assume the disk
D small enough), that there exist 2n functions xi , yi such that locally dα = ni=1 dxi ∧ dyi . Now
P
consider the b-form α − ni=1 xi dyi − dz
z . This form is closed and smooth. Hence by Poincaré
lemma for smooth forms, there exists a smooth function g such that
n

X
dz
α̃ =
+ dg +
xi dyi .
z
i=1

We can change the defining function by z̃ = e−g z, so that
α̃ =
As α̃ ∧ (dα̃)n = n dz̃
z̃ ∧

Pn

i=1 dxi

dz̃
+
z̃

n
X

dz̃
z̃

=

dz
z

+ dg. Now

xi dyi .

i=1

∧ dyi 6= 0, the functions z̃, xi , yi form a basis.



The following example shows that it is possible to have both local models appearing on one
connected component of the critical set. Furthermore, it shows in the case where the Reeb vector field is singular, we can only prove the normal form pointwise and does not hold in a local
neighbourhood as when the Reeb vector field is regular.
2
Example 4.5. (S 2 × S 1 , α = sin ϕdθ + cos ϕ dh
h ) where (θ, h) are the polar coordinates on S and ϕ
∂
∂
1
the coordinate on S . The Reeb vector field is given by R = sin ϕ ∂θ + cos ϕh ∂h .

Remark 4.6. It follows from the b-Darboux theorem that if (M, ker α) be a b-contact manifold and
ker αp is regular for p ∈ Z, then there is an open neighbourhood around p where ker α is regular.
A well known result in contact geometry is Gray’s stability theorem, asserting that on a closed
manifold, smooth families of contact structures are isotopic. The proof uses Moser’s path method
that works well in b-geometry. One proves in the same line the following stability result for bcontact manifolds.
Theorem 4. Let (M, Z) compact b-manifold and let (ξt ), t ∈ [0, 1] be a smooth path of b-contact structures.
Then there exists an isotopy φt preserving the critical set Z such that (φt )∗ ξ0 = ξt , or equivalently, φ∗t αt =
λt α0 for a non-vanishing function λt .
Proof. Assume that φt is the flow of a time dependent vector field Xt . Deriving the equation, we
obtain
diXt αt + iXt dαt + α̇ = µt αt
˙

where µt = λλtt ◦ φ−1
t . If Xt belongs to ξt , the first term of the last equation vanishes and applying
then the Reeb vector field yields
α̇t (Rαt ) = µt .
The equation given by
iXt dαt = µt αt − α̇t
then defines Xt because (µt αt − α̇t )(Rαt ). We integrate the vector field Xt to find φt and as Xt is a
vector field, tangent to the critical set, the flow preserves it.

The compactness condition is necessary as is shown in the next example.
Example 4.7. Consider the path of b-contact structures on R3 given by ker αt where αt = (cos π2 t −
π
π
dz
dz
y sin π2 t) dz
z + (sin 2 t + y cos 2 t)dx. As α0 = z + ydx and α1 = dx − y z , the two b-contact structures
cannot be isotopic.
In the same lines, we prove the following semi-local result.

CONTACT STRUCTURES WITH SINGULARITIES

9

Theorem 5. Let (M, Z) be a b-manifold and assume Z compact. Let ξ0 = ker α0 and ξ1 = ker α1 be
two b-contact structures such that α0 |Z = α1 |Z . Then there exists a local isotopy ψt , t ∈ [0, 1] in an open
neighbourhood U around Z such that ψt∗ αt = λt α0 and ψt |Z = Id where λt is a family of non-vanishing
smooth functions.
Proof. The proof is done following Moser’s path method. Put ξt = (1 − t)ξ0 + tξ1 , t ∈ [0, 1]. Because
the non-integrability condition is an open condition and ξt |Z = ξ0 |Z = ξ1 |Z , there exists an open
neighbourhood U containing Z such that ξt is a family of b-contact structures. We will prove that
there exists an isotopy ψt : U 7→ M such that ψt∗ αt = λt α0 , where λt is a non-vanishing smooth
function and λt |Z = Id. Assume that ψt is the flow of a vector field Xt and differentiating, we
obtain the following equation:
diXt αt + iXt dαt + α̇t = µt αt ,
where µt =
(4.8)

d
dt (log |λt |)

◦ ψt−1 . Taking Xt ∈ ξt , this equation writes down
α̇t + iXt dαt = µt αt .

Applying the Reeb vector field to both sides, we obtain the equation that defines µt :
µt = α̇t (Rαt ).
As α̇t |Z = 0, µt |Z = 0 and hence Xt is zero on Z. By non-degeneracy of dαt on ξt there exists a
unique Xt ∈ ξt solving Equation 4.8. Integrating Xt yields the desired result.

Note that this proof fails if one wants to prove stability of b-contact forms, that is we cannot
assume that λt = Id in a neighbourhood of Z.
5. b-J ACOBI MANIFOLDS
In the symplectic case, it is often helpful to look at b-symplectic manifolds as being the dual of
a particular case of Poisson manifold. In contact geometry, Jacobi manifolds play this role.
Recall that a Jacobi structure on a manifold M is a triplet (M, Λ, R) where Λ is a smooth bi-vector
field and R a vector field satisfying the following compatibility conditions
(5.1)

[Λ, Λ] = 2R ∧ Λ,

[Λ, R] = 0,

where the bracket is the Schouten–Nijenhuis bracket. We refer the reader [V] and references
therein for further information on Jacobi manifolds.
Definition 5.2. Let (M, Λ, R) be a Jacobi manifold of dimension 2n + 1. We say that M is a b-Jacobi
manifold if Λn ∧ R cuts the zero section of Λ2n+1 (T M ) transversally.
Note that this definition is similar to the one of b-Poisson manifolds, in the sense that it also
asks the top wedge power to be tranverse to the zero section. We denote the hypersurface given
by the zero section of Λ2n+1 (T M ) by Z and we call it the critical set.
It is well-known that contact manifolds are a particular case of odd-dimensional Jacobi manifolds. A particular case of even-dimensional Jacobi manifolds are given by locally conformally
symplectic manifolds.
Definition 5.3. A locally conformally symplectic manifold is a manifold M of dimension 2n
equipped with a non-degenerate two-form ω ∈ Ω2 (M ) that is locally closed, which is equivalent
to the existence of a closed 1-form α ∈ Ω1 (M ) such that dω = α ∧ ω.
Locally conformally symplectic manifold regained recent attention, notably in the work [CM].
We will prove that b-contact manifolds and b-Jacobi manifolds are dual in some sense, as will
be explained in the next two propositions. Before doing so, let us note that in the case where the
dimension of the Jacobi manifold is dim M = 2n, we can given an similar definition to the one
of Definition 5.2 by asking that Λ2n cuts the zero-section of Λ2n (T M ) transversally. It should be
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possible to prove in the same lines that this case corresponds to locally conformally b-symplectic
manifold.
Proposition 5.4. Let (M, ker α) be a b-contact manifold. Let Λ be the bi-vector field computed as in
Equation A.1 in Appendix A and let R be the Reeb vector field. Then (M, Λ, R) is a b-Jacobi manifold.
Proof. As being b-Jacobi is a local condition, we can work in a local coordinate chart. Outside of the
critical set, α is a contact form. Hence we can compute Λ as in Equation A.1 in both local models
of the Darboux theorem and Λ can smoothly be extended to the critical set Z. A straightforward
computation now yields that for both local models Λn ∧ R t 0.

Recall that to every Jacobi manifold (M, Λ, R), one can associate a homogenous Poisson mani∂
fold. Indeed, (M × R, Π := e−τ (Λ + ∂τ
∧ R)) is a Poisson manifold because
∂
∂
∂
∧ R] + [e−τ
∧ R, e−τ
∧ R]
∂τ
∂τ
∂τ
= 2e−2τ [Λ, Λ] + 2(−e−τ Λ ∧ R) = 0.

[Π, Π] = [e−τ Λ, e−τ Λ] + 2[e−τ Λ, e−τ

Furthermore, the later is said to be homogenous because the vector field T =

∂
∂τ

satisfies

LT P = −P.
This construction is called Poissonization. The same stays true in the b-scenario, although we need
to assume that the b-Jacobi manifold is of odd dimension, as b-Poisson manifold are defined only
for even dimensions.
Lemma 5.5. The Poissonization of a b-Jacobi manifold of odd dimension is a homogenous b-Poisson manifold.
Proof. The proof is a straightforward computation:
∂
∧ Λn ∧ R.
∂τ
It follows from the definition of b-Jacobi that Π is transverse to the zero-section.
Πn+1 = −e−(n+1)τ



Proposition 5.6. Let (M 2n+1 , Λ, R) be a b-Jacobi manifold. Then M is a b-contact manifold.
Proof. The proposition is based on the local normal form of Jacobi structures, which are proved in
[DLM]. The main result is recalled in Appendix B. Let (M, Λ, R) be the b-Jacobi structure, so that
Λn ∧R t 0. As usual, denote the critical hypersurface by Z = (Λn ∧R)−1 (0). First note that outside
of Z, the leaf of the characteristic foliation is maximal dimensional. This is saying that outside of
Z, the Jacobi structure is equivalent to a contact structure.
Consider a point p ∈ Z and denote the leaf of the characteristic foliation by L. By the transversality condition, the dimension of the leaf needs to be of dimension 2n or 2n − 1. Indeed, as
∂
(M × R, e−τ ( ∂τ
∧ R + Λ)) is b-Poisson, the critical set of M × R is foliated by symplectic manifolds
of codimension 2, that is of dimension 2n. Hence the critical set restricted to the hypersurface
{τ = 0}, which is identified to be the critical set Z of the initial manifold M , is foliated by codimension 1 and codimension 2 leaves.
Let us first consider the case where at the point x ∈ Z, the leaf is of dimension 2n. We will
prove that this case corresponds to the case where the R is singular, vanishing linearly. Let us
apply Theorem 5.9 of [DLM]. Hence the Jacobi manifold (N, ΛN , EN ) (see Theorem 5.9) is of
dimension 1, hence ΛN is zero. Hence Λ is given by
Λ=

n
n
X
X
∂
∂
∂
∧
−
xi+n
∧ EN .
∂xi ∂xi+n
∂xi+n
i=1

i=1
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∂
We now use the transversality condition on Λn ∧ EN to conclude that EN = z ∂z
. which is the
Pn
dz
same expression for the b-Jacobi structure associated to the b-contact form α = z + i=1 xi dxi+n .
Let us consider the case where the leaf is of dimension 2n − 1. We will see that this corresponds
to the case where the Reeb vector field is regular. According to Theorem 5.11 in [DLM], the bivector field is given by
Λ = Λ2n−1 + ΛN + E ∧ ZN
P
i+n−1 ∂ −
where (N, ΛN , ZN ) is a homogenous 2-dimensional Poisson manifold and Λ2n−1 = n−1
i=1 (x
∂x0
n−1
∂
∂
∂
t
0,
hence
Λ
is
a
b-Poisson
)∧
.
The
transversality
condition
implies
that
Λ
∧Λ
∧
N
N ∂x0
2n−1
∂xi
∂xi+q
∂
∂
manifold. By [GMP], ΛN = z ∂z
∧ ∂y
. The homogenous vector field ZN is determined by equation
∂
LZN ΛN = −ΛN . Hence ZN = y ∂y . Hence the Jacobi structure is given by E = ∂x∂ 0 and
n−1
X

∂
∂
∂
∂
∂
∂
∂
−
)∧
+z
∧y ,
∧
+
∂x0 ∂xi
∂xi+q
∂z ∂y ∂x0
∂y
i=1
Pn−1
which is the Jacobi structure associated to the contact form α = dx0 + y dz
i=1 xi dxi+q .
z +
Λ=

(xi+n−1



6. S YMPLECTIZATION AND CONTACTIZATION
Symplectic and contact manifolds are related to each other as follows. It is well-known that a
contact manifold can be transformed into a symplectic one by symplectization: if (M, α) is a contact
manifold, then (M × R, d(et α)) (where t is the coordinate on R) is a symplectic manifold. On the
other hand, hypersurfaces of a symplectic manifold (M, ω) are contact, provided that there exist
a vector field satisfying LX ω = ω that is transverse to the hypersurface. Such a vector field is
called Liouville vector field. The contact form on the hypersurface is given by the contraction of
the symplectic form with the Liouville vector field, i.e. α = iX ω.
We will show that the same holds in the b-category.
Example 6.1. Let (W = R4 , ω = z1 dz ∧ dt + dx ∧ dy) be a b-symplectic manifold. A Liouville vector
∂
∂
∂
∂
field is given by X = 21 (z log |z| ∂z
+ t ∂t
+ x ∂x
+ y ∂y
). Note that Liouville vector fields are defined
up to addition of symplectic vector fields, that is a vector field Y satisfying LY ω = 02. Another
∂
∂
Liouville vector field is for example given by t ∂t
+ x ∂x
.
Let us take a b-symplectic manifold (W, ω) of dimension (2n + 2) and a Liouville vector field
X on W that is transverse to a hypersurface H of W . Then (H, iX ω) is a b-contact manifold of
1
dimension (2n+1) as iX ω ∧(diX ω)n = n+1
iX (ω n+1 ) is a volume form provided that X is tranverse
to H. If H does not intersect the critical set, one obtains of course a smooth contact form. Due to
the b-Darboux theorem, there are two local models for b-contact manifolds and we will see that we
can obtain both structures, depending on the relative position of the hypersurface with the Reeb
vector field on it.
Example 6.2. Let us take (W = R4 , ω = z1 dz ∧ dt + dx ∧ dy) and the Liouville vector field X =
∂
∂
t ∂t
+ x ∂x
. The contraction of X with the b-symplectic form yields iX ω = − zt dz + xdy. Let us take
different hypersurfaces transverse to X and compute the induced b-contact form.
• If we take as hypersurface the hyperplane M1 = {(1, y, −t, z), y, t, z ∈ R}, which is transverse to X, we obtain α = dy + t dz
z , which is the regular local model.
• If we take as hypersurface the hyperplane M2 = {(x, y, −1, z), x, y, z ∈ R}, which is transverse to X, we obtain α = dz
z + xdy, which is the singular local model.
2We define the Lie derivative of a b-form using the Cartan formula and the extended definition of exterior derivative
for b-forms.
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Example 6.3. The three dimensional sphere admits b-contact structures. Consider the R4 with the
1
∂
∂
∂
∂
standard b-symplectic structure dz
z ∧dt+dx∧dy. The vector field X = 2 (z log |z| ∂z +t ∂t +x ∂x +y ∂y )
is a Liouville vector field, which is transverse to the sphere centered at the origin of radius greater
then 1. The critical set is given by the intersection of the sphere with the hyperplane z = 0. To
define b-contact structures on the unit sphere, we use radial rescaling. We hence obtain a family of
b-contact structures kerαr for r > 1. Note that by Gray stability theorem for b-contact structures,
they are all isotopic.
Example 6.4. The unit cotangent bundle of a b-manifold have a natural b-contact structure. Let
(M, Z) be a b-manifold of dimension n with coordinates z, yi , i = 2, . . . , n as in Example 3.2. It
is shown in [GMP] that the cotangent bundle has a natural b-symplectic
structure defined by the

Pn
dz
b-form given by the exterior derivative dλ = d x1 z + i=2 xi dyi . The unit b-cotangent bundle
is given by b T1∗ M = {(z1 , y2 , . . . , yn , x1 , . . . , xn ) ∈ b T ∗ M | kxk= 1}, where the norm is the usual
P
∂
Euclidean norm. The vector field ni=1 xi ∂x
defined on the b-cotangent bundle b T ∗ M is a Lioui
ville vector field, and is tranverse to the unit b-cotangent bundle, and hence induces a b-contact
structure on it.
We saw that hypersurfaces of b-symplectic manifolds that are transverse to a Liouville vector
field have an induced b-contact structure. The next lemma describes which model describes locally
the b-contact structure.
Lemma 6.5. Let (W, ω) be a b-symplectic manifold and X a Liouville vector field transverse to a hypersurface H. Let R be the Reeb vector field defined on H for the b-contact form α = iX ω. Then R ∈ H ⊥ , where
H ⊥ is the symplectic orthogonal of H.
Proof. The Reeb vector field defined on H satisfies iR (dα)|H = iR (diX ω)|H = iR ω|H = 0.



Hence if H ⊥ is generated by a singular vector field, the contact manifold (H, α) is locally of the
second type as in the b-Darboux theorem. In the other case, the local model is given by the first
type.
We now come back to the symplectization of a b-symplectic manifold.
Theorem 6. Let (M, α) be a b-contact manifold. Then (M × R, ω = d(et α)) is a b-symplectic manifold.
Proof. It is clear that ω is a closed b-form. Furthermore, direct computation yield
n+1
(et dα)
= et(n+1) dt ∧ α ∧ (dα)n ,
which is non-zero as a b-form by the non-integrability condition.



∂
is a Liouville vector field of the symplectization (M × R, d(et α)), which
It is easy to see that ∂t
is clearly transverse to the submanifold M × {0}. Hence, we obtain the initial contact manifold
(M, α). This gives us the following theorem.

Theorem 7. Every b-contact manifold can be obtained as a hypersurface of a b-symplectic manifold.
Remark 6.6. Another close relation between the symplectic and the contact world is the contactization: take an exact symplectic manifold, i.e. (M, dβ), then (M × R, β + dt), where t is the
coordinate on R, is contact. This remains true in the b-case. Furthermore, it is clear that by this
∂
.
construction, we obtain b-contact forms of the first type, as the Reeb vector field is given by ∂t
7. G EOMETRIC STRUCTURE ON THE CRITICAL SET
To determine the induced structure of the b-contact structure on the critical set, we compute
the associated Jacobi structure. Let us briefly review some results on Jacobi manifolds, which
can all be found in [V]. The Hamiltonian vector fields of a Jacobi manifold (M, Λ, R) are defined by Xf = Λ] (df ) + f R. It can be shown that the distribution C(M ) = {Xf |f ∈ C ∞ (M )}
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is involutive and invariant under the Hamiltonian flow. Stefan–Suessmann theorem asserts that
C(M ) integrates to a singular foliation. As C(M ) = ImΛ] + hRi, the leaves of this distribution are
even-dimensional when R ∈ ImΛ] and odd-dimensional in the other case. The induced structure
on odd-dimensional leaves turns out to be a contact structure. For odd-dimensional leaves, one
obtains locally conformally symplectic leaves. The definition of locally symplectic manifolds is
recalled in Definition 5.3.
The computation of a Jacobi structure associated to a contact structure is explained in Appendix
A. As we have proved a local norm theorem, we can use the two local models to compute the
associate Jacobi structure and check in both cases if R ∈ Λ] . We will prove
Theorem 8. Let (M 2n+1 , ξ = ker α) be a b-contact manifold and p ∈ Z. Then
(1) if ξp is regular, that is of dimension 2n, then the induced structure on the critical set is locally
conformally symplectic;
(2) if ξp is singular, that is of dimension 2n − 1, then the induced structure is contact.
Proof. By Theorem 3, if ξ is singular, the Reeb vector field is not singular and the contact form can
P
+ ni=2 xi dyi ). The Reeb vector field is given by R = ∂x∂ 1 ,
be written locally as α = dx1 + y1 dz
zP
∂
∂
+ ni=2 ∂x
∧ ∂y∂ i . As Liouville vector field with respect to dα,
the dual of dα by Π = z ∂y∂ 1 ∧ ∂z
i
Pn
∂
we take X =
i=1 yi ∂yi . The Jacobi structure associated to this b-contact structure is given by
Λ = Π + R ∧ X.
On the critical set, we have
n
n
X
X
∂
∂
∂
∂
ΛZ=
∧
+
yi
∧
.
∂xi ∂yi
∂x1 ∂yi
i=2

i=1

#
(α)
Z

Let us check if we can find a one form α such that Λ
= ∂x∂ 1 . For y1 = 0, this cannot be solved,
hence the set {z = 0, y1 = 0} is a leaf with an induced contact structure.
If ξ is not singular and the Reeb vector is regular, the contact form can be written locally as
Pn
dz
α = dx1 + y1 dz
i=2 xi dyi ). A direct computation implies that the Reeb vector field lies
z + z +
in the distribution spanned by the bi-vector field Λ, hence the b-contact structure induces a locally
conformally symplectic structure on the set {z = 0, y1 6= 0}.
Last, if ξ is not singular and the Reeb vector is singular, Theorem 3 yields that the Reeb vector
∂
field can be written as z ∂z
. As the Reeb vector field is vanishing, the critical set equals the 2ndimensional leaf spanned by Im] . The induced structure is locally conformally symplectic.

Remark 7.1. Let us consider the case where dim M = 3 and the distribution ξ is singular. Then the
induced structure on the critical set is given by Λ|Z = y1 ∂y∂ 1 ∧ ∂x∂ 1 . As the critical set is a surface,
it is clear that this is a Poisson structure and furthermore, that it is transverse to the zero section.
Hence we obtain an induced b-symplectic structure on the critical set. Note that this is not true for
higher dimensions.
8. H IGHER ORDER SINGULARITIES
In what follows, we consider contact structures with higher order singularities. Let (M n , Z) be
a manifold with a distinguished hypersurface and let us assume that Z is the zero level-set of a
m
function z. The bm -tangent bundle, which we denote by b T M , can be defined to be the vector
bundle whose sections are generated by
∂ ∂
∂
{z m ,
,...,
}.
∂z ∂x1
∂xn−1
The de Rham differential can be extended to this setting. The notion of b-symplectic manifolds
then naturally extends and we talk about bm -symplectic manifolds, see [Sc, GMW]. In the same
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fashion, we can extend the notion of b-contact manifolds to the bm -setting: we say that a bm -form
m
α ∈ b Ωn (M ) is bm -contact if α ∧ (dα)n 6= 0 where the dimension of M is 2n + 1. The proofs
of the theorems of the previous sections, in particular Theorem 3 and Proposition 5.6 and the
construction carried out in Section 6, generalize directly to this setting. For the sake of a clear
notation, we do not write down the statements of the generalization, but only assert informally,
that b can be replaced by bm in the statements.
9. D ESINGULARIZATION OF bm - CONTACT STRUCTURES
In this section, we desingularize singular contact structures and consequently explain the relation to smooth contact structures. The proof is based on the idea of [GMW]. However, in contrast
to the symplectic case, we need additional assumption in order to desingularize the bm -contact
form.
m
Recall that from Lemma 2.1, it follows that a bm -form α ∈ b Ω1 (M ) decomposes α = u zdzm + β
where u ∈ C ∞ (M ) and β ∈ Ω1 (M ). In order to desingularize the bm -contact forms, we will assume
that β is the pull-back under the projection of a one-form defined on Z.
Definition 9.1. We say that a bm -contact structure (M, ker α) is almost convex if β = π ∗ β̃, where
π : M → Z is the projection and β̃ ∈ Ω1 (Z). We will abuse notation and write β ∈ Ω1 (Z). We say
that a bm -contact structure is convex if β ∈ Ω1 (Z) and u ∈ C ∞ (Z).
Note that the this notion is to be compared to the one of convex hypersurfaces, which we will
recall in the next section. As we will see in the next lemma, almost convex bm -contact structures
are locally, in a neighbourhood around Z, isotopic to convex ones.
Lemma 9.2. Let (M, ker α) be an almost convex bm -contact manifold and let the critical hypersurface Z
be compact. Then there exist a neighbourhood locally around the critical set denoted by U ⊃ Z, such that α
is isotopic to a convex bm -contact manifold relative to Z on U.
Proof. Let α = u zdzm + β where u ∈ C ∞ (M ) and β ∈ Ω1 (Z). Put α̃ = u0 zdzm + β, where u0 = u|Z ∈
C ∞ (Z), which is convex. Take the linear path between the two bm -contact structures, which is a
path of bm -contact structures because ξ and ξ˜ equal on Z. Applying Theorem 5, we obtain that
there exist a local diffeomorphism f preserving Z and a non-vanishing function λ such that on a
neighbourhood of Z, f ∗ α = λα̃.

The next lemma gives intuition on this definition and gives a geometric characterization of the
almost-convexity in terms of the desingularized symplectization.
∂
is a
Lemma 9.3. A bm -contact manifold (M, ker α) is almost-convex if and only if the vector field ∂t
m
Liouville vector field in the desingularization of the b -symplectic manifold obtained by the symplectization
of (M, ker α).

Proof. Let (M, ker α) be a almost-convex bm -contact manifold. The symplectization is given by
(M × R, ω = d(et α)). The desingularization technique of Theorem 2 produces a family of sym∂
plectic forms ω = uet dt ∧ df + et dt ∧ β + et du ∧ df + et dβ. From almost-convexity follows ∂t
∂
perserves ω , so ∂t
is a Liouville vector field.
∂
To prove the converse, assume that ∂t
is a Liouville vector field in (M, ω ). It follows from the
1
fact that L ∂ ω = ω that β ∈ Ω (Z).

∂t

We will see that under almost-convexity, the bm -contact form can be desingularized.
Theorem 9. Let (M 2n+1 , ker α) a b2k -contact structure with critical hypersurface Z. Assume that α is
almost convex. Then there exists a family of contact forms α which coincides with the b2k -contact form α
outside of an -neighbourhood of Z.
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A corollary of this is that almost-convex bm -contact manifolds admit a family of contact structures if m is even, and a family of folded-type contact structures is m is odd.
The proof of this theorem follows from the definition of convexity and makes use of the family
of functions introduced in [GMW].
Proof. By the decomposition lemma, α = u zdzm + β. As α is almost convex, the contact condition
writes down as follows:
dz
α ∧ (dα)n = m ∧ (u(dβ)n + nβ ∧ du ∧ (dβ)n−1 ) 6= 0.
z
In an -neighbourhood, we replace zdzm by a smooth form. The expression depends on the parity
of m. Following [GMW], we introduce the family of odd smooth functions
(
−1
2
for x < −
2k−1 − 2k−1
f (x) = (2k−1)x
−1
2
+ 2k−1 for x > 
(2k−1)x2k−1
and such that f0 > 0 in the -neighbourhood. We obtain the family of globally defined 1-forms
given by α = udf + β that agrees with α outside of the -neighbourhood. Let us check that α is
contact inside of this neighbourhood. Using the almost-convexity condition, the non-integrability
condition on the bm -form α writes down as follows:
∂β
).
α ∧ (dα )n = dz ∧ (f0 (z)udβ + f0 (z)β ∧ du − β ∧
∂z
We see that α ∧ dα = f0 (z)z m α ∧ dα and hence α is contact.

Remark 9.4. It is possible to desingularize b2k+1 -contact structures following [GMW]. The resulthing one-form of this desingularization is of folded-type contact structure, as explored in [M2, JZ].
An alternative proof of this theorem would be to use the symplectization as explained in Section 6 and to use immediately Theorem 2 in the symplectization. The almost convex condition
makes sure that the vector field in the direction of the symplectization is Liouville in the desingularization, see Lemma 9.3. Hence the induced structure is contact. Without the almost-convexity,
the induced structure of the desingularized symplectic form on the initial manifold is not necessarily contact. This is saying that almost-convexity is a sufficient condition, but not a necessary
condition to apply the desingularization method.
In the next section, we will see that in presence of convex hypersurface in contact manifolds,
the inverse construction holds.
10. E XISTENCE OF SINGULAR CONTACT STRUCTURES ON A PRESCRIBED MANIFOLD
Existence of contact structures on odd dimensional manifolds has been one of the leading questions in the field. The first result in this direction was proved for open odd-dimensional manifolds by Gromov [Gr]. The case for closed manifolds turned out to be much more subtle. The
3-dimensional case was proved by Martinet–Lutz [Lu, M1]. In dimension 5, the existence problem
was solved in [Et, CPP], whereas the higher dimensional case was only solved in the celebrated
paper by Borman–Eliashberg–Murphy [BEM].
Theorem 10. Let M 2n+1 be an almost contact, compact manifold then M admits a contact structure.
We give in this section a partial answer to the question whether or not closed manifolds also admits bm -contact structures. The result relies on convex hypersurface theory, which was introduced
by Giroux [Gi1].
Definition 10.1. Let (M, ker α) be a contact manifold. A vector field X is contact if it preserves ξ,
i.e. LX α = gα. A hypersurface Z in M is convex if there exists a contact vector field X that is
transverse to Z.
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It follows from this definition that the contact form can be written under vertically invariant
form in a neighbourhood of Z, that is α = udt + β, where the contact vector field X is given by
∂
∞
1
∂t , u ∈ C (Z) and β ∈ Ω (Z). Note that Definition 9.1 is the analog of this definition in the
b-setting. As was proved by Giroux [Gi1], in dimension 3, there are generically no obstructions to
the existence of convex closed surfaces.
Theorem 11 ([Gi1]). Let (M, ξ) be a 3-dimensional contact manifold. Then any closed surface is C ∞ -close
to a convex surface.
In higher dimension, this result does not hold for generic hypersurfaces, see [Mo]. However,
eventhough genericity does not hold, examples are given by boundaries of tubular neighbourhoods of Legendrian submanifolds.
In the theory of convex hypersurfaces, a fundamental role is played by the points of the convex
hypersurface where the transverse contact vector field belongs to the contact distribution. It is a
consequence of the non-integrability condition that Σ codimension 1 submanifold in Z. When M
is of dimension 3, Σ is called the dividing curves. Loosely speaking, the dividing curves determine the germ of the contact structure on a neighbourhood of the convex surface. For a precise
statement, see [Gi1, Gi2].
We will prove that convex hypersurfaces can be realized as the critical set of b2k -contact structures.
Theorem 12. Let (M, α) be a contact manifold and let Z be a convex hypersurface in M . Then M admits
a b2k -contact structure for all k that has Z as critical set. The codimension 2 submanifold Σ corresponds to
the set where the rank of the distribution drops and the induced structures is contact.
Using Giroux genericity result, we obtain the following Corollary in dimension 3:
Corollary 10.2. Let M be a 3-dimensional manifold. Then for a generic surface Z, there exists a b2k -contact
structure on M realising Z as the critical set.
Proof of the Corollary. Using Gromov’s result in the open case and Lutz–Martinet for M closed, we
can equip M with a contact form. As is proved in [Gi2], a generic surface Z is convex and the
conclusion follows from Theorem 12.

Proof of Theorem 12. Using the transverse contact vector field, we find a tubular neighbourhood of
Z diffeomorphic to Z × R such that α = udt + β, where t is the coordinate on R, u ∈ C ∞ (Z) and
β ∈ Ω1 (Z). The non-integrability condition then is equivalent of saying that du ∧ β − udβ is a
volume form on Z. We will change the contact form to a b2k -contact form.
Take  > 0. Let us take a smooth function f such that
(1) f (x) = x for x ∈ R \ [−2, 2]
1
for x ∈ [−, 0[∪]0, ]
(2) f (x) = − x2m−1
0
(3) f (x) > 0 for all x ∈ R.
Now consider α = udf + β. By construction, α is a b2m -form that coincides with α outside of
Z × (R \ [−2, 2]). Furthermore, α satisfies the non-integrabilty condition on Z×] − 2, 2[ because
f0 > 0.
The rest of the statement follows from the discussion of Section 7.

Remark 10.3. Observe that this construction only works for an even m.
For odd m one needs to understand folded-type contact structure existence theorems on a given
manifold.
Final Question: We end up this paper with a conjecture/open question. Theorem 12 provides
a partial answer on the existence of bm -contact structures as we only prove it for m = 2k using
contact geometry in its full force. In particular existence is proved for manifolds that already admit
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a contact structure (used in the proof) but the existence of singularities might relax some of the
obstructions existing in the realization problem in contact geometry. Specifically, it is natural to
ask whether the existence of an almost contact structure is really necessary to prove the existence
of a bm -contact structure.
This is indeed a déjà vu for symplectic geometers as the topological obstructions relax when
the symplectic structures in consideration are allowed to vanish on a hypersurface (as it is the
case of folded-symplectic manifolds): Cannas da Silva proved in [C] that every orientable 4manifold admits a folded-symplectic structure (in particular S 4 admits a folded-symplectic structre and no symplectic structure). In higher dimensions Cannas da Silva proved that any orientable 2n-manifold admitting an stable almost complex structure admits a folded-symplectic
manifolds. Folded-symplectic manifolds are particularly close to bm -symplectic manifolds: Not
only in [BDMOP] this apparent duality is exhibited in actual examples from Celestial Mechanics but also any given b2k+1 -symplectic manifold is a folded-symplectic manifolds in view of the
desingularization procedure in [GMW].
We want to close up this paper conjecturing that it might be possible to prove existence of bm contact structures relaxing the almost-contact condition for dimensions higher than three3.
A PPENDIX A. C ONTACT MANIFOLDS AS J ACOBI MANIFOLDS
It is well-known that every contact manifold is a particular case of Jacobi manifold, see [V].
Indeed, if (M, α) is a contact manifold, then (M, Λ, R) is a Jacobi structure, where R is the Reeb
vector field and the bi-vector field Λ is defined by
Λ(df, dg) = dα(Xf , Xg ),
where Xf , Xg are the contact Hamiltonian vector fields of f and g. We give an alternative way to
compute the Jacobi structure associated to the contact structure.
Let us denote the bi-vector field, dual to dα, by Π. Furthermore, we denote by X a Liouville
vector field relatively to dα, i.e. LX dα = dα. Eventually, we define the bi-vector field
(A.1)

Λ = Π + R ∧ X.

We have the following identities:
• LX Π = Π,
• LR Π = 0,
• [Π, Π] = 0.
The following lemma characterizes the Jacobi structure.
Lemma A.2. The Jacobi structure associated to (M, α) is given by Λ and R if and only if R ∧ [X, R] ∧ X =
0.
Proof. Let us check the two conditions of a Jacobi manifold, which are [Λ, Λ] = 2R ∧ Λ and [Λ, R] =
0. The second equation writes
[Λ, R] = [Π + R ∧ X, R] = [Π, R] + [Π, R ∧ X] = 0 + [Π, R] ∧ X − R ∧ [Π, X] = R ∧ Π = 0.
As for the first one, we do the following computation:
[Λ, Λ] = [Π, Π] + 2[Π, R ∧ X] + [R ∧ X, R ∧ X].
Here, the first term is zero. The second term, using a well-known identity of the Schouten-bracket,
gives us
2[Π, R ∧ X] = 2[Π, R] ∧ X − 2R ∧ [Π, X] = 0 + 2R ∧ Π = 0.
3and we believe understanding the inverse operation (if any) of the desingularization procedure in [GMW] can be
relevant for that purpose.
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For the third term, using the same identity, we obtain
[R ∧ X, R ∧ X] = R ∧ [X, R] ∧ X + [R, R] ∧ X ∧ X − R ∧ R ∧ [X, X] − R ∧ [R, X] ∧ X
= 2R ∧ [X, R] ∧ X.

A PPENDIX B. L OCAL MODEL OF J ACOBI MANIFOLDS
We recall local structure theorems of Jacobi manifolds, proved in [DLM]. Let us first introduce
some notation.
P
∂
• Λ2q = qi=1 ∂x∂i+q ∧ ∂x
i
Pq
• Z2q = i=1 xi+q ∂x∂i+q
• R2q+1 = ∂x∂ 0
P
∂
∂
• Λ2q+1 = qi=1 (xi+q ∂x∂ 0 − ∂x
i ) ∧ ∂xi+q
Theorem 13 ([DLM]). Let (M m , Λ, R) be a Jacobi manifold, x0 a point of M and S be the leaf of the
characteristic foliation going through x0 .
If S is of dimension 2q, then there exist a neighbourhood of x0 that is diffeomorphic to U2q × N where U2q
is an open neighbourhood containing the origin of R2q and (N, ΛN , RN ) is a Jacobi manifold of dimension
m − 2q. The diffeomorphism preserves the Jacobi structure, where the Jacobi structure on U2q × N is given
by
RU2q ×N = ΛN ,
RU2q ×N = Λ2q + ΛN − Z2q ∧ RN .
If S is of dimension 2q + 1, then there exist a neighbourhood of x0 that is diffeomorphic to U2q+1 × N
where U2q+1 is an open neighbourhood containing the origin of R2q+1 and (N, ΛN , RN ) is a homogenous
Poisson manifold of dimension m − 2q − 1. The diffeomorphism preserves the Jacobi structure, where the
Jacobi structure on U2q × N is given by
RU2q+1 ×N = R2q+1 ,

ΛU2q+1 ×N = Λ2q+1 + ΛN + E2q+1 ∧ ZN .
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