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1. INTRODUCTION 

 

In 2015, the UN General Assembly adopted the 2030 Agenda for Sustainable Development, 

a plan of action in favour of people, the planet, and prosperity, which also aims to strengthen 

universal peace and access to justice. The associated Sustainable Development Goals1 

(SDGs) seek to address the unfinished business and shortcomings of the Millennium 

Development Goals, which were used to monitor development progress from 2000 to 2015. 

Specific objectives for water and sanitation are also included within the SDG framework. 

Therefore, countries are and will be continuously asked to set their own national goals 

guided by world level ambitions and consensus, but taking into account national 

circumstances. 

 

The Tanzanian government, as many others in the sub-Saharan region, has historically 

undertaken different plans to improve and increase access to water and sanitation services. 

In 2006, the National Rural Water Supply and Sanitation Programme (NRWSSP) was 

launched as part of a bigger plan to improve and increase access to water. To implement 

this ambitious programme and meet the corresponding objectives, it was necessary to 

develop a comprehensive resource allocation strategy that clarifies which factors should be 

considered, and how they should be weighted and applied.  

 

With limited resources, adequate mechanisms are required to ensure that efforts and 

available resources are allocated to those water and sanitation activities that will produce the 

greatest positive impact for beneficiaries. Thus, evaluating the economic costs of 

interventions and the resulting benefits is critically important for effective resource allocation. 

A sound economic cost-benefit analysis is a useful tool for decision-makers (Boardman, 

2006; European Commission, 2015).  

 

Furthermore, when considering geographical equity or other crucial criteria from a political 

perspective, detailed analysis of disaggregated investments is usually included in the 

analyses. Surprisingly, in real applications, some specific issues related to water 

technologies, such as declining functionality rates with time, are not properly considered, 

leading to the expectable real output of planned investments being overstated (Jiménez and 

Pérez-Foguet, 2011a, 2012).   

 

Data describing real situation of services and infrastructures of rural water sector were 

collected through the so-called Water Point Mapping (WPM) campaigns held in the country. 

The WPM approach is a well-documented and tool that is widely used by several non-

governmental organizations in Africa for monitoring and for advocating activities about 

                                                           
 

1
 Detailed information regarding the SDGs can be found at http://www.un.org/sustainabledevelopment. 
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access to water (Welle 2005). Jiménez and Pérez-Foguet (2008, 2010a, 2011b) worked on 

Tanzania’s data intensively, and were able to recommend several proposals to improve 

sectorial water governance. The main interest in the case study presented here is to check 

the influence of some of their findings on the NRWSSP impact. In so doing, only a subset of 

data analyzed for Tanzania are used.  

 

In this case study, students will first analyze how the NRWSSP allocated available resources 

and how the decisions were made by the Ministry of Water in collaboration with the World 

Bank, the principal donor of the programme. Second, an alternative is presented for 

analysis, based on the results found with regard to the declining functionality rate of water 

infrastructures over time. A comparison between these two different alternatives will allow 

the students to draw their conclusions on effective resource allocation for water and 

sanitation. Finally, a detailed analysis of the relationships between costs and performance of 

different technological solutions is introduced. 

 

 

1.1. DISCIPLINES COVERED 

 

This proposal has been prepared for a first-year degree of engineering. It fits within a basic 

economics of infrastructure course, and it can be used in conjunction with a basic course on 

multivariate calculus. The topics covered, and rationality of the case study, allows the 

proposal to be split into two parts: the first, to be used in the course of economics, and the 

second, in a course of calculus. In both cases, several activities are proposed in order to 

apply acquired concepts. 

 

Specifically, this case study covers the allocation of national investments in rural water 

infrastructures in a developing country under different scenarios of available data.  

 

An aim of the proposal is for that students to understand the different methodologies 

presented, and to be able to 1) analyze them through an economical cost-benefit analysis 

(ECBA); and 2) evaluate the marginal rate of substitution (MRS) between technological 

solutions.  

 

Some basic concepts of multivariate calculus are covered, including time evolution of 

discrete systems, approximation of derivatives by increments, and the linearity of 

multivariate functions. The MRS is contextualized as an application of the implicit theorem, a 

basic pillar of multivariate calculus.  

 

Real data have been simplified for conducting some illustrative calculus using standard 

spreadsheets. 
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1.2. LEARNING OUTCOMES 

 

As a result of this case study, students are expected to be able to: 

 

 Understand how governments develop a national water, sanitation and hygiene 

(WaSH) programme and allocate resources; 

 

 Develop an economic cost-benefit analysis relevant to the WaSH sector; 

 

 Understand how declining functionality rate of water infrastructure over time affects 

the expected impacts of a national WaSH programme; 

 

 Compute time evolution of a discrete system; 

 

 Relate variables through the implicit theorem; 

 

 Approximate derivatives using incremental ratios 

 

 

1.3. ACTIVITIES 

 

Students should firstly receive a theoretical session in relation to the context and 

fundamentals presented in the next two sections of this document. First, brief descriptions 

should be introduced for: i) the national resources allocation in developing countries 

framework, ii) the context of The United Republic of Tanzania and its situation concerning 

the Water, Sanitation and Hygiene (WaSH) sector, and iii) the National Rural Water Supply 

and Sanitation Programme (NRWSSP). Second, an introduction should be provided for any 

(or all) of the three theoretical key topics of this case study: i) Economical Cost-Benefit 

Analysis (ECBA), ii) Implicit Function Theorem (IFT), and iii) Marginal Rate of Substitution 

(MRS).  

 

Two activities are proposed and presented in this document, including the description of the 

supporting materials (standard spreadsheets). In the first activity, to be done within 

classroom time, small groups apply the basis of CBA analysis to this specific context. The 

results are discussed and complemented by the lecturer in the classroom. Session can finish 

by introducing the following homework activity, related to how the NRWSSP select 

beneficiaries of the programme and allocate corresponding resources geographically, once a 

reflection has been done on the CBA results.  

 

In the second activity (homework activity), functionality rates of technical solutions effectively 

implemented in Tanzania are first described and then analyzed for their influence within the 
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simulation of NRWSSP outputs. Collected data describing real situation for different 

technological solutions are used to define alternative resources allocation with respect to the 

official one, and to define criteria for selecting technology prices, in two consecutive 

exercises.  

 

The first proposed exercise is based on a spreadsheet implementation of the two allocation 

processes. It can be introduced in the classroom or assigned as homework in groups. A final 

discussion can be useful for closing the first exercise, provided that a qualitative analysis is 

asked for. The second exercise is also based on, practically, the use of a spreadsheet to 

compute different results. Basic multivariate calculus concepts such as linearity, partial 

derivatives approximation, and IFT are explicitly used, within the framework of an economic 

analysis based on MRS.    

 

 

2. DESCRIPTION OF THE CONTEXT 

 

2.1. WATER, SANITATION, AND HYGIENE 

 

Water, sanitation and hygiene (WaSH) are essential for health, welfare, and livelihoods. 

Research shows that increased access and better services lead to higher levels of school 

achievement and improved economic productivity. The linkages between improvements in 

WaSH and the achievement of poverty, health, nutrition, education, and gender equality are 

proposed targets, and indicators for drinking-water, sanitation and hygiene, and sustainable 

economic growth are well established (WSSCC, 2014). Nonetheless, many people do not 

have basic water and sanitation services available. Considering the global WaSH situation, 

sub-Saharan African countries still have the lowest proportions of population with access to 

improved drinking water supply and sanitation facilities. Tanzania is one of the countries in 

the poorest situation.  

 

The Sustainable Development Goals (SDGs) framework has established a new standard set 

of drinking water sources and sanitation categories that have been used for monitoring since 

20152. Service provision is expressed in terms of ladders, a sequence of levels of service 

with progressive added value. While ladders were used within the Millennium Development 

Goals3 (MDGs) framework, they were simpler than they are now. At the time of this case 

study, the standard classification of WHO/JMP distinguished between improved and 

unimproved facilities. An improved drinking water source is one that, by the nature of its 

construction, adequately protects the source from outside contamination, particularly from 

                                                           
 

2
 http://www.wssinfo.org/definitions-methods/watsan-categories/ 

3
 More information available at: http://www.un.org/es/millenniumgoals/bkgd.shtml 

http://www.wssinfo.org/definitions-methods/watsan-categories/
http://www.un.org/es/millenniumgoals/bkgd.shtml
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faecal matter. Improved sources include, but are not limited to, protected dug wells, 

boreholes, rainwater collection, and standpipes. Unimproved sources have been 

disaggregated into two categories: surface water and other unimproved sources. Surface 

water includes water collected directly from rivers, lakes, ponds, irrigation channels, and 

other surface sources. The latter includes unprotected dug wells, unprotected springs, and 

water delivered by cart or tanker. For sanitation, the same source is used to define the 

categories. An improved sanitation facility is one that hygienically separates human excreta 

from human contact. Unimproved sanitation facilities are those that do not ensure a hygienic 

separation of human excreta from human contact. In addition, shared or public sanitation 

facilities are considered unimproved as well. An example of an unimproved sanitation is 

open defecation, which is defined as defecation in fields, forests, bushes, bodies of water, or 

other open spaces.  

 

 

2.2. NATIONAL RESOURCES ALLOCATION FRAMEWORK 

 

A resource allocation framework sets out which factors should be considered, and how they 

should be weighted and applied. Considering the case study analyzed in this report, the 

framework for national resources allocation will be applied to the rural water supply and 

sanitation sector. 

 

As it is very important to conduct good resource allocation within any development sector, 

adequate mechanisms are required to ensure that resources are allocated to those water 

and sanitation activities that are likely to have the greatest impact on achieving sector 

objectives. In addition, it is important to note that there are many factors to consider when 

assessing how to best allocate resources, between and within water and sanitation sub-

sectors, yet it is equally important to remember that there is never one ‘right’ answer. Thus, 

determination of the best way to allocate resources within a country is a key decision, 

whether it is targeted at centrally managed projects or (increasingly) at local, decentralized 

projects. Considering that division of rural resources is a particularly difficult issue to resolve, 

this case study will contribute to understanding these concepts.  

 

There is no single method that should be used to make decisions on resources allocation. 

Rather, several methods can be used, such as the subsector-driven approach, or the sector-

objective–driven approach. The overall focus for the first of these is to allocate resources 

based on the importance of each subsector concerned. Using the second method, resource 

allocation is based on the objectives and targets of the sector as a whole, investing where 

the gaps are greatest. The case study presented in this report uses the first methodology to 

complete a “Sector Investment Plan” (SIP). Using this method, several institutions take part 

in what is called Sector Wide Approach, with key stakeholders meeting regularly to develop 

integrated sector policies, plans, and budgets. Further, donor support is allocated across 



Tanzanian’s Rural Water Supply and Sanitation Programme: 
Introduction to Economy and Calculus for Engineering 

8 

 
 

different institutions around the country, as funds are decentralized to local governments. 

Considering that geographical allocation is politically sensitive, the simplest method of 

allocation uses population levels, but this does not account for differing poverty levels, costs 

of providing services, and rates for accessing them. Calculating and comparing these factors 

for different regions requires elaborate formulas, and transparency is vital so that resource 

allocation decisions can be challenged and defended. However, cost-benefit analysis is 

rarely, if ever, the sole procedure used for making public investment and policy-related 

decisions. Views differ on how desirable this current situation is, but political reality dictates 

that many other interests are embedded in decisions made. 

 

 

2.3. TANZANIA AT A GLANCE 

 

The United Republic of Tanzania is located in Eastern Africa. Kenya and Uganda are to its 

north, Rwanda, Burundi, and the Democratic Republic of Congo to its west, and Zambia, 

Malawi, and Mozambique to its south. The country’s eastern border lies on the Indian 

Ocean, with a coastline of 1,424 km. Tanzania has a total area of 945,087 km2.  

 

Tanganyika became independent on 9th December 1961, and Zanzibar received its 

independence from the United Kingdom on 10th December 1963. On 26th April 1964, 

Tanganyika was united with Zanzibar to form the United Republic of Tanganyika and 

Zanzibar. The country was renamed the United Republic of Tanzania on October 29 of the 

same year. The name Tanzania is a blend of Tanganyika and Zanzibar and previously had 

no significance. 

 

In 2005, the population of Tanzania was 36.2 million, with an annual growth rate of 2.9%. 

The population was estimated to be 46.2 million by the end of 2011 (in 2014). Its economy 

depends heavily on agriculture. Apart from that, tourism, mining, and small-scale industries 

are increasingly contributing to the national economic growth during the last years.  

 

The government structure, including local administration, existed in Tanzania before 

independence. The government’s decentralization policy was outlined in the 1998 Policy 

Paper on Local Government Reform and was characterized by the transfer of competencies 

from central to distinct legal entities, which have wide autonomy. The policy was expected to 

reduce poverty by improving service delivery, thanks to effective and autonomous Local 

Government Authorities (LGAs)4.  

  

                                                           
 

4
 Further details on historical evolution of the sector can be found in Jiménez and Pérez-Foguet (2010b) 
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2.4. THE NATIONAL RURAL WATER SUPPLY AND SANITATION PROGRAMME 

 

The Tanzanian government, like many others in the sub-Saharan region, pushed an 

ambitious plan to improve and increase access to water: the Water Sector Development 

Programme. This plan includes three sub-programmes: for water resources management 

and development, for rural water supply and sanitation (the NRWSSP), and for urban water 

supply and sewerage. The central government plays the role of coordinator and facilitator in 

the water subsector, while the district level holds the main implementation responsibilities. At 

the time of the Programme design, Tanzania had an estimated rural population of 25.9 

million, and the reported rural water coverage was 53%. Giné and Pérez-Foguet (2008) and 

Jiménez and Pérez-Foguet (2011c) present general overviews of the NRWSSP. Key facts 

and figures are summarized in the following: 

 

Targets 

 

The NRWSSP establishes targets for the percentage of rural population with sustainable and 

equitable access to safe water: 

 

 At least 65% by 2010 (a goal set by the National Strategy for Growth and Reduction 

of Poverty, also known as MKUKUTA); 

 

 At least 74% by mid-2015, as specified by the MDGs;  

 

 At least 90% by 2025. 

 

Population Growth Estimation 

 

Investment requirements are based on the rural district census population and growth rate 

figures, as reported in the 2002 census. The rural census includes small towns with 

populations under 50,000 inhabitants. For the purposes of estimating investment 

requirements in this report, the total rural and small towns population is estimated at 30 

million as of 2004, projected to grow to 41 million by 2025. Overall, the fulfilment of the 

above targets will require extending water supply coverage to an additional 33.8 million 

people from 2005 to 2025. 

 

Cost Estimation 

 

The estimated costs for the rural component (i.e., excluding small towns) is US$ 1.61 billion, 

with US$ 1.46 billion for capital investment, including rehabilitation, US$ 51 million for 

management and operational support to districts, nearly US$ 17 million for institutional 
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strengthening and development, and US$ 74 million for contingencies (Ministry of Water 

2006).  

 

General Planning Process 

 

The process at district levels combines approaches from two different directions: top-down 

and bottom-up. Every year, the LGA decides on their budget based on allocations to their 

districts, which is submitted to the Ministry of Funds (MoF). The MoF makes the final 

decision and approves the national budget. The same system is used at the ministry level, 

and the development grants are allocated only to qualified districts. However, the 

mechanism is different, as the Ministry allocates funds to qualified districts according to 

formulas, and the LGA makes the final selection of beneficiaries after discussing it during a 

full council meeting.  

 

Key Aspects at the Ministry level 

 

For this case study, we will concentrate in the Ministry’s mechanisms of decision-making. 

The allocation of NRWSSP resources is affected by the following responsibilities: design of 

the Program, allocation of resources, and formulation of guidelines to help LGAs.  

 

In reference to the design of the Program, it is important to notice that calculation of water 

points for each district is based on two general principles: i) current coverage rates – the 

programme aims to increase coverage levels in those district showing lowest coverage, and 

ii) technological options presented in each district. Hence, costs are assigned based on the 

foreseen technology mix. This technology mix was the main driver for cost calculation. 

 

With respect to the allocation of resources, allocation of NRWSSP funds from ministry to 

district level is driven by formulas. Three different water budgets are in place: 

 

 The Development Budget (also named the Capital Development Grant) is used for 

implementing water infrastructure and constructing demonstration latrines. This 

represents 91.22% of the estimated total budget of the Program. The proportion of 

unserved population living in one district as compared with the total unserved 

population in the country overall is taken as the parameter for allocating funds. This 

represents a major shift between the intended goal and the implementation of the 

plan; that is, as the largest groups of unserved people will be targeted, there will not 

be territorial equity; 

 

 The Recurrent Budget (also named the Rural Water Block Grant) is the investment 

assigned for the annual supervision, monitoring, and support of water services in 



Tanzanian’s Rural Water Supply and Sanitation Programme: 
Introduction to Economy and Calculus for Engineering 

11 

 
 

rural communities. In this budget, priority is given to unserved areas (with an 

assignment of 90%); 

 

 The Capacity Building Grant. For this grant, the same amount is allocated regardless 

of the district. 

 

Planning Process at Ministry Level 

 

The NRWSSP has a planning process that assigns the main responsibilities at different 

government levels, which affects the allocation of resources related to the Programme. At 

the Ministry of Water, the main responsibility is the design of the RWSSP, which includes the 

allocation of funds to districts and preparation of guidelines for implementation. This 

allocation of funds, which is the main topic of this case study, is analyzed in the following 

paragraphs.  

 

The forecasted allocation of resources is derived from three general principles: 

 

 Districts with less coverage will receive more funds to bring their level of service 

closer to the national level. In 2004, the reported coverage by district ranged from 6.4 

to 91.8%. The NRWSSP aims for all districts to be in the range of 80% to 95% by 

2025. 

 

 The proposed water supply technologies and related costs are derived from the 

existing mix of technologies in each district, combined with expert opinions and a 

demand assessment study performed in 18 districts. 

 

 Government investment forecasts for 2005–2025 assume that only 25% of all rural 

systems in existence in 2004 will require major investments for rehabilitation during 

that period (Ministry of Water 2006, “5.6.1.3. Rehabilitation of Existing Systems”). 

Additionally, capital investment for major system rehabilitation is assumed to account 

for 66% of the cost of new water supply services by technology. As a result of these 

two assumptions, only US$ 77 million of government funds has been set aside for 

rehabilitation of pre-existing infrastructure (Ministry of Water 2006, “Appendix 5”). 

 

 

3. THEORETICAL BACKGROUND 

 

The three basic concepts to work on during this case study are briefly presented in this 

section: i) the Economic Cost – Benefit Analysis (CBA), ii) the Implicit Function Theorem 

(IFT), and iii) the Marginal Rate of Substitution (MRS).  
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3.1. ECONOMIC COST – BENEFIT ANALYSIS (CBA) 

 

Economic principles that can inform water policy debates rest on the concepts of benefit and 

cost. The general cost–benefit framework (Boardman, 2006; European Commission, 2015) 

can provide a comparison of total economic gains and losses resulting from a proposed 

water policy (Brouwer and Pearce, 2005). The approach is used as an analytical technique 

for measuring the economic efficiency of public actions by translating positive and negative 

effects to a common measure (normally, money). For public water policy proposals, 

maximum beneficial use of water requires that government formulate, implement, and 

evaluate their water resource programmes using these economic principles. Using methods 

that are grounded in time-tested economic principles, the cost–benefit analysis can provide 

decision-makers with a comparison of the impacts of two or more water policy options.  

 

Using this methodology, it is possible to examine the growth of the social benefit derived 

from the water used rather than just the quantity of water used. Economic efficiency, 

measured as the difference between added benefits and added costs, could inform water 

managers and the public about the economic impacts of water programmes for addressing 

peace, development, health, the environment, climate, and poverty (Ward, 2012). Improving 

water supply and sanitation and water resource management boosts countries’ economic 

growth and contributes greatly to poverty eradication (SIWI, 2005).  

 

The cost-benefit analysis, in practice, includes the monetarization of health-related costs and 

benefits, among others (Malloy-Good and Smith, 2008). There are different options for doing 

this. For instance, the DALY (Disability-Adjusted Life Year) approach was developed in the 

early 1990s to provide a broader measure of health than simply “deaths avoided”. DALYs go 

beyond classifying individuals as either living or dead and instead incorporate standards of 

health on the basis of disability weights provided by the WHO. As a result, “DALY measures 

not only the additional years of life gained by an intervention but also the improved health 

that people enjoy as a consequence” (Jamison, 2006). 

 

3.2. IMPLICIT FUNCTION THEOREM (IFT) 

 

In multivariable calculus, the implicit function theorem allows derivatives of some variables to 

be related with respect to others in a neighbourhood of a specific point, given an implicit 

vector function that relates both sets of variables. The theorem states that if the m equations 

represented by F(x1, ..., xn, y1, ..., ym) = F (x, y) = 0 satisfies some mild conditions on its 

partial derivatives (i.e. with F as continuously differentiable functions and invertible Jacobian 

matrix of F with respect to y,           , then one can express the m variables yi in terms of 

the n variables xj as yi = fi(x), though not necessarily with an analytic expression. Moreover, if 
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the above-mentioned conditions are satisfied, and considering y = f(x), the following 

relationship holds: 

 
 f

 xj
 x    JF, y x, f x  

 1  F

 xj
(x, f x ) 

 

In particular, when addressing a problem with only two variables x and y (m = n = 1) subject 

to F(x,y)  equal to a constant value, the previous equation can be simplified and expressed 

in terms of the differentials of x and y: 

 

 y

 x
 x    

 F
 x
 F
 y

    
dy

dx
 
F 0

 

 

This expression is the base of the concept of the MRS (see following section). 

 

 

3.3. MARGINAL RATE OF SUBSTITUTION (MRS)  

 

A practical use of the implicit function can be found in the field of economics. Specifically, 

this use refers to MRS, which is the rate at which a consumer is ready to give up one good in 

exchange for another good while maintaining the same level of utility. Illustratively, the two 

different goods might be the variables “unit cost” and “functionality”, and the utility might be 

associated to the total cost of the Programme.  

 

 

Figure 1 Curves of equal utility for different quantities of goods A and B. 
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Mathematically, the MRS corresponds to the slope of an indifference curve passing through 

the consumption combination in question (implicit derivate). As shown in Figure 1, an 

indifference curve connects points on a graph representing different quantities of two goods, 

points between which a consumer is indifferent. That is, the consumer has no preference for 

one combination of goods over a different combination along the same curve.  

 

Thus, MRS of x for y is the amount of y for which a consumer is willing to exchange x locally, 

maintaining the same level of utility (U).  

 

MRSxy    
dy

dx
 
U U0

   

 U
 x
 U
 y

 

 

As an example: if the MRSxy = 2, two units of y must be sacrificed to obtain one additional 

unit of x. Note that, in general, the MRS is different at each point of the indifference curve. 

 

 

4. CLASS ACTIVITY 

 

As outlined above, NRWSSP is implemented through the construction or the rehabilitation of 

water systems. Costs of water access improvement vary principally with the infrastructure, 

depending on the technology adopted and the population covered. Benefits are not explicitly 

quantified. The targets are fixed, and the benefits are implicitly assumed to be greater than 

the costs. In this first activity, the CBA is used to check this usual hypothesis.  

 

In groups of three or four students, list costs and benefits that should be taken into account 

in order to make an economic cost-benefit analysis. Table 1 has been provided to help 

students create the list (Malloy-Good and Smith, 2008). As many benefits and costs as 

possible should be included. In addition, these aspects should be discussed. It is important 

to note that the table does not include other types of costs and benefits (environmental, 

overproduction, etc.), which however should be included for a complete analysis. After the 

identification of costs and benefits, students can look for ways to quantify them, collect all 

different valorisations, and evaluate alternatives for a specific intervention. The groups 

should work on a demonstrative proposal of using CBA under professor supervision.  
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Table 1 Template for task resolution. 

BENEFICIARY 

DIRECT ECONOMIC 
BENEFITS OF 

AVOIDING 
DIARRHEAL 

DISEASE 

INDIRECT ECONOMIC 
BENEFITS RELATED TO 
HEALTH IMPROVEMENT 

NON-HEALTH BENEFITS 
RELATED TO WATER 

AND SANITATION 
IMPROVEMENT 

    

    

    

    

   

 

4.1. SOLUTION AND EVALUATION CRITERIA 

 

An exemplary filled-out Table 1 (which should be created during the class activity) is 

presented below, in which the economic benefits arising from water and sanitation 

improvements are presented. Tables filled by the students should be discussed in class to 

allow different levels of benefits to be included and to be compared with the costs 

(investment and maintenance) of carrying out the program. 

 

BENEFICIARY 

DIRECT ECONOMIC 
BENEFITS OF 

AVOIDING 
DIARRHEAL 

DISEASE 

INDIRECT ECONOMIC 
BENEFITS RELATED TO 
HEALTH IMPROVEMENT 

NON-HEALTH BENEFITS 
RELATED TO WATER 

AND SANITATION 
IMPROVEMENT 

Health sector 

- Less expenditure on 

treating diarrheal disease 

- Value of less health workers 

falling sick with diarrhoea 

- More carefully managed 

environment and effect on 

vectors 

Patients 

- Less expenditure on 

treating diarrheal disease 

and related cost 

- Less expenditure on 

transport for seeking 

treatment 

- Less time loss due to 

seeking treatment  

- Value of avoiding lost days 

at work or school 

- Value of avoiding lost time 

of caring for sick babies 

- Value of avoiding loss of 

death 

- More carefully managed 

environment and effect on 

vectors 
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BENEFICIARY 

DIRECT 
ECONOMIC 

BENEFITS OF 
AVOIDING 

DIARRHEAL 
DISEASE 

INDIRECT 
ECONOMIC 

BENEFITS RELATED 
TO HEALTH 

IMPROVEMENT 

NON-HEALTH BENEFITS 
RELATED TO WATER AND 

SANITATION IMPROVEMENT 

Consumers 

  - Time savings related to water 

collection or accessing sanitary 

facilities; ease of access to water 

supply frees up more time for child 

care, domestic hygiene, food 

preparation, relaxation, organizing 

oneself, education, and production 

- Labour-savings devices in household 

- Switch away from more expensive 

water sources 

- Rise in property value  

- Leisure activities and non-use value 

- Improved school attendance (if boys 

and girls are in charge of water 

collection duties) 

Agricultural and 

industrial sectors 

- Less expenditure 

on treatment of 

employees with 

diarrhoea disease 

- Less lowered 

productivity impact of 

workers being off sick 

- Benefits to agriculture and industry of 

improved water supply  

- Saving time and/or income  

- Generating technologies and changes 

in land use  

 

 
Figure 2 Monetization of reduction of child mortality. 
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Figure 3 Example of Cost-Benefit Analysis (CBA). 

 

Figure 2 shows an example of monetization of child mortality reduction in a CBA. The 

proposal was elaborated by a group of students5 of first year of Civil Engineering studies in 

Barcelona (UPC), course 2017-2018, on the bases of Fink et al. (2011). The steps to 

compute the monetary value are:  

 

 Assess the birth rate of the rural population in Tanzania; 

 

 Estimate how child mortality would vary with better quality conditions and water 

supplies; 

 

 Find a monetary value to estimate the benefit of reducing child mortality. In this case, 

the average apparent productivity (in terms of GDP / capita) adjusted for each year of 

working life is used. 

 

Both data and values should be adapted to the information available. In general, this 

approach underestimates the real value of the reduction, since it only measures it from the 

                                                           
 

5
 Natàlia Badia, Arnau Ferrer, Jonathan Sanz, and Oriol Corvo 
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contribution to the creation of wealth, but it allows this benefit to be monetized and to be 

added to the other benefits and costs. 

 

Figure 3 shows some of the standard indicators used in CBA. Cost and benefits of the first 3 

years of the program are explicitly detailed. Both costs and benefits are summed, and the 

monetary fluxes are expressed in constant terms using a discount tax of 12%, which is the 

social value used in a country such as Tanzania.  

 

The sum of these updated flows allows two basic indicators of a cost-benefit analysis to be 

obtained: the Net Present Value (NPV), and the Internal Rate of Return (IRR). A positive 

NPV means that the project offers more benefits than costs. Higher values of the NPV imply 

a higher net benefit created by the project. It should be highlighted that the benefits are not 

financial, but rather a quantification of the improvements in the quality of life of the 

population. On the other hand, the IRR shows the average annual return obtained. Higher 

IRR implies greater social profitability of the project. 

 

Evaluation Criteria 

 

In order to provide an objective and transparent evaluation system for students, we propose 

to use a rubric (see Annexes V and VI). In brief, the rubric shows: i) the knowledge that 

students are expected to acquire; and ii) the criteria used to evaluate the content of the 

answers associated with the proposed activities. 

 

Considering that this case study can be used within economy and calculus subjects, we 

provide two different rubrics. For this activity evaluation, common criteria are used, as it is 

suggested that it be carried out regardless of whether this material will be used for economy 

or calculus lectures. Only a small difference should be highlighted: if this case study is used 

for a calculus topic, an extra task to answer is detailed within the rubric, in which students 

are expected to work on the dimension of “social commitment” (see Annex VI). 

 

The rubric should first be provided to the students, in order to inform them how they will be 

evaluated. Giving the students some guidance may be necessary to allow them to focus on 

the specific goals (in terms of answers). 

 

To facilitate evaluation, each group must submit (or give in paper format) the answers to the 

professor at the end of the class. These answers will be evaluated based on the criteria from 

the rubric. However, the teacher is free to choose an alternative evaluation method that 

might be considered more appropriate. 
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5. HOMEWORK ACTIVITY 

 

The homework activity has been designed for small groups (3 or 4 students) and to last 

between 6 and 8 hours.  

 

For the information needed for the activity, data that are needed to solve the exercise are 

first presented. Two investment alternatives are then described: i) the standard procedure 

focused on construction of a new infrastructure (Option A), and ii) an alternative approach 

(Option B), which considers that there is a decrease of the infrastructure functionality rate 

with time, and that, therefore, the rehabilitation of new investments has to be considered 

within the project design. 

 

After this introduction, the main questions of the homework activity are proposed. 

 

 

5.1. DATA 

 

The Technology Mix 

 

On the basis of the populations to be provided with new access to services, the water supply 

coverage is disaggregated by technology type throughout the project period (2005–2025). 

The mix of technologies projected for 2025 closely resembles the estimated mix of 

technologies currently in use across the country. For this activity, these water point 

technologies are simplified to just two types: 

 

 “Hand pump & shallow well”. The well is a deep hole that has been driven, bored, or 

drilled, with the purpose of reaching groundwater supplies. It is constructed with 

casing or pipes that prevents the small diameter hole from caving in and protect the 

water source from infiltration by run-off water. Water is delivered from a tube well or 

through a pump, which may be powered by human, animal, wind, electric, diesel, or 

solar means.  

 

 “Pumped & piped system”. This is defined as a water service pipe connected with in-

house plumbing to one or more taps (e.g. in the kitchen and bathroom). 

 

Water Supply Needs 

 

Future needs to be met by the Programme were determined by attempting to satisfy (or to 

exceed) three criteria at the Programme and district level. Based on 2002 census data, 

current coverage levels, and satisfaction of these objectives, the number of systems needed 

in every district was determined, which were distributed during the project time-life. 
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“Systems” tab in Annex 1 shows the systems needed to be constructed every year for the 

complete coverage of every district. In Table 2, the total number of systems to be 

constructed for the entire period of the project is summarized. In this case study, only 10 

districts are considered. 

 

Table 2 Coverage levels in number of systems to be constructed 

 2005 - 2025 

REGION NAME 

HANDPUMP &  

SHALLOW WELL  

(Num. Systems) 

SINGLE PUMPED &  

PIPED SYSTEM  

(Num. Systems) 

Dodoma 1,518 1,021 

Iringa 2,111 106 

Tabora  5,429 1,092 

Mara 8,762 2,667 

Kilimanjaro 2,942 0 

Shinyanga  9,882 923 

Mbeya 14,865 2,597 

Morogoro  7,100 1,523 

Kagera 14,719 967 

Mwanza  3,294 1,230 

TOTAL 70,622 12,126 

 

Unit Costs 

 

The suppliers for the project have determined unitary costs for every technology and for both 

construction and rehabilitation. Figures are presented in “Unit costs” tab in Annex 1. Capital 

investment in major system rehabilitation is assumed to represent 60% of the cost of new 

water supply services.  

 

Funding  

 

The available funds for the years’ duration of the project have been estimated. The funds are 

provided as shown in Table 3 by the government of Tanzania, NGOs, and international 

donors.  
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Table 3 Funding sources 

SOURCE 2005 - 2025 (US$) 

Government of Tanzania 412,512,800 

Donors 551,816,367 

No Government Organization 112,100,000 

TOTAL 1,076,429,167 

 

Table 4 Total costs relative to Option A 

REGION NAME 2005 - 2025 (US$) 

Dodoma 71,795,500 

Iringa 15,755,750 

Tabora  92,961,250 

Mara 207,926,500 

Kilimanjaro 12,503,500 

Shinyanga  101,070,500 

Mbeya 229,384,250 

Morogoro  127,647,000 

Kagera 124,443,750 

Mwanza  92,719,500 

TOTAL 1,076,207,500 

 

 

5.2. ALLOCATION ALTERNATIVES: OPTION A 

 

Starting from the data presented, it is possible to define how much the cost will be 

depending on how the project is carried out. Having the cost estimates, it is interesting to 

analyze different options about how to invest and distribute the funds.  

 

The first option, Option A, represents how NRWSSP planned and carried out the project by 

basically constructing the systems needed during the project period. In this option, the funds 
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considered are just those required to construct new systems. This does not include a 

rehabilitation of the new non-working systems. 

 

Cost Option A 

 

It is possible to determine the cost for every year of the project, as well as the total cost of 

the implementation. For this, the systems needed for the unit costs of construction are 

multiplied. The “Cost (Option A)” page in Annex 1 presents how the costs are distributed 

during the project. In Table 4, the total costs are summarized. It is clear that the funds are 

sufficient to cover all investments detailed in Table 3 (e.g., US$ 1,076,429,167).   

 

 

5.3. ALLOCATION ALTERNATIVES: OPTION B 

 

As stated by previous studies, a proportion of all systems (that is, those already in function at 

the beginning of the programme, and those that are newly installed) require substantial re-

investment in order to continue to provide adequate service at some point over the 

Programme’s timeframe. This option introduces the concept of rehabilitation of the “dead” 

systems during the project period, and opts for considering these rehabilitations as a part of 

the programme itself. Values of functionality rates by technology are estimated from 

monitoring data available.  

 

The WaterAid Water Point mapping 

 

The water point mapping (WPM) approach was designed as a procedure for measuring 

access to water in rural areas. WPM can be defined as “an exercise whereby the 

geographical positions of all improved water points (WPs) in an area are gathered in addition 

to management, technical, and demographical information. This information is collected 

using GPS and a questionnaire carried out at each WP. Data are entered into a 

geographical information system and then are correlated with available demographic, 

administrative, and physical data. Information is then displayed using digital maps” (Welle, 

2005). WPM has been used extensively by Water Aid and other NGOs in various African 

countries for a number of years, being first used in Tanzania in 2005. So far, 51 out of 132 

districts of Tanzania have been mapped, and the Tanzanian government plans to extend it 

across the whole country. WPM calculates coverage through density, which is equal to the 

number of improved WPs per 1,000 inhabitants (Stoupy and Sudgen, 2003; Jiménez and 

Pérez-Foguet, 2008). 

 

Between 2005 and 2006, WaterAid collected data from 5921 improved WPs in 15 districts. 

As a result, the percentage of functional WPs over the years was estimated for different 

technologies. Table 5 presents the functionality rates for two of them. Hand pumps 
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functionality – function over time – dropped from 61% in the first five years to 13% in the 25-

year period. Similarly, pumped and piped systems started at 66% but dropped to 22% in the 

25-year period.  

 

Table 5 Percentage of functional water points by technology. Adapted from: Jimenez and Pérez-

Foguet 2011a 

Technology 

Functional Water Points (%) 

+25 

years 

25 – 20 

years 

20 – 15 

years 

15 – 10 

years 

10 – 5 

years 

5-0 

years 

Shallow well and hand 

pump 
13 29 41 51 61 100 

Electric or diesel, pumped 

or piped 
22 45 48 62 66 100 

 

Rehabilitation of Non-functional Systems 

 

Once the mortality of the systems is known, the number of systems for rehabilitation during 

the project can be determined. This option contemplates only the rehabilitation of the 

systems constructed during the project; after rehabilitation has taken place, the rehabilitated 

system performs as a new one in the future. Table 6 shows that no systems are available to 

be rehabilitated during the first period. In the second period, the dead systems from the first 

period will need to be considered. Thus, the total new systems of the second period are the 

sum of the systems built in the first period that are rehabilitated, plus the newly constructed 

ones. The third period is the same except that the dead systems from the two previous 

periods are considered in different percentages and, consequently, for the fourth period. The 

“Rehabilitation” tab in Annex 1 shows the complete data for all districts during the project. 

 
Table 6 Number of systems for rehabilitation. 
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(systems) (systems) (systems) (systems) (systems) (systems) (systems) (systems) 

0 0 6,615 765 11,861 1,217 11,599 2,142 
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Cost Option B 

 

In this case, and in order to obtain the estimated cost, the newly constructed systems must 

be multiplied per construction unit cost. Further, multiplying the rehabilitated ones times 

rehabilitation unit cost of each technology is also required. As expected, the total cost is 

higher than the previous option. Therefore, the funds are not enough to cover all project 

costs.  

 

To face this problem, a flat rate reduction of the investments is considered. The percentage 

of reduction is obtained by dividing the total cost of the option by the funds available. The 

result shows that it is possible to cover the districts in 82% of the service, such that the 

option should be considered of building only 82% of the initial prevision of systems, to have 

enough funds. These relations are shown in “Cost (Option B)” tab of Annex 1 and here in 

Table 7. 

 

Table 7 Total cost in relation to Option B. 

REGION NAME 2005 - 2025 (US$) 
2005 - 2025 (US$) 

- 82% construction - 

Dodoma 83,055,269 68,183,009 

Iringa 20,787,336 17,065,059 

Tabora  107,313,848 88,097,736 

Mara 240,021,582 197,042,210 

Kilimanjaro 14,317,593 11,753,819 

Shinyanga  132,056,873 108,410,160 

Mbeya 296,865,306 243,707,234 

Morogoro  164,773,727 135,268,583 

Kagera 143,706,670 117,973,890 

Mwanza  108,324,563 88,927,466 

TOTAL 1,311,222,766 1,076,429,167 
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5.4. EXERCISE 1 

 

For this exercise, students will work in small groups, which can be the same or different 

groups as for the class activity. The proposal requires carrying out an analysis of the results 

presented previously, taking advantage of the automation of calculus thanks to the 

systematic use of a spreadsheet. The following questions are proposed to get closer to the 

real problem of choosing between implementation strategies and budget distribution criteria, 

considering the influence of different technologies: 

 

 In Annex 1, “Analysis” tab, a comparison of both project implementation approaches 

is provided. Specifically, the variation of the number of systems in service along time 

is presented. Describe briefly the resulting graphs and the implications of executing 

each option. List in detail and discuss the pros and cons of each option. Which one 

would you implement?  

 

 Consider the new percentages of functionality and unit costs. To do this, change the 

data in “Unit costs” and “% functional” tabs provided in Annex 1 as specified below. 

Could be these important enough to change the decision of one option? 

 

a) Scenario 1: Unit cost and functionality rate decrease (“cheaper but less robust”) 

 
Table 8 Data setting for Scenario 1 

Technology 

Unit cost / system (US$) 

Construction Rehabilitation 

Shallow well and hand pump 3,500 2,100 

Electric or diesel, pumped or piped 52,706 31,624 

 

Technology 

Functional Water Points (%) 

+25 

years 

25 – 20 

years 

20 – 15 

years 

15 – 10 

years 

10 – 5 

years 

5-0 

years 

Shallow well and hand 

pump 
9 19 27 33 40 100 

Electric or diesel, pumped 

or piped 
14 23 33 41 43 100 
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b) Scenario 2: Unit cost and functionality rate increase (“more expensive but more 

durable”). 

Table 9 Data setting for Scenario 2 

Technology 

Unit cost / system (US$) 

Construction Rehabilitation 

Shallow well and hand pump 5,000 3,000 

Electric or diesel, pumped or piped 75,294 45,176 

 

Technology 

% of Functional Water Points 

+25 

years 

25 – 20 

years 

20 – 15 

years 

15 – 10 

years 

10 – 5 

years 

5-0 

years 

Shallow well and hand 

pump 
17 38 54 67 80 100 

Electric or diesel, pumped 

or piped 
29 46 66 81 87 100 

 

 Finally, new data are provided to be included for prioritizing “Option B”: The total 

population by 2025 and the mean annual rainfall by region (see Table 10). 

Considering that the total funds are fixed, and all information available, reflect on the 

possible strategies and propose alternatives to the flat-rate reduction to 82%. If the 

funds for the project were not fixed, could you propose ways to increase them?  

 

Table 10 Estimated population in Tanzania by 2025 and mean annual rainfall from 1982-2012, by 

region 

REGION NAME 
TOTAL POPULATION 2025  

(1000s of people) 

MEAN ANNUAL RAINFALL  

(1982 - 2012) (mm) 

Dodoma 3,306 500 - 750 

Iringa 209 750 - 1,000 

Tabora  2,720 750 - 1,000 

Mara 4,226 750 - 1,000 

Kilimanjaro 1,673 500 - 750 
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REGION NAME 
TOTAL POPULATION 2025  

(1000s of people) 

MEAN ANNUAL RAINFALL  

(1982 - 2012) (mm) 

Shinyanga  4,891 1,000 - 1,250 

Mbeya 7,292 750 - 1,000 

Morogoro  4,967 750 - 1,000 

Kagera 7,108 1,500 - 1,750 

Mwanza  4,642 1,000 - 1,250 

 

 

5.5. EXERCISE 2 

 

In this second exercise, the reference used is Option B as defined previously but with 

enough funding to cover all districts at 100%. Additionally, for simplification, only two 

parameters are initially included in the analysis: i) the unit costs of a shallow well & hand 

pump (Cc), and ii) its functionality in the period of the first 5 years (F5). These variables are 

identified in Annex 2 with filled colour. When modifying their values, all spreadsheet results 

are updated.  

 

The starting point of the exercise is set up with the initial values detailed in Annex 2. The 

new constructors of water points are considered to offer different unit costs for a shallow well 

& hand pump, together with new water system’s functionality rates. The main objective of 

this exercise is to assess to what extent it is worth accepting those changes. To do this, the 

following steps are proposed: 

 

 The existing values of Cc and F5 in Annex 2 (“Unit costs” and “% functional” tabs) 

should be modified according to the values provided in the following Table. Then, 

resulted estimated total cost (T) should be filled in where corresponding.   

 

 F5 = 41 F5 = 51 F5 = 61 F5 = 71 F5 = 81 

Cc = 4,050 1,311,222,766 1,311,222,766  1,311,222,766 1,311,222,766 

Cc = 4,150      

Cc = 4,250   1,311,222,766   

Cc = 4,350      

Cc = 4,450      
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 Does the total cost (T) vary linearly with those two variables? Is the total cost linear in 

Cc? And in F5? Justify and explain the results obtained. 

 

 The MRS between both parameters (Cc, F5) at (4.250, 61) should be approximated 

using first order incremental differences.  Which is its unit of measurement 

of         ? Explain briefly its meaning. Which values for incremental approximations 

to derivatives do you propose? Justify them.  

 

MRS        
dCc

dF5
    

dT
dF5
dT
dCc

               with                
dT

dF5
 
 T

 F5
    and     

dT

dCc
  
 T

 Cc
 

 A new scenario is set up. New suppliers ensure a functionality of 85% (F5 = 85) for 

the first 5 years, for both shallow wells & hand pumps. How much would you be 

willing to pay for those new systems? Use MRS concept to compute the limit value. 

Once computed, check if the same total cost (T), regarding the initial situation, is 

obtained by substituting the new values of the variables. 

 

T  Cc .250, F561   T  Cc , F5 5  

 

 In general, the unit costs vary with technology, as presented in Exercise 1. Thus, 

there will be more than two variables of interest from a MRS point of view, e.g. two 

unit costs and two functionality rates for the first five years (one pair of parameters by 

technology, at least). Explain how to use the Implicit Function Theorem to compute 

the derivatives of any of these variables with respect to the others while considering 

some costs fixed. Which are the key points to take into account to solve the problem 

in these general cases?  

 
 

5.6. SOLUTION AND EVALUATION CRITERIA 

 

Solution for Exercise 1 

 

Figures provided in Annex 1 (“Analysis” tab) show the impact of considering system 

rehabilitation during the execution of the Programme. During the first period of project 

implementation (e.g., the first 5 years), Option A provides more service than Option B. 

Nevertheless, as the time passes, Option B ensures a higher amount of systems in service. 

Thus, it can be concluded that the best option is to consider and ensure the rehabilitation of 

the systems, even if it only covers a partial percentage of population. This approach 

addresses both the sustainability aspects of the systems and the whole Programme in the 

long-term. In Table 11, the most striking pros and cons are presented.  
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Table 11 Pros and cons of Option A and Option B (at 82% of investment) 

OPTION A OPTION B (82%) 

Pros Cons Pros Cons 

- More service in the short-

term 

- No need to be aware of 

several technical 

problems 

- Mortality of many 

systems and loss of 

material 

- Expensive unit costs 

- More service in the 

long-term 

- More effective 

exploitation of 

resources 

- Less population 

coverage 

- Need of monitoring 

water systems over 

time 

 

For the different scenarios proposed, the first one establishes decreased unit costs as well 

as functionality. In this case, a remarkable difference is evident when system rehabilitation is 

integrated into project implementation (Option B). Figures 4a and 4b show that including 

rehabilitation results in a higher number of functional systems over time. As an example, by 

2020, the systems in service are almost doubled. In parallel, it is noteworthy that the 

percentage of population covered reaches 89%. Thus, in the first scenario, the option of 

integrating rehabilitation is preferable to the option of only constructing new water systems 

(e.g., Option B is preferable to Option A).   

 

The second scenario is defined by higher unit construction and rehabilitation costs, but also 

by the associated functionality rate. The results of this scenario are presented in Figures 4c 

and 4d. In this case, when an Option B approach is applied, only 77% of the population is 

covered. Taking into account that service rehabilitation does not present a remarkable 

difference, Option A appears to be more suitable for this second scenario. 

 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 4 Time evolution of functional water systems. Scenario 1 (a,b) and Scenario 2 (c,d). 

 

Comparing both scenarios, and keeping in mind that the total cost of project implementation 

is constant, one could conclude that, with low functionality rates, integrating the rehabilitation 

into the planning approach leads to more suitable solution in the long term. However, if the 

functionality rate is high, even the unit and rehabilitation costs increase, such that 

considering rehabilitation does not modify project general outcomes. Thus, these factors 

(unit cost and functionality) are relevant for deciding between both Options. Option A, which 

is implemented within the NRWSSP, corresponds to the hypothesis of high functionality 

rates.  

 

On the other hand, as indicated, the real decision-making process might add new variables 

or aspects to the problem. Considering the selection of the Option B approach as a starting 

point, a next step might depend on how to implement the Programme and its associated 

total costs. For this, data regarding estimated population by 2025 is considered, the cost per 

person cover is calculated, and the mean annual rainfall per region is added (see Table 12). 

 

Table 12 Total cost per person covered and mean annual rainfall, by region 

REGION  

NAME 

Total pop.  

2025 

Total cost Cost per 

person covered 

Mean annual  

rainfall (1982 - 2012) 

(thousands of 

people) 
US$ (US$/person) (mm) 

Dodoma 3,306 83,055,269 25.12 500 - 750 

Iringa 209 20,787,336 99.39 750 - 1,000 

Tabora  2,720 107,313,848 39.45 750 - 1,000 

Mara 4,226 240,021,582 56.80 750 - 1,000 



Tanzanian’s Rural Water Supply and Sanitation Programme: 
Introduction to Economy and Calculus for Engineering 

31 

 
 

 

REGION  

NAME 

Total pop.  

2025 

Total cost Cost per 

person covered 

Mean annual  

rainfall (1982 - 2012) 

(thousands of 

people) 
US$ (US$/person) (mm) 

Kilimanjaro 1,673 14,317,593 8.56 500 - 750 

Shinyanga  4,891 132,056,873 27.00 1,000 - 1,250 

Mbeya 7,292 296,865,306 40.71 750 - 1,000 

Morogoro  4,967 164,773,727 33.17 750 - 1,000 

Kagera 7,108 143,706,670 20.22 1,500 - 1,750 

Mwanza  4,642 108,324,563 23.34 1,000 - 1,250 

 

Taking into account all information available, different alternatives for project implementation 

might be developed.  

 

 A first alternative could be to give priority to those regions where associated rainfall 

quantity is lower than an established threshold (e.g. lower than 750 mm.). In this way, 

coverage of more vulnerable regions, with respect to climatic aspects, will increase.  

 

 A second alternative might be covering, in the first instance, those regions where the 

costs per person are lower. In this case, it would be possible to reach 100% of 

coverage in some regions and achieving less than the presented 82% in other 

regions.  

 

 In contrast, a third alternative could be to give priority to those regions where the cost 

per person is higher. This would imply making the population with less cost per 

person to afford those costs.  

 

 If total funding can be increased, a fourth option might be to involve the population 

and civil society in national coverage improvement. The required funds for covering 

the entire population could be estimated, as well as the associated costs per person 

for each region or municipality. As a result, specific and probably different co-funding 

mechanisms would be established to reach the desired geographical equity 

objectives, but all of these would be based on a common ground of understanding of 

the co-funding rules.  
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Specific calculations for each alternative are not provided, as the aim of this part of the 

activity is to show different points of view when dealing with decision-making processes. 

However, each alternative should ideally be linked to a quantitative analysis in order to 

analyze the suitability, benefits, and drawbacks of each one. 

 

Solution for Exercise 2 

 

In this exercise, the problem is simplified to two variables (Cc and F5); by varying them, 

different values of T are obtained. The results are detailed in the following table: 

 

 F5 = 41 F5 = 51 F5 = 61 F5 = 71 F5 = 81 

Cc = 4,050   1,249,518,165   

Cc = 4,150   1,280,370,466   

Cc = 4,250 1,467,302,250 1,384,446,369 1,311,222,766 1,246,715,606 1,190,009,053 

Cc = 4,350   1,342,075,067   

Cc = 4,450   1,372,927,367   

 

The linearity of both variables can be verified graphically, plotting total cost against unit cost 

and functionality rate. Unit costs are clearly linear with the total cost. This is coherent as, 

considering the same number of systems to be constructed and rehabilitated, the total cost 

increases or decreases proportionally with the unit costs. On the other hand, the total cost is 

not linear with functionality. The same amount of reduction or increment of the functionally 

rate does not represent the same amount of variation of the total cost. This is due to fact that 

the number of systems to rehabilitate in each period depends on not only the previous time 

step but on all previous ones.  

 

The values of MRS computation follow. The result expressed with the units are the 

increment of Cc per unit of increment of F5, maintaining a fixed value for T.  

 
dT

dCc
 
 T

 Cc
  
1 3 2 0 5 06  1 2 0 3 0  66

  350   150
  30  523   Incr. T per unit of incr. Cc  

 
dT

dF5
  
 T

 F5
 
1 2 6  15 606 1 3     6 36 

 1 51
   6   6 53    Incr. T per unit of incr. F5 
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MRSF5,C     
dCc

dF5
     

dT
dF5
dT
dCc

    
 6   6 53 

30  523
  22.321  Incr. Cc per unit of incr. F5 with fixed T 

 

For the linear function, the approximation to the derivative is independent of the increment; 

instead, this is not with the nonlinear relation. In the limit, the value of the incremental 

difference is equal to the derivative value. A specific analysis considering one-sided 

increments of descending size illustrates this fact. The concept of the order of approximation 

can be graphically introduced. Results obtained previously can be compared with ones of 

centred second-order approximation to derivatives. Recall that incremental approximations 

to derivatives can be justified using the Thaylor’s theorem.  

 

Finally, the proposed scenario establishes a specific value for one of the variables (F5 = 

85%). From the MRS expression, it is possible to compute the increment of Cc, regarding the 

proposed F5 increment and specified below: 

 

 Cc  MRSF5,C .   F5   22,321   5 61    535   US  

 

So, the maximum unit cost that is willing to be paid for increasing the percentage of 

functionality is: 

 

Cc     250   535.        5.  US  

 

If the new values of unit cost and functionality are placed in Annex 2 (“unit costs” and “% 

functional” tabs), the total cost is basically equal to the initial one.  

 

T      5.    5    1,316,6 3,  5 US  

 

Finally, when considering the interaction of several variables, the general expression of the 

implicit theorem has to be used. For this, the first step is to select the correct number of cost 

functions to consider. For instance, if the two unit costs (C  and C ) and the two functionality 

rates for the first five-years (F1 and F2) are considered, and the MRS of costs for 

functionality rates are of interest  MRSF,C  - dC dF    two constant cost functions are 

needed. Without more requirements, they could be the investments of the two first five-year 

periods, or the partial total investments by the two technologies.  

 

However, apart from relating properly the number of variables and functions, the Jacobian 

matrix of the cost functions with respect to the differentiating variables has to be invertible 

(technically, at least in a neighbourhood of the point of interest). Therefore, the structure and 

values of this Jacobian matrix has to be checked for each specific case. Let us consider the 
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case with the two cost functions equal to the partial costs of the two first five-year periods, T  

and T , in this case the Jacobian,  

 

JT, F F,  C F    

dT1 

dF1

dT1 

dF2
dT2 

dF1

dT2 

dF2

    
0 0
dT2 

dF1

dT2 

dF2

  , 

 

because T1, the partial cost of first period, does not depend on the functionality rates (neither 

F  nor F2). Thus, this selection is not useful for computing MRSF,C. Instead, if the two cost 

functions are equal to the partial total investments by technology, it is easy to check that the 

Jacobian is diagonal. The total cost in one technology does not depend on the functionality 

rate of the other. Thus, this second option is not only possible, but it is an especially good 

choice from a mathematical point of view; the Jacobian is invertible, and the inverse is 

diagonal.  

 

Evaluation Criteria 

 

In order to evaluate this activity, a report will be requested from each group in which the 

entire activity should be solved.  

 

For the specific assessment of the report, we recommend using the rubrics presented 

previously (see Annexes V and VI), and specifically, for the technical aspects identified 

within the rubrics.  

 

If this case study is used by a professor of economy, only Exercise 1 should be carried out. 

As a consequence, the corresponding rubric should be used as well (see Annex V). In 

contrast, for calculus lessons, we recommend to work on just Exercise 2 and to employ the 

related rubric (see Annex VI).  

 

However, we suggest collaboration between professors of these two subjects, sharing a 

common context and working on it by using different tools.  In this sense, a common rubric 

should be presented to the students in order to not repeat and evaluate any aspect twice. 

 

Thus, these rubrics represent a possible instrument to facilitate the evaluation of the 

proposed activities as a whole. As mentioned above, the professor is free to choose an 

alternative method. 
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ANNEXES 

 

I. Exercise 1 student version < A.I_Exercise 1_student.xlsx > 

 

II. Exercise 1 professor version < A.II_Exercise 1_professor.xlsx > 

 

III. Exercise 2 student version < A.III_Exercise 2_student.xlsx > 

 

IV. Exercise 1 professor version < A.IV_Exercise 2_professor.xlsx > 

 

V. Evaluation rubric for economy < A.V_Evaluation_rubric_economy.pdf > 

 

VI. Evaluation rubric for calculus < A.V_Evaluation_rubric_calculus.pdf > 
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