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56 J. Ferrer, M. D. Magret, J. R. Paha, M. Peñade�ning order two bimodal systems. Finally, in setion 5, we show a bifurationdiagram.Throughout the paper, R will denote the set of real numbers, Mn×m(R)the set of matries with m rows and n olumns (in the partiular ase where
m = n we will denote the set simply byMn(R)), Gln(R) the set of all invertiblematries in Mn(R) and by(e1, . . . , en) the natural basis of the Eulidian spae
R

n.2 Bimodal Pieewise Linear SystemsBimodal pieewise linear systems onsist of two linear dynamis ating oneah side of a given hyperplane. Most of elementary non-linear iruits foundin pratie may be modeled with two linear regions separated by parallelboundaries hyperplanes, with two or three state variables. See [3℄, [4℄, [7℄,[8℄, where di�erent topis about these systems are studied.Bimodal (pieewise) linear systems an be de�ned by two ontrol linearsystems:
{

ẋ(t) = A1x(t) +B1,

y(t) = Cx(t),
if y(t) ≤ 0,

{
ẋ(t) = A2x(t) +B2,

y(t) = Cx(t),
if y(t) ≥ 0where A1, A2 ∈ Mn(R); B1, B2 ∈ Mn×1(R); C ∈ M1×n(R), being thedynamis ontinuous along a separating hyperplane Cx = 0 for some matrix

C ∈ M1×n(R). For simpliity, we will onsider C = (1 0 . . . 0) ∈ M1×n(R) andthat the dynamis is ontinuous along the hyperplane H = {x ∈ R
n : Cx = 0},and hene: H = {x ∈ R

n : x1 = 0}.Then ontinuity along H is equivalent to:
B2 = B1, A2ei = A1ei, 2 ≤ i ≤ n.We will simply write B = B1 = B2. Thus any bimodal pieewise linearsystem an be de�ned by a triple of matries (A1, A2, B), where A1, A2 di�eronly in the �rst olumn.Notation Throughout the paper, X will denote the set of triples of matriesde�ning bimodal pieewise linear systems,

X = {(A1, A2, B) ∈Mn(R) ×Mn(R) ×Mn×1(R) | A2ei = A1ei, 2 ≤ i ≤ n}whih is obviously a di�erentiable manifold (of dimension n2 + 2n).As in [6℄, we onsider basis hanges preserving the hiperplanes x1(t) = k inorder to allow the results below to be also applied in the ases where a separatinghyperplane x1(t) = δ, δ 6= 0, are onsidered (see, for example, [3℄).De�nition 1 Basis hanges in the state variables spae preserving thehyperplanes x1(t) = k will be alled admissible basis hanges. Thus, they arebasis hanges given by a matrix S ∈ Gln(R),
S =

(
1 0
U T

)
, T ∈ Gln−1(R).



Bimodal Systems. Bifurations Diagrams 57Let us denote by S the Lie subgroup of Gln(R)

S :=

{
S ∈ Gln(R)

∣∣∣∣S =

(
1 0
U T

)
, T ∈ Gln−1(R)

}We onsider the equivalene relation in the set of matries X whih orrespondsto admissible basis hanges.De�nition 2 Two triples of matries (A1, A2, B), (A′
1, A

′
2, B

′) ∈ X are saidto be equivalent if there exists a matrix S ∈ S (representing an admissible basishange) suh that (A′
1, A

′
2, B

′) = (S−1A1S, S
−1A2S, S

−1B).This equivalene relation partitions X into �ner equivalene lasses than thesimilarity equivalene relation.3 Canonial forms for n = 2A anonial form is a representative in eah equivalene lass whih is easier todeal with, and therefore alulations beome simpler using it. In [3℄, anonialforms were obtained, assuming observability. In [6℄ anonial forms in the non-observable ase are obtained, in the ase where the observability matrix of thesystem rank equal to n − 1. In partiular, in the ase n = 2 these anonialforms and the matries S whih orrespond to admissible basis hanges arelisted below. We will use (CFN), N = 1, 2, . . . to label them.Let us onsider a triple of matries de�ning an order two bimodal system
((

a1 a3

a2 a4

)
,

(
γ1 a3

γ2 a4

)
,

(
b1
b2

))
.Let us assume that the system is observable (a3 6= 0). Then (see [3℄),the orresponding anonial forms Ac

1, A
c
2, B

c for the matries A1, A2 and Brespetively, are:
• Case 0: a3 6= 0,

Ac
1 =

(
a1 + a4 1

a2a3 − a1a4 0

)
=

( trA1 1
det A1 0

)
,

Ac
2 =

(
γ1 + a4 1

a3γ2 − a4γ1 0

)
=

( trA2 1
det A2 0

)
,

Bc =

(
b1

a3b2 − a4b1

)
;S =

(
1 0
a4

a3

1
a3

)
. (CF1)From now on, we will assume that the system is unobservable: a3 = 0. Wedistinguish several ases.

• Case 1: a3 = 0, a1 6= a4, γ1 6= a4.



58 J. Ferrer, M. D. Magret, J. R. Paha, M. Peña� If γ2 = a2
a4−γ1

a4−a1
, b2 +

a2b1
a4 − a1

= 0,
Ac

1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− a2

a4−a1
t

)
, for any t 6= 0. (CF2)� If γ2 = a2

a4−γ1

a4−a1
, b2 + a2b1

a4−a1
6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− a2

a4−a1
b2 + b1

a2

a4−a1

)
. (CF3)� If γ2 6= a2

a4−γ1

a4−a1
,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
1 a4

)
, Bc =




b1
b2+b1

a2

a4−a1

γ2−a2
a4−γ1
a4−a1


 ;

S =

(
1 0

− a2

a4−a1
γ2 − a2

a4−γ1

a4−a1

)
. (CF4)

• Case 2: a3 = 0, a1 = a4, γ1 6= a4.� If a2 = 0, b2 + γ2b1
a4−γ1

= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− γ2

a4−γ1
t

) for any t 6= 0. (CF5)� If a2 = 0, b2 + γ2b1
a4−γ1

6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− γ2

a4−γ1
b2 + b1

γ2

a4−γ1

)
. (CF6)� If a2 6= 0,

Ac
1 =

(
a4 0
1 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1

1
a2

[
b2 + b1

γ2

a4−γ1

]
)

;

S =

(
1 0

− γ2

a4−γ1
a2

)
. (CF7)
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• Case 3: a3 = 0, a1 6= a4, γ1 = a4.� If γ2 = 0, b2 = 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− a2

a4−a1
t

)
, for any t 6= 0. (CF8)� If a2 = 0, b2 6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− a2

a4−a1
b2

)
. (CF9)� If a2 6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
b1

1
γ2

[
b2 + b1

a2

a4−a1

]
)

;

S =

(
1 0

− a2

a4−a1
γ2

)
. (CF10)

• Case 4: a3 = 0, a1 = a4 = γ1.� If a2 = 0, γ2 = 0, b1 6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0
b2
b1

t

) for any t 6= 0. (CF11)� If a2 = 0, γ2 = 0, b1 = 0, b2 = 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
0
0

)
;

S =

(
1 0
u t

)
, for any t 6= 0, u. (CF12)� If a2 = 0, γ2 = 0, b1 = 0, b2 6= 0,

Ac
1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
0
1

)
;

S =

(
1 0
u b2

) for any u. (CF13)



60 J. Ferrer, M. D. Magret, J. R. Paha, M. Peña� If a2 = 0, γ2 6= 0, b1 6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0
b2
b1

γ2

)
. (CF14)� If a2 = 0, γ2 6= 0, b1 = 0,

Ac
1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
0
b2
γ2

)
;

S =

(
1 0
u γ2

) for any u. (CF15)� If a2 6= 0, b1 6= 0,
Ac

1 =

(
a4 0
1 a4

)
, Ac

2 =

(
a4 0
γ2

a2
a4

)
, Bc =

(
b1
0

)

S =

(
1 0
b2
b1

a2

)
. (CF16)� If a2 6= 0, b1 = 0,

Ac
1 =

(
a4 0
1 a4

)
, Ac

2 =

(
a4 0
γ2

a2
a4

)
, Bc =

(
0
b2
a2

)
;

S =

(
1 0
u a2

)
, for any u. (CF17)4 Strati�ationA �nite partition of the di�erentiable manifold X may be dedued from that inequivalene lasses: onsider the sets onsisting of all equivalene lasses withanonial forms of the �same type�, but with di�erent values for the parameters.The sets thus obtained are disjoint sets and, as we will show, di�erentiablemanifolds. Therefore, they onstitute a strati�ation of X .In order to use Arnold's tehniques (see [1℄), the starting point is thatequivalene lasses are the orbits of the Lie group ation of S on X de�nedby α(S, (A1, A2, B)) = (S−1A1S, S

−1A2S, S
−1B).Given (A1, A2, B) ∈ X , we will denote byO(A1, A2, B) its orbit and onsiderthe partition of X into sets, eah of them orresponding to the union of orbits orequivalene lasses having assoiated a anonial form of the same type; namely,

E1 is the set of all triples of matries having anonial form of type CF1, E2the set of all those having anonial form of type CF2, and so on. Note thatthese orbits are di�erentiable manifolds (see [9℄).Theorem 1 The sets Ei, i = 1, . . . , 17 are di�erentiable manifolds.



Bimodal Systems. Bifurations Diagrams 61Proof . Ei, i 6= 2, 5, 8 are open sets of linear varieties. E2, E5 and E8 arede�ned by quadrati equations, giving rise to impliit manifolds with no singularpoints. Thus they all are di�erentiable manifolds. �Corollary 2 X =

(
17⋃

i=1

Ei

) is a �nite strati�ation of X .Proof . Clearly, these sets are disjoint sets and onstitute a partition of X .From Theorem 1 they are di�erentiable manifolds, thus a strati�ation of X .
�Next Table shows the dimensions of the strata above.Stratum Dimension Stratum Dimension Stratum Dimension

E1 8 E2 5 E3 6
E4 7 E5 5 E6 5
E7 6 E8 5 E9 4
E10 6 E11 3 E12 1
E13 3 E14 4 E15 3
E16 5 E17 45 Bifuration diagramsA bifuration diagram of a family of bimodal systems,

Λ : R
d −→Mn(R) ×Mn(R) ×Mn×1(R)is a partition of the parameter spae R

d aording to the anonial form of thetriple of matries, and indued by the strati�ation whih was given in Setion 4.In partiular, this strati�ation provides the information about whih anonialforms are near eah other in the sense of loal perturbations.Let us show as an example about how a bifuration diagram may beobtained.Example 1 Consider the triple of matries ((2 0
1 3

)
,

(
1 0
−2 3

)
,

(
1
−1

)) andthe e�et of a perturbation on it:
((

2 ε1
1 + ε2 3 + ε3

)
,

(
1 ε1
−2 3 + ε3

)
,

(
1
−1

))
, for small ε1, ε2, ε3.If ε1 = ε2 = ε3 = 0, we obtain the initial triple, whih belongs to E2. If

ε1 = 0, ε3 6= 0, we obtain a triple in E4. If ε1 = ε3 = 0, ε2 6= 0, we obtain atriple in E3. Finally, in the ase where ε1 6= 0, we obtain a triple in E1.Referenes[1℄ V. I. Arnold, On matries depending on parameters. Uspekhi Mat. Nauk.,26 (1971).
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