
Enhanced graphene nonlinear response through geometrical plasmon focusing
J. R. M. Saavedra, and F. Javier García de Abajo

Citation: Appl. Phys. Lett. 112, 061107 (2018); doi: 10.1063/1.5017120
View online: https://doi.org/10.1063/1.5017120
View Table of Contents: http://aip.scitation.org/toc/apl/112/6
Published by the American Institute of Physics

Articles you may be interested in
Liquid crystal mediated active nano-plasmonic based on the formation of hybrid plasmonic-photonic modes
Applied Physics Letters 112, 061101 (2018); 10.1063/1.5004076

Polarization control of high transmission/reflection switching by all-dielectric metasurfaces
Applied Physics Letters 112, 063103 (2018); 10.1063/1.5018783

Cavity enhanced third harmonic generation in graphene
Applied Physics Letters 112, 011102 (2018); 10.1063/1.4999054

Contact mechanics of graphene-covered metal surfaces
Applied Physics Letters 112, 061601 (2018); 10.1063/1.5006770

Probing collective oscillation of d-orbital electrons at the nanoscale
Applied Physics Letters 112, 061102 (2018); 10.1063/1.5012742

Giant excitation induced bandgap renormalization in TMDC monolayers
Applied Physics Letters 112, 061104 (2018); 10.1063/1.5017069

http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/421284327/x01/AIP-PT/COMSOL_APLArticleDL_WP_042518/comsol_JAD.JPG/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/Saavedra%2C+J+R+M
http://aip.scitation.org/author/Garc%C3%ADa+de+Abajo%2C+F+Javier
/loi/apl
https://doi.org/10.1063/1.5017120
http://aip.scitation.org/toc/apl/112/6
http://aip.scitation.org/publisher/
http://aip.scitation.org/doi/abs/10.1063/1.5004076
http://aip.scitation.org/doi/abs/10.1063/1.5018783
http://aip.scitation.org/doi/abs/10.1063/1.4999054
http://aip.scitation.org/doi/abs/10.1063/1.5006770
http://aip.scitation.org/doi/abs/10.1063/1.5012742
http://aip.scitation.org/doi/abs/10.1063/1.5017069


Enhanced graphene nonlinear response through geometrical plasmon
focusing

J. R. M. Saavedra1 and F. Javier Garc�ıa de Abajo1,2,a)

1ICFO-Institut de Ciencies Fotoniques, The Barcelona Institute of Science and Technology,
08860 Castelldefels (Barcelona), Spain
2ICREA-Instituci�o Catalana de Recerca i Estudis Avançats, Passeig Llu�ıs Companys, 23, 08010 Barcelona,
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We propose a simple approach to couple light into graphene plasmons and focus these excitations at

focal spots of a size determined by the plasmon wavelength, thus producing high optical field

enhancement that boosts the nonlinear response of the material. More precisely, we consider a

graphene structure in which incident light is coupled to its plasmons at the carbon edges and

subsequently focused on a spot of size comparable to the plasmon wavelength. We observe large

confinement of graphene plasmons, materializing in small, intense focal spots, in which the

extraordinary nonlinear response of this material leads to relatively intense harmonic generation.

This result shows the potential of plasmon focusing in suitably edged graphene structures to produce

large field confinement and nonlinear response without involving elaborated nanostructuring.

Published by AIP Publishing. https://doi.org/10.1063/1.5017120

The control of light by light is a research frontier in nano-

photonics, limited by the weak nonlinear response of avail-

able materials, which results in small effects within structures

of sizes comparable to the light wavelength. Light concentra-

tion over small spatial regions directly produces an increase

in the level of nonlinearity, and so, this approach has

been extensively explored with different strategies, ranging

from geometrical light concentrators to more sophisticated

schemes based on coupling to ultracompact optical excita-

tions, such as plasmons and phonon polaritons.1–9 In particu-

lar, localized plasmons can focus light on the nanometer

scale, a phenomenon that is accompanied by a huge enhance-

ment of the optical field intensity driven by coupling to eva-

nescent fields.10 This strategy has been used to increase the

intensity of nonlinear processes,1,3,9,11 although the effect is

constrained by the small amount of the nonlinear material that

can be allocated within the nanoplasmonic hotspots.

Direct focusing of propagating light, for example,

through the use of micron-sized Fresnel’s lenses,12 is limited

by diffraction to regions of the order of the light wavelength

k0. This situation can be improved by optical coupling to

propagating modes of shorter wavelengths, such as surface-

plasmon polaritons, with a subsequent gain in field intensity.

For instance, adiabatic plasmon focusing has been success-

fully explored in self-similar particle arrays,13 tapered rib-

bons,14,15 and metallic tips.16 Plasmon concentrators have

also been investigated.17 An interesting theoretical study is

presented in Ref. 18, where light is coupled to graphene plas-

mons through vacancies drawn along the carbon layer, with

application in the creation of high-orbital-angular-momentum

states and focusing of vortex plasmons at the center of Bessel

plasmon beams. Here, we aim at producing a high concentra-

tion of two-dimensional (2D) plasmon fields and exploring

its use to increase nonlinear interactions, such as harmonic

generation. In particular, we are interested in coupling to plas-

mons sustained by ultrathin layers of materials such as gra-

phene19–24 and black-phosphorous,25,26 which can sustain

infrared plasmons with wavelengths kp down to a few nano-

meters. Additionally, plasmons in ultrathin noble metals27 can

reach the visible regime with kp < 100 nm. This compression

in the plasmon wavelength compared with the light wave-

length in ultrathin films can be explained in the following

way: a thin film of surface conductivity r(x) (under the con-

dition that Im{r}> 0, that is, it has metallic optical behavior)

can sustain plasmons of wavelength kp ¼ �4p2ir=�x at fre-

quency x,23 where � is the average permittivity of the media

above and below the film; in the Drude model, a conductive

film of thickness t, volumetric charge-carrier density nV, and

carrier effective mass m* has r ¼ ðie2=m�ÞnVt=x, and so, the

plasmon wavelength reduces to kp ¼ ð4p2e2=�m�ÞnVt=x2;

for atomic (111) monolayers of gold or silver

(m� ¼ 1; nV ¼ 4=a3; and t ¼ a=
ffiffiffi
3
p

, where a� 0.41 nm is

the atomic lattice constant) supported on silica (�� 3/2), this

expression leads to kp=nm ¼ 40 ðEp=eVÞ�2
, where Ep ¼ �hx

is the plasmon energy; for silica-supported doped graphene

(m� ¼ ffiffiffiffiffiffi
pn
p

�h=vF, where n¼ nVt is the areal doping density

and vF� 106 m/s is the Fermi velocity), we have

kp=nm ¼ 4:4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n=ð1013 cm�2Þ

q
ðEp=eVÞ�2

, subject to the con-

dition Ep < �hvF

ffiffiffiffiffiffi
pn
p

(i.e., the plasmon energy needs to be

below the Fermi level to prevent interband damping).

Additionally, the principle of focusing through coupling light

to short-kp surface modes can be directly extended to 2D sur-

face polaritons, which exist in many forms over a wide range

of material platforms (e.g., van der Waals atomic layers28)

featuring small kp/k0 ratios.

However, a strong reduction in kp relative to k0 also

implies a poor light-plasmon coupling efficiency. Despite the

numerous solutions that have been explored to overcome this

problem (e.g., using gratings29,30 or tips31 to increase thea)Electronic mail: javier.garciadeabajo@nanophotonics.es
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coupling), it remains as a pending challenge that reduces the

applicability of plasmon focusing for enhanced nonlinear

interactions. A solution to this problem is important in many

practical scenarios, such as the miniaturization of nonlinear

optical elements for integrated devices6,8 or to improve the

signal-to-noise ratio in surface-enhanced Raman scattering

(SERS)32–35 and infrared absorption (SEIRA)36,37 for optical

sensing.

In this letter, we propose a simple structure to couple

incident light into plasmons and focus them at a spot of size

�kp. Specifically, we consider the structure presented in

Fig. 1(a), which consists of a 2D plasmon-supporting ribbon

terminated in a semicircular edge of large radius a compared

with the plasmon wavelength kp. Because plasmons are

surface-confined modes, as we noted above, external light

cannot couple to them in an extended 2D film due to energy-

momentum mismatch. However, lateral edges break this

mismatch and produce light coupling to propagating plas-

mons. For a semicircular geometry, these plasmons focus at

the center, thus generating a hotspot [Fig. 1(b)]. Edge-

coupling to plasmons is, however, a general concept: the

calculations that follow can be easily adapted to any 2D-

polariton-supporting material and applied to phenomena that

require a strong field enhancement; we actually discuss

results for circular and elliptical structures as well. For con-

creteness, we focus on nonlinear harmonic generation from

graphene. Besides sustaining long-lived infrared plasmons,24

this material has been observed to display a large nonlinear

optical response,11,38,39 which has been argued to be

increased by the effect of field amplification when the light

is tuned to its plasmons.40–47

To describe the plasmon field, we assimilate the gra-

phene edge to a distribution of in-plane source dipoles (line

dipole density Ps as a function of edge position s) oriented

along the direction of the local in-plane edge normal n̂s.

Noting the strong confinement of the graphene plasmons,48 it

is safe to neglect retardation, and so, the field produced by a

single in-plane dipole p placed at the origin reduces to

Eð1Þðr;xÞ ¼ i

2p

ð
d2Q

Q
iQ�Qẑð Þ ð1� rpÞQ �peiQ�R�Qz; (1)

where R¼ (x, y) are coordinates within the graphene plane

(z¼ 0) and rp is the Fresnel reflection coefficient for p

polarization.48 For a thin film of 2D conductivity r(x), adopt-

ing the plasmon-pole approximation, we have rp �Q/(Q �
Qp), where Qp ¼ i�x/2pr(x) is the complex plasmon wave-

number. Now, the plasmon field produced by a graphene edge

is obtained as the integral of Eq. (1) over its contour

Eð1Þðr;xÞ ¼ Qp

2p

þ
ds

ð
d2Q

Q

Qþ iQẑ

Q� Qp

Q � n̂s Ps eiQ�R�Qz: (2)

We consider the edge profile to be smooth enough as to

apply a local relation Ps ¼ C n̂sðn̂s � EextÞ between the

dipole density Ps and the external light field Eext, where C is

a constant coefficient. We use the value C ¼ 1=pQ2
p, adapted

from the analytical solution of the edge configuration using

the Wiener-Hopf method.49 At this point, we perform the Q

integral using complex contour methods, which result in a

residue arising from the pole at Q¼Qp, leading to an expres-

sion in terms of Hankel functions Hð1Þn � Hð1Þn ðQpjR� sjÞ.
Defining t¼R � s and /t as the angle between t and x̂, we

find

Eð1Þx

E
ð1Þ
y

" #
¼ iQpEext

2

þ
ds nx H

ð1Þ
0

nx

ny

" # 

�H
ð1Þ
2 cos 2/t

nx

�ny

" #
� H

ð1Þ
2 sin 2/t

ny

nx

" #!
:

Finally, for the semicircular edge geometry and light polari-

zation depicted in Fig. 1(a), Eq. (2) reduces to

Eð1ÞðRÞ ¼ iQpaEext

2

ðp=2

�p=2

du cos u H
ð1Þ
0 n̂s � H

ð1Þ
2 n̂0s

h i
; (3)

where n̂s and n̂0s are the unit vectors that form angles u and

2 tan�1ðy=xÞ � u with respect to the x axis.

Figure 1(c) shows the linear in-plane field amplitude

obtained from Eq. (3) for a semicircle of radius a¼ 5kp,

assuming a plasmon propagation distance (i.e., an intensity

decay by a factor 1/e) given by Lp ¼ 10 kp (note that Lp ¼ 1/

2Im{Qp}). As expected, the plasmon focal spot has a size of

the order of kp. We stress that the enhancement only depends

on the lens geometry, the plasmon wavelength kp, and the

propagation distance Lp, thus rendering a universal charac-

terization that is independent of other material parameters.

FIG. 1. Nanofocusing of graphene plasmons. (a) We consider a graphene film limited by a semicircular edge profile (radius a� plasmon wavelength kp) illu-

minated under normal incidence by a plane wave (external field Eext). (b) The semicircular edge couples light into plasmons, which are then focused at the cen-

ter of the circle. (c) The resulting plasmon focal spot has a size comparable to kp, as shown by the plasmon amplitude and instantaneous field lines, plotted

here within the square region indicated in (a). The density plots are calculated for a¼ 5kp over a square region of side 5kp. Intensity profiles across the focal

spot are shown as side curves in (c), with FWHMs indicated in units of kp. We assume a plasmon propagation length (1/e intensity decay) of 10 kp.
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We now calculate third-harmonic generation (THG) in

the semicircular structure. The THG current oscillates with

frequency 3x and a local amplitude given by j
ð3Þ
NLðRÞ

¼ rð3ÞEð1ÞðEð1Þ � Eð1ÞÞ, where for graphene doped to a Fermi

energy EF, we use rð3Þ ¼ ð3ie4v2
F=4p�h2EFÞ 	 ½ð3xþ icÞð2x

þicÞðxþ icÞ
�1
to model the nonlinear conductivity in the

Drude model,50 with a damping rate c related to the ratio of

the propagation distance to the plasmon wavelength through

Lp/kp ¼x/4pc. Figure 2(b) shows the resulting THG current,

exhibiting a focal spot with a size roughly reduced by a fac-

tor �1=
ffiffiffi
3
p

relative to the spot obtained for the linear field

[cf. Figs. 1(c) and 2(b)], as expected from the reduction in

size obtained when a roughly Gaussian linear profile (the lin-

ear field intensity spot) is raised to the third power (i.e., an

approximate way of estimating the THG spot profile). The

resulting THG emission [Fig. 2(a)] shows a distribution

peaked near the surface normal direction, with more weight

toward the region opposite to the curved profile because it is

mainly contributed by plasmon components propagating in

that direction.

We present in Fig. 3 an analysis of the performance of

the focusing structure as a function of the parameters a and

Lp. The linear field at the focal spot [Fig. 3(a)] admits from

Eq. (3) the analytical expression Eð1Þð0Þ ¼ ðEext=2Þ eip=4ffiffiffiffiffiffiffiffiffiffiffiffiffi
2pQpa

p
eiQpa x̂, so that noticing that kp ¼ 2p=RefQpg

� 2p=jQpj, the enhancement of the field intensity becomes

����Eð1Þð0ÞEext

����
2

� p2a

kp

e�a=Lp ; (4)

which is rigorously found to reach an optimum enhancement

value for a radius a¼ Lp, encompassing a compromise

between field accumulation at the focus and attenuation due

to propagation from the edge. For an attainable propagation

distance Lp ¼ 15kp,24 the in-plane intensity enhancement can

reach a factor of �50, which is remarkable considering that

this is the field acting inside the material. Incidentally, when

considering a full circle instead of the semicircle-terminated

ribbon, the field amplitude at the center is exactly zero

because of symmetry (opposite sign contributions from each

of the two semicircles). Notice that the level of plasmonic

enhancement obtained with the semicircle-ended ribbon is

uncommon inside traditional plasmonic materials, such as

noble metals: the high level of optical enhancement observed

in noble metal nanoparticles is associated with electric field

components oriented along the local surface normal direc-

tion; these components can reach dramatically strong

enhancement for resonant morphologies (e.g., high-aspect

ratios or narrow inter-metallic gaps), generally involving

large values of the permittivity—losses in these materials are

too high otherwise—and so, the field inside the nanoparticle

is severely reduced to levels similar to those of the incident

light in virtue of the continuity of the electric displacement.

Finally, we show in Fig. 3(b) the angle-integrated THG,

which is observed to roughly follow a trend as expected

from the sixth power of the linear field amplitude.

Incidentally, the overall conversion efficiency, which we can

define as the emitted power divided by the power incident on

a semicircle, takes a value of �10�6.

The light angle of incidence could be exploited to con-

trol the position of the plasmon focal spot, and for more

complex edge profiles, light polarization may provide an

additional degree of freedom. To illustrate this concept, we

consider the shape of a half-ribbon lens capable of focusing

p-polarized light incident in the x-z plane with an angle h
relative to the surface-normal direction z. Taking the focus at

the origin x¼ y¼ 0, the phase-preserving ribbon-end edge

profile is elliptical and given by a�ðx� bÞ2 þ y2 ¼ a2aþ,

where a6 ¼ 16i2 sin2h; b ¼ ðai=a�Þ sin h, and i ¼ kp=k0.

For highly confined plasmons (i� 1), this produces a nearly

circular profile although the center of the structure (x¼ b)

can be displaced by a sizable fraction of kp, as shown in

Fig. 4(a). The field enhancement and resulting THG are also

nearly indistinguishable in the semicircle and the phase-

preserving ellipse, and although they decrease with h, their

values stay high up to incidence directions for which the

focus displacement is �kp (Fig. 4).

The proposed approach toward plasmon focusing can be

extended to any polariton-supporting surface, including thin

metal films, under the condition that they exhibit long propa-

gation distances Lp and short wavelengths kp, reaching a max-

imum focal intensity enhancement p2Lp=ekp � 3:6 Lp=kp

[see Eq. (4)]. We envision further optimization of the edge

FIG. 2. Third harmonic generation (THG) through plasmon nanofocusing.

We show the far-field angular distribution (a) and the instantaneous nonlin-

ear surface current lines (b) associated with THG under the same conditions

as in Fig. 1.

FIG. 3. Linear in-plane field enhancement and third-harmonic emission

power. (a) Linear field enhancement at the center of the semicircular struc-

ture of Fig. 1(a) as a function of radius a and plasmon propagation distance

Lp. The dashed curve shows the analytical result a¼Lp for maximum

enhancement as a function of Lp. (b) Power of third-harmonic emission from

graphene doped to a Fermi energy EF ¼ 0.4 eV for an incident intensity of

1013 W/m2 and a plasmon energy Ep ¼ 0.2 eV, corresponding to kp ¼ 181 nm

(see the main text for details on the nonlinear conductivity).
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profile to tailor the spatial distribution of the focal spot. Besides

harmonic generation, either in the polariton-supporting materi-

als or in the surrounding media, this concept could find applica-

tion in sensing, for example, by revealing the presence of

analytes in the focal region through their optical scattering sig-

natures. Edge scattering can also be used in reversed geometry

to out-couple plasmons generated at the focal spot, thus produc-

ing a propagating light signal. From a more general perspective,

engineered edge profiles can serve as interconnects between

different focal spots (e.g., the foci of a graphene ellipse).
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FIG. 4. Control of the plasmon focal spot through the incidence angle. (a)

Displacement of the spot center in a semicircular lens as a function of inci-

dence angle h relative to the surface normal for a¼Lp ¼ 25kp. The inset

shows a near-field linear plot for h¼ 45�. (b) Linear field enhancement (left

scale) and THG power (right scale) under the conditions of (a) for EF

¼ 0.4 eV, Ep ¼ 0.2 eV, and 1013 W/m2 incidence intensity. The results

obtained through numerical evaluation of the field using Eq. (3) (symbols)

are compared with closed-form analytical expressions (curves). The analyti-

cal THG is approximated as the third power of the field intensity.
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