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Spatial behavior in high order partial
differential equations

M. C. Leseduarte*, R. Quintanilla

In this paper we study the spatial behavior of solutions to the equations obtained by taking formal Taylor approximations
to the heat conduction dual-phase-lag and three-phase-lag theories, reflecting Saint-Venant’s principle. In a recent paper,
two families of cases for high order partial differential equations were studied. Here we investigate a third family of cases
which corresponds to the fact that a certain condition on the time derivative must be satisfied. We also study the spatial
behavior of a thermoelastic problem. We obtain a Phragmén-Lindelo6f alternative for the solutions in both cases. The main
tool to handle these problems is the use of an exponentially weighted Poincaré inequality. Copyright © 2009 John Wiley
& Sons, Ltd.

Keywords: models in heat conduction; spatial stability; Saint-Venant’s principle

1. Introduction

It is well known that the juxtaposition of the Fourier constitutive equation of heat flux vector with the classical energy equation
—divg(x, t) = ch:(x, t), c >0, (1)

brings about paradoxical behavior on the solutions. In particular, it has been shown that the perturbations at one point of a solid
can be observed in any other point of it instantly, however distant. This is a drawback of the model and to overcome it and,
at the same times, to satisfy the principle of causality, several modifications of the model have been suggested recently (see,
for example, the reviews [1, 2, 3]). These modifications gave rise to new thermoelastic theories which are still being the aim of
study of mathematicians, physicists and engineers. The applicability of these alternative thermoelastic theories to the real world
situations has been analised in many works, including the books of Ignaczak et al. [4], Straughan [5] and Wang et al. [6].

One of these modifications was suggested in 1995 by Tzou [7]. He proposed a theory where the thermal flux and the gradient
of temperature have a delay. The constitutive equation is:

glx, t +7q) = —kVO(x, t + Ts), k> 0. (2)

Here q is the heat flux vector, 8 is the temperature and 74, T are the delay parameters which are assumed to be positive. This
equation says that the temperature gradient established across a material volume at the position x at time t 4 74 results in a
heat flux to flow at a different instant of time t + 74. The delays are understood in terms of the microstructure of the material.
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Choudhuri [8] proposed an extension of Tzou's equation. His constitutive equation for the heat flux vector is
qx, t+74) = — (kVO(x, t + To) + K'Vv(x, t + 7)) . (3)

The new variable v is the thermal displacement, and it satisfies v = 0, k™ is the rate of thermal conductivity, a new parameter
which is typical in the type Il and Il thermoelastic theories proposed by Green and Naghdi [9, 10], and 7, is another delay
parameter which is also assumed to be positive.

These two theories are strongly based on an intuitive point of view, but there are no a priori thermomechanical foundations
for them. Furthermore, it can be proved that, when the proposed constitutive equations are combined with the classical energy
equation (1), a sequence of solutions of the form

On(x, t) = exp(wnt)®n(x)

can be found with the real part of w, tending to infinity [L1]. Therefore continuous dependence on initial data cannot be
obtained, and the associated mathematical problem is i/l posed in the sense of Hadamard. This kind of result is not expected a
priori. For this reason a big interest has been developed to understand different formal Taylor approximations to these equations
[12, 13, 14, 15, 16, 17, 18, 19]. In fact, the literature concerning these topics is increasing quickly because many researchers are
interested in these proposals. These new theories allow to obtain stability of solutions and the well-posedness of the problems,
provided that certain conditions on the parameters hold.

In a couple of recent papers Quintanilla [20, 21] proposed a modification of the theories of Tzou and Choudhuri by means of
the energy equation usual for the two temperature theories (see [22, 23, 24, 25]):

—divg(x, t) = cO(x, t), c>0, ©=6-—alf, a>0. (4)

In this case, the associated mathematical problem is well posed. It is also interesting to consider different formal Taylor
approximations to the equations proposed at [26, 27]; in this way, we obtain models which are currently under study (see
for instance [28, 29, 30, 31]).

We consider general Taylor approximations to the dual-phase-lag or three-phase-lag theories. Plugging these into the energy

equation (1), we obtain the heat equation:
a0 + a0V + 26 + - 4 2,6 = boAG + b1 AV + - 4 b A (5)

where ap, ..., an, bo, ..., bm are constants. It is worth noting that the case n = m arises naturally for the Taylor approximations
to the theories proposed by Quintanilla [20, 21].

The study of the spatial behavior for partial differential equations is related to Saint-Venant’s principle. This topic has been
investigated from the mathematical and thermomechanical viewpoints. Spatial decay estimates have been obtained for elliptic
[32], parabolic [33, 34], hyperbolic [35] equations and/or combinations of them [36] in the last years. The authors try to
describe how the perturbations on a part of the boundary are damped far away from the place where they were applied. From
a mathematical viewpoint, it is usual to consider a semi-infinite cylinder whose finite end is perturbed and to study how the
solutions decay when the large spatial variable tends to infinity. From a mathematical perspective, the spatial behavior of the
solutions is an important issue to be studied [37, 38, 39, 40, 41, 42]. It is worth noting that the uniqueness of solutions cannot
be expected in this context. In fact, the problem is ill posed in the sense of Hadamard and only a Phragmén-Lindel6f alternative
for the solutions can be obtained.

Although the spatial behavior for dual-phase-lag or three-phase-lag models have been studied in several cases [43, 44, 26, 27],
only equations up to fourth order with respect to the time variable were analysed. Arguments for a general type of higher-order
equations have been restricted to the case n — m = 1, 2 [45]. In this paper, we will obtain spatial estimates for solutions of higher
order equations when m > n. In the second part of the paper we consider the particular case n = m+ 1 in the thermoelastic

THere and from now on, g(¥) denotes the k-th derivative of the function g with respect to time.
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context and we also obtain spatial decay estimates. It is worth recalling that the existence of solutions for the thermoelastic
problem we consider here has been obtained by means of the semigroup approach [46].

The plain of the paper is as follows. In Section 2 we propose the basic problems we are going to work with and we recall
the exponentially weighted Poincaré inequality because it will be a fundamental tool in our approach. We obtain a Phragmén-
Lindel6f alternative in Section 3 for a certain heat equation. Later, in Section 4 we describe how to obtain an upper bound for
the amplitude term when the solution decays in the spatial variable. In Section 5 we consider a thermoelastic problem and we
obtain again a Phragmén-Lindelof alternative for the solutions. Section 6 is devoted to compute the corresponding upper bound
for the amplitude term in terms of the boundary data when the solution decays. Last section exposes the conclusions of the
work.

2. Preliminaries

In this section we define the two problems that we will study, and we recall a fundamental tool that we use in our approach:

the exponentially weighted Poincaré inequality. The spatial domain is the semi-infinite cylinder R = [0, 00) x D, where D is a

bounded domain in the two-dimensional Euclidean space, being smooth enough to guarantee the use of the divergence theorem.
The first problem is defined by the equation

a6 + @10 + 2,0 + - + 3,0 = boAG + b1 AOD + - 4 b AT, (6)

where m is an arbitrary positive natural number, by, is strictly positive and a,, > 0.

We do not consider the existence of solutions question, but we will assume the existence of solutions as well as the necessary
regularity required to carry out our calculations.

In addition to the differential equation (6), we impose the initial conditions

0(x,0) =0W(x,0)=---=6""(x,00=0, x€eR, (7)

and the boundary conditions
9(X1,X2,X3, t) =0, (XQ,X3) € oD, t>0, (8)
08(0,x2, x3,t) = f(x2, %3, ), (x2,x3) €D, t>0. (9)

To assure the compatibility, we naturally assume
f(XQ,X3,t):0, (X2,X3) € oD, t > 0.

It is worth covering the case where the parameters can be negative. In this sense we allow the parameters a; (i =0,...,m—1)
and b; (=0,...,m—1) to be positive, zero or negative. But, we want to point out that our results are new even if all the
coefficients are positive.

The second problem we study in this paper comes from a thermoelastic situation. The system of equations that we obtain,
following the arguments used by Chandrasekharaiah [1], p.723, are

plii = (Cijkiur, — Bij9) ., (10)

d
¢ (a0 +--+ amd™) + Byjaovi; + -+ amv) = (b6, + 60T + - + b6 . (11)

Here Cjj is the elasticity tensor satisfying the symmetry Cjjxy = Cuij, p is the mass density, B;; is the coupling tensor, the tensors
bfj are symmetric for / = 0, ..., m, the constant ¢ is the thermal capacity, u; is the displacement and v; = 1;.

Math. Meth. Appl. Sci. 2009, 00 1-14 Copyright © 2009 John Wiley & Sons, Ltd.
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To set the problem we also need to impose initial and boundary conditions. Apart from conditions (7), (8) and (9), we will

impose
ui(x,0) = ui(x,0) =8 (x,0) =0, x€R, (12)
and the boundary conditions
Ui(x1,x0,x3,t) =0, (x2,x3) €0D, t2>0, (13)
U,‘(O,XQ,X3, t) = gi(Xg,X3, t), (XQ,X3) € D, t>0. (14)

To assure the compatibility, we also assume
gi(x2,x3,t) =0, (x2,x3) €D, t>0.

In all this paper Greek sub-indices are restricted to the values 2 and 3.

As we said before, a relevant tool in our analysis is the following result (see the appendix of [47] for a proof), the exponentially
weighted Poincaré inequality:

Assume that f : [0, t] — R is differentiable such that f(0) = 0. Then the following inequality

t 452 t 5
/O exp(—2ws)F2(s) ds < ﬁfw /O exp(—2ws) (F(s)) " ds, (15)
2
holds, for every w > 0. We note that p(t) = T is a growing function, hence
t t >
/ exp(—2ws)F2(s) ds < w—Q/ exp(—2ws) (f(l)(s)) ds. (16)
0 0
As a consequence, we obtain for n > k 4+ 1 and for f satisfying F*(0) = --- = f""1(0) = 0, that the estimate
ot t
/ exp(—2ws)|FF(s))? ds < w2k / exp(—2ws)|F" P (s) | ds, (17)
0 0

holds. These inequalities will allow us to deal with lower-order time derivatives in a comparison with higher-order terms.

3. Spatial estimates

In this section we obtain an alternative of Phragmén-Lindelof type for the solutions of the problem determined by equation (6),
initial conditions (7) and boundary conditions (8), (9).
The function, the properties of which will describe the spatial behavior, is given, for z > 0, t > 0, by

t
Gu(z, ) = —/ / exp(—2ws) (boe‘l + 500 4+ bmefl’m) 6'™ dads, (18)
0 D(z)

where w is a positive constant to be chosen later.
Using the divergence theorem we see that

Gu(z+ h t) — Gu(z, t)

t z+h (19)
=— / / / exp(—2ws) [Q + am|6"™ ) + bm|ve<’")|2)] dvds,
JO Jz JD
where
Q = (boVO + by VEY + - 4 by 1 VO YV 4 (200 + 2160 4 -+ + 167 D)™. (20)
Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-14
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Thus, we get

0G,
0z

t
(z,t)=— // exp(—2ws) [Q + am|6™? + bm|v9<"’>|2)] dads. (21)
0JD

To control the function @ we can use a similar argument to the one proposed in [45]. If we consider the exponentially weighted

Poincaré inequality, we have that

t
/ / exp(—2ws) b VoW V6™ dads
0 D

t 1/2 t 1/2
< | b ( / / exp(—2ws)|V9(k)|2dads> ( / / exp(—2ws)|V9(’")|2dads> (22)
0 D 0 D

t
< |bk|b;,1wk_’"/ / exp(—2ws) bm| V6™ 2 dads,
0o Jo
for k =0...m—1. In a similar way we see that

t
<A akw / / exp(—2ws)| V'™ | dads, (23)
0 D

t
//exp(—2w5)ak9(k)9('")dad5
o Jo

for k =0...m— 1. Here, A1 is the first eigenvalue of the negative Laplace operator —A with Dirichlet boundary conditions
(clamped membrane) in the domain D. It arises in estimating the integral of the square of 6™ by means of the integral of the
square of Vo™,

Therefore, we can obtain the existence of two polynomials Q1 and Q> satisfying Q;(0) =0, /i = 1, 2 such that

oG,
0z

(z,t) < — /t/ exp(—2ws) [(b,,, A (w Y — Qz(w*))we("’w?)] dads. (24)
0JD

We can see that, for w large enough, the estimate

t
6Gu < —// exp(—2ws) (bm — €)|VO™ [*dads (25)
oz oJD

holds. In particular, when € = by,/2, we obtain

3G,
0z

t
< —% / / exp(—2ws) by | VO™ |*dads < 0. (26)
JoJo

We want to evaluate now the absolute value of G, in terms of its spatial derivative. With a sufficiently small ¢, obtained for

t 1/2 t 1/
§|bk|(/o /Dexp(—zws)wff)ﬁdads) (/O /Dexp(—zws)|9<'">|2dads)

t 1/2
<|bi|(bm — €) TN Pk ( / / exp(—2ws)(bm — e)eFf’)ef;")dads)
0 D

w large enough, we have that

2

t
//exp(—2ws)bkéff)9(’")dads
o Jo

(27)
t 1/2
X (/ / exp(—2ws)(bm — e)Gfgn)Gfg’)dads)
o Jp
t
<|b|(2(bm — €)) ATV (/ / exp(—2ws)(bp — e)@l(,m)éfi”’)dads) .
o Jo
Therefore, we can obtain positive constants

m
D= [bil(4(bm — €)°X1) 2 Qui=Y D™, (28)

k=0
Math. Meth. Appl. Sci. 2009, 00 1-14 Copyright © 2009 John Wiley & Sons, Ltd.
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such that
|Gl € —Qu 6862“. (29)
This inequality is well known in the study of spatial estimates. It implies that
Gu < —Qwaa% (30)
and
Gy < - aanw- (31)

For fixed t, we distinguish two cases:
(1) If there exists zg > 0 such that G,(zp, t) < 0, it follows that G,(z, t) < 0 for every z > zy. From (31) we conclude that

— Gul(z, t) > —Gu(z0, t) exp (2520> , Z 2> 2. (32)

(1) Otherwise, we see that G,(z, t) > 0 for every z > 0. From (30), it follows the spatial decay estimate

Gu(z, 1) < Gul(0, t) exp <—Qi) L z>0. (33)
We can summarize this result in the following way:

Theorem Let 6 be a solution of the initial-boundary-value problem (6)—(9). Then, for w large enough, either the function
—Gu(z, t) satisfies the asymptotic condition (32), or the function

t
0< Gulz, t) = // exp(—2ws) |Q + am|68™ | + b,,,|v9<'">|2)] dvds (34)
0 JR(z)

satisfies the decay estimate (33).

Remark /t is worth noting that when w increases, the parameter (2,)™1 tends to 2(\1)Y?. If am is strictly positive we can
improve the value of the constants Dy and therefore the value of Q. At the same time we note that the proposed analysis can
be adapted for a,, negative whenever by, + am>\1_1 is positive.

4. The amplitude term

In this section we will describe how to obtain an upper bound for the amplitude term obtained in the previous section, G, (0, t),
in terms of the boundary data. To make the calculations easier we assume in this section that a, is also strictly positive, but we
want to point out that this is not a relevant assumption, because the analysis can be carried out, mutatis mutandis, for a,, = 0.

From now on, we restrict our attention to solutions satisfying the decay estimate (33) where w is large enough to guarantee
that

1 t
Gul(z,t) > = / / exp(—2ws) [am|e("’)|2 + b,,,|v9<'")|2)} dv ds. (35)
2 0 JR(z)

We denote by € = &(x, t) a function which tends uniformly to zero, rapidly, as x; — oo, and satisfies the same boundary conditions
as 6. Typically, £ is choosen as
€(x, t) = exp(—dx1)f(x, x3, 1),

where d is a positive constant.
Then we have .
Gu(0,t) = —/ / exp(—2ws) (bof1 + -+ + b8 )™ dads. (36)
o JD(0)

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-14
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After the use of the boundary, asymptotic and the initial conditions, and the divergence theorem, we see that

t t
Gu(0,t) = / / exp(—2ws) [bov9+---+bmv9<”’> Ve dvds + / / exp(—2ws) [aoe+..-+ame<'">] ¢Mdvds. (37)
0 R 0 R

We obtain
Gu(0.t) = 1 + I, (38)
where ¢

h ::/ /exp(—2ws) [60V0 + -+ + bpV6 ™| V€™ dvds, (39)

o Jr

t
I2 = // exp(—2ws) [309 +- 4+ am9(m)] ¢™dvds. (40)

0Jr

By choosing w large enough, we can take ¢;, i = 1,2 as small as we want and such that

t t
I 561/ /exp(—zws)bmwe("’)|?dvds+c1*/ /exp(—2ws)|V£(m)|2dvds, (41)
0 R 0 R

t t
I < 52/ /exp(—2w5)am|9(m)|2dvd5—l—CS/ /exp(—2w5)|£("’)|2dvd5. (42)
o JR o Jr

Here C/,i = 1,2, are two constants which can be computed in terms of the data of the problem, w and ¢;. Taking into account
(35), it then follows that

Guw(0,1) < 2(e1 + €)Gu(0, £) + CiJy + Ci s, (43)
where "
5 ;:/ /exp(—2ws)|V£(m)|2dvds, (44)
0 R
t
) :=/ /exp(—2w5)|£('")|2dvd5. (45)
0 R

If we select €; such that €1 + €2 < 1/4, we obtain that
Guw(0,t) < 2(Cih + C5.h). (46)

To obtain a precise upper bound for the J;, we recall the choice of the function &, given previously, and we note that

€M = exp(—dx1)f"™ (32, x3, 1), “n
and
VE™ = exp(—dx) (_df(m)(x%xay 0. 157 0.0, £), £ G xa, t)) ' o
We conclude that ¢ d 1
b < / / (7|f<"’>|2 + = () + Ifém)IQ)) dads (49)
o Jo@) \2 2d |
and
1 t m)2
h< 7/ / |F'™ 7 dads. (50)
2d Jo Joo

From the previous inequalities, we finally obtain

w 1 1 {
0 D(0)

We remark that one could optimize the right-hand side by taking a suitable value of the parameter d, but it does not seem to

2 * t
dads + & / / FM i dads. (51)
d 0 D(0)

be an easy task.

Math. Meth. Appl. Sci. 2009, 00 1-14 Copyright © 2009 John Wiley & Sons, Ltd.
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5. A thermoelastic system

In this section we investigate the spatial behavior of the solutions of the problem determined by the system (10)-(11) with the
initial conditions (7), (12) and the boundary conditions (8), (9), (13) and (14).
In this section we assume that p is a positive constant and that the elasticity tensor is positive definite, that is, there exists a
positive constant M; such that
Cijki€ijéri > Mi&i€ij, for every tensor (&j;). (52)

We also assume that ay, is a positive constant and that the tensor B\ s positive definite, that is, there exists a positive constant

ij
b such that
bii&i&; > b€i&;, for every tensor (&;). (53)

We note that the existence of solutions to the problem proposed here could be obtained by following the arguments proposed
in [46].
If we introduce the notation
G=aog+-+amg"™, (54)

therefore, equation (10) implies
pli = (Cijur ik — Bij0) ). (55)

We now define the function which will describe the spatial behavior. It is

t
Gu(z, t) = —/ / exp(—2ws)(L1 + Lo)dads, (56)
o JD(2)
where
Ly = (Cixriies — Bin8) i, (57)
and
Ly = (bn0; + b8 + - + b76™)8, (58)

again w is a positive constant to be chosen later. After the use of the divergence theorem we see that
exp(—2wt) [t ~ e s
Gu(z+h t) = Gu(z, t) =— %/ / (c(8)” + piiidi; + Ciju i jiin,) dv
z D
t z+h . o
— w/ / / exp(—2ws) (6(9)2 ~+ pdi i + Cijk/ﬁ/,jﬁk,/) dvds (59)
0 z D

t z+h
- / / / exp(—2ws) (Q* + b,'r’j’amel(,"’)@s-'")) dvds,
0 Jz D

where
Q" = 200,80, + a1b0,6" + - + ambj0,60|"
+ a0b60, + a1 5006 + - - + an b6 6"
’ T T (60)
+ aob;ye'(im)e‘j + albl{?e’(im)esl) 4ot amilbl{yel(im)et(jm—l)_
Thus, we get
w _2 A A A ~
aai (Z, t) = — exp(ziwt) / (C(9)2 + puit + C,'jk/U,',jUk'/) da
£ i ~ .. t (61)
_ w/ / exp(—2ws) (c(8)? + pii i + Cijua i ) dads — / / exp(—2ws) (Q* + b;;’amef,'">9§.’">) dads.
0o Jp o Jb
E Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-14
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A similar argument to the one proposed in Section 3 shows that

t
//exp(—2w5)a/bf(j@'(,k)el(j/)dads
o Jo

it p
< Nk/wk”*Q”’/ / exp(—2w5)b,"j’amel(,m)e‘(j"’)dads, (62)
o Jo

where Ny, are calculable constants depending on the constitutive parameters and tensors, but independent of the time and the
parameter w and whenever k 4+ | < 2m. We obtain the existence of a polynomial @7, vanishing at zero, such that

0Gy (z,1) < — M/ (C(GN)2 + plj,’lj,’ + C,-jk/ﬂ,'_jﬂk_/) da
0z 2 D
t
— w/ / exp(—2ws) (C(§)2 + pﬁ,ﬂ,- + C,'jk/ﬁ/‘jljkl/) dads (63)
0 D
t 5
- / / exp(—2ws) (b;;’am(l - QI(w’l))O.(,”’)GFj’")) dvds.
0 D

Again, we want to evaluate the absolute value of G, by means of its spatial derivative. We note that

t
/ / exp(—2ws)L1(a, s)dads
0 JD(z)

t
< Ki / / exp(—2ws) (pfl,fli + Cijpi Ui i s + C(é)g) dads, (64)
0 D(z)

and

t t 3
/ / exp(—2ws)La(a, s)dads| < Kz/ / exp(—2ws) (an,bfj’(l - e)G(i’")g(jm) + c(§)2> dads, (65)
0 JD(2) 0 JD(z) ' ’

with ¢ sufficiently small, obtained for sufficiently large w. Here, K1 and K> can be determined in terms of the constitutive tensors
and ¢, but independent of the time. By taking w large enough we can determine a positive constant K* (which depends on w)

such that
AG,

W < —K* .
|Gl < 7 (66)
[t implies that
Go < — i+ 25w (67)
w = az ’
and G
— Gy < K",
Gu < oz (68)
For fixed t, we distinguish two cases:
(1) If there exists zg > 0 such that G, (20, t) < 0, it follows that G,(z, t) < 0 for every z > z;. We conclude that
— Gu(2, 1) > —Gul(z0, t) exp (Z ;*Z()) L 2> 2. (69)
(1) Otherwise, we see that G, (z,t) > 0 for every z > 0. It then follows the spatial decay estimate
Golz, 1) < Gu(0, t) exp (— ;) L z>0. (70)
If the estimate (70) holds, the function G,(z, t) can be written as
exp(~2wt) o
Gw(Z, t) = # (C(Q) + puiu; + C,-jk/u,;juk‘/) dv
R(z)
t
+ w/ / exp(—2ws) (c(8)* + pii;ii + Cijullijiixs) dvds (71)
0 R(z)
t
+/ / exp(—2ws) (Q* + b,’-}’ame(,'")eg-"’)) dvds.
0 JR(2) ' '
Math. Meth. Appl. Sci. 2009, 00 1-14 Copyright © 2009 John Wiley & Sons, Ltd. n
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In particular, we obtain that for w large enough

t
— m _ )pm glm < A
/O /R(Z) exp(—2ws) (bu am(1l —€)0,0] ) dvds < Gu(0, t) exp ( K*) , (72)

which gives a decay estimate for the gradient of the temperature 6 and its time derivatives.
We also need to obtain an estimate for the displacement. We point out that

b d ot .
/ / exp(—2w5)paka/u,(k)u,(')dvds < Pk/wk“*?”’/ / exp(—2w5)pafnu,(m+l)u,.('"+1)dvds, (73)
0 R(z) 0 R(z)

for 0 < k41 < 2m, where Py = |akaj|ay’. In a similar way we have that

ot
/ / exp(—2ws)aka/C,-j,nu,(k-)uﬁf,%dvds
0 JR(2) ’

ot
§Qk1wk+/72m// exp(—2w5)af,,C,'jmu,(v’j")uﬁ_’ﬁ)dvds, (74)
0 JR(z)

where Qy; depends on the constitutive constants and tensors, but does not depend on w neither on the time. By taking w large
enough we see that

t p 3
/ / exp(—2w5) (pﬁjﬁj —+ C,‘jk/lj,'.jﬂk‘/) dvds > 32,7(1 — 6)/ / eXD(—Qws) (pul,(’n+l) ui(m+1) + CijkIU,-(vT) ul(:;)) dvds. (75)
0 JR(z) 0 JR(2)

We then obtain that

ot
/ / exp(—2ws) (o™ ™ + Cipu uf7) dvds < (a(1 — ) *Gu(0. D) exp (22 ). (76)
0 JR(z)

which gives a description of the spatial behavior of the mechanical part. Thus, we have obtained the following theorem.

Theorem Let us consider (u;, 8) be a solution of the problem determined by the system (10)-(11) with the initial conditions
(7), (12) and the boundary conditions (8), (9), (13) and (14). Then, for w large enough, either the solution satisfies the condition
(69) or it satisfies the decay estimates (72) and (76).

6. The amplitude term for the thermoelastic problem

In this section we obtain an upper bound for the amplitude term G, (0, t) in terms of the boundary conditions when the solution
satisfies the estimate (70). We assume that w is large enough to guarantee that the polynomial considered in the previous
section, Qi (w™1), is less than €, where ¢ is a positive real number much smaller than one.

We first note that

Gu(0, 1) = —/‘t/ exp(—2ws)(Ry + R»)dads, (77)
0 D(0)
where
R = (Cirxi it — 5/15)6, (78)
and
Ry = (b6, + b6 + -+ + bTOU™)E. (79)

Here, (i(x,t) and &(x, t) are functions which tend uniformly to zero, rapidly, as x; tends to oo and satisfying the boundary
conditions for u; and 6 respectively.
After the use of the boundary, asymptotic and the initial conditions, we find that

Gw(O,t) =h+bh+134 1, (80)

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-14
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where

t 5 t .
h= / / exp(—2ws) (Ciju s — Bif) Cijdvds, = / / exp(—2ws)pli(idvds, (81)
0o Jr o Jr

t t .
I = / / exp(—2ws) (bﬁ}e,,- N b,-TeF;")) £.dvds, o= / / exp(—2ws) (c§+ 5,,-9,-,,) €dvds. (82)
0 R 0 R

[t is worth noting that IQ = /21 =+ /22 =+ /23 and /4 = /4]_ + /42 + /43, where

3 i t - t r Lon
Iy = exp(—2wt)/ pliCidv, ln = Qw/ / exp(—2ws)pii(idv, In= —/ / exp(—2ws)pi;(idv, (83)
R 0 R 0 R

t
lan = exp(—2wt)/ (cd + Byiij) Edv, I = Qw/ / exp(—2ws) (b + Byiii;) Edvds, (84)
R 0 R
and .
ly3 = —/ / exp(—2ws) (C§+ 5,‘1'[]/‘]') édVdS. (85)
o Jr
We see that .
|/1| < le_le(O, t) + CI/ / exp(—2ws){~,;jf,~‘jdvds, (86)
o Jr
21| < €2Gu(0, t) + Ciy exp(—2wt) / plididv, (87)
R
t — A
[l22] < €3G (0, t) + Cg*gw/ / exp(—2ws)pliidvds, (88)
o Jr

23] < eaw™ G (0, t) + C§3/ / exp(—2ws)pli¢idvds, (89)

o Jr

t

|I5] < €5Gu(0, 1) + C§(w71)/ / exp(—2ws)&& dvds, (90)

o Jr
lla1] < €6Gu(0, t) + Ciy exp(—th)/ 1€)%dv, (91)

R
t
|la2] < €7Gu(0, t) + Chow exp(—2wt)/ / exp(—2ws)|€]* dvds, (92)
o Jr
t .
|a3] < esw 1Gu(0, t) + Ciaw exp(—2wt)/ / exp(—2ws)|€|>dvds. (93)
o Jr

Here, the parameters C; and C; are calculable positive constants or functions depending on w™. We then obtain that

Gu(0,t) < (e1w ' +er+est+eaw ' +es+e+er+esw )Gu(0,t)
. o .
+C / / exp(—2ws)(ii(ijdvds + Coy GXD(—2UJf)/ pCiCidv
o Jr K

t d Lo . "t o
+C§2w/ / exp(—2w5)p(~;(;dvds+C§3/ /exp(—Qws)p(,-C,-dvds
o JRr o JR

t s N (94)
+ C;(w_l)/ / exp(—2ws)¢ ;€ idvds + Ciy exp(—2wt)/ 1€ dv
o JR R
t
+ Chow exp(—2wt)/ /exp(—2w5)|£|2dvd5
o JR
3 ~
+ Caaw exp(—2wt)/ /exp(—2ws)|£|2dvds.
o JRr
We can select ¢; and w such that e;w™ + €2 + €3 + €aw ™" + €5 + €6 + €7 + egw ™" = 1/2. It follows that
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t I . P
Gw(0, 1) §2CI/ /exp(—2w5)(~;(jC;J-dvd5+2C§1 exp(—2wt)/p§,-§;dv
0 R R

t Lo t pUap
+2C§Qw/ /exp(—2ws)p§icidvds+2C§3/ /exp(—Zws)pC,-C,-dvds
o Jr 0o Jr

(95)
t
+2C§w71/ /exp(—2w5)€~,i€~,;dvd5+2Cil exp(—2wt)/ I€)?dv
0 R R
t t .
+2C22w/ /exp(—2w5)|§|2dvd5+2CZ3w/ /exp(—2w5)|£~|2dvd5.
Jo Jr 0o Jr
Now, we select
Ci(x,t) = gi(xe, x3, t)exp(—ox1) and &(x,t) = f(x, x3, t) exp(—oxi), (96)
where o is a positive parameter. We see that
t P t G o G 066
/ /exp(—Qws)C,;jC,-,jdvds :/ / exp(—2ws) (M + #) dads, (97)
o Jr o Jo©) 20 2
35 5@'
PCiC/dVZP/ =——da, 98
/R p(oy 20 (%8)
t o t gg
/ /exp(—Qws)pC;C;dvdS:p/ / exp(—2ws) 2= dads, (99)
o Jr o Jo© 20
/ /exp(—Qws)pC;C;dvdS:p/ / exp(—2ws) 2= dads, (100)
o Jr o Jo© 20
” . . -
/ /exp(—Qws)f_,-é,-dvds :/ / exp(—2ws) (M + o(If] ) dads, (101)
o Jr o Jo©) 20 2
= I
£Pdv :/ Ll da, 102
Jgra=[ (102)
t - t |72-'|2
exp(—2ws)|&|"dvds = exp(—2ws)-——dads, (103)
o Jr o /o) 20
t 50 t |7? 2
/ / exp(—2ws)|£|“dvds = / / exp(—2ws)——dads. (104)
o Jr o Jow 20
We then obtain that
. PChw\ [f s
Gu(0,t) < | C{o + —— / / exp(—2ws)gigidads
g o JD()
* t * J
+ Ci / / exp(—2ws)§iadiadads + PCi> exp(—2wt) digida
0 Jo Jp) g D(0)
* t d
+ Q/ / exp(—2ws)g;gidads
g Jo Jp©)
Cow\ [t (105)
+ (ngflo + L) / / exp(—2ws)|f|*dads
o o JD()
%, —1 t
+ Cw / / exp(—2ws)fofadads
o o JD(0)
N * t .
+ Ca exp(—2wt)/ |f|?da + C473w/ / exp(—2ws)|f|*dads.
o D(0) g Jo Jp()
We could obtain an estimate independent of ¢ after an optimization. However it seems a very cumbersome task.
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7. Conclusions

In this paper we have analysed two thermomechanical situations. One of them comes from considering the heat conduction
theory proposed by the equation (6) and the other one from the thermoelastic system proposed by the equations (10)-(11).
For both cases, we have obtained a Phragmén-Lindel6f alternative for the solutions, which is the mathematical counterpart of
the well known Saint-Venant's principle in thermomechanics. That is, we have seen that the thermomechanical perturbations
considered in a part of the boundary are strongly damped for the points which are far away from the place where the perturbations
occur. The decay estimate is given (in both cases) by means of a negative exponential. Moreover, to have a measure of the
damping, we also give an upper bound for the amplitude term by means of the disturbances.
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